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Tree Series Substitution
Preservation of Recognizability
Tree Series Transducers

Preservation of Recognizability (revisited)
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Applications

... of (weighted/probabilistic) tree automata:

» Syntactic Pattern Matching (e.g. handwritten digit recognition)
[Lépez, Pifiaga: Syntactic Pattern Recognition by Error Correcting Analysis on Tree Automata,
2000]

» Tree Banks
[Liakata, Pulman: Learning Theories from Text, 2004]

... of tree series transducers:
» Code Selection
[Borchardt: Code Selection by Tree Series Transducers, 2004]

» Natural Language Processing
[Graehl, Knight: Training Tree Transducers, 2004]
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Syntactic Pattern Recognition

> Source image: g Thinned image: pe

» Representation as tree:

» Which transformations preserve finite-state recognizability?
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Tree Series Substitution

Tree Series Substitution Respecting Occurrences

Used Notation:

» Tx(V): set of V-indexed trees (terms) formed using the ranked alphabet *
> Ty = Tx(0)

> A(T): setof mappings¢: T — A

> (1,t) denotes (t)

> supp(¥) ={teT|(¢,t) #0}

> Zp ={z1,...,2n}
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Tree Series Substitution

Tree Series Substitution Respecting Occurrences

Used Notation:

» Tx(V): set of V-indexed trees (terms) formed using the ranked alphabet *
> Ty = Tx(0)

A{T): setof mappings ¢: T — A

(¢, t) denotes v (t)

supp(p) ={t €T | (¢,t) #0}

Zy, ={z1,...,2n}

v

v

v

v

Definition:
Lety,1,...,%n € A(Te(Zn))-

¢‘i(¢17---7¢n): Z ('¢7t)'(¢17t1)‘t|21 '---'(d’n:tn)‘tlz'" t[tlv"'7t'll]

tesupp(v),
ty€supp(¢1),

tyn Esupp(n )
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Tree Series Substitution

Notes on Substitution

» introduced in
[FUlop, Vogler: Tree Series Transformations that Respect Copying, 2003]

» potentially infinite sum

» usually only considered for polynomial (i.e. finite support) tree series
or in complete semirings (that have an infinite summation)
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Tree Series Substitution

Notes on Substitution
» introduced in
[FUlop, Vogler: Tree Series Transformations that Respect Copying, 2003]
» potentially infinite sum

» usually only considered for polynomial (i.e. finite support) tree series
or in complete semirings (that have an infinite summation)

Example:
Let A = {6® a0} and ¢ € N{Ta(Z1))) be
Y= max [t|st
teETA(Z1)
» 1 < (¢) undefined in A = (NU {—o0}, max, +, —c0, 0) [not a complete semiring]

> < () = in As = (N U {oo, —co}, max, 4, —co, 0) [a complete semiring]
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Preservation of Recognizability

Weighted Tree Automata

Definition:
(Q, X%, A, F, u) weighted tree automaton if
> ( finite set (of states)
» Y ranked alphabet
» A= (A,+,-,0,1) semiring
» F': Q — A (final distribution)

> =k )ken With g0 X — AQXQF
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Preservation of Recognizability

Weighted Tree Automata

Definition: Example:
(Q, X%, A, F, u) weighted tree automaton if
> Q finite set (of states) » Q=1{1,2}
» Y ranked alphabet >y — {5(2)704(0)7X50)}

» A= (A,+,-,0,1) semiring > A=A
» F: Q — A (final distribution)

> F(1)=0,F(2) = —o0
> = (g Jwen With . : Ty — AQ*Q" » 1 see graphic below
5/1 5/0
0
x1/0 a/0
1/ a0 5/1 x1/0 /
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Preservation of Recognizability

Recognizable Tree Series

Definition:
Let M = (Q, X, A, F, ) weighted tree automaton. Define by, : Ty — AQ
hu(o(ts, ... tk))q = Z () aar,ar - Pu(t)a - hu(te)a,
q1,.-,qk €Q

Tree series computed by M is || M]|

(IM,6) =D F(a) - hu(t)q

q€eQ
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Preservation of Recognizability

