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Weight structure

Definition

Commutative semiring (C, +, -,0, 1) if
@ (C,+,0)and (C, -, 1) commutative monoids
@ - distributes over finite (incl. empty) sums

ldempotentifc+c=—c
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Weight structure

Definition
Commutative semiring (C, +, -,0, 1) if
@ (C,+,0)and (C, -, 1) commutative monoids
@ - distributes over finite (incl. empty) sums
ldempotentifc+c=—c

Example
@ BOOLEAN semiring ({0, 1}, max, min, 0, 1) (idempotent)
@ semiring (N, +, -,0, 1) of non-negative integers
@ tropical semiring (N U {oo}, min, 4, o0, 0) (idempotent)

@ any field, ring, etc.
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Syntax

Definition (ARNOLD, DAUCHET 1976, GRAEHL, KNIGHT 2004)
Weighted extended top-down tree transducer (WXTT) is a system
(Q,X,A IR, )

@ Q: finite set of states

@ X and A: ranked alphabets of input and output symbols

@ |/ C Q: initial states

@ R: finite set of rule identifiers

@ v: R— Q(Tx(X)) x C x Ta(Q(X)) such that
{t.r} Z Q(X)

£ is linear (in X)
var(r) C var(¥)

for every (¢,c,r) = x(p) withp € R
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Syntax

Definition (ARNOLD, DAUCHET 1976, GRAEHL, KNIGHT 2004)

Weighted extended top-down tree transducer (WXTT) is a system
(Q,X,A IR, )

@ Q: finite set of states

@ X and A: ranked alphabets of input and output symbols

@ |/ C Q: initial states

@ R: finite set of rule identifiers

q

Xq ce Xk ql(Xi) e p(X])
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Syntactic Restrictions

Definition (ROUNDS 1970, THATCHER 1970)

@ Weighted top-down tree transducer (WTT) if
C=q(o(X1,...,Xk))

Q—

I

AR

Xy Xk
q'(x)

forall x(p) = (¢,c,r)withp e R

p(x;)

v
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Syntactic Restrictions

Definition (ROUNDS 1970, THATCHER 1970)

@ Weighted top-down tree transducer (WTT) if
C=q(o(X1,...,Xk))

i
AN

X1 - Xk

C
—

qx) - p(y)
@ linear if r is linear

forall x(p) = (¢,c,r)withp e R

v
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Syntactic Restrictions

Definition (ROUNDS 1970, THATCHER 1970)

@ Weighted top-down tree transducer (WTT) if
C=q(o(X1,...,Xk))

i
AN

X1 - Xk

C
—

qgix) - plx)
@ linear if r is linear
@ nondeleting if var(r) = var(¢)

forall x(p) = (¢,c,r)withp e R

v
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Syntactic Restrictions

Definition (ROUNDS 1970, THATCHER 1970)

@ Weighted top-down tree transducer (WTT) if
C=q(o(X1,...,Xk))

i
AN

X1 - Xk

C
—

qgx) - plx)
@ linear if r is linear
@ nondeleting if var(r) = var(¢)
o c-freeif £ € Q(X)

forall x(p) = (¢,c,r)withp e R

v

Compositions of WXTT A.Maletti - 5



Syntactic Restrictions

Definition (ROUNDS 1970, THATCHER 1970)

@ Weighted top-down tree transducer (WTT) if
C=q(o(X1,...,Xk))

i
AN

X1 - Xk

C
—

qgx) - plx)
@ linear if r is linear
@ nondeleting if var(r) = var(¢)
o c-freeif £ € Q(X)
@ producing if r ¢ Q(X)
forall x(p) = (¢,c,r)withp e R

v
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Example

p A p A
I‘J ) , /\ ,‘, . /\
P1 N p2: 2 P3 N
X1 /\ /\
X1 X1 X X1 X2 X1 Xz X1 X
A
p /\ p b) p
B A | P
pa 5 / ps: h A P s A p prn | 0B
/\ p p \
Xy Xo \ X1 X1 X1 X1
X1 X2
e-rule producing linear nondeleting
P1 P1—p7 P1—p7 P1—p7
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Semantics

