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Weighted automata

Weight structure: commutative field (R, +, -, 0,1)

a/l
e/l e/l
start — stop
a/l a/l
e/l e/l
start — stop
a/l

Path from start to stop: Product over labels in ©* x R




Weighted automata

o 2K+ paths for input ok

e Every path has weight 1 stop




Weighted automata

o 2K+ paths for input ok
e Every path has weight 1

Weight of input:

wt(a) = > wt(r) =25

7 path for o

stop



Weighted automata

Definition (weighted automaton)

Weighted automaton A = (Q, Z, /, (M) aes, F)
o finite set Q
@ alphabet &
o / € R¥ initial weight vector

o M, € R9*C transition weight matrix for each a € ¥

o F € RY final weight vector




Weighted automata

Definition (weighted automaton)

Weighted automaton A = (Q, Z, /, (M) aes, F)
o finite set Q
@ alphabet &
o / € R¥ initial weight vector

o M, € R9*C transition weight matrix for each a € ¥

o F € RY final weight vector

Semantics

A(ar - ag) = "Mgy -+ Mg, F foralla,...,q € &



Neural networks

Neural network
e Edge-weighted graph (N, E,wt) of neurons inspired by nerve cells
@ Focus on Recurrent Neural Nets (RNN)

Cell body

Axon hil@—:« Synaptic terminals

Golgi apparatus

/ “n\g Dendritic branches

©Bruce Blaus



Neural networks

Formalization
e Each neuron n € N is vertex
e Weight wt(n', n) € R indicates connection strength from ' to n

@ Incoming edges of n contribute to activation of n
(All input potentials moderated by connection strength added up)



Neural networks

Formalization
e Each neuron n € N is vertex
e Weight wt(n', n) € R indicates connection strength from ' to n

@ Incoming edges of n contribute to activation of n
(All input potentials moderated by connection strength added up)

1

3/5 /
n
3x
Z—>
3% \
8
Input potential
3 31 3 2 3 1
-+ =g+ — - F=-+-=1]
57437 8 3573



Neural networks

Formalization
o Given state s: N — R and activation function 0: R = R

e Input potential supplied to o yields new state s': N — R

s =o(wt-s) s'(n) = 0< Z wt(n', n) - s(n’)>
(n’,n)€E
forallne N
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Neural networks

Formalization
o Given state s: N — R and activation function 0: R = R

e Input potential supplied to o yields new state s': N — R

s =o(wt-s) s'(n) = 0< Z wt(n', n) - s(n’)>
(n’,n)€E
forallne N

Standard activation functions

RelU

100 — y=max0.x
o075
050
025
000+
025
050

Sigmoid

13



Neural networks

RNN = edge-labeled complete graph (N, N x N, wt) with wt € RN*N

14



Neural networks

RNN = edge-labeled complete graph (N, N x N, wt) with wt € RN*N




Neural networks

RNN = edge-labeled complete graph (N, N x N, wt) with wt € RN*N

14



Neural networks

State behavior

o Edge weight matrix wt € RN*N and input vector inp € R¥
6 3 .2 1 by
P 2 2 2 2 o | b2
IZ= 11 4 01 3 P = by
1 1 5 4 by

17



Neural networks

State behavior

o Edge weight matrix wt € R¥*N and input vector inp € RN

6 3 2 1 b
|2 222 —
1 4 1 3 bs
1 1 5 4 by

o State vector s € RN and RelU activation o(x) = max(0, x)

@ Follow-state vector s’ € RN

s’ =o(inp+wt-s) s'(n) = <|np + Zwt n', n) )>

forallne N

18



Neural networks

10



Neural networks

Example
6 3 2 1 25 —8
|22 2 2 |25 | s
W= o4 1 03 S~ | .25 NP =1 4
1 1 5 4 25 -3
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Neural networks

Example
6 3 2 1 25 —8
12222 |25 | s
W= o4 1 03 S= | .25 =4
1 1 5 4 25 -3
Then
3
N
WS =1 225
275
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Neural networks

Example
6 3 2 1 25 —8
12222 |25 | s
W= o4 1 03 S= | .25 =4
1 1 5 4 25 -3
Then
3 _5
N ot s— |7
WS =1 225 MPTWES= | 625
275 —.025
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Neural networks