Recognizable Tree Series

Definition:
Let M = (Q, X, A, F, ) weighted tree automaton. Define by, : Ty — AQ
hu(o(ts, ... tk))q = Z () aar,ar - Pu(t)a - hu(te)a,
q1,.-,qk €Q

Tree series computed by M is || M]|

(IM,6) =D F(a) - hu(t)q

q€eQ

Definition:
Tree series i € A(T%)) recognizable, if there exists wta M with || M|| = 1.
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Preservation of Recognizability

Preservation of Recognizability

Theorem:

» A commutative, idempotent, and continuous
» ¢ € A{Tx(Zy))) recognizable and linear
> 1,...,¥n € A(Tx)) recognizable

Then ¢ < (41, . ..,vn) is recognizable.
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Preservation of Recognizability

Preservation of Recognizability

Theorem:

» A commutative, idempotent, and continuous
» ¢ € A{Tx(Zy))) recognizable and linear
> 1,...,¥n € A(Tx)) recognizable

Then ¢ < (41, . ..,vn) is recognizable.
Definition:

» A commutative:a-b=>b-aforalla,be A

Andreas Maletti Department of Computer Science, TU Dresden

Preservation of Recognizability for o-substitution



Preservation of Recognizability

Preservation of Recognizability

Theorem:

» A commutative, idempotent, and continuous
» ¢ € A{Tx(Zy))) recognizable and linear
> 1,...,¥n € A(Tx)) recognizable

Then ¢ < (41, . ..,vn) is recognizable.
Definition:

» A commutative:a-b=">b-aforalla,bec A
» Aidempotent: a +a =aforalla € A
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Preservation of Recognizability

Preservation of Recognizability

Theorem:

» A commutative, idempotent, and continuous
» ¢ € A{Tx(Zy))) recognizable and linear
> 1,...,¥n € A(Tx)) recognizable

Then ¢ < (41, . ..,vn) is recognizable.
Definition:
» A commutative:a-b=">b-aforalla,bec A

» Aidempotent:a +a =aforalla € A
» A continuous: A complete and 3 preserves certain suprema
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Preservation of Recognizability

Preservation of Recognizability

Theorem:
» A commutative, idempotent, and continuous
» ¢ € A{Tx(Zy))) recognizable and linear
> 1,...,¥n € A(Tx)) recognizable

Then ¢ < (41, . ..,vn) is recognizable.
Definition:
» A commutative:a-b=">b-aforalla,bec A
» Aidempotent:a +a =aforalla € A

» A continuous: A complete and 3 preserves certain suprema
» ¢ linear: every t € supp(v) linear (i.e., z1, . . ., z, occur at most once)
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Preservation of Recognizability

Illustration

Proof Idea:
lllustrated on ¢ < (1))

/1 5/0

a/0 0/1 x1/0
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Tree Series Transducers

Syntax
Definition: 02

(Q, %, A, A, F, ) tree series transducer, if

Q finite set (of states)

¥ and A ranked alphabets

A semiring

F:Q — A{Ca(Z1))

#=(pr Jen With )
L Xy — A{TA(Zn))R*QZk) o/0 o

v

o/max(1zy,122)

v vV VvV VY
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Tree Series Transducers

Syntax
Definition: 02
(Q, %, A, A, F, ) tree series transducer, if
» @ finite set (of states)
» ¥ and A ranked alphabets o/ max(121,12,)
» A semiring
> F:Q — A(Ca(Z1))

> p=(pk Jren With )
pr: T — A(TA(Zn))@*x) o/0 o

Definition:
Tst (Q, X, A, A, F, u) recognizable, if
» F(q) recognizable for every q € Q
> ui(o)q,w recognizable for all k, o, ¢, and w
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Tree Series Transducers

Semantics
Definition:
Let (Q,%, A, A, F, ) tst. Define hS,: Ty — A(Ta)?
ho(o(ty, ..o tk))q = Z 111 () quw < (B, (tiy)ars - -+ » W5 (tin )an)
weQ(Zg)"

w:(ll(lz:l ) an(ziy,)
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Tree Series Transducers