WXTT M = (Q, %, A, I,R, x), sentential forms &, ¢ € Ta/(Q(Ts/(X)))
withX C ¥ and A C A/

Definition

@ position w € posy(&) in & reducible if £|, = ¢0 for some rule
¢S r e x(R) and substitution 6: X — Tx/(X)
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Semantics

WXTT M = (Q, %, A, I,R, x), sentential forms &, ¢ € Ta/(Q(Ts/(X)))
withX C ¥ and A C A/

Definition

@ position w € posy(&) in & reducible if £|, = ¢0 for some rule
¢S r e x(R) and substitution 6: X — Tx/(X)

@ Letpe Rwith x(p) =¢S5 r.

& rewrites to ¢ using p (€ =4, ¢) if
§|W =16
¢ = ¢[rf]w

for some substitution 6: X — Ts/(X) and the least reducible
position w € posq(§)
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Semantics

Example
/A\ /)\\ /)\\ A
p
| B A B A B A /\ /\
f /\ /\ /\ s B
/\ p P 5 P 5P \ /\
hb =y | | = | | =8 | | =n 0P =y 628
h b P b 5§ b I |
h I | | 5 b )
I h h p I I
b | | | B B
b b b |
7 P A p
p1 ‘I)2 ‘ p2 )" 2 /\p p3: I“ 3 /)
x| N1 /N ]
X1 X1 X2 X4 2 X1 X Xy X2
A
p /\ p 5 p 6
| B A | | | | p
pa 5 /\ psi h A4 P pe A p o oprs | LB
p P | | | | b
X1 Xo | | X1 X4 X1 X1
X1 X2
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Semantics

WXTT M = (Q, %, A, I,R, x), sentential forms &, ¢ € Ta/(Q(Ts/(X)))
withX C ¥ and A C A/

Definition

@ Rule weight: wiy(p) = ciff x(p) =¢ > r
® Wiy(p1 -+ px) = [T/ Wtm(p1)

Compositions of WXTT
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Semantics

WXTT M = (Q, %, A, I,R, x), sentential forms &, ¢ € Ta/(Q(Ts/(X)))
withX C ¥ and A C A/

Definition

@ Rule weight: wiy(p) = ciff x(p) =¢ > r
® Win(p1 -+ pk) = TT1Zq Wiu(p)
@ Derivation weight:

win(6, Q)= > Wim(ps - pk)

p1pa'“7pk€5
E=it = ¢
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Semantics

WXTT M = (Q, %, A, I,R, x), sentential forms &, ¢ € Ta/(Q(Ts/(X)))
withX C ¥ and A C A/

Definition

@ Rule weight: wiy(p) = ciff x(p) =¢ > r
® Win(p1 -+ pk) = TT1Zq Wiu(p)
@ Derivation weight:

win(6, Q)= > Wim(ps - pk)

@ Semantics: M: Ty x Ta — C with M(t, u) = >_ ., wtn(q(t), u)

Compositions of WXTT
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Example

p A
\ /\
B A
A
(b
o
b B
realized by the rule sequences:
P4p5P5P7P7 Wtn(pa) - Whr(ps) - Wi(ps) - Wiw(p7)?
P4pP5P6PTPT Wn(pa) - Whr(ps) - Wi(pe) - Wim(p7)?
P4PeP5P7P7 Wn(pa) - Whr(pe) - Wi(ps) - Wim(p7)?
P4PEPEPT LT win(ps) - Wt (pg) - Wim(ps) - Wtw(p7)?