Example
6 3 2 1 25 —8
12222 |25 |
W= o4 1 03 S= | .25 =4
1 1 5 4 25 -3
Then
3 _5
N ot s— |7
Wies=1 225 NPT Whes=1" 25
275 —.025

Applying RelU activation o
s = J<inp+wt . s> = (0 q 0 .625 O)T

23



Neural networks

Adding output
o Prediction matrix £ € R**N to produce vector entry for each letter

out( ) out(b)

__softmax_ |

A

24



Neural networks

Adding output
o Prediction matrix £ € R**N to produce vector entry for each letter
@ Turn into probability via softmax: R* — R* for all v € R* and a € ¥

e"
softmax(v)g = =———
‘ Zbei e

out( ) out(b)

__softmax_ |

A

275



Neural networks

Adding output
o Prediction matrix £ € R**N to produce vector entry for each letter
@ Turn into probability via softmax: R* — R* for all v € R* and a € ¥

eV
softmax(v)g = =——
X( )G Zbez evb
@ Letter classification out = softmax(E - s)
out( ) out(b)

__softmax_ |

A

26



Neural networks

Example

1
0
0
0 .23
softmax(E - s) = softmax<.6625> ~ | .45
3125

softmax

0 i .625 0

27



Neural networks

Definition (RNN)
(Single-layer) RNN is (N, Y, 51, wt, (inpg)acss, E)
o finite set N and alphabet &
e initial state s_; € QN and transition weights wt € Q>N

e input vector inp, € QN for every o € ¥g with X4 = ¥ U {$}

e prediction matrix £ € Q*s*N

28



Neural networks

Definition (Semantics of RNN)
Let R = (N, X, s, wt, (inp, )oexs, E) beRNNand w =a;---a, € L*
@ ay=19% a1=9% and s¥ =5

o State s}’ = o (inp,, +wt - s} ,) for every 0 <t < k

20



Neural networks

Definition (Semantics of RNN)
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Neural networks

Definition (Semantics of RNN)
Let R = (N, X, s, wt, (inp, )oexs, E) beRNNand w =a;---a, € L*
@ ay=19% a1=9% and s¥ =5
o State s}’ = o (inp,, +wt - s} ,) for every 0 <t < k
e Output out)” = softmax(E - s}) for every 0 < t < k
@ Weight of w

k
R(w) = [Jout(ars)
=0

31



Neural networks

Definition (Semantics of RNN)
Let R = (N, X, s, wt, (inp, )oexs, E) beRNNand w =a;---a, € L*
@ ay=19% a1=9% and s¥ =5
o State s}’ = o (inp,, +wt - s} ,) for every 0 <t < k
e Output out)” = softmax(E - s}) for every 0 < t < k
@ Weight of w

k
R(w) = [ outy(ars1)
t=0

Note
o Thus R: ¥* — [0,1] with >~ +. R(w) <1

7



Neural networks

Example RNN R = ({1, 2,3}, {a}, s_1,wt, (inpg, inp,), E) and z€ Q
1 0O —1 1
wt= |1 0 O sqg=1|0 inpg = inp, = [ O
0 00 1 1
2 3
@0 ©
1 0

1

13



Neural networks

Example (contd)

34



Neural networks

Example (contd)

15



Neural networks

Example (contd)

36



Neural networks

Example (contd)

7



Neural networks

Example (contd)

@ Input w =a

38



Neural networks

Example (contd)
2 3
@@ O
| T |
1 0

1

o Input w = o*

1+ s7,(1) t
e States s}”:a< s (1) >:a<f—]> forall 0 <t <k
1 1

30



Neural networks

Example (contd)

z+1 —(z+1) —z\ °
1 -1 o) |

@ Prediction matrix £ = (

out($) out(a)

40



Neural networks

Example (contd)
t
e States s} = a<f— l> forall 0 < t<k
1

VAl



Neural networks

Example (contd)
t
e States s} = a<f— l> forall 0 < t<k
1

241 —(z+1) —z> ’

@ Prediction matrix £ = ( i g 0

a

49



Neural networks

Example (contd)
t
e States s} = a<f— l> forall 0 < t<k
1

241 —(z+1) —z> ’

@ Prediction matrix £ = ( i g 0

a

<(2—H)f— (z+N)o(t—1)—z

Al ) forall 0< 1<k

@ outy = softmax

43



Neural networks

Example (contd)
t
e States s}’ :a<f—l> forall 0 < t<k
1

241 —(z+1) —z> ’

