A Backward and a Forward Simulation
for Weighted Tree Automata

Andreas Maletti

{ ‘j;z UNIVERSITAT

2" ROVIRA | VIRGILI

La wniversitat pdblica de Tarragona

OeooaAovikn — May 20, 2009

Author acknowledges the support of MEC grant JDCI-2007-760.

Simulations for Weighted Tree Automata Andreas Maletti - 1




.
Overview

Simulations
@ “Half” a bisimulation
@ Can be used to make automata smaller
@ Applications in logic (inseparability by logic formulae)
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.
Overview

Simulations
@ “Half” a bisimulation
@ Can be used to make automata smaller
@ Applications in logic (inseparability by logic formulae)

Rough definition

A state q simulates another state p if any transition involving p is
covered by a transition involving q

Class of automata
Here for weighted tree automata over idempotent semirings
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Overview

Tree Series
@ Assigns weight (e.g. a probability) to each tree
@ Weights drawn from semiring; e.g. ([0, 1], max, -,0,1)
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Overview

Tree Series
@ Assigns weight (e.g. a probability) to each tree
@ Weights drawn from semiring; e.g. ([0, 1], max, -,0,1)

Weighted Tree Automaton
@ Finite representation of a tree series

Applications
@ Re-ranker implementing a language model
@ Representation of a parser (or parses)
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Syntax

Definition
Weighted tree automaton (wta) is tuple (Q, X, A, F, u) where
Q: finite set of states

Y : ranked alphabet of input symbols

A= (A +,-,0,1): semiring of weights

F: Q — A: final weights
1= (pk) ken With g X —

AQx Qk
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Syntax

Definition
Weighted tree automaton (wta) is tuple (Q, X, A, F, u) where
@ Q: finite set of states
@ Y :ranked alphabet of input symbols
e A= (A+,-0,1): semiring of weights
@ F: Q — A:final weights
°

H= (Nk)keN with pg: X — AQ><O“

Sample Transition

v
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Syntax — lllustration

Sample Automaton
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Semantics

Definition
Lette Ty and g € Q.
@ Runon t:mapr: pos(t) — Q
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Semantics

Definition

Lette Ty and g € Q.
@ Runon t:mapr: pos(t) — Q
@ Weight of r

= [ m(t(w

wepos(t)

r(w) r(w1)---r(wk)
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Semantics

Definition

Lette Ty and g € Q.
@ Runon t:mapr: pos(t) — Q
@ Weight of r

= [ m(t(w

wepos(t)

@ Weightof tin q

wi(t, q) =

r(w Jr(w)--r(wk)

wi(r)

2.

rrunon t,r()=q

@ Recognized tree series: (|M|, t) =

ZpeQWt(ta p) ’ F(p)

v
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Semantics — lllustration

Sample Automaton

f/3

a/.2

Sample Runs for Input tree: f(a, a)
wt(6(1,2)) =0
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Semantics — lllustration

Sample Automaton

f/3

a/2 a/.2.b).6

Sample Runs for Input tree: f(a, a)

wi(6(1,2)) =0
wi(3(1,2)) = 0.2-0.2-0.3 = 0.012
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Semantics — lllustration

Sample Automaton

f/3

a/.2

a/.2,b/.6

Sample Runs for Input tree: f(a, a)
wt(6(1,2)) =0

wt(3(1,2)) = 0.2.0.2-0.3 = 0.012
wt(6(4,5)) =0.4-0.6-0.5=0.12
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ldempotent semiring

Definition
Idempotent semiring: 1 +1 =1 J
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ldempotent semiring

Definition
Idempotent semiring: 1 +1 =1 J
Definition
Natural order: aC bifandonlyifa+b=0>b J
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Backward simulation

Definition
A quasi-order < C @2 is a backward simulation if for every p < g,
ocEXy,andpq,...,px € Qthere exist py < q4,..., Pk = gk such that

1k(9)p.pr-p E 1k()q,q1-+qx

Example

1<2<4and1 <5
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Principal results

Theorem
There exists a greatest backward simulation for M. J
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Principal results

Theorem
There exists a greatest backward simulation for M.

Lemma (Main lemma)
Foreveryte Ty andp < q

wt(t, p) C wt(t, q)
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Principal results

Theorem
There exists a greatest backward simulation for M.

