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Semirings'

Definition: (A, +,-,0,1) semiring, if
e (A,+,0) commutative monoid,
e (A, -, 1) monoid,

e - distributes over +, and

e ( is absorbing wrt. - (i.e., a-0=0=0"a).

Definition: (A, +,-,0,1) commutative semiring, if (A, -, 1) commutative.

Examples: (all rings and fields are semirings)
e Natural numbers: (N, +,-,0,1) commutative,
e Boolean semiring: ({L, T}, V,A, L, T) commutative,
e Tropical semiring: (N U {oc0}, min, 4+, 00,0) commutative,

e Language semiring: (P(X*),U,0,0,{e}) non-commutative.
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Ny-complete Semirings I

Definition: (A, +,-,0,1) Rp-complete semiring, if for all I with card(]) < N there
exists >, : Al — A such that

o > (a;)ier = a;, if I ={j},
o > ;(ai)ier = aj, + ajy, if I ={j1,j2} with ji # j2, and

o 3 (a;)ier = zj(zlj(ai )Z-Efj), if T =U,c, I; with card(.J) < Ry and
Ijl ﬂIjQ = @ for all jl #]2

Convention: We write » . a; for 3 ;(a; )ier.
Examples: (no non-trivial ring or field is Ng-complete)
e Natural numbers: (INU {0}, +,-,0,1),
e Boolean semiring: ({1, T}, V,A, L, T),
e Tropical semiring: (IN U {oco}, min, 4, 00, 0),

e Language semiring: (P(X*),U,0,0,{c}).
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Definition:
o 75 (V) set of Y-trees indexed by V,
L TE = Tz((b),

o t € Tx;(V) linear (resp., nondeleting) in U, if every u € U occurs at most (resp., at
least) once in t,

o T;(V) set of linear and nondeleting >-trees indexed by V.

Examples: ¥ = {o(), 7D o} and V = {z1, 25}
o o(a,y()) € Ty,
e o(x1,x1) € T(V) linear in {z2} and nondeleting in {1},

o o(x1,12) € T (V).
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Tree Series.

Definition: ¢ : T (V) — A tree series, where (A, +,-,0,1) semiring
o A(Tx(V)) class of all tree series,

e supp(p) ={t € ITx(V) | p(t) # 0},

e  polynomial, if supp(yp) finite,

A(Tx(V)) class of all polynomial tree series,
(o +9)(t) = (t) +(t),

o (a-p)(t)=a- ()

Convention: We write (i, ¢) instead of (t) and >, .1 (v (0, 0) ¢ for .

Example:
o 77Dheigh1: — ZtETE helght(t) t,
o (Yneigns; o(7(7(0)), @) = 4.
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Generalization Hierarchy'

tree series
transducer
7: Ty, — A{(TA)

weighted transducei tree transducer

weighted tree
automaton

T XY — A(A*) 7 Iy, — B{Ta))

L e A(Tz)

) generalized
weighted automaton tree automaton
sequential machine
* L € B{(T
Le A(e) () s A

string automaton

L € B{>X*)
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Tree Representations'

(A,4,-,0,1) semiring, 3, A ranked alphabets, @ finite set

Definition: Family (s Jwen of pr @ L) — A(TA(X))QXQEXR)" tree
representation, if

o Lk(0)gw F# 0 for only finitely many (¢, w) € Q x Q(X;)*,
o 1(0) g0 € AUTA(Xpu))):
Convention: All entries left unspecified are assumed to be 0.
Definition: w is

e linear (resp., nondeleting), if for all (¢, w) such that ju;(c)q.0 # 0 both w is linear
(resp., nondeleting) in X}, and 11(0)g,w is linear (resp., nondeleting) in X\,

e of type Il (resp., top-down), if all (o), are linear (resp., linear and
nondeleting),

e bottom-up, if for all (¢, w) such that p(0)g.w # 0 we have w = g1 (x1) . .. qu(xs).
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Example Tree Representation'

Example: ¥ = A = {o@ 1) O} Q = {, L}, semiring

Arct = (N U {—o0}, max, +, —00, 0)

p2(0),— | *(@1)L(ze)  *(wg)L(z:)  L(w1)L(z2)

x Lo(zy,20) lo(zg,21) —00

1 —00 —00 00(x1,x2)
pr(y- | A1) L(2)
* 17(x1) —oc
1 —00 07 (x1)

o )¢,—>

%

is a linear and nondeleting top-down tree representation, but not bottom-up.
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Tree Series Transducers.

Definition: (Q, >, A, A, F, 1) tree series transducer, if
e () finite set of states,

e X and A ranked alphabets of input and output symbols, resp.,

A= (A,4+,-,0,1) semiring,
o« Fe A(Ta(X1))?,
e /i tree representation (over @, X, A, and A).

Convention: Tree series transducer inherits properties of its tree representation.

Example: Mheight = ({*, L}, %, 3, Arct, F, ) with p from the previous example and
F — 0 and F,=0x;1sa

linear and nondeleting top-down tree series transducer.
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|O Tree Series Substitution.

Ng-complete semiring (A, +,-,0,1), ranked alphabet A

Definition: ¢ € A{(TA(Xk))), ¥1,..., Uk € A{TA))

p— (U1, ) = > (o) (P ta) - (ks tr) Bt t]

teTA(Xk),
t1,...4 trE€ETA

Example: (IN,+,-,0,1)

20(x1,21) +— (20, 37(a)) =120(o, @)
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|O Tree Series Transformations.