@ Prediction matrix £ = ( : g 0

a

<(2—H)f— (z+N)o(t—1)—z

A ) forall 0< 1<k

@ outy = softmax

Z> and out)’ = softmax<}> forall1 <t <k

@ outy = softmax< 0

44



Neural networks

Example (contd)

Z> and out} = softmax<:> forall1 <t <k

e outy = softmax< 0

45



Neural networks

Example (contd)

Z> and out} = softmax<:> forallT<t<k

@ outy = softmax< 0

e Computed weights — e

e ? 1

R = = 06

(&) IT+e 2 14¢7
] 0.4
R(d") = 2k
(@) l+e 2 0
for k £ 0

(graph for z = 100)

46



Neural networks

Example RNN R = ({1, 2,3,4},{a}, s_1,wt, (inpg, inp,), E) and z€ Q

0

wt =

O O O o

1
1
1
0

O O O o
o O O

States for input w = a¥

w

0 —99
. . —100
inpg = inp, = :

1

— O O

99
f—100 forall 0 <<k
il

47



Neural networks

Example (contd)

@ States

s =0 1_100> forall 0 < t< k

48



Neural networks

Example (contd)

@ States

waza' f—100> foro”OSfSk

$
o Prediction matrix E= [ £ % 0 —=z
—z z O 0

—Z

0>f°r0§f§99

@ outy = softmax<

out}) = softmax< 0 > forall 100 <t < k

—Z

49



Neural networks

Example (contd)

1.0

—y = R{a™x)

0.8 4

0.6

0.4 4

0.2 4

0.0

(graph for z = 100)

50



Expressive power

Theorem [Siegelmann & Sontag 1995]

For every deterministic Turing machine M there exists RNN
(N, {a}, s_1,wt, (inps, inp,), E)

and 2 designated neurons n, n’ € N such that for all w = o and 0 < t < k
o s/(n) —s/(n) € {0,1}

o s{'(n) — s/(n') = 1iff Mhalts on ¢ after exactly t steps

51



Decidability

Definition (Best string)
Best string for RNN R = (N, E, s_1, wt, (inpy)aes, E) is

w = arg max,, ¢y« R(w)

Best string problem: Is R(w) > 6 given R and 6 € [0,1] N Q

59



Decidability

Definition (Best string)
Best string for RNN R = (N, E, s_1, wt, (inpy)aes, E) is

w = arg max,, ¢y« R(w)

Best string problem: Is R(w) > 6 given R and 6 € [0,1] N Q

Theorem [CGMMK 2018]
Best string problem undecidable for RNN J

57



Decidability

RNN for Turing machine M

54



Decidability

01 10 .- 0) °
00 1 0 .- 0/ _

@ Case I: TM M does not halt

Prediction matrix E = (

0
0

55



Decidability

01 =10 --- 0\ °
00 1 0 -~ 0

@ Case I: TM M does not halt

Prediction matrix E = (

0
0

e~ (H1) 1 ]

out;($) = e~ () 1 e 11 e2(HHD) < 1+e

5 < 0.12

Thus R(a*) < 0.12 for all k € N

564



Decidability

01 -1 0 .- 0) °
oo 10 -0/
o Case 2: TM M halts after exactly ¢ steps

Prediction matrix E = (

1S
w | oB(t—0-1))
St= f+1

57



Decidability

01 -1 0 .- 0) °
oo 10 -0
o Case 2: TM M halts after exactly ¢ steps

Prediction matrix E = (

a

.
o 0<3(f—€—])>

P f+1

ift<¢

otherwise

1
w o ]+e2(f+])
OUtf ($) - { el—30=5

]+ef—3l—5

58



Decidability

01 -1 0 .- 0) °
oo 10 -0
o Case 2: TM M halts after exactly ¢ steps

Prediction matrix E = (

a

P20
o | o@Bt=t=1)

e 41

1 .
—ey <A
out/($) = “;e_zg':_')’j |
Trears Ootherwise
£ L2(H0) 30—6 : :
30-5y _ ey 1 N1
R(a™ ) = <,1_£ 1+ e2(f+l)> <f1;£1 1 +ef73675> 7

50



Decidability

Definition (Infinite Pochhammer symbol)

Let x € R and g € [0, 1]. Infinite g-Pochhammer symbol is

(x: @)oo = [ J(1 — xq)

ieN

60



Decidability

Definition (Infinite Pochhammer symbol)

