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Theorem

Example

Sequential Transducers — Definition

A sequential transducer [3, 4] is a weighted automaton (Q, >, A, I, F, i1) such that
o [, # 0 for at most one q € @,

o [' € {0, 1}Q, and

o for every ¢ € () and a € ¥ there exists at most one p € () such that x(a),, # 0.

Extension to GCD-Semirings

Corollary: Let A be a GCD-semiring. The following are equivalent.
(i) S is directed, and =5 and =g with S’ = ([S].)~' ® S have finite index [1, 5].

(i) S is sequential.

Motivation

Sequential transducers are applied, e.g., in
e Text processing (pattern matching, indexing, compression),
e Natural language processing (recognition, synthesis),

e Image processing (filtering, compression)

MYHILL-NERODE Congruence — Definition

Let A be a unique GCD-semiring and S be a formal power series. We define the
MYHILL-NERODE congruence relation =g C ¥* X X* by w; =g w», iff there
exist aj,as € A\ {0} such that for every w € >*

wi-w € supp(S) <= wo-w € supp(S)

a; 'g(wi-w) = a; 'glwew).

Sequential Transducers — Examples

Non-minimal sequential transducer for (S, w) = |w|apq + |W|ap+a, if w = w'-a, other-
wise (S, w) = —o0:

Directedness — Definition

S is called directed, if (S, w) = g(w) for all w € supp(S) where

glw)= ged (S, wu).
ueX*, w-uesupp(.S)

Minimal Sequential Transducer — Construction

Proposition: If S is directed and =g has finite index, then there exists a sequential
transducer M with ind(=g) states such that S(M) = S.

Proof:
Let M = (Q,>, A, I, F, 1) where for every w € ¥*and a € ¥

Q=7
I([w]) = g(e), if [w] = ||, otherwise I(|w]) = O,

F(lw]) =1, if w € supp(S), otherwise F'(|w]) = 0, and
® 11(a)j)jwa) = 9(w) ' © g(w-a), otherwise py(a),, = 0.

4 N
b/0 b/0
0
0 d1 a/
.
Minimal sequential transducer:
4 N
b/0 a/0
0 Y. a/0
.
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Main Theorem

Theorem: The following are equivalent.
(i) S is directed and =g has finite index.
(ii) S is sequential, i.e., there exists a sequential transducer M such that S(M) = S.
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