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Motivation

Motivation

Wta important in a number of applications (NLP)
No general determinization for weighted wta
Usually nondeterminism needed for projection
Simple essential functions difficult to implement
Predetermined order of multiplication

Aim: Systematic study of general-weighted wta



Distributive Multioperator-Monoids

Multioperator-Monoid

Definition (Kuich *98)

(A, +,0,Q) Multioperator-Monoid (short: M-monoid), if
@ (A, +,0) commutative monoid
@ (A, Q) algebra




Distributive Multioperator-Monoids

Multioperator-Monoid

Definition (Kuich *98)

(A, +,0,Q) Multioperator-Monoid (short: M-monoid), if
@ (A, +,0) commutative monoid
@ (A, Q) algebra

Example (Kuich '98)

Let (A, X) X-algebra. Then (P(A),U, 0, 2) M-monoid with @ = {g | c € £}
where

7: P(A)™ ) — P(A)
(51,.,.7Sk)’—>{O‘(81,...7Sk)|81 € 8S51,...,8k ESk}




Distributive Multioperator-Monoids

Distributive M-monoid

Definition (Kuich *98)

(A, +,0,Q) distributive M-monoid (short DM-monoid), if
@ (A, +,0,9) M-monoid
@ foreveryw € Q

@ foreveryw € Q

w(..,a+b,...)=w(..;a,...)+w(...




Distributive Multioperator-Monoids

Distributive M-monoid

Definition (Kuich *98)

(A, +,0,Q) distributive M-monoid (short DM-monoid), if
@ (A, +,0,9) M-monoid
@ foreveryw € Q

@ foreveryw € Q

Example (Kuich *98)
(P(A),U,0,Q) as before is DM-monoid




Distributive Multioperator-Monoids

Semiring as DM-monoid

Example (Kuich ’98)
Let (A, +,-,0,1) semiring. Then (A, +, 0,€Q) DM-monoid with
Q={a"|ac AkecN}where

a A" - A

(at,---,ag) —ai-...-ag-a




Distributive Multioperator-Monoids

Semiring as DM-monoid

Example (Kuich ’98)
Let (A, +,-,0,1) semiring. Then (A, +, 0,€Q) DM-monoid with
Q={a"|ac AkecN}where

a A" - A

(at,---,ag) —ai-...-ag-a

This DM-monoid is used to “simulate” weighted tree automata.



Distributive Multioperator-Monoids

A DM-monoid of Tree Series

Definition
Let (A, +,-,0,1) semiring, ¢, ¥1, ..., ¢¥n € A(T=(Z))
Y — (Y1,...,Pn) = > (W, t) - (h1,t1) - ... - (n, tn)t[t1, ..., tn]

bl gooog tn €T (2Z)




Distributive Multioperator-Monoids

A DM-monoid of Tree Series

Definition
Let (A, +,-,0,1) semiring, ¢, ¥1, ..., ¢¥n € A(T=(Z))
wH(wlw‘wd}"): Z (1/)715)'(1/)17?51)'~~-'(¢n,tn)4t[t17~~7tn]

£yt seenstn €T (Z)

Example (M. '04)

Let (A, +,-,0,1) semiring. Then (A(T%(Z)), +,0, Q) DM-monoid with
Q={9" | € A(Ts(Z)),k € N} where

P ATs(2)" — AT=(2))
(wl,...,qj)k) — ) — (wl,.,,,wk)



Distributive Multioperator-Monoids

A DM-monoid of Tree Series

Definition
Let (A, +,-,0,1) semiring, ¢, ¥1, ..., ¢¥n € A(T=(Z))
wH(wlw‘wd}"): Z (1/)715)'(1/)17?51)'~~-'(¢n,tn)4t[t17~~7tn]

£yt seenstn €T (Z)

Example (M. '04)

Let (A, +,-,0,1) semiring. Then (A(T%(Z)), +,0, Q) DM-monoid with
Q={9" | € A(Ts(Z)),k € N} where

P ATs(2)" — AT=(2))
(wl,...,qj)k) — ) — (wl,.,,,wk)

This DM-monoid is used to “simulate” (polynomial) tree series transducers.
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Weighted Tree Automata