Let x € R and g € [0, 1]. Infinite g-Pochhammer symbol is

(x: @)oo = [ J(1 — xq)

ieN
Examples
(—he D) =]J0+e?) ~ 2.32
ieN
(e N =[] +e7) ~3.36
ieN

61



Decidability

2(1+1) 30—-6 1

¢
R(a¥5) = (n]+ez m)) (H ]+ef 30— 5) 2

67



Decidability

30—5 . A it ]
R(a ):(n]+62f+l)) (HH_ef 30— 5) 2
041 2+4

Hl+e—2’> <H H—e_’>'z

63



Decidability

B ¢ 2(141) 3t-6 1 1
R@ ) = (154 am) (11 y5amars)
=0 f=0+1
g Hl : 2+4 :
_<2'Hl+e—2’> <H1+e_’>.§
0+ 2+4

<H1+e—2f>' (H] )

64



Decidability

4 30—6
R = ([ ) (1T rases)
S |
:<§'Hl+e—2’> (Hl+e—f> 7
o 2044
(H]—f—e—Z’). (H]—i—e—’)
2 > 0.25

>
T (e ) (e N
So best tree has weight w > 0.2 iff M halts

45



Decidability

Definition (Consistency)
RNN R = (N, X, s_1,wt, (inp,)acss, E) is consistent if Y- 5. R(w) =1 J

66



Decidability

Definition (Consistency)
RNN R = (N, X, s_1,wt, (inp,)acss, E) is consistent if Y- 5. R(w) =1 J

Theorem [CGMMK 2018]
Consistency undecidable for RNN J

67



Decidability

RNN for Turing machine M

68



Decidability

01 =10 --- 0\ °
00 1 0 - 0

@ Case I: TM M does not halt

Prediction matrix E = (

=0 0 t+1 - out}’

69



Decidability

01 =10 --- 0\ °
00 1 0 -+ 0

@ Case I: TM M does not halt

Prediction matrix E = (

sy =(0 0 t+1 )T out
Thus R is inconsistent because

o) — 1 k=1 Q2(+4)
(@)= awem  Lamm
1=

70



Decidability

01 =10 --- 0\ °
00 1 0 -+ 0

@ Case I: TM M does not halt

Prediction matrix E = (

sy =(0 0 t+1 )T out

Thus R is inconsistent because

o) — 1 k=1 Q2(+4)
(@)= awem  Lamm
1=

1 2

Z (ak):]_H 20 = <0.14
—2(t+1 _1-e2

keN feN]+e (D) (=Te )

71



Decidability

01 =10 --- 0\ °
00 1 0 - 0

o Case 2: TM M halts after exactly ¢ steps

Prediction matrix £ = (

a

2
t> 4
: )
- —— ift<y
5 — o (3(t E] 1) out/($) = Hi(si)s
f ]jelw otherwise

79



Decidability

01 =10 --- 0\ °
00 1 0 - 0

o Case 2: TM M halts after exactly ¢ steps

Prediction matrix £ = (

a

?
P>/ : . ,
ey it <
o = o(3(t—0-1)) out!($) = i if + <
f+] el 3¢—5 h .
. Tre—3=5 otherwise
Hence R is consistent because
ZT\’,(ak) =1 (Appendix Lemma B)

keN

73



Decidability

Notes
e Consistency undecidable by previous theorem

@ Backpropagation-through-time (BPTT) might return inconsistent RNN

Best path | Best string

RNN Undecidable
Consistent RNN NP-c'
Det. WA/PCFG P

WA/PCFG NP-c

T restricted to solutions of polynomial length

T4



Unrolling
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Unrolling
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Unrolling
-0
1 1
101 101

77



]] ]] ]10
0/ 0/ 00
oo0e

101 101 101

78



Trolnlng

A

Unrolling

70



Loss function

@ Measures errors currently made
e Cross-entropy loss for predictions p
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Loss function

@ Measures errors currently made
e Cross-entropy loss for predictions p
» Next letter given input w with reference a

L(Wa a, P) = |ng(W, G)
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Loss function

@ Measures errors currently made
e Cross-entropy loss for predictions p
» Next letter given input w with reference a

L(Wa a, P) = |ng(W, G)
» Input weC

L(w,p) = Avg L(W[]]---w[i—]],w[i],p)

1<i<]wl
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Loss function

@ Measures errors currently made
e Cross-entropy loss for predictions p
» Next letter given input w with reference a