Semantics
Definition:
Let (Q,%, A, A, F, ) tst. Define hS,: Ty — A(Ta)?
ho(o(te, .. tk))g = > k() g0 < (B (tiy )ays - - - 19 (i )
weQ(Zg)"

71’:(11(11',1 ) an(ziy,)

Example:
0z Input tree: o (o (o, @), @)
o/ max(1z1,122) h’i(a)* =0«
RS (o(a, @))x = max(1 z1,1 22) < (0, 0) =1
/0« Ry (o(o(a, @), a))x = max(1 z1,1 z2) < (la,0a)=2a
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Tree Series Transducers

Semantics

Definition:
Let M = (Q, X, A, A, F, p) tst. Transformation computed by M

Tree Level || M||: Ts — A{(Ta)):

lM]I(t) = Z Fy < (h5,()q)
q€Q

Series Level | M||: A(Tx)) — A{Ta):

M) = > (@,0)- IMI(t)

tesupp(t)
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Tree Series Transducers

Semantics

Definition:
Let M = (Q, X, A, A, F, p) tst. Transformation computed by M

Tree Level || M||: Ts — A{(Ta)):

lM]I(t) = Z Fy < (h5,()q)
q€Q
Series Level | M||: A(Tx)) — A{Ta):

M) = > (@,0)- IMI(t)

tesupp(t)

Example:

0

Let M = %B Then ||M]|(t) = height(t) o

afda
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Preservation of Recognizability (revisited)

Tree Series Transducers and Recognizability

Theorem:
Let M = (Q,X, A, A, F, u) tst.

» A commutative, idempotent, and continuous
» M recognizable and output-linear
Then | M||(t) is recognizable for every ¢t € Tx.
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Preservation of Recognizability (revisited)

Tree Series Transducers and Recognizability

Theorem:
Let M = (Q,X, A, A, F, u) tst.

» A commutative, idempotent, and continuous
» M recognizable and output-linear
Then || M||(t) is recognizable for every t € Tx.

Definition:
M output-linear: g (o)q,w linear for all k, o, g, and w.
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Preservation of Recognizability (revisited)

Tree Series Transducers and Recognizability

Theorem:
Let M = (Q,X, A, A, F, u) tst.

» A commutative, idempotent, and continuous
» M recognizable and output-linear
Then || M||(t) is recognizable for every t € Tx.

Definition:
M output-linear: g (o)q,w linear for all k, o, g, and w.

Question:
Let M = (Q, X, A, A, F, u) tst.

» A commutative, idempotent, and continuous
» M recognizable and output-linear
» 1 € A{(Tx)) recognizable

Is ||M||(4) recognizable?
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Preservation of Recognizability (revisited)

An Answer

Theorem:

[Kuich: Tree Transducers and Formal Tree Series, 1999]

Let M = (Q, X, A, A, F, ) tst.
» A commutative and continuous
» M recognizable, input-linear and -nondeleting, top-down
> 1 € A{(Tx)) recognizable

Then ||M||(+) is recognizable!

Andreas Maletti
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Preservation of Recognizability (revisited)

An Answer

Theorem:
[Kuich: Tree Transducers and Formal Tree Series, 1999]

Let M = (Q, X, A, A, F, ) tst.
» A commutative and continuous
» M recognizable, input-linear and -nondeleting, top-down
> 1 € A{(Tx)) recognizable

Then ||M||(+) is recognizable!

Definition:

» M input-linear: w linear for all w such that supp(px(0)q,w) # 0
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Preservation of Recognizability (revisited)

An Answer

Theorem:
[Kuich: Tree Transducers and Formal Tree Series, 1999]

Let M = (Q, X, A, A, F, ) tst.
» A commutative and continuous
» M recognizable, input-linear and -nondeleting, top-down
> 1 € A{(Tx)) recognizable

Then ||M||(+) is recognizable!

Definition:

» M input-linear: w linear for all w such that supp(px(0)q,w) # 0

» M input-nondeleting: w nondeleting (every variable from Z,, occurs at least once)
for all w such that supp(u(c)g,w) # 0
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Preservation of Recognizability (revisited)

An Answer

Theorem:
[Kuich: Tree Transducers and Formal Tree Series, 1999]

Let M = (Q, X, A, A, F, ) tst.
» A commutative and continuous
» M recognizable, input-linear and -nondeleting, top-down
> 1 € A{(Tx)) recognizable

Then ||M||(+) is recognizable!