Definition (M. *04)
(Q,%, Z, A, F, u,v) weighted tree automaton (short: wta), if
@ ( finite set
@ X ranked alphabet
@ Z finite set (of variables)
@ A= (A,+,0,9) M-monoid
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Weighted Tree Automata

Definition (M. *04)
(Q,%, Z, A, F, u,v) weighted tree automaton (short: wta), if
@ ( finite set
@ X ranked alphabet
@ Z finite set (of variables)
@ A= (A,+,0,9) M-monoid
e F: Q — QW (final weights)
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Weighted Tree Automata

Definition (M. *04)
(Q,%, Z, A, F, u,v) weighted tree automaton (short: wta), if
@ ( finite set
@ X ranked alphabet
@ Z finite set (of variables)
@ A= (A,+,0,9) M-monoid
e F: Q — QW (final weights)
@ 1 = (pr)ren With

pi: S0 (QU)@xQ
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Weighted Tree Automata

Definition (M. *04)
(Q,%, Z, A, F, u,v) weighted tree automaton (short: wta), if
@ ( finite set
@ X ranked alphabet
@ Z finite set (of variables)
@ A= (A,+,0,9) M-monoid
e F: Q — QW (final weights)
@ 1 = (pr)ren With
Lk (k) _, (Q(M)Q’“XQ

o v:Z — (Q(l))Q



Weighted Tree Automata

Example Wta

DM-monoid T = (N U {co}, min, oo, Q) with Q@ = {m* | k € N} U {id} where
m': N* - N
(n1,y...,n%) — 1+ max(nq,.

Wta ({*}v 27 Z,I, F,,U, 1/) with
° F* =id

,TLk)

® (1k(0) (s, ) = T

@ v(z), =id




Weighted Tree Automata

Example Wta

DM-monoid T = (N U {co}, min, oo, Q) with Q@ = {m* | k € N} U {id} where

m: N* - N
(n1,...,nk) — 1+ max(ni,...,nk)
Wia ({},3, Z,T, F, i, v) with
@ F, =id
@ 11k (0) (5, x) s = TN
@ v(z), =id

k

@ This wta computes the height of the input tree deterministically.



Weighted Tree Automata

Example Wta

DM-monoid T = (N U {co}, min, oo, Q) with Q@ = {m* | k € N} U {id} where

m: N 5 N
(n1,...,nk) — 1+ max(ny,...,nk)
Wta ({*},272727 F,,U,I/) with
o F* :ld

o ,U/k(o')(*,“.,*),* =m

@ v(z), =id

k

This wta computes the height of the input tree deterministically.
How do we handle variables?
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Towards Uniform Mappings

(OPS(A), +opss Oops; Qops) With Ops(4) = A%" and Ops(A) = U, .y Ops*(A)
and
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Towards Uniform Mappings

(OPS(A), +opss Oops; Qops) With Ops(4) = A%" and Ops(A) = U, .y Ops*(A)
and
[ +ops - (+§ps)k€N Where

+§psz Opsk(A) X Opsk(A) — Opsk(A)

(wi,w2) —w With w(@) = wi(@) + wa(a)
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Towards Uniform Mappings

(OPS(A), +opss Oops; Qops) With Ops(4) = A%" and Ops(A) = U, .y Ops*(A)
and
[ +ops - (+§ps)k€N Where

+§psz Opsk(A) X Opsk(A) — Opsk(A)

(wi,w2) —w With w(@) = wi(@) + wa(a)

° Oops = (Oé:ps)keN Where
08s(@) =0



Motivation Distributive Multioperator-Monoids Weighted Tree Automata Rational Operations and Expressions Recognizable implies Rationa

Towards Uniform Mappings

(OPS(A), +opss Oops; Qops) With Ops(4) = A%" and Ops(A) = U, .y Ops*(A)
and
[ +ops - (+§ps)k€N Where

-‘r];psi Opsk(A) X OpSk(A) — Opsk(A)
(w1,w2) —w With w(d@) = wi(a@) + w2(a)
° Oops = (Oé:ps)keN where
08s(@) =0
® Qops = (Wobs ™) penwen® 1y....1, en WhETe

whlo ot Ops't (A) x -+ x Ops'*(A) — Ops'' T Tk (4)