L(Wa a, P) = |ng(W, G)

» Input weC

L(w,p) = Avg L(W[]]---w[i—]],w[i],p)

1<i<|w|
» Language C

L(C, p) = Avg L(w, p)
wel

3



Feed-forward network
o First letter, |X| = 2 letters (|2¢| = 3 outputs),
] inp$ = (b], bz, b3) and S1 = (i], i2, fg)

N| = 3 neurons

Q4



Feed-forward network
o First letter, |X| = 2 letters (|2¢| = 3 outputs), [N| = 3 neurons
® inps = (b, by, b3) and s_y = (i, 2, i3)

softmax

Q5



Forward pass

softmax

964



Forward pass

softmax

Q7



Forward pass

softmax
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Forward pass

softmax

80



Calculation of loss
@ Obtain output probabilities (pr, p2, p3) =~ (.30, .36,.34)

@ Loss L = —log(ps) ~ 1.08 for correct output corresponding to p;

90



Calculation of loss
@ Obtain output probabilities (pr, p2, p3) =~ (.30, .36,.34)

@ Loss L = —log(ps) ~ 1.08 for correct output corresponding to p;

Assigning blame and computing changes

@ Want lower loss, so calculate partial derivatives of loss function

Q1



Calculation of loss
@ Obtain output probabilities (pr, p2, p3) =~ (.30, .36,.34)
@ Loss L = —log(ps) ~ 1.08 for correct output corresponding to p;

Assigning blame and computing changes
@ Want lower loss, so calculate partial derivatives of loss function
e Treat all edge weights wt(+,-) as variables (here: eniries of wt and £)

e Calculate % with L = — log p3

(o))



Computing derivatives
RS

el + e%2 + e
e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

L=—logps p3=

(0)¢]



Computing derivatives

[=—] e
= —logps 3= oo

e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

@ Chain rule

oL 0L Op3 0&3 023

owt(m,e3)  Op3 D&z 0z3 dwt(m, e3)

04



Computing derivatives

[=—] e
= —logps 3= oo

e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

@ Chain rule

oL 0L Op3 0&3 023

owt(m,e3)  Op3 D&z 0z3 dwt(m, e3)

oL __ —1
® 9p; = P3

(o2



Computing derivatives

e
el + e%2 + e
e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

L=—logps p3=

@ Chain rule

oL 0L Op3 0&3 023

owt(m,e3)  Op3 D&z 0z3 dwt(m, e3)

oL

_ —1
® 9p T Ps
Op3 __ e (ef1+e2+4e3)—e®-e3 e e®3 2 _
® Fe; — (e®1+e%24€%3)? T eflte®24eW (eel+e62+ee3) = p3(1-ps3)

064



Computing derivatives
RS

el + e%2 + e
e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

L=—logps p3=

@ Chain rule

oL 0L Op3 0&3 023

owt(m,e3)  Op3 D&z 0z3 dwt(m, e3)

aL
® 9py T Ps

Op3 __ e (ef1+e2+4e3)—e®-e3 e e®3 2 _
® 96 = (e 4e%2+e%)? T eflfe®24e® (eel +e62+ee3) = p3(1=p3)
° g—ij =1if z3 > 0 and 0 otherwise (well almost)
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Computing derivatives
RS

el + e%2 + e
e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

L=—logps p3=

@ Chain rule

oL 0L Op3 0&3 023

owt(m,e3)  Op3 D&z 0z3 dwt(m, e3)

oL

I
® 9py T Ps
Op3 __ e (ef1+e2+4e3)—e®-e3 e e®3 2 _
® 96 = (e 4e%2+e%)? T eflfe®24e® (eel +e62+ee3) = p3(1=p3)
° g—ij =1if z3 > 0 and 0 otherwise (well almost)
0z _
® Fwi(mey — M

08



Computing derivatives
RS
el + e%2 + e
e3 = max(0,z3) z3=m-wt(m, e3)+ m - wt(ny, e3) + n3 - wt(n3, e3)

L=—logps p3=

@ Chain rule

oL 0L Op3 0&3 023 _pg B
_ 0L _OLOmOs 9% PG b= m(ps 1)
owt(m,e3)  Op3 Oe3 dz3 dwt(m, e3) Py
aL
° 5 = P
Op; €% (e1+e24e%)—e%3-e3 e e 2
° 372 o (ee1+e"2e+ee3)ez == eel+:e§+ee3 o (eel+2623+e63) = p3(1—p3)
° 3—2 =1if z3 > 0 and 0 otherwise (well almost)
0.
® Fui(me) = M

