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e A monoid is an algebraic structure A = (A, ®,0) such that
(i) @ is associative and

(ii) O is the neutral element.
o A is complete, if
(C1) Bicpyoi=a1 @ @ay forevery n €N,
(C2) Bjc/(Dicy, ai) = DBicrai, it I =Uje; 1 is a partition.
o A is naturally ordered, if the relation = C A? defined by
aCb <= (ceA):adc=b
is a partial order.

e A is continuous, if A is naturally ordered and complete and

@ai :Sup{®ai ‘ Eg[,Efinite}.

el i€EE
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Introduction

Known Relations and Problems'

e String-based:

Theorem: For every generalized sequential machine M, there exists a weighted

automaton N such that || M| = ||N].

Required semiring: Start with the monoid (A*, 0, ) and extend it to the semiring

(B(A*),V,0,0,1¢) = (P(A*),U, 0,0, {e}).

Theorem: For every weighted transducer M, there exists a weighted automaton

N such that [|M] = ||N]].

o Tree-based:

Problem: For every tree transducer M, does there exist a weighted tree

automaton N such that ||M|| = ||V ?

Problem: For every tree series transducer M, does there exist a weighted tree

automaton N such that ||M|| = ||V ?
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Examples of Semirings I

e IN=(IN,+,-,0,1) the semiring of natural numbers,

e N, = (NU{oo},+,+,0,1) the complete semiring of natural numbers,
e Trop = (N U {oo}, min, +, 00, 0) the tropical semiring,

e B=({L,T},V,A, L, T) the Boolean semiring,

e Langy = (P(X*),U,0,0,{c}) the formal language semiring,

e and generally any ring or field

Semiring | commutative complete naturally ordered continuous
N yes NO yes NO
N yes yes yes yes
Trop yes yes yes yes
B yes yes yes yes
Langys, NO yes yes yes
d DM-monoids 6

e A semiring is an algebraic structure A = (A, ®,®,0,1) such that
(i) (A,®,0) is a commutative monoid,
(ii) (A,®,1) is a monoid,
(iii) O is the absorbing element with respect to ®, and
(iv) ® (left and right) distributes over &.
e Ais complete, if (A, ®,0) is complete and
(C3) a® (@iel a;) = @ie](a © a;) and (@iel a;) ©a= @ie[(ai ©a).
e Ais naturally ordered, if (A, @®,0) is naturally ordered.

e A s continuous, if A is naturally ordered and complete and (A, ®,0) is
continuous.

d DM-monoids 5
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Examples of semimodules (I)

Examples: A = (4,®,®,0,1) semiring, Ag = (A, ®,0), and D = (D, +,0)
commutative monoid.

e Ag is a semimodule of A, and

e Ag is a complete semimodule of A, if A is complete.

complete complete
semimodule semimodule semimodule semimodule
of N of N, of B of B
Disa...,if Dis ... always continuous  idempotent idempotent, continuous
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Semimodules (I)

A= (A,®,0,0,1) semiring and D = (D, +,0) commutative monoid
e D is a semimodule of A, if there is a mapping - : A Xx D — D such that
(S1) (a1 Daz)-d=ay-d+ax-dand a-(dy +ds) =a-dy +a-ds,
(S2) (a1 ®az2)-d=ay - (a2 - d),
(S3) 0-d=0=a-0,and 1-d=d.

e D is a complete semimodule of A, if D is a semimodule of A, D and A are
complete, and

(Pai)-d=3 (a;-d) and a3 d) =D (a-d).

el el el el
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DM-monoid Weighted Tree Automata — Syntax'

(D, +,0) commutative monoid, Q set, and rk : © — IN mapping such that Y ranked alphabet, 7, © non-empty sets.
: DF — D f k),

v or every w € e A tree representation over I, ¥, and Q is = (1, | k € IN) such that
e D= (D,+,0,9Q) is a distributive multi-operator monoid (DM-monoid), if

PR HILU Y o P
(i) w(di,...,0,....d) =0, and i
(i) w(di,...,d+di...,dp) =w(dy,...,d,...,dg)+w(dy,... dg). e A (bottom-up) DM-monoid weighted tree automaton (DM-wta)

