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Known Relations and Problems

� String-based:

Theorem: For every generalized sequential ma
hine M , there exists a weighted

automaton N su
h that kMk = kNk.

Required semiring: Start with the monoid (�

�

; Æ; ") and extend it to the semiring

(Bhh�

�

ii;_; Æ;

e

0; 1 ")

�
=

(

P

(�

�

);[; Æ; ;; f"g).

Theorem: For every weighted transdu
er M , there exists a weighted automaton

N su
h that kMk = kNk.

� Tree-based:

Problem: For every tree transdu
er M , does there exist a weighted tree

automaton N su
h that kMk = kNk ?

Problem: For every tree series transdu
er M , does there exist a weighted tree

automaton N su
h that kMk = kNk ?
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Monoids

� A monoid is an algebrai
 stru
ture A = (A;�;0) su
h that

(i) � is asso
iative and

(ii) 0 is the neutral element.

� A is 
omplete, if

(C1)

L

i2[n℄

a

i

= a

1

� � � � � a

n

for every n 2 N,

(C2)

L

j2J

(

L

i2I

j

a

i

) =

L

i2I

a

i

, if I =

S

j2J

I

j

is a partition.

� A is naturally ordered, if the relation v � A

2

de�ned by

a v b () (9
 2 A) : a� 
 = b

is a partial order.

� A is 
ontinuous, if A is naturally ordered and 
omplete and

M

i2I

a

i

= supf

M

i2E

a

i

j E � I; E �nite g:
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Semirings

� A semiring is an algebrai
 stru
ture A = (A;�;�;0;1) su
h that

(i) (A;�;0) is a 
ommutative monoid,

(ii) (A;�;1) is a monoid,

(iii) 0 is the absorbing element with respe
t to �, and

(iv) � (left and right) distributes over �.

� A is 
omplete, if (A;�;0) is 
omplete and

(C3) a� (

L

i2I

a

i

) =

L

i2I

(a� a

i

) and (

L

i2I

a

i

)� a =

L

i2I

(a

i

� a).

� A is naturally ordered, if (A;�;0) is naturally ordered.

� A is 
ontinuous, if A is naturally ordered and 
omplete and (A;�;0) is


ontinuous.
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Examples of Semirings

� N = (N;+; �; 0; 1) the semiring of natural numbers,

� N

1

= (N [ f1g;+; �; 0; 1) the 
omplete semiring of natural numbers,

� Trop = (N [ f1g;min;+;1; 0) the tropi
al semiring,

� B = (f?;>g;_;^;?;>) the Boolean semiring,

� Lang

�

= (

P

(�

�

);[; Æ; ;; f"g) the formal language semiring,

� and generally any ring or �eld

Semiring 
ommutative 
omplete naturally ordered 
ontinuous

N yes NO yes NO

N

1

yes yes yes yes

Trop yes yes yes yes

B yes yes yes yes

Lang

�

NO yes yes yes

Semirings and DM-monoids 6 June 18, 2004

Semimodules (I)

A = (A;�;�;0;1) semiring and D = (D;+; 0) 
ommutative monoid

� D is a semimodule of A, if there is a mapping � : A�D �! D su
h that

(S1) (a

1

� a

2

) � d = a

1

� d+ a

2

� d and a � (d

1

+ d

2

) = a � d

1

+ a � d

2

,

(S2) (a

1

� a

2

) � d = a

1

� (a

2

� d),

(S3) 0 � d = 0 = a � 0, and 1 � d = d.

� D is a 
omplete semimodule of A, if D is a semimodule of A, D and A are


omplete, and

(

M

i2I

a

i

) � d =

X

i2I

(a

i

� d) and a � (

X

i2I

d

i

) =

X

i2I

(a � d

i

):
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Examples of semimodules (I)

Examples: A = (A;�;�;0;1) semiring, A

�

= (A;�;0), and D = (D;+; 0)


ommutative monoid.

� A

�

is a semimodule of A, and

� A

�

is a 
omplete semimodule of A, if A is 
omplete.


omplete 
omplete

semimodule semimodule semimodule semimodule

of N of N

1

of B of B

D is a . . . , if D is . . . always 
ontinuous idempotent idempotent, 
ontinuous
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Ex
ursion: Tree Series

(A;�;0) 
ommutative, 
omplete monoid, � ranked alphabet, and X

k

= fx

1

; : : : ; x

k

g.

� A tree series  is a mapping  : T

�

(X

k

) �! A.

� AhhT

�

(X

k

)ii is the set of all tree series.