Definition:

» M input-linear: w linear for all w such that supp(px(0)q,w) # 0

» M input-nondeleting: w nondeleting (every variable from Z,, occurs at least once)
for all w such that supp(px(0)q,w) 7# 0

» M top-down: py(o)q, NONdeleting and linear
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Preservation of Recognizability (revisited)

The Downside

Observation:
There exist single-state input-linear top-down tst M such that || M||(¢) is not
recognizable albeit ¢ is recognizable.
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Preservation of Recognizability (revisited)

The Downside

Observation:
There exist single-state input-linear top-down tst M such that || M||(¢) is not
recognizable albeit ¢ is recognizable.

Problem:
Sequential execution preserves weight a’!

On subtree: A £>M/ A £,>M” \

a'a’ ”

Deletion: N =y

N A y
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Preservation of Recognizability (revisited)

The Downside

Problem:
Deletion neglects the weight a’ in the composition!

4 N

. a'b’
On subtree: 2

Deletion: AL
K A v v’ /

But: Distinction between 0 and 1 is preserved.
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Preservation of Recognizability (revisited)

Partial Solution

Idea:
Use boolean weights!
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Preservation of Recognizability (revisited)

Partial Solution

Idea:
Use boolean weights!

Theorem:
[Borchardt: A Pumping Lemma and Decidability Problems for Recognizable Tree Series, 2004]
» A locally finite semiring
> M= (Q,Z,A,F,#) wta
Then there exists a wta M’ with boolean tree representation such that | M’|| = || M.

Department of Computer Science, TU Dresden
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Preservation of Recognizability (revisited)

Partial Solution

Idea:
Use boolean weights!

Theorem:
[Borchardt: A Pumping Lemma and Decidability Problems for Recognizable Tree Series, 2004]

» A locally finite semiring

» M =(Q,X, A, F,u) wta
Then there exists a wta M’ with boolean tree representation such that | M’|| = || M.
Definition:

» A locally finite: closure of finite sets under 4 and - still finite

Department of Computer Science, TU Dresden
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Preservation of Recognizability (revisited)

Partial Solution

Idea:
Use boolean weights!

Theorem:
[Borchardt: A Pumping Lemma and Decidability Problems for Recognizable Tree Series, 2004]

» A locally finite semiring
» M =(Q,X, A, F,u) wta
Then there exists a wta M’ with boolean tree representation such that | M’|| = || M]|.

Definition:
» A locally finite: closure of finite sets under 4 and - still finite
> pboolean: ux(0)q,qy,....q, € {0,1} forallk, o, ¢,q1,...,q

Department of Computer Science, TU Dresden
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Preservation of Recognizability (revisited)

The Result

Main Theorem:

» A commutative, idempotent, continuous, and locally finite
» M =(Q,X,A, A, F,u) recognizable and linear bottom-up tst
> 1 € A{(Tx)) recognizable

Then || M||(v) is recognizable.
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Preservation of Recognizability (revisited)

The Result

Main Theorem:
» A commutative, idempotent, continuous, and locally finite
» M =(Q,X,A, A, F,u) recognizable and linear bottom-up tst
> 1 € A{(Tx)) recognizable

Then || M||(v) is recognizable.

Definition:
M bottom-up: w = g1(z1) - - - qr(zx) for every w such that supp(pr (0)q,w) # 0
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Preservation of Recognizability (revisited)

The Result

Main Theorem:

» A commutative, idempotent, continuous, and locally finite
» M =(Q,X,A, A, F,u) recognizable and linear bottom-up tst
> 1 € A{(Tx)) recognizable
Then || M||(v) is recognizable.
Definition:
M bottom-up: w = q1(z1) - - - qr(zx ) for every w such that supp(p () q,w) # 0

Remaining Question:
What transformations can be realized by such tst?

Andreas Maletti Department of Computer Science, TU Dresden

Preservation of Recognizability for o-substitution



Preservation of Recognizability (revisited)
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Thank you for your attention!
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