M = (1,%,D,F, i f
e D is complete, if (D,+,0) is complete and (1,3, D, F\ i) consists o

W(Z din---azdik): Z w(dilv"'vdik)'

1€l in€lk (VjE[k]): i;€T;

— non-empty set I of states,
— ranked alphabet X of input symbols,

— a complete DM-monoid (D, +,0, ),
e D is naturally ordered, whenever (D, +,0) is naturally ordered. — a final weight map F': T — QM) and

e D is continuous, if D is complete and (D, +,0) is continuous. IxI®

— a tree representation p over I, , and Q such that yy, : (%) — Q)

d DM-monoids 10 June 18, 2004 DM id weigh
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Excursion: Tree Series' DM-monoids (I1)

D, +,0,Q) DM- id, A= (A4,8,5,0,1 iring.
(A, ®,0) commutative, complete monoid, 3 ranked alphabet, and X, = {z1,...,zx}. (D, +,0.9) monoid, A = (4,8, 0, ) semiring
o A tree series 1 is a mapping 1 1 Ts(Xy) — A e D is semimodule of A, if (D, +,0) is a semimodule of A and
oy k .
o A{Ts(Xy)) is the set of all tree series. widy, - adiy... o dy) = aw(dy, . dy).
o The sum of 1,1y € A(T(X4)) is (11 © 2, 5) = (1, 8) D (P2, s). e D is a complete semimodule of A, if D is complete and (D, +,0) is a complete
~ ~ imodule of A.
e 0 € A{(Tx(X}))) is such that (0,s) = 0 for all s € Tx(X}). semimodule of A
o (A{(T(X1)),®,0) is a complete monoid. Examples:
(k) — [ q®) i (k) — .
e Tree series substiution of 11, ...,¢, € A{(Ts)) into ¢ € A(Ts (X)) is o LetQ {a™ ] ae A} with g™ (dy,....dy) =a©d; ©--- ©dy. Then
Da=(A,8,0,9Q)is a DM-monoid, which is complete (continuous), whenever A
b W)= > (.90 [T Wns) slsw. sl is so.
s€Ts(Xy), i€k X . .
et < o Let 00 = { ) | § € A(Ta (X)) } with
B W1, k) = — (Y1, ). Then Dyyry (xyy = (A(Ta)), @,0,9) is
a DM-monoid, which is complete (continuous), whenever A is so.
d DM-monoids 9 June 18, 2004 Semirings and DM-monoids 11
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Example DM-wta I

5 = {6®,a®}, N = (NU {o0}, min, 00, 2) DM-monoid with 2 = {w®id® 10}

and w(ny,n2) =1 4+ max(ny,ng)
e DM-wta Mp = ({x}, 2, N, F, p) with F, =id, po(a)x =1, and p2(0)s (s 0) = w
* (|Mg],s) = height(s)

1+ max(z1, z2)

O'/ \a */ \* w/ \1 1+ max(gﬁ fUz)\l
O/ \U */ \* 1/ \w PZARN

/\ A\ A 17
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DM-monoid Weighted Tree Automata — Semantics'

D = (D,+,0,9) complete DM-monoid, M = (I,%, D, F, 1) DM-wta.

e Define hy, : 15 — DT by

h,u(o'(slv"'vsk))i:v D 1)) (Pu(51)irs - hu(s8)i,)

The tree series recognized by M is (|[M||,s) = >, Fi(hu(s)s).

e Arunont € Ix isa map r: sub(t) — I and R(t) is the set of all runs on ¢. The
weight of r is given by wt,. : sub(t) — D

The run-based semantics of M is (|M|,s) =3, ¢ ps) Frs) (Whi(8)).

Theorem: || M| = |M]|.

weighted tree automata 13 June 18, 2004

Constructing a Monoid (1)

D = (D, +,0,Q) DM-monoid, QX = {w(z1,...,21) | k € N,w e QF }

Theorem: There exists monoid (B, <, ¢) such that DU QX C B and for all
dy,. .. s dy € D

Proof sketch: Let Q' = QU D.
e Define h: T (X) — To/(X) for every v € DU X by
h(v) = w

Moonenr ooy~ L RE0) R B € D
N w(h(sl),---sh(sk)) . otherwise

o h(s) € Toy(X,), whenever s € Toy (X,,).