Lemma (Main lemma)
Foreveryte Ty andp < q

wt(t, p) C wt(t, q)

Corollary
Foreveryte Ty andp<q=<p

wi(t, p) = wi(t, q)
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Reducing the automaton

Definition

Let~ = <n="".Let (M/~) = (Q, %, A, F', ;') with
° Q' =(Q/x)
@ F'(P)=>qcp F(q)forevery Pc
o foreveryoceXxand P,Py,...,Pre Q

/‘;((U)F’,Pr"":’k = Z 11k () min(P), 1

q1€P; ...,k €Pk
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Reducing the automaton

Definition

Let~ = <n="".Let (M/~) = (Q, %, A, F', ;') with
° Q' =(Q/x)
@ F'(P)=>qcp F(q)forevery Pc
o foreveryoceXxand P,Py,...,Pre Q

/‘;((U)F’,Pr"/:’k = Z 11k () min(P), 1

q1€P; ...,k €Pk

Theorem
M and (M/~) are equivalent.
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Full example

Semiring (P({1,2}),uU,n,0,{1,2})
a/{1:2} N /42

a/{1,2}

&

O‘/{é>2} @ 7/{152} @

1<2<3<1and4<5<4<6
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Algorithm computing the coarsest simulation

RO — Q X Q
i—0
repeat
J—i
foralloc € X and py,...,px € Qdo
Riy1 < {(p,q) € Ri | 3(p1,1), -, (Pk; Qk) € Ai:
1k()p.pr-pe © 1k(0)q.1--i )
f—i+1
end for
until R; = R/
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Forward simulation

Definition
A quasi-order < C @? is a forward simulation if for every p < g
e F(p)C F(q) and

o foreveryo e 34,1 <i<k,and p’,q1,...,q« € Q there exist
q € Qsuchthat p’ < ¢ and

MK(U)P/»%'"CIi—1qu'+1"'Qk - :uk(a)q/,ch"-q/'—1qql'+1"'<7k :

Example

v
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Principal results

Theorem
There exists a greatest forward simulation for M. J
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Principal results

Theorem
There exists a greatest forward simulation for M.

Lemma (Main lemma)
Foreveryc e Cs, p < q,and up-set BC Q

> wi(Clpl.¢) T > wi(Clal, q')

q'eB q'eB
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Principal results

Theorem
There exists a greatest forward simulation for M.

Lemma (Main lemma)
Foreveryc e Cs, p < q,and up-set BC Q

> wi(Clpl.¢) T > wi(Clal, q')

q'eB q'eB

Corollary
Forevery C € Cy,p=<q = p,andup-setBC Q

> wi(Clpl.q') = > wi(Clq].q)

g'eB q'eB

v
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Reducing the automaton

Definition

Let~==<n="1.Let(M/~) = (Q, %, A F i)
° @' =(Q/~)
@ F'(P) = F(min(P)) for every P € @I
o foreveryoceXxand P,Py,...,Pre Q

U P Py Z Hk q,mm(P1 seeemin(Py)
qepP

Simulations for Weighted Tree Automata Andreas Maletti - 19



Reducing the automaton

Definition

Let~ = <n=<"T. Let (M/~) = (Q, %, A, F', ')

° @' =(Q/~)
@ F'(P) = F(min(P)) for every P € @/

o foreveryoceXxand P,Py,...,Pre Q

1ix()p.p,.. ZHK

geP

q)mln(P‘l N )mln(Pk)

Theorem
M and (M/~) are equivalent.
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Full example

Semiring (P({1,2}),uU,n,0,{1,2})
a/{1:2} N /42

a/{1,2}
O‘/{é>2} @ 7/{152} @ © @

1<2<1<3and4<5=<6=<4
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Algorithm computing the coarsest simulation

Ro —{(p.q) € @x Q| F(p) T F(q)}
i—0
repeat
J—i
foralloc e Xy, 1<n<k,andp,qi,...,q« € Qdo
Rit1 — {(p,q) € Ri | (0. ) € Ri:

1k(9)pt a1+ Gn1pn -G = 1k(T)q,G1-Gn—10Gne1 -G}

j—i+1
end for
until R; = R/
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Summary

Property

Generalization
unweighted simulation
weighted bisimulation

Computation
Admits greatest simulation
Easy to compute

Deterministic wta
Useful
Better reduction

Simulations for Weighted Tree Automata

Simulation
Backward | Forward
v v
X X
v v
v v
X v
X X
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