M(f(h(h(b)), b), \(B, A(5(5(5)), B))) = 80 + 80 + 80 + 80 = 360

Compositions of WXTT A. Maletti -
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Semantic Properties

Definition
WXTT M= (Q.X,T, IR, x)
@ functional (total) if for every g € Q and t € Ty there exists at most
(at least) one u € Tr such that

wtw(q(t), u) # 0
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Semantic Properties

Definition
WXTT M= (Q.X,T, IR, x)
@ functional (total) if for every g € Q and t € Ty there exists at most
(at least) one u € Tr such that

wtw(q(t), u) # 0

Remark

These properties are often enforced by stronger syntactic properties
(deterministic and total)
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Example Composition

Example

semiring (R, +,-,0,1) and WXTT M = (Q,X,T, I, R, )
® Q={qo,q1} and /= {qo}
@ ¥ ={o,a}andl = {f, h,b}
@ the following rules:

p1: Go(o(o(x1,X2), @) = (a1 (x1), Go(X2))
pa do(0 (e, X1)) > Go(x1)

p3: qo(a) = b

pa’ q1(x1) = h(qo(x1))

ps: a1(x1) = h(ai(x1))

e-rule | producing linear | nondeleting

P4 P5 | P1,P3=P5 | P1—p5 P1=P5

v

Compositions of WXTT
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Example Composition

| f % h h

o | Qo Qo a1 | a1 |

/\ 2 g1 Q o 3 | L b | 2 Qo | 5 a1

o« | | /\ Xy a Xq | X |

/\ x| Xo a X X1 X1
X1 X

i ! ! AN /N f f 1
A g % ?/ " W W N A A
@ | | 5 | Pa ra P2 P2 r3
/\ >N a o =M q a = h a =m h a = | = [ =M |
“ / d\ \ (‘7: a/ \a q‘o (1/ \0 [‘7 Q/ \a ’\1 / 0\ | “ "7
“n A A T°A A d o b b

Wi (p1pspapapepeps) =2-5-2-1-3-3-1 =180
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A Second WXTT

Example

WXTT N = ({p},T, A, {p}, R, X))

o ={f,h,b}and A = {\,~,9, 5}
@ the following rules:

- p(x1) > 2(p(x1))
g2 p(f(x1,x2)) = A(p(x1), p(X2))
ua: P(f(x1,%2)) > A(B, A(p(x1), P(X2)))
pa: p(h(x1)) % 3(p(x1))
s p(b) — B
e-rule producing linear nondeleting
H H1—p5 HA—5 HA—5

Compositions of WXTT
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A Second WXTT

A
p /\ /\ /\ A
\ /\ /\ B //\\ /3/ \A /3/ \A
/\ p P 5 P 5 P /\ /\
h b =>#3 ‘ ‘ :%4 ‘ ‘ =>M4 ‘ ‘ =>P«5 5 p =>H5 5 B
\ h P 5 b | \
h \ \ \ 5 b 5
\ h h p \ \
b \ \ | B i
b b b

win(papapapspus) =5-8-8-1-1 =320
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Formal Definition

T: Iy xTr—Aand o: Tr x Tao = A

(11 72)(s,u) = > _ 71(s,t) - 72(t, u)

teTr
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Formal Definition

T TzX Tr—>Aand72: Tr>< TA—>A

(11 72)(s,u) = > _ 71(s,t) - 72(t, u)

teTr

Restriction
() to permit infinite sums
(i) to restrict the weighted relations
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Formal Definition

