~ W

The Power of Tree Series Transducers
of Type | and Il
Andreas Maletti

July 6, 2005

. Motivation
. Tree Series Transducers
. Ol Tree Series Substitution

. 1O Tree Series Substitution

July 6, 2005



Tree Transducers I

Applications:
e syntax-directed semantics
e functional program analysis and transformation

e analysis of cryptographic protocols

Form of the rules:
e bottom-up: o(q1(z1),...,qx(2k)) — q(t) where t € Ta(Zy)
e top-down: q(o(x1,...,2k)) — t[zi/qi(x;,)] where t € ﬁ(Zn)
o general: q(o(z1,...,2%)) — t[zi/qi(z},)] where t € Ta(Z,,)

Zn=A421,-.-,2n}, Ta(Z,) set of A-trees indexed by Z,,, and ﬁ(Zn) linear and
nondeleting trees of Ta(Z,)
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To Tree Series Transducers.

general form of the rules:
e tree transducer: q(o(z1,...,2k)) — t[zi/qi(z;,)] where t € Ta(Z,)
e tree series transducer: q(o(z1,...,71)) — t[zi/qi(x;,)] where t € Ta(Z,,)

c is called coefficient (or weight), taken from a semiring

Definition: (A, +,-,0,1) semiring, if
e (A,+,0) commutative monoid,
e (A,-, 1) monoid,

e - distributes over +, and

e Oactsasazerowrt. - (i.e,a-0=0=0-a)
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Applications of Tree Series Transducers'

Natural Language Processing:
e data-oriented parsing (bottom-up)
e tree bank transformations (top-down)

e language translation (neither top-down nor bottom-up)

Example: (neither top-down nor bottom-up)
O'(O'(Oﬁ, xQ)? O-(xlv 513'3)) - 5<5E17 L2, 5133)
in natural language translation terms:

SENT(FRONT(“does”, PP3), VP(VERB,OB.J)) % QUES(VERB, PP3,0B.J)
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Ny-complete Semirings'

Definition: (A, +,-,0,1) Xg-complete semiring, if for all I with card(l) < X there
exists > : Al — A such that:

o > s i =aj, +aj, if I ={ji,j} with ji # jo;

® D e i = zjeJ<zite ai>, if I =J;c;1; with card(J) <R¢ and [}, NI;, = 0
for all j1 # j2; and

¢ <Ei€I a7;> ' (Zjejbj) = Z(i,j)eIxJ(ai - bj).
Examples: (no non-trivial ring or field is Xg-complete)

e Natural numbers: (INU {0}, +,-,0,1),

e Boolean semiring: ({1, T}V, A, L, T),

e Tropical semiring: (INU {oo}, min, +, 00, 0),

e Language semiring: (P(X*),U,0,0,{e}).

Motivation 5 July 6, 2005



Tree Series.

Definition: ¢: Ty (V) — A tree series, where (A, +,-,0,1) semiring

o supp(p) ={t€Tx(V)|p(t) #0}],
e  polynomial, if supp(yp) finite,

o A{(Tx(V))) class of all tree series,

A
o A(Tx,(V)) class of all polynomial tree series,

(p+¥)(t) = @) + (1),
o (a-p)(t) =a- ()

Convention: We write (i, ¢) instead of (t) and >, .1 (v (0, 0) ¢ for .

Example: ¥neight = ZtETE height(t) ¢,

Motivation 6 July 6, 2005



Tree Series Transducers

Generalization Hierarchy'

tree series
transducer
7: Ty, — A{(TA)

weighted transducei tree transducer

weighted tree
automaton

70— A(AYY) 71 Ty — B{Ta))

L e A(Tz)

) generalized
weighted automaton tree automaton
sequential machine
L e A(X*) L e B(T%) 5 — BYA*)

string automaton

L e B{x")
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Tree Representations'

(A,4,-,0,1) semiring, 3, A ranked alphabets, @ finite set
Recall: g(o(z1,...,71)) — t[zi/qi(x;,)] where t € Ta(Z,)
organized in matrices: Mk(a)q,ql(mjl)...qn(xjn) —ct+...

Definition: (g ke of pg: F) — A(TA(Z))@*RX%)" tree representation, if
o 1k(0)qw F 0 for only finitely many (q,w) € Q X Q(Xk)*,
o Mk(a)q,w S A<<TA(Z|w|)>>-
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Properties'

Definition: w is

e linear (resp., nondeleting), if for all (¢, w) such that ju;(c)q.0 # 0 both w is linear
(resp., nondeleting) in X}, and 11x(0)q,w is linear (resp., nondeleting) in Z,,|,

e of type Il (resp., top-down), if all p; ()4 are linear (resp., linear and
nondeleting),

e bottom-up, if for all (¢, w) such that i (0)g.w # 0 we have w = g1 (x1) . .. qu(xs).
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Example Tree Representation'

Example: ¥ = A = {o@ ~(D o0} Q = {x, L},
semiring Arct = (INU {—o0}, max, +, —00, 0)

p2(0)),— | *(@1)L(zz)  *(wg)L(zy)  L(w1)L(x2) po(@)),— | €
* lo(z1,22) lo(z2,21) —o¢ * 1o
1 — 00 —0 00(21,20) 1 0

(), — | *(z1)  L(x1)

* 1y(z1) —o0

—~——

1 —00 0v(21)

is a linear and nondeleting top-down tree representation, but not bottom-up.
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Tree Series Transducers.

