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De�nition
Weighted tree automaton (wta) is tuple (Q;�;A;F ; �) where

I Q: �nite set of states

I �: ranked alphabet of input symbols

I A = (A;+; �; 0; 1): semiring of weights
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I � = (�k)k2N with �k : �k ! AQ�Qk
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De�nition
Let t 2 T�(Q) and W = pos(t).
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De�nition
Deterministic wta: for every � 2 �k and w 2 Qk there exists
exactly one q 2 Q such that �k(�)q;w 6= 0

Notes

I Deterministic wta does not use addition

I Recognizable 6= deterministically recognizable

I Determinization possible in locally-�nite semirings [BV03]

I Partial determinization for probabilities [MK06]
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Overview

Applicability

I Deterministic wta

I Commutative semi�eld (i.e. multiplicative inverses)

Roadmap

I Myhill-Nerode congruence relation [Bor03]

I Determine signs of life

I Re�nement
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De�nition
p � q: there exists nonzero a such that for every context C

(kMk;C [p]) = a � (kMk;C [q])

Notes

I Semi�elds are zero-divisor free

I Element a is unique if p is not dead
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Signs of Life

De�nition
Sign of life of q 2 Q: context C such that (kMk;C [q]) 6= 0

Example

6 3

1 2

f=0:5f=0:3

a=1 b=1

State Sign of life State Sign of life

1 f (�; b) 2 f (1;�)
3 � 6 �



Compute Signs of Life

Algorithm

D  Q n F
2: sol f(q;�) j q 2 Fg

T  f(w ; �; q) 2 � j q 2 Fg
4: while T 6= ; do

� = ((q1; : : : ; qk); �; q) 2 T

6: I  fi 2 [1; k] j qi 2 D;8j 2 [1; i � 1] : qj 6= qig
sol sol [ f(qi ; sol(q)[�(q1; : : : ;�; : : : ; qk)]) j i 2 Ig

8: P  fqi j i 2 Ig
D  D n P

10: T  (T n f�g) [ f(w ; 
; p) 2 � j p 2 Pg
end while

12: � ffq 2 Q n D j ht(sol(q)) = ig j i � 1g [ fDg
return (�; sol;D)



Compute Signs of Life

Algorithm

D  Q n F
2: sol f(q;�) j q 2 Fg

T  f(w ; �; q) 2 � j q 2 Fg
4: while T 6= ; do

� = ((q1; : : : ; qk); �; q) 2 T

6: I  fi 2 [1; k] j qi 2 D;8j 2 [1; i � 1] : qj 6= qig
sol sol [ f(qi ; sol(q)[�(q1; : : : ;�; : : : ; qk)]) j i 2 Ig

8: P  fqi j i 2 Ig
D  D n P

10: T  (T n f�g) [ f(w ; 
; p) 2 � j p 2 Pg
end while

12: � ffq 2 Q n D j ht(sol(q)) = ig j i � 1g [ fDg
return (�; sol;D)



Compute Signs of Life

Algorithm

D  Q n F
2: sol f(q;�) j q 2 Fg

T  f(w ; �; q) 2 � j q 2 Fg
4: while T 6= ; do

� = ((q1; : : : ; qk); �; q) 2 T

6: I  fi 2 [1; k] j qi 2 D;8j 2 [1; i � 1] : qj 6= qig
sol sol [ f(qi ; sol(q)[�(q1; : : : ;�; : : : ; qk)]) j i 2 Ig

8: P  fqi j i 2 Ig
D  D n P

10: T  (T n f�g) [ f(w ; 
; p) 2 � j p 2 Pg
end while

12: � ffq 2 Q n D j ht(sol(q)) = ig j i � 1g [ fDg
return (�; sol;D)



Compute Signs of Life

Algorithm

D  Q n F
2: sol f(q;�) j q 2 Fg

T  f(w ; �; q) 2 � j q 2 Fg
4: while T 6= ; do

� = ((q1; : : : ; qk); �; q) 2 T

6: I  fi 2 [1; k] j qi 2 D;8j 2 [1; i � 1] : qj 6= qig
sol sol [ f(qi ; sol(q)[�(q1; : : : ;�; : : : ; qk)]) j i 2 Ig

8: P  fqi j i 2 Ig
D  D n P

10: T  (T n f�g) [ f(w ; 
; p) 2 � j p 2 Pg
end while

12: � ffq 2 Q n D j ht(sol(q)) = ig j i � 1g [ fDg
return (�; sol;D)



Computing Signs of Life

De�nition
Dead state q 2 Q: there exists no sign of life of q

Notation

I r : maximal rank of input symbols

I m: number of transitions

I n: number of states

Notes

I Algorithm runs in O(rm)

I Computes signs of life of size � rn

I Computes dead states
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Stages

De�nition
Stage (�; sol; f ; r):

(i) � re�nement of ��

(ii) sol(F ) = f�g

(iii) for live q with p = r([q])

(kMk; sol(p)[q]) = f (q) � (kMk; sol(p)[p])

(iv) �� congruence

(v) for symbol � and context C with live ��(C [q])

f (q)�1 � c�(C [q]) � f (��(C [q])) = c�(C [p]) � f (��(C [p]))

where �� : Q
k ! Q and c� : Q

k ! A
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Completing and Re�ning a Stage

Notes

I Algorithm runs in O(rn3)

I Returns stage such that ��0 is a re�nement of ��

De�nition
Re�nement of (�; sol; f ; r): Partition �0 with p ��0 q if

(i) p �� q

(ii) ��(C [p]) �� ��(C [q])

(iii) if ��(C [p]) is live, then

f (p)�1 �c�(C [p]) �f (��(C [p])) = f (q)�1 �c�(C [q]) �f (��(C [q]))

for states p and q, symbol �, and context C
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Complete Algorithm

Algorithm

(�0; sol;D) ComputeSoL(M)
2: repeat

(�; sol; f ; r) Complete(M;�0; sol;D)
4: �0  Refine(M;�; sol; f ; r ;D)

until �0 = �
6: return minimized wta

Notes

I Algorithm runs in O(rmn4)

I Returns equivalent minimal deterministic wta
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Experiments

State Count

Original Minimal Reduction to

98 68 69%
394 308 78%
497 381 77%
727 515 71%
2701 1993 74%
3686 1766 48%

State & Transition Count

Error Original Minimal Reduction to

10�4 (727; 6485) (629; 6131) (87%; 95%)
10�2 (727; 6485) (525; 3425) (72%; 53%)
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