M= (Q,%,A, A, F, 1) tree series transducer

e Consider the Y-algebra (A%, (1u(0))sex) with

M(U)(vﬁa"'7v%)q:: j{: Mk(a)%ﬂlé__'((L€1Lh7"'7(‘Qn)qn)

w=q1(Tiq)---qn (T4, )

e Let i, be the unique homomorphism from T%; to AQ.

Definition: 1O tree series transformation induced by M is |[M|| : A{(Tx)) — A{TA))

IM[(e) = (0.0)- > Fy— (hu(t)g)

tels q€Q

Example: || Mheignt|| (X seq, 0) = Pheight
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Decomposition I

Theorem: Let A be a commutative, Rg-complete semiring.

[p][b][I-GST(A) € [I]bh—=TOP(A) o [p][b][I|-BOT(A)
[p][b][I]=TOP, (A) C [I]oh-TOP(A) o [p][b] -BOT(A)
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10-substitution

Decomposition Theorem — Proof'

o M = (Q,X,A, A, F,u) tree series transducer, construct td-homomorphism

Proof:

top-down tree series transducer M, and bottom-up tree series transducer Mo

e mx = max{ [w|,, |¢€ Q, k€N, 0€Xy),jckl,we QX)) m(0)guw# 0}
and T(F'mx) — $1(k) and T'(™) = ) otherwise.

e construct My = ({x}, X, ', A, F1, 1) with (Fy), =124

(:ul)k:(o_)*,t(scl)*(mlzt(a:k)*(mkz =1 0-(3317 R 7xk-mx> .

-~ -~
mx times mx times

e Q' =QU{L}, M,=(Q.T,A, A, F,pb) with (Fy), = F, and (F3), = 0 and

(Mé)kz-mx(g)q,ren(w,f) = Mk (U)q,w

(/’L/Q)k'mx(O-)L,_L(:I)l)...J_(mk.mX) =1 0'(33'1, <. 7£Ck-mx)
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Composition I

Theorem: Let A be a commutative and Ry-complete semiring.

[llh=TOP(A) o [p][l][n]-BOT(A) C [p][l][n]-GST(A)
[l]h=TOP(A) o [p][n]-BOT(A) < [p][l][h]-TOP, (A)
[l]h=TOP(A) o [p][h]nI-BOT(A) < [p][l][h]-TOP(A)

Proof:

o My = ({x},%,T, A, Fi, u1) homomorphism top-down tree series transducer and
My =(Q,T',A, A, F, u2) bottom-up tree series transducer

e construct tree series transducer M = (Q, 3, A, A, F, ) for
w=q1(Ti) ... qn(x;, ) € Q(Xk)* set

1k (0)gw = Ry ((Ul)k(a)*,*(anl ).k (zin))a
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Characterization Theorem.

Theorem: Let A be a commutative and Np-complete semiring.

[p][I]-GST(A) = [I][bh=TOP(A) o [p][l]-BOT(.A)
[p][I]-TOP, (A) = [I]bh—-TOP(A) o [p]I-BOT(A)
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Ol-substitution

Ol Tree Series Substitution.

Ng-complete semiring (A, +,-,0,1), ranked alphabet A

Definition: ¢ € A(TA(XR)Y, ¥1,. .., s € A(TA))

O-(tla'”atn)[wla' 7¢/{:] — O-(tl[wla" . 7¢k]7"'7tn[¢17"°7wk])

where

o1, ) = Y (W tr) o (Yo tr) oty t).

Example: (N, +,-,0,1)

20(x1,21) «— (2a, 37(a)) =80(a, )
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Ol Tree Series Transformations'

M= (Q,%,A, A, F, 1) tree series transducer

o Consider the Y-algebra (A9, (1Y (0) )sex) with

/LOI(O')(Vla---avk)q — Z Mk(a)q,w [(Wl)QI7"'7(%n)qn]

weQ(Xk)",
w=q1(xiy ). qn(Ts, )

e Let 2! be the unique homomorphism from Tx to A%.

Definition: Ol tree series transformation induced by M is ||M||€ : A{(Ts)) — A{TA))

M%) = > (0.t) - Y Fy e (R (1))

teTs, qeqQ
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Ol-substitution

Considering Linearity and DeIetionI

Theorem: For every Ry-complete semiring A

(][] [d][h]p-TOP (A) = [b][I[n][d][n]p-GST'(A) -

Theorem: For every Np-complete semiring A

[p[b][1[n][d][h]-TOP' (A) = [p][b][1][n][d][h]-TOP®'(A) .
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Considering Deletion — Proof'

o M =(Q,%, A, A, F, 1) tree series transducer

Proof:

o j € IN, maximal s.t. there exist k €N, 0 € Y1), ¢ € Q, w € Q(X)*, and
t € supp(pr(0)q,w) such that j < |w| and |t|,, = 0.

e construct tree series transducer M’ = (Q, 3, A, A, F, i) with
w=q1(Ti,) ... qn(x;,) € Q(Xg)* such that j > n set p}.(0)q.w = pk(0)qw and

otherwise
15 () g = Z (1 (0)g,w, ) €+
teTa(X),
t]o; >1
+ Z (U (0) g s ) X1, oo, Ty Ty oy T

w'eQ(Xy)" T,

/ / / /
W=W . Wi Wiy Wyy s

teTaA(X\{z;})
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Ol-substitution

Characterization Theorem.

Theorem: For every Np-complete semiring A
[b][1[n][d][h]p~TOP(A) = [b][l][n][d][h]p-TOP®'(A)
= [b][1][n][d][h]p-TOP'(A) = [b][I][n][d][h]p-GST'(A) .
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