Definition: (Q, %, A, A, F, 1) tree series transducer, if
e () finite set of states,

e X and A ranked alphabets of input and output symbols, resp.,

A= (A,+,-,0,1) Ryp-complete semiring,
o FeA(Ta(Z1))?,
e /i tree representation.

Convention: Tree series transducer inherits properties of its tree representation.

Example: Mheight = ({*, L}, %, 3, Arct, F, ) with p from the previous example and
F — 0 and F, =0z 1Isa

linear and nondeleting top-down tree series transducer.
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|O Tree Series Substitution.

Ng-complete semiring (A, +,-,0,1), ranked alphabet A

Definition: ¢ € A(TA(Zr)), U1,..., ¢ € A{TA)

p— (U1, )= > (o) (P tn) - (ks tr) Bt t]

teTA(Zr),
t1,...4 trE€ETA

Example: (INU {0}, +,-,0,1)

20(21,21) — (20, 37(a)) =12 0(o, @)
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|O Tree Series Transformations.

M= (Q,%,A, A, F,u) tree series transducer

e Consider the Y-algebra (A%, (1u(0))sex) with

M(U)(vﬁa"'7v%)q:: j{: Mk(a)%ﬂ)é__'((L€1Lh7"'7(‘Qn)qn)

w=q1(Tiq)---qn (T4, )

e Let i, be the unique homomorphism from T%; to AQ.

Definition: 1O tree series transformation induced by M is |[M||: A{(Tx)) — A{TA))

IM[(e) =D (0s1) - Y Fy e (hu(t)g)

tels, q€Q

Example: || Mheignt|| (X seq, 0) = Yheight
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Decomposition I

p...polynomial, b ...boolean, 1 ...linear, h ...homomorphism (1-state deterministic)

r—GST(A) tree series transformations computed by x tree series transducers of
type | (generalized sequential transducer)

t-TOP®(A) ...of type Il (top-down with look-ahead)

x—BOT(A) ... bottom-up tree series transducers

Theorem: Let A be a commutative, Ng-complete semiring.

[P][b][1I-GST(A) C [I]bh-TOP(A) ; [p][b][[]-BOT(A)
[P1[b][1]-TOP™ (A4) C [[]bh-TOP(A); [p][b]-BOT(A)
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10-substitution

Decomposition Theorem — Proof'

Proof:

o M = (Q,%X,A, A, F,u) tree series transducer, construct homomorphism top-down

tree series transducer M; and bottom-up tree series transducer M

~

e mx = max{ [w|,, | g€ Q,k€N,0€Xy),jckl,we QX)) m(0)gw#0}
and T(kmx) — (k) gnd T = () otherwise.

e construct My = ({x}, X, T, A, F1, 1) with (F1), =12

(M1)k(0)*,3(351)...*(:1;12...3(%)...*(%2 =1o0(z1,.., 2kmx) -

-~ -~
mx times mx times

e Q' =QU{L}, M, =(Q.T,A, A, Fy,pb) with (Fy), = F, and (F3), = 0 and

(Mé)k'mx(a)q,ren(w,f) = Mk (U)q,w

(/’LIQ)k'mX(O-)J_,J_(:L'l)..._l_(a:k.mx) =1 0-(217 SRR Zk’-mx)
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Composition I

Theorem: Let A be a commutative and Ry-complete semiring.
[lIh=TOP(A); [pl[l][n-BOT(A) < [p][l][h]-GST(A)

[II-TOP(A) ; [p][h]-BOT(A) C [p][I][n]-TOP™*(A)
[IIh-TOP(A) ; [p][h]n-BOT(A) C [p][l][n]-TOP(A)

Proof:

o My = ({x},%,I, A, Fi, 1) homomorphism top-down tree series transducer and
My =(Q,T',A, A, F, u2) bottom-up tree series transducer

e construct tree series transducer M = (Q, 3, A, A, F, ) for
w = q1(Ti,) - - - gn(Ti,) € Q(Xj)" set

HE (J)q,w — hzlgmqn((Ml)k(o-)*,*(wil)---*(min))q
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Characterization Theorem'

Theorem: Let A be a commutative and Ry-complete semiring.

[PI[I]-GST(A) = [I]bh-TOP(A) ; [p][l]-BOT(A)
[PI[II-TOP™(A) = [I]bh-TOP(A) ; [p]-BOT(A)
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Ol Tree Series Substitution.

Ng-complete semiring (A, +,-,0,1), ranked alphabet A

Definition: ¢ € A(TA(ZK)), Y1, ..., € A(TA)

U(tla' '°7tn)[w17' 7¢/€] — O-(tl[wla"' 7¢k]7°"7tn[¢17"'7wk])

where

o1, )= Y (W tr) o (Yo tr) oty tr).

Example: (INU {0}, +,-,0,1)

20(z1,21) — (2, 37(a)) =80(a, )
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Ol-substitution

Considering Linearity and DeIetionI

n ...nondeleting, d ...deterministic

Theorem: For every Np-complete semiring A

[b]N[n][d][hlp-TOPG,(A) = [b[][n][d][h]p~GST(A) .
[Pl B]N[n][d][N]-TOPG,(A) = [pI[b][][n][d][h]-TOPy (A) -

Theorem: For every Ng-complete semiring A

p-TOP(A) = p-TOP,(A) = p-TOPg (A) = p-GSTg,(A) .
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The End'

Thank you for your attention.