T TzX Tr—>Aand72: Tr>< TA—>A

(11 72)(s,u) = > _ 71(s,t) - 72(t, u)

teTr

Restriction
() to permit infinite sums
(i) to restrict the weighted relations

Here:
Forallse Ty and u € Tx

{t (s, t)esupp(r1)}  or  {t|(tu)esupp(r2)}

is finite

Compositions of WXTT A.Maletti - 17



Composition Strategy

P1P5P4P3P202 03143144 114 15 /15
Original order

‘7‘0 /f\ /f\ f f f
T / / N\
@ R h Q /\ /\ /\
P (N AR A (PR A VA A AV G AP L QP
d % A | A A A poa o
I\ 3 % @ d o b I /\ | ‘
/\ @ /\Q c‘z u/\a y/\a R 2 &
/A\ /A\ /A\ A
P
| i /A\ 8 /A\ B /A\ 5/ \A /\
f
p 5 P 5 /\ \
h/ \b e A v I A R A Y J/ B
| h P 5 [ |
h | | | 5 b 5
| h h P | |
b | | | 8 B
b b b
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Composition Strategy
P1P5P4P302P203H3 4 b4 U5 |15

Reordered
A A
P
/ / /\
4 " Al A AN B A
| /\ /\ /\ /\
a \ P P p P (‘5 I‘J (‘s /‘a
ArELT Tqe Ry ooy
« a ‘ ‘
@ @ /\ a o q q h o
dn <R AN AN VAN AN
o [e%
a a/ \a a/ \a a/ \a c‘r Uz/ \a
A A A
B A A A AN A\ A A
/N /\ A\ 8 A /\ A\ A\
5P 5P 5 P 5/\ \ /A\ A
AR IR R R A I A I S
L] [ | 5 D
P a P T B [ o § b §
L | | |
AN VAN A | ! !
| /\ /\ /\ a a
o « [e3 [e3 o « o

P1H3 0514414 P35 020203115
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Composition Strategy

14 A A /
Q i ﬁ/ \A 6/ \/\ /\/\ B \/\
/\ / \ / \ / \

a p P (‘S P
/0<\a g (: 30 N g q:o i o N b @ TH o
a g /\ @ o h

AN o A A A |
/\ /\ a o @ o ol Qo o o
@@ AN I\ /\ AN
Composed rule
A
(P; o) /\
| B A
2.5
U/ \a (p q/> (P, o)
s U1 s 40
/\ |
X1 X Xi X2
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The Unweighted Case

Composition results

Case | M | N
(@) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total

References:

[ENGELFRIET: Bottom-up and top-down tree transformations — A comparison.

Math. Syst. Theory 9(3): 198-231 (1975)]
[BAKER: Composition of top-down and bottom-up tree transductions.

Inf. Control 41(2): 186-213 (1979)]

Compositions of WXTT
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Overview

Requirements
e WXTTM = (Q,%,T, i, Ry, x1) without e-rules
e WITN = (P, I', A7 /2, Rg, X2)

Constants
@ Let v > |pos,(r)| forall rules ¢ — r of Nand x € X
@ Let s > |posy(r)| for all rules ¢ — r of M
@ Letm>v®

Compositions of WXTT A.Maletti - 22



Construction

Definition
Composed WXTT M; N= (P x QX,A, kb x I1,R,x)
® R={(p,p,w)|peRy,pe P,we R; |w <m}
° X(pap7 M- ,U,k>) = (p(£)7a7 r/)
for every p € Ry with x1(p) =€ —r
peP

iy ..y Uk € R> with k < m
r' e Ta(P(Q(X))) and

4 Wt(p) - T Win(u) 1 p() =y =
0 otherwise.

Compositions of WXTT A.Maletti - 23



Construction — Example

Example

@ M has the rules

pri () 2 (1(q(x)))

@ N has the rules

wi: po(v(x1)) §> o(po(x1).Po(x1))  ne:  P(v(x4)) g v(p(x1))
p2: Po(v(x1)) = a(po(x1), p(X1)) pz: o p(v(xq)) = a
na: po(v(x1)) 2 a(p(x1),po(x1)) s pla) 5 a
pa: Po(v(x1)) % a(p(x1), P(X;
/s po(a) = a
e-rule producing linear nondeleting
P15 P2 P11, P2 P11, P2
Hi—Hg Ps5—Hg H1—He, Mg