Relationship 16

Weighted Tree Automata & Tree Series Transducers'

M= (I,%,D,F, ;1) DM-wta, A= (A, ®,©®,0,1) semiring, and A ranked alphabet

e M is a weighted tree automaton (wta), if D = D4 = (A, ®,0,Q) with
Q) = {Q(I") | a < A} and Q(k)(d1 ..... dk) =a0d O - Ody.

e M is a tree series transducer (tst), if D = Dagr, (x)y = (A(Ta)), ®,0,Q) with
Q0 = {90 |y € AQTAX)) } with 9O (@, Yx) =9 e— (@, ).

Theorem: Let M; be a wta and M5 be a tst.
(i) There exists a DM-wta M such that || M| = ||M4]].
(ii) There exists a DM-wta M such that | M|| = || M2]|.

DM-monoid weighted tree automata 15
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From a Monoid to a Semiring (1) Establishing a Relationship'

A= (A, ®,0,0,1) semiring, DM-monoid D = (D, +,0,) complete semimodule of
A, p1,... 1 € A(D)).

) ) . ) . e Theorem: For every tst M, there exists a wta M such that || M| = || M|
o Lift mapping < : B? — B to a mapping < : (A{(B)))?> — A({B)) by

e Theorem: For every deterministic tst My, there exists a deterministic wta M such

Py Py = EB (41, b1) ® (12, b2)) (by + b2). that || M| = ||M]).
bi,ba€B
e Theorem: For every tree transducer M3, there exists a wta M such that
o Define sum of a series ¢ € A((D)) (summed in D) by > : A{(D)) — D M| = || Ms]).
Z ¥ = Z(% d) - d. e Theorem: For every tst My over an idempotent, continuous semiring, there exists
deb a wta M such that | M]| = || My]|.
e Theorem:

(i) Y2(Bjcr vi) = Doicr 2o @i for every family (¢; | i € T') of series and
(i) (X @1 Y 00) = D@1, k) < 1 - o).

18 June 18, 2004 Relationship 20 June 18, 2004

Constructing a Monoid (I1) From a Monoid to a Semiring (I)I

Let s(t) = s[t, Zhy1, Thr2s- - Zrsn 1] for s € To(X,) and t € Tu(Xy)
(non-identifying tree substitution).

D = (D,+,0,Q) continuous DM-monoid. My = (1,3, D, Fy, ;1) DM-wta.

e Theorem: There exists a semiring (C, @, +,0, €) such that DU QX C C and for

« B=D"UU,ex, D Tor(Xa). alldy,....dyeD
e Define < : B2 — Bforeverya € D*, b€ B, s € @(Xn), teD U@(Xn) by (i) w(dy,...,dp) =©(w1,...,58) ¢ dy < - < dp,
a+—b = ab (ii) Z(@iel di) = Ziel di.
st = as Proof sketch: Let A = (A, ®,®,0,1) semiring such that D is a complete
et = s o il & Tho o vl 5, () ek
* (B, <) is a monoid. e Theorem: There exists a wta M = (I, %, B, F, j1) such that ||Mi]| = Y ||M].
o w(dy,..., dp) =w(x1,. .. @) < dy < dy,
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Conclusions

e the study of arbitrary weighted tree automata provides results for tree series
transducers

e e.g., a pumping lemma for tree series transducers can be derived from a pumping
lemma for weighted tree automata

e unfortunately, few results for weighted tree automata over non-commutative
semirings exist

Thank You for Your Attention.
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Pumping Lemma for DI\/I—wtaI

D = (D,+,0,9) DM-monoid, L € £L4(D), and ' = QU D.

Theorem: There exists m € IN such that for every ¢ € supp(L) with height(¢) > m+1
there exist C, C" € T (X1), s € Ts, and a,a’ € Ty (Xy), and d € D such that

o t=C[C]s]],
e height(C[s]) <m +1 and C # xy, and

o (L,C'[C™[s]]) = a’ + a™ < d for every n € IN.
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