� The sum of  

1

;  

2

2 AhhT

�

(X

k

)ii is ( 

1

�  

2

; s) = ( 

1

; s)� ( 

2

; s).

�

e
0 2 AhhT

�

(X

k

)ii is su
h that (

e
0; s) = 0 for all s 2 T

�

(X

k

).

� (AhhT

�

(X

k

)ii;�;

e
0) is a 
omplete monoid.

� Tree series substiution of  

1

; : : : ;  

k

2 AhhT

�

ii into  2 AhhT

�

(X

k

)ii is

  � ( 

1

; : : : ;  

k

) =

X

s2T

�

(X

k

);

(8i2[k℄):s

i

2T

�

�

( ; s)�

Y

i2[k℄

( 

i

; s

i

)

�

s[s

1

; : : : ; s

k

℄:
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DM-monoids

(D;+; 0) 
ommutative monoid, 
 set, and rk : 
 �! N mapping su
h that

! : D

k

�! D for every ! 2 


(k)

.

� D = (D;+; 0;
) is a distributive multi-operator monoid (DM-monoid), if

(i) !(d

1

; : : : ; 0; : : : ; d

k

) = 0, and

(ii) !(d

1

; : : : ; d+ d

i

; : : : ; d

k

) = !(d

1

; : : : ; d; : : : ; d

k

) + !(d

1

; : : : ; d

k

).

� D is 
omplete, if (D;+; 0) is 
omplete and

!(

X

i

1

2I

1

d

i

1

; : : : ;

X

i

k

2I

k

d

i

k

) =

X

(8j2[k℄): i

j

2I

j

!(d

i

1

; : : : ; d

i

k

):

� D is naturally ordered, whenever (D;+; 0) is naturally ordered.

� D is 
ontinuous, if D is 
omplete and (D;+; 0) is 
ontinuous.
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DM-monoids (II)

(D;+; 0;
) DM-monoid, A = (A;�;�;0;1) semiring.

� D is semimodule of A, if (D;+; 0) is a semimodule of A and

!(d

1

; : : : ; a � d

i

; : : : ; d

k

) = a � !(d

1

; : : : ; d

k

):

� D is a 
omplete semimodule of A, if D is 
omplete and (D;+; 0) is a 
omplete

semimodule of A.

Examples:

� Let 


(k)

= f a

(k)

j a 2 A g with a

(k)

(d

1

; : : : ; d

k

) = a� d

1

� � � � � d

k

. Then

D

A

= (A;�;0;
) is a DM-monoid, whi
h is 
omplete (
ontinuous), whenever A

is so.

� Let 


(k)

= f 

(k)

j  2 AhhT

�

(X

k

)ii g with

 

(k)

( 

1

; : : : ;  

k

) =   � ( 

1

; : : : ;  

k

). Then D

AhhT

�

(X)ii

= (AhhT

�

ii;�;

e
0;
) is

a DM-monoid, whi
h is 
omplete (
ontinuous), whenever A is so.
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DM-monoid Weighted Tree Automata � Syntax

� ranked alphabet, I, 
 non-empty sets.

� A tree representation over I, �, and 
 is � = (�

k

j k 2 N ) su
h that

�

k

: �

(k)

�! 


I�I

k

:

� A (bottom-up) DM-monoid weighted tree automaton (DM-wta)

M = (I;�;D; F; �) 
onsists of

� non-empty set I of states,

� ranked alphabet � of input symbols,

� a 
omplete DM-monoid (D;+; 0;
),

� a �nal weight map F : I �! 


(1)

, and

� a tree representation � over I, �, and 
 su
h that �

k

: �

(k)

�! 


(k)

I�I

k

.
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DM-monoid Weighted Tree Automata � Semanti
s

D = (D;+; 0;
) 
omplete DM-monoid, M = (I;�;D; F; �) DM-wta.

� De�ne h

�

: T

�

�! D

I

by

h

�

(�(s

1

; : : : ; s

k

))

i

=

X

i

1

;:::;i

k

2I

�

k

(�)

i;(i

1

;:::;i

k

)

�

h

�

(s

1

)

i

1

; : : : ; h

�

(s

k

)

i

k

�

The tree series re
ognized by M is (kMk; s) =

P

i2I

F

i

(h

�

(s)

i

).