=

(wi,...,wk) — f with f(ai,...,d) = w(wi(al),...,wr(dr))



Weighted Tree Automata

Observations

Definition

A sum closed, if (w1 +5,c w2) € Q™ for every wi,w, € Q®)




Weighted Tree Automata

Observations

Definition

A sum closed, if (w1 +5,c w2) € Q™ for every wi,w, € Q®)

Let (A7 +7 07 Q) M'monoid, | = l1 + -+ lk

(UJ +§ps wl)lolp’s:mlk (wlv o ,qu;)

= Wit (wi, . wi) Feps (Wit (Wi, - - - wi)
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Observations

A sum closed, if (w1 +5,c w2) € Q™ for every wi,w, € Q®)

Theorem
Let (A7 +7 07 Q) M'monoid, | = l1 + -+ lk

(@ +5ps @ )ops "™ (Wi, - - ., wi)

= wé})’s:“’lk (w17 000 7wk) +£)ps (w/)élpgs“”lk (wh ©oo >wk)

Theorem
Let (A, +,0,Q) DM-monoid, 1 =1y + - - - + Iy

11,...,1 U 11,...,0 1 11,1k
Wops " (.., w1 Hops W2y v ) = Wops TR (Lo Wi, ) FopsWops U R (e, wa, L)

|




Weighted Tree Automata

Uniform Mappings

Definition
Y: Ts(Z) — Ops(A) uniform, if
@ (1,t) € Ops™(A) withn = |t|z




Weighted Tree Automata

Uniform Mappings

Definition
Y: Ts(Z) — Ops(A) uniform, if
@ (1,t) € Ops™(A) withn = |t|z

¥ € A{(Tx)) are uniform (“classical tree series”)




Weighted Tree Automata

Uniform Mappings

Definition
: Ts(Z) — Ops(A) uniform, if
@ (¢,t) € Ops™(A) with n = [t|~

¥ € A{(Tx)) are uniform (“classical tree series”)

Definition

Let (A, +,0) monoid. Monoid (Umaps(X, Z, A), +%,0%) with
@ Umaps(X, Z, A) = {¢: T=(Z) — Ops(A) | ¢ uniform }
o (Y49, t) = (4, t) +5iZ (@', 1)

e (0%,t) = olilz
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Semantics of Wta

Let M = (Q,%, Z, A, F, 1, v) Wta.
@ Ry =Tx,0y((Z,Q)) runs of M
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Semantics of Wta

Let M = (Q,3, Z, A, F, i, v) Wia.
@ Ry =Tx,0y((Z,Q)) runs of M
@ Ry (t)={r € Ry | mi(r) =t} runs of M on ¢
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Semantics of Wta

Let M = (Q, %, Z, A, F, i, v) wta.
@ Ry =Tx,0y((Z,Q)) runs of M
@ Ry(t) ={r € Ry | mi(r) =t} runs of M ont
® Ru(t,q) = {r € Rm(¢t) | m2(r(g)) = g } runs of M on t ending in ¢
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Semantics of Wta

Let M = (Q,%, Z, A, F, 1, v) Wta.
@ Ry =Tx,0y((Z,Q)) runs of M
@ Ry(t) ={r € Ry | mi(r) =t} runs of M ont
® Ru(t,q) = {r € Rm(¢t) | m2(r(g)) = g } runs of M on t ending in ¢
@ weight of run r

em ({0, @) (r1s -5 7k)) = (k(0) (grgina)ows " (ear (r1), - enr (7))

cm((2,q)) = v(2)q

where qi = T2 (7”1(8))
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Semantics of Wta

Let M = (Q, %, Z, A, F, i, v) wta.

