Weighted Tree Automata over DM-Monoids
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DM-Monoids

Weighted Tree Automata

Rational Operations and Expressions

Rational implies Recognizable



Distributive Multioperator-Monoid

Definition (Kuich "98)

(A, +,0,Q) distributive M-monoid (short DM-monoid), if
m (A, +,0) commutative monoid
m (A, Q) algebra
m forevery w € Q

m forevery w € Q

w(..,a+b,...)=w(...,a,...)+w(...,b,...)



Combining Operations

Monoid (A, +,0)and w: A — Aand ', w": AF — A
m (W +w’): AP = A

(W + ") a1, ...,a) = (a1,...,ax) + " (a1,...,ax)

w/ + UJ,/ w/ w//
AN N N
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Combining Operations

Monoid (A, +,0)and w: A — Aand ', w": AF — A
m(W 4w AF— A
mw(W): AF - A

(w(w/))(al, coag) = w(w'(al, )
w(w') _ u|/
31/.--\ak /\



Combining Operations

Monoid (A, +,0)and w: A — Aand ', w": AF — A
m(W 4w AF— A
mw(W): AF - A
m (W) AF - A

2

(Ef(w’))(al, coay) =W (ag, .. a1, w0(a), aig1, - ., ag)



Properties of DM-Monoids

DM-monoid (A4, +,0,9Q) is
m sum closed,
if o +w” € Q) for every ', w" € Q)

m (1, x)-composition closed,

if w(w') € Q®) for every w € QM) and ' € Q*)
m (%, 1)-composition closed,

if 5F (') € Q) forevery 1 <i < k,w € Q) and ' € Q)
m unary-composition closed,

if (1,%)- and (%, 1)-composition closed.



A Generic Example

Example (Kuich ’98)
Let (A, +,-,0,1) semiring. Let Q%) = {@* | a € A} where

ak:A’C—>A

(a1,...,ag) —ay-...-ag-a

(A,+,0,9Q) is sum and unary-composition closed DM-monoid



Uniform Mapping

Y: Tx(Z) — Ops(A) uniform, if (¢, t) € Ops™(A) with n = |t|z



Uniform Mapping

Y: Tx(Z) — Ops(A) uniform, if (¢, t) € Ops™(A) with n = |t|z

€ A(Tx)) are uniform (“classical tree series”)




Uniform Mapping

Definition
Y: Tx(Z) — Ops(A) uniform, if (¢, t) € Ops™(A) with n = |t|z

Example

€ A(Tx)) are uniform (“classical tree series”)

Let (A4, +,0) monoid. Monoid (Umaps(X, Z, A), +*, 04) with
m Umaps(X, Z, A) = {¢: Tx(Z) — Ops(A) | ¢ uniform }
B (1) = (40) + (&,0)

m (0v,¢)=0




Weighted Tree Automaton

Definition (M. ’04)
(Q,%,Z, A, F, u,v) weighted tree automaton (short: wta), if
m Q={1,...,n} finite set
m I ranked alphabet
m Z={z,...,2zn} finite set (of variables)
m A= (A +,0,Q) DM-monoid
m F: Q — QW (final weights)

Fy
F=|...| withf,... F,eq®



Weighted Tree Automaton

Definition (M. '04)
(Q,%,Z, A, F, u,v) weighted tree automaton (short: wta), if

mQ, X, 7, Aasusual

m F: Q — QWO (final weights)

m = (g )ren With g, ) — (Q("’))Q}{XQ

Mk(J)(l..All)J o Mk(a)(1~~-11),n
o)(1... 0)(1---12).n
(o) = Mk( )(1 12),1 Mk( )(1 12),

pe(O)mmm)1 - HE(O)(nenn)n



Weighted Tree Automaton

Definition (M. ’04)
(Q,%,Z, A, F, u,v) weighted tree automaton (short: wta), if
mQ X, 7 Aasusual
m F: Q — QW (final weights)
m o= (pr)pen With g0 £F) — (Q(k))Qka
mv:Z— (Q(l))Q