Compositions of WXTT
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Construction — Example

Example
rule for identifier « = (p1, p, uep7)

p v
P | |
' | i
q Y
| =n 7 =N 7 =N |
o | | a
| q q
X1 | |

Xq Xq

x(2) = (o, ) (10x1)), 2 1-3,7(a))

Compositions of WXTT A.Maletti - 25



Construction — Example

Example
rule for identifier « = (p1, po, 1ap7p2)
Po a a
Po | /\ /\
| 0 P Po a  Po
q | | |
BRI A
Y
| q g q q
Xq | || |
Xq X1 X X

x() = ({po, )(2(x1)). 223+ 2,0(a, (o, @) (x1), (P, @)(x1))) )

4

Compositions of WXTT
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First Result

Unweighted composition results

Case | M N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total

[~: Compositions of tree series transformations.
Theor. Comput. Sci. 366(3): 248—271 (2006)]

Compositions of WXTT
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First Result

Unweighted composition results

Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total

Theorem
If the WTT N is linear and nondeleting, then Tyy.n = T ; Tn-

[~: Compositions of tree series transformations.
Theor. Comput. Sci. 366(3): 248—271 (2006)]
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Towards a Second Result

Unweighted composition results

Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) | functional and total
Composed WTT: Qé‘% MN

Compositions of WXTT
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Towards a Second Result

Unweighted composition results
Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total
p
p \ p
p \ gl \
| v \ gl (p,q)
S |
Composition: "y =n | =h 7‘ = | =i a Composed WTT: "Y AN
) ;
S (R B |
| v ‘ Y «
a \ q \
[e% ‘ «
«

Compositions of WXTT A.Maletti - 27



Towards a Second Result
Definition

g € Qconstant if thereisc e C

> > Wiy(p1 - pk) = C

teTr  p1,--,pkERY

for every s € Ty

Compositions of WXTT
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Towards a Second Result
Definition

g € Qconstant if thereisc e C

> > Wiy(p1 - pk) = C

teTr 1 "'f;apke'q‘Ip
q(s)=>y) =kt

for every s € Ty

Example

1-constant states:
@ in every total WTT over the BOOLEAN semiring
@ in every BOOLEAN and total WTT over an idempotent semiring
@ in every functional, total, and BOOLEAN WTT

Compositions of WXTT A. Maletti -
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A Second Result

Conjecture

If the WXTT M is constant and the WTT N is linear, then 7, ; 7y can be
computed by a WXTT.

Composition: %MQ:CWQ\
Composed WTT: 28 N @\

Compositions of WXTT A.Maletti - 29

-




The Third Case

Unweighted composition results
Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total
Composition: Lae

-

Composed WTT:

Q

Compositions of WXTT
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The Third Case

Composition:
o T w
g a a
\ 5 \ AN AN s
T d e L T AT e A
et | vy 7 Po Po Y a Po 7
4 i 4 Lol dodd Lo
«
a g a
a/ \ a/ \U U/ \(7 /a\
1s o] 15 Hs
R e I A TR
\ | \ od o d o
(6% o « o
Composed WTT:
a a
(po, Q) 0/ \U o/ \o
7\ _(prpoipnan) PN /N _ (e pouis) \ PN
| M (Po.@) (po.@) (po.@) (po.a) MM o (po.a) (Po.G) (Po.q)
o | S booh
a a
a/ \a U/ \U /0\
{p2,Po,115) /. {p2,po,15) \ {p2,Po;115)
AN s e SN g T LA
‘ ‘ « (a3 @ «
o « «

Compositions of WXTT
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The Third Case

Original derivation:

o a a

Po
Po | /\ /\ VAN
‘ i T S R A
q |
R
5
| q q q qg q 9 g9 q
X1 \ [ [ [
X1 X1 X4 X1 Xq X1 Xy Xq
Modified derivation:
o o o
P /N A AN
| ~ P Po Y Po v a
I A A
Y | 1 1
S A I A A AL
X1
X1 X1 Xy X1 X1 X1 X1 Xt

Conjecture

If the WXTT M is functional and the WTT N is nondeleting, then 7y ; 7n
can be computed by a WXTT.