@ Ry =Tx,0y((Z,Q)) runs of M

@ Ry(t) ={r € Ry | mi(r) =t} runs of M ont

® Ru(t,q) = {r € Rm(¢t) | m2(r(g)) = g } runs of M on t ending in ¢
@ weight of run »

em ({0, @) (r1s -5 7k)) = (k(0) (grgina)ows " (ear (r1), - enr (7))

em((2,q)) = v(2)q
where qi = T2 (7”1(8))
(S(M)mt) = :ERM(f»‘Z) C]VI(T)
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Semantics of Wta

Let M = (Q,%, Z, A, F, 1, v) Wta.
@ Ry =Tx,0y((Z,Q)) runs of M
@ Ry(t) ={r € Ry | mi(r) =t} runs of M ont
® Ru(t,q) = {r € Rm(¢t) | m2(r(g)) = g } runs of M on t ending in ¢
@ weight of run r

em ({0, @) (r1s -5 7k)) = (k(0) (grgina)ows " (ear (r1), - enr (7))

em((2,9)) = v(2)q
where ¢; = ma2(ri(g))
@ (S(M)g,t) = :eRM(t,q) em(r)
® (S(M),t) = Yo (Fa)ops((S(M)q, 1))



Weighted Tree Automata

Illustration of Runs




Weighted Tree Automata

Illustration of Runs

N
! (0r) e

@ (S(M),t) = height(t) = 4



Weighted Tree Automata

An Input Tree With Variables




Weighted Tree Automata

An Input Tree With Variables

o—=
®_C
X
gl

o

[
—~

S(M),t") = A\z.2 + max(2, z)



Weighted Tree Automata

An Input Tree With Variables

o t' =o(o(v(a),a),v(z1))

(o, *) _
AN
/ N\ <‘77*< <%|*> ﬁ"’/ \ml
Y
AN (o) (k) (21,%) ml/ \—n 1!1
Y &% Z1 | |
(l)t <a7*> ﬁo

@ (S(M),t') = Mz.2 + max(2, )
@ or equivalently: (S(M),t") = w such that for every t € Tx

w(height(t)) = height(¢'[t])
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Rational Operations

The following operations on Umaps(X, Z, A) are rational:
@ sum +"
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Rational Operations

The following operations on Umaps(X, Z, A) are rational:
@ sum +"

@ top concatenation top,,, (0 € 2 and w € Q)

topa.w(wlv--wwk) = Zu wtl)ps((whtl)w"7(wk7tk))'0(t17"'7tk)

t1,..,tp €T (Z)
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Rational Operations

The following operations on Umaps(X, Z, A) are rational:
@ sum +"

@ top concatenation top,,, (0 € 2 and w € Q)

topa.w(wlv"wwk) = Zu wéps((whtl)w"7(wk7tk))'0(t17"'7tk)
t1,..,tp €T (Z)
@ z-catenation -, (z € 2)

1/)'z1/), = Zu ((’lﬁ,s)owyv ((w',tl),...,(w',tk))>.s[z<— (tl,“.,tk)}

8,t1 et €T (2)
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Rational Operations

The following operations on Umaps(X, Z, A) are rational:
@ sum +"

@ top concatenation top,,, (0 € 2 and w € Q)

topa.w(wlv--wwk) = Zu wtl)ps((whtl)w"7(wk7tk))'0(t17"'7tk)

t1,..,tp €T (Z)

@ z-catenation -, (z € 2)

1/)'z1/), = Zu ((’lﬁ,s)owyv ((w',tl),...,(w',tk))>.s[z<— (tl,“.,tk)}

S,t1 4.t €T (Z)
@ z-iteration [[]% (z € Z) by (¢, t) = (prE™ I+ )

P2 =0" and I = (¢ ¥l) +"idz
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Rational Expressions

Rat(X, Z, A) smallest R s.t.
@uwzeRand [w.z] =w.z (2 € Zand w € QW)



Rational Operations and Expressions

Rational Expressions

Rat(X, Z, A) smallest R s.t.
@uwzeRand [w.z] =w.z (2 € Zand w € QW)

@ top, ,(r1,...,7x) € Rprovided thatk € N, o € 2, w € O, and
,...,Tk € R

[top, . (r1, ..., 7)) = top, ,([r1], - - -, [rx])




Rational Operations and Expressions

Rational Expressions

Rat(X, Z, A) smallest R s.t.
@uwzeRand [w.z] =w.z (2 € Zand w € QW)
@ top, ,(r1,...,7x) € Rprovided thatk € N, o € 2, w € O, and
T1,...,Tk € R

[top, . (r1, ..., 7)) = top, ,([r1], - - -, [rx])