00



Multiple inputs
@ Superscript in parentheses indicating input
e.g. ng') for n3 of i-th input

e Indicator bit f,(!) € {0, 1} indicating
whether desired output symbol for i-th input corresponds to p,

100



Computing derivatives for ¢ inputs

3
1 () oo (D) (i) e
L:_ZZZ’k log p; P = ( @

by 7) i
i=1 k=l eq +e% +e%
3
el = max(O,z,(,',)) 2\ = Z ng) -wt(ny, em)
h=1

101



Computing derivatives for ¢ inputs

J4 3 0
1 i i ! e
[ = - Z Z f,E) log p( ) Pi) -0 jG) el
i=1 k=1 el ter den
3
eST,’) _ maX(O, Z( )) 2,(7’7) — Z nh’) . Wt(n/'n em)
h=1

oL S 23: S oL opl) geld) 92
owt(m, e3) 4 () 9el) 90 O wt(m, e3)

102



Computing derivatives for ¢ inputs

¢ 3 0
1 i i i e
L:_ZZZ’IE)IOgP() P = O 0

i= k=1 el +en fev
3
el = max(O,z( )) 2\ = Z ”h) wt(np, em)
h=1

M_éii oL op o) ozl
Owt(m, e3) o =4~ apk) 9el) o) Owt(m, e3)
oL _ 1
° 0 2l
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Computing derivatives for ¢ inputs

¢ 3 0
1 i i i e
L:_ZZZ’IE)IOgP() P = O 0

i= k=1 el +en fev
3
el = max(O,z( )) 2\ = Z ”h) wt(np, em)
h=1

oL XE: 23: 23: oL opl) geld) 92
Owt(m, e3) o =4~ apk) 9el) o) Owt(m, e3)
5 )
° JL") B E:(i)
k k
() i
° Zef,?) =1if z,(,',) > 0 and 0 otherwise (well almost)
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Computing derivatives for ¢ inputs

(7) 3

(N _ e () _ (1)
P =0 0 0 zm =)y W, em)
e® +e%2 4 e% h—1

o [0 -p) ifk=m
oell) pg)pn',) otherwise

Bz,(,';) n](i) fm=3
owt(m, e3)

0 otherwise
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Computing derivatives for ¢ inputs

0 3
; e i i
P = 0 00 2z = >, ) wi(m, en)
e’ +e% +e% h=1
oy o0 p) ifk=m
oell) pg)pnl,) otherwise
owt(m,e3) |0 otherwise

Thus

oL ‘ () _ 0y, |

dwt(m.ex) ¢ —hK7)n (Appendix Le C

owt(m,e3) £ Zm (py” —17)n ppendix Lemma C)
i€{l,....t},z37 >0
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Gradient descent
o f: R" — R defined & differentiable around a € R” decreases fastest
going from a in direction of gradient —V£(a)
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Gradient descent
o f: R" — R defined & differentiable around a € R" decreases fastest
going from a in direction of gradient —V£(a)
@ 0,1 = ap—yVi(ap) with y € R, small yields f(a,1) < f(an)
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Gradient descent
o f: R" — R defined & differentiable around a € R” decreases fastest
going from a in direction of gradient —Vf(a)

@ 0,1 = ap—yVi(ap) with y € R, small yields f(a,1) < f(an)
@ Learning rate ~y (often varied over time)
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Backpropagation

softmax
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Backpropagation

softmax

m



Backpropagation

softmax
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Backpropagation
oL _ oL __ oL __ =1

softmax

13



Backpropagation
o %2 =—pyp~—0.10and §2 = p3(1 - p3) ~ 0.22

softmax
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Backpropagation
° ﬁ = n;foralli,me {1,2,3}

softmax
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Backpropagation
o % = wt(n;, em) for all i,m € {1,2,3}

softmax
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Backpropagation
° On_—j foralli k€ {1,2,3}

aWt(ikznf) o

—.22 softmax
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Backpropagation
° On_—j foralli k€ {1,2,3}

aWt(ikznf) o

—.22 softmax
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Partial derivatives

oL/Owt(h, m) 22
oL/owt(i, n) 12
I 6L/8wt(i3, n3) - —.22
| oL/owt(m,e) | T | 12
oL/Owt(m, &) .28
6L/8wt(n3, e3) —.07