Compositions of WXTT A.Maletti - 31



The Last Case

Unweighted composition results

Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total

Conjecture

If the WXTT M is functional and constant and N is a WTT, then 7y ; 7n

can be computed by an WXTT.

Compositions of WXTT A. Maletti -
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The Last Case

Unweighted composition results

Case | M | N
(a) linear and nondeleting
(b) total linear
(c) functional nondeleting
(d) functional and total

Conjecture

If the WXTT M is functional and constant and N is a WTT, then 7y ; 7
can be computed by an WXTT.

essentially a combination of Case (b) and (c)

Compositions of WXTT A.Maletti - 32



Summary

Case M N Reference
(a) linear, nondel. linear, nondel. [1] Thm. 2.4
functional func., lin., nondel. [2] Thm. 5.18
linear, nondel. [38] Thm. 26
(b) constant linear Coni.
(c) functional nondeleting Con;.
(d) BooL., func., total functional [2] Thm. 5.18
BoolL., func., total linear [3] Thm. 30
constant, func. Con;.

[1] KUICH: Full Abstract Families of Tree Series |.
In “Jewels are Forever”, pp. 145-156 (1999)

[2] ENGELFRIET, FULOP, VOGLER: Bottom-up and top-down tree series

transformations. J. Autom. Lang. Combin. 7(1): 11-70 (2002)

[38] ~: Compositions of tree series transformations.
Theor. Comput. Sci. 366(3): 248—-271 (2006)

Compositions of WXTT
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0 Allowing e-rules
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Requirements

Definition
@ WXTT M shallow if |posi(r)| < 1 for every rule ¢ — r of M
@ WXTT N WTT with e-rules if |pos(¢)| < 1 for every rule ¢ — r of N

[~, VOGLER: Compositions of top-down tree transducers with e-rules.
In Proc. FSMNLP 2009, pp. 69—-80 (2010)]
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Why Another Construction

Example
This derivation cannot be simulated by M ; N because the rules
constructed for M ; N always trigger a rule of M first

v
v | g
P \ 7 | gl
M1 p M1 ‘ P3 7 M5
o =N =N o = =Y
qo | p
a \ Qo \ B
« ‘ b
«
v
D 0 | v
D | 7
e
o b \ B
b

Compositions of WXTT A.Maletti - 36



New Construction

Definition
M..N=(PxQ%x,A bxl,R,x)
@ rule identifiers:
R = {{(p,p,e) | erasing p € Ry,p € P} U
U {{p, p, 1) | producing p € Ry,p € P, consuming p € Ro} U
U{(e,q,1) | g€ Q, e-rule p € Ry}

° x(p; p,e)) = (p(€), wtm(p), p(r)) for all erasing p = £ —r, p € P

y

Compositions of WXTT A.Maletti - 37




New Construction

Definition
M;:N=(PxQXxX,AkxI,R,X)
@ rule identifiers:
R = {{(p,p,e) | erasing p € Ry,p € P} U
U {{p, p, 1) | producing p € Ry,p € P, consuming p € Ro} U
U{(e,q,1) | g€ Q, e-rule p € Ry}

@ x(p,p,e)) = (p(£), wtp(p), p(r)) for all erasingp=¢ —r,pec P
® x(p,p.p)) = (p(¢),a.r")

a_ wiy(p) - win(p)  if p(¢) :>’,f,,;:>‘,<, r
0 otherwise

for producing p = ¢ — r of M, p € P, and consuming i € Ro
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New Construction