® (r1+r2) € Rand [r1 + rz] = [r1] +" [r2] provided that r1,72 € R




Rational Operations and Expressions

Rational Expressions

Rat(X, Z, A) smallest R s.t.
@uwzeRand [w.z] =w.z (2 € Zand w € QW)

@ top, ,(r1,...,7x) € Rprovided thatk € N, o € 2, w € O, and
,...,Tk € R

[top, . (r1, ..., 7)) = top, ,([r1], - - -, [rx])

(r1+72) € Rand [r1 + ro] = [r1] +" [r2] provided that 1,72 € R

(]
@ (r1-27r2) € Rand [ry - m2] = [ri] -z [r2] provided that r1,72 € R




Rational Operations and Expressions

Rational Expressions

Rat(X, Z, A) smallest R s.t.
@uwzeRand [w.z] =w.z (2 € Zand w € QW)

@ top, ,(r1,...,7x) € Rprovided thatk € N, o € 2, w € O, and
,...,Tk € R

[[topo,w(rh M Tk)]] = topo‘,w([[rlﬂ> MR [[Tk]])
@ (r1 +72) € Rand [ri + r2] = [r1] +" [r2] provided that r1,72 € R
@ (r1-27r2) € Rand [ry - m2] = [ri] -z [r2] provided that r1,72 € R
@ Provided that r € R and ([r], z) = 05,5 then 75 € R and [ri] = [r]:




Recognizable implies Rational

Z-normalized Wta

Definition

Wta (Q, %, Z, A, F, u,v) Z-normalized, if for every z € Z
@ v(z)4 € {0),,1d}
@ v(z)4 # 02, for at most one ¢ € Q
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Z-normalized Wta

Definition
Wta (Q, %, Z, A, F, u,v) Z-normalized, if for every z € Z
° V( )g € {05ps,id}
v(2)q # 05y for at most one g € Q

Example
Let M = (Q,X,0,%, A, F, u,v) wta. Then

= (Q’E7Q’27A7F7/"L7l//)

where for every g € Q

@ V/(q)q =id and v/(q), = 05, for every p € Q \ {q}
is @Q-normalized. Note S(M')|ry, = S(M).




Recognizable implies Rational

The Central Recursion

Definition
Let M = (Q,X,Z, A, F, u,v) wta

rerP (tg cM(r) it € Ts(2)\ Z,

S(M)F +) =
(S(M)q?) {ogps iftez
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The Central Recursion

Let M = (Q, %, Z, A, F, u,v) wta

(S(M)P, 1) = L Zrerfip M) Tt ETR(Z)\ Z,
¢ 035 ift ez
Theorem (cf. Droste, Pech, Vogler ’05)

Let A DM-monoid, M = (Q, %, Q, A, F, u,v) Q-normalized wia, v(q), = id for
everyqeQ,PCQ,pecQ\P

S(M) = S(M)g -5 (S(M)y),

p
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The Main Theorem

Let A DM-monoid, M = (Q, >, 0, A, F, u,v) wta

S(M) € A (T (Q))rs




Recognizable implies Rational

The Main Theorem

Let A DM-monoid, M = (Q, >, 0, A, F, u,v) wta

S(M) € A (T (Q))rs

Recursion as seen and

0 u
S(M)q - Z toprr,;zk((r)(ql

keN,cex(F) q1,...,q,€Q

(id.q1, . . .,id.qx)

<) ),a




Recognizable implies Rational

Main Corollary

Let A DM-monoid
A™(Te)) C A™(Ts(Qoo)) I7x
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Main Corollary

Corollary

Let A DM-monoid

A Te) C A™ (T2 (Qw))rs

v

Lety € A(Tx), t € Ts(Z)

(It (1), £) = {gﬁ 0 ety

opz  Otherwise
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Main Corollary

Corollary

Let A DM-monoid

A™(Ts)) C A™(T5(Qoo) ) Ts
Lety € A(Tx), t € Ts(Z)

(It (1), £) = {gﬁ 0 ety

opz  Otherwise

Let A DM-monoid

liftq,. (A" (Tx)) C A™ (T=(Qx))



Recognizable implies Rational

Open Problem, but about to be solved

A DM-monoid
A™(T=(2)) C A™(T=(2))
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Thank you for your attention!
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