@ Learning rate v =1 (unrealistically large)

e Compute wt' = wt — VL
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Backpropagation
@ Previous loss — log(0.34) ~ 1.08

softmax
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Backpropagation
@ Previous loss — log(0.34) ~ 1.08

softmax
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Backpropagation
@ Previous loss — log(0.34) ~ 1.08

softmax
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Backpropagation
@ Previous loss — log(0.34) ~ 1.08

softmax
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Backpropagation
@ Previous loss — log(0.34) ~ 1.08
@ New loss —log(0.62) ~ 0.48

softmax
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Backpropagation through time
@ Train feed-forward network and obicun for allie{1,2,3,4}

09
00
ST TN
HOGG

LN
HG e
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Backpropagation through time
@ Train feed-forward network and obicun L foralli€ {1,2,3,4}

@ = r, = r3 = ry due fo unrolling from welght r

<§ <§

22

<§

2?2

.

222
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Backpropagation through time
@ Train feed-forward network and obtain % forallie {1,2,3,4}
@ r=r; = r3 = ry due to unrolling from weight r

e Update r' = r — %(ZL] %) by average of updates for copies

s
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Stochastic gradient descent
e Computing gradients for training data usually too slow & expensive

e Cut data into smaller chunks (randomize order, equal size parts)
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Stochastic gradient descent
e Computing gradients for training data usually too slow & expensive
e Cut data into smaller chunks (randomize order, equal size parts)

@ Batch = chunk for which gradients are computed together
(e.g. 256 training examples)
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Stochastic gradient descent
e Computing gradients for training data usually too slow & expensive
e Cut data into smaller chunks (randomize order, equal size parts)

@ Batch = chunk for which gradients are computed together
(e.g. 256 training examples)

@ Train for d epochs = d iterations over all training examples
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Final notes
@ Too few epochs — bad data fit

@ Too many epochs — overfitting

© Chabacano
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Final notes
@ Too few epochs — bad data fit
@ Too many epochs — overfitting

@ Techniques to avoid overfitting:
validation loss, drop-out, ...

© Chabacano

132



That's all folks!

Thank you for the attention
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Additional lemma

Lemma A
k(1) 2

= forall ke N
k(41 . a—k
feNH—e (H+1) (-l e ")
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Additional lemma

Lemma A
et 2 forall k € N
= ora €
k(41 1.~k
LT e~ (Clie P
Proof
H k(1) B H okt 'e—kf B H /e% '27421
k(t+1) kt —kt kt —kt
f€Nl+e(+) f€N+]+e € f€N+]+e €
1 1 2
H 14+ e—kf H 1+ e—kf (7]; e—k)oo

teN, teN
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Additional lemma

Lemma B
> R(d) =1
keN
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Additional lemma

Lemma B
> R(d) =1
keN

Proof

3 R(h — (L RE) + (3 Rie)

kEN k=0 k=41
¢ . k=1 2(4) o Gk—3e-5 £ Q) k=1 .
- :o(‘ T e2kr) bl ez(m)) * (p T+ ek ’ (g T ez(m)) ' (’:11] I ef*3275)
e Q2 [IC)) co  k—30-5 k=1 .

€
" (,I:—[O m) * (/I:—[o 1 +e2(f+‘)) 'k:Z“] 14 k305 (,:11] W)

o0 1
=0 1—3e=s

£ Q) 1 ¢ 1
:]7(g1+e2(t+1))'<]7]+ I1 W)Z‘*(Hm) (H -|+ef 30— 5)

t=£+1 =0+1
£ 1

1
Z‘—(gm)'(gm)Z‘
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Additional lemma

Lemma C

oL 1 () i)y ()
e — —t
owt(m, &) [ > ) (py = &)
i€f{l,....,t},z37>0
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Additional lemma

Lemma C
oL 1 () 4Dy ()
- = = - f n
Gwi(m.e3) 0 Z ‘ (p3 3 )0
i€l 03,2750
Proof
L ¢ ii oL op oel) & > 4 5 l< )
owt(m,e3) = = L= 9pl) gell) 9z Iwt(m, e3) S
zg)>0
2 i
= > (0= ) = > R0 ) !
ic{l,... .0} ng = bpr
Z§I>>0

iefl,...,e3,47>0