Semantics of Wta

Let M = (Q,X,Z, A, F, u,v) wia.
B Ry = Tis gy((Z,Q)) runs of M
m Ry(t)={r € Ry |m(r)=t}runsof Mont
m Ry(t,q) ={r € Ry(t) | m(r(c)) =q} runsof Mont

ending in ¢
(0,1)
VRN
<U72> <’Y1>
/ N\ \



Semantics of Wta

Let M = (Q,X,Z, A, F, u,v) wia.
B Ry = Tis gy((Z,Q)) runs of M
m Ry(t)={r € Ry |m(r)=t}runsof Mont
m Ry(t,q) ={r € Ry(t) | m(r(c)) =q} runsof Mont

ending in ¢
<O' 1> ol
VRN VRN
(0,2) (v, 1) o ¥
7/ \ \ /N \
1 (%2 (a,3) v @ e!



Semantics of Wta (cont'd)

weight of run r

e ({o,q) (1, -y 7k)

)
cm((2,9)) = v(2)q

where q; = 7'('2(7“1'(8))

(0,1) p2(0)21 1
RN RN
(0,2) (v, 1) p2(0)12,2 11(7)3,1
/ N\ \ /N \

<77‘ 1> <Oz., 2> <O‘7 3> HA ("7)3,1 NO(Q)Z #0(0)3
(z,3) v(2)3



Semantics of Wta (cont'd)

Uniform mapping recognized by M in state ¢

(SM)gt)= > enlr)

r€R(t,q)

Uniform mapping recognized by M

(S(M),1) = > Fy((S(M)g, 1))
qeQ



Rational Operations

The following operations on Umaps(X, Z, A) are rational:

m sum +"
m top concatenation top,, (¢ € ) and w € Q)

(toPs (Y1, - - -, ¥k), 0 (b1, - - i)
(topa,w(wlu cee v¢k)7 5(t17 cee ’tn))
(topo,w(wla 000 ,@Z%)’ Z)

w((wla tl)v 000 (1% tk))
0

0



Rational Operations

The following operations on Umaps(X, Z, A) are rational:
m sum +"
m top concatenation top,, (¢ € ) and w € Q)
m z-catenation -, (z € Z)

(w'zwl)t)
= Y (@) owy (Whn)s (1))

S,t1, ot €T3 (Z)
t=s[z<(t1,.--,tk)]

where W = pos,(s) and V = pos,(s)



Rational Operations

The following operations on Umaps(X, Z, A) are rational:
m sum +"
m top concatenation top, , (¢ € £*) and w € Q)
m z-catenation -, (z € Z)

m z-iteration [-]% (z € Z) by (¢%,t) = ( Qeight(t)“,t)

WO =00 and Y"1 = (¥, Y") +Yid.2



Rational Expressions

Rat(X, Z, A) smallest R s.t.
muwzeRand [w.z] =w.z (2 € Zand w € Q)

W top, ,(r1,...,7%) € Rifo € ¥*) and w € Q)

ﬂtopo,w(rla ooc 7T1€)]] = topa,w(IITI]L °cog IITk]])

B (r1+72) € Rand [ry + r2] = [r1] +* [r2]
m (ry-, 7)€ Rand [ry -, 2] = [r1] = [r2]
m Provided that ([r], 2) = 0 then »¥ € R and [r] = [r]:



Variables

Lemma

w.z € AT (2)) (2 € Z andw € QO)

Trivial! O

id




Sum

Lemma

A" (Tx(2))) closed under uniform sum +".

Classic union construction. O

id id id id




Top Concatenation

Lemma
A (Ts(Z))) is closed under top,, (o0 € £®), ' € Q¥))

Construction illustrated below.




z-Catenation

Lemma
A (Tx(2))) is closed under -, (z € Z)




z-lteration

Lemma

A" (Tx(2))) is closed under - (= € Z)

id




Main Corollary

Corollary

Let A (1,x)-composition and sum closed DM-monoid

A5 (Qoo)) € A™(T5(Qx0))

Corollary

Let A (1, x)-composition and sum closed DM-monoid

A (T (@) € A (T5(Qo0))



Main Theorem

Let A (1,x)-composition and sum closed DM-monoid

A (T (Qoo)) = A™(T5(Qo0))
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Thank you for your attention!
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