Definition
M;:N=(PxQXxX,AkxI,R,X)
@ rule identifiers:
R = {{(p,p,e) | erasing p € Ry,p € P} U
U {{p, p, 1) | producing p € Ry,p € P, consuming p € Ro} U
U{(e,q,1) | g€ Q, e-rule p € Ry}

@ x(p,p,e)) = (p(£), wtp(p), p(r)) for all erasingp=¢ —r,pec P
® x(p,p.p)) = (p(¢),a.r")

a_ wiy(p) - win(p)  if p(¢) :>’,f,,;:>‘,<, r
0 otherwise

for producing p = ¢ — r of M, p € P, and consuming i € Ro
o X((e,G, 1) = ...
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Construction — Example

Example

T Il) /A\

Qo
| P 4 w B
o =w /N =y | |
/\ g1 Qo a1 Qo
2 | ||
/\ X1 Xo X1 Xo

X1 Xo
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Unweighted Setting

Theorem

M shallow, N is a WTT with e-rules. If
@ N is linear, and

@ M s total or N is nondeleting,
then myy ; v can be computed by a WXTT.

Case | M | N Reference
(a) linear, nondeleting | [1] Thm. 17
(b) | total linear [1] Thm. 17

[1] ~, VOGLER: Compositions of top-down tree transducers with e-rules.
In Proc. FSMNLP 2009, pp. 69-80 (2010)
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The First Case

Theorem

If M is shallow and N is a linear and nondeleting WTT with e-rules,
then TM::N = TM ; TN-

Compositions of WXTT
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The First Case

A
/ / / A A
ﬁ: >\ 4 >\ ; >\ A AN N A\
A W P i b /\ A 5 /\
I A N I N N A T S R N A
| h P b § [ [ 5 [
h | | | 5 b i P [ 57
| h h p | [ g P [
b | | | B B8 b | 3 8
b b b b
(P, qo) /A /\ \ A
'y 4o
‘ A 5 /\\ N A AN
/\ - ; . /N
a/”\a“ Sl (Pa‘fh) (FLFO) N t" <P=‘qo> R J; <p"q°> e i (P,‘qw _ppo (‘5 (p,‘qo)
0 o A o a s
a/\“ v A <p‘q1> A | A LA i &
/\ a9 a a g (P.qo) o @ B a o | /\
o o EA AN [RAN VAN poda
Step 1 2 3 4 5 6 7
au:| P P pa 3 P2 p2 P3
dv:|  ps Ha Ha H5 B ps
d:[{p1, P, 113) |(P5, P, 114) | (P4 P; 11a) | (P, Ps 115) | (P2, P, €) | (P2, P, €) |{€, Qo 111) (€5 Qo, 1) {P3, P 115)
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The Second Case
Theorem

If the shallow WXTT M is total and BOOLEAN, the WTT N with e-rules
is linear, and the semiring C is idempotent, then ty._.n = Tm ; TN-
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The Second Case

Theorem

If the shallow WXTT M is total and BOOLEAN, the WTT N with e-rules
is linear, and the semiring C is idempotent, then ty._.n = Tm ; TN-

p p p
| \ \ p {p,q)
T ‘
v v
L o o) F; I ' X P1:P17)
Composition: ﬂ‘y = (‘7 =h ‘/ =% 7‘ =N o Composed WTT: | :};VILN 7
v
v 7 q \ \
\ \ \ « @
« « «
7 14
o P
P b P ‘ P
\ \ ! i !
i i A N s
_ _ _ ] .
Sequence pipipz: 7‘ = T = =7 AN Sequence p1pipz: “‘r =W q =5 =W SN
| q | | 7
(T | Y T
v | ol g9
a « a a
Loooe ] :
«
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Conjecture

If the shallow WXTT M is constant and the WTT N with e-rules is

linear, then 7, ; 7y can be computed by a WXTT.

Case M N
(@) linear, nondeleting
(b) total, BOOLEAN linear
constant linear

Compositions of WXTT
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It's over!

Thank you for your attention!
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