� A run on t 2 T

�

is a map r : sub(t) �! I and R(t) is the set of all runs on t. The

weight of r is given by wt

r

: sub(t) �! D

wt

r

(�(s

1

; : : : ; s

k

)) = �

k

(�)

r(�(s

1

;:::;s

k

));(r(s

1

);:::;r(s

k

))

(wt

r

(s

1

); : : : ;wt

r

(s

k

)) :

The run-based semanti
s of M is (jM j; s) =

P

r2R(s)

F

r(s)

(wt

r

(s)).

Theorem: kMk = jM j.
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Example DM-wta

� = f�

(2)

; �

(0)

g, N = (N [ f1g;min;1;
) DM-monoid with 
 = f!

(2)

; id

(1)

; 1

(0)

g

and !(n

1

; n

2

) = 1 +max(n

1

; n

2

)

� DM-wta M

E

= (f?g;�;N ; F; �) with F

?

= id, �

0

(�)

?

= 1, and �

2

(�)

?;(?;?)

= !

� (kM

E

k; s) = height(s)

�

�

� �

� �

�

?

?

? ?

? ?
?

!

!

1

!

1 1

1

1 +max(x

1

; x

2

)

1 + max(x

1

; x

2

)

1

1 +max(x

1

; x

2

)

1 1

1
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Weighted Tree Automata & Tree Series Transdu
ers

M = (I;�;D; F; �) DM-wta, A = (A;�;�;0;1) semiring, and � ranked alphabet

� M is a weighted tree automaton (wta), if D = D

A

= (A;�;0;
) with




(k)

= f a

(k)

j a 2 A g and a

(k)

(d

1

; : : : ; d

k

) = a� d

1

� � � � � d

k

.

� M is a tree series transdu
er (tst), if D = D

AhhT

�

(X)ii

= (AhhT

�

ii;�;

e
0;
) with




(k)

= f 

(k)

j  2 AhhT

�

(X

k

)ii g with  

(k)

( 

1

; : : : ;  

k

) =   � ( 

1

; : : : ;  

k

).

Theorem: Let M

1

be a wta and M

2

be a tst.

(i) There exists a DM-wta M su
h that kMk = kM

1

k.

(ii) There exists a DM-wta M su
h that kMk = kM

2

k.

DM-monoid weighted tree automata 15 June 18, 2004

Constru
ting a Monoid (I)

D = (D;+; 0;
) DM-monoid, 
X = f!(x

1

; : : : ; x

k

) j k 2 N; ! 2 


(k)

g

Theorem: There exists monoid (B; ; ") su
h that D [ 
X � B and for all

d

1

; : : : ; d

k

2 D

!(d

1

; : : : ; d

k

) = !(x

1

; : : : ; x

k

) d

1

 � � �  d

k

:

Proof sket
h: Let 


0

= 
 [D.

� De�ne h : T




0

(X) �! T




0

(X) for every v 2 D [X by

h(v) = v

h(!(s

1

; : : : ; s

k

)) =

8
<

:

!(h(s

1

); : : : ; h(s

k

)) , if h(s

1

); : : : ; h(s

k

) 2 D

!(h(s

1

); : : : ; h(s

k

)) , otherwise

� h(s) 2

d

T




0

(X

n

), whenever s 2

d

T




0

(X

n

).
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Constru
ting a Monoid (II)

� Let sLtM = s[t; x

k+1

; x

k+2

; : : : ; x

k+n�1

℄ for s 2




T

�

(X

n

) and t 2




T

�

(X

k

)

(non-identifying tree substitution).

� B = D

�

[

S

n2N

+

D

�

�

d

T




0

(X

n

).

� De�ne  : B

2

�! B for every a 2 D

�

, b 2 B, s 2

d

T




0

(X

n

), t 2 D [

d

T




0

(X

n

) by

a b = a�b

a�s " = a�s

a�s t�b = a�(h(sLtM)) b:

� (B; ; ") is a monoid.

� !(d

1

; : : : ; d

k

) = !(x

1

; : : : ; x

k

) d

1

 � � �  d

k

.
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From a Monoid to a Semiring (I)

A = (A;�;�;0;1) semiring, DM-monoid D = (D;+; 0;
) 
omplete semimodule of

A, '

1

; : : : ; '

k

2 AhhDii.

� Lift mapping  : B

2

�! B to a mapping  : (AhhBii)

2

�! AhhBii by

 

1

  

2

=

M

b

1

;b

2

2B

�

( 

1

; b

1

)� ( 

2

; b

2

)

�

(b

1

 b

2

):

� De�ne sum of a series ' 2 AhhDii (summed in D) by

P

: AhhDii �! D

X

' =

X

d2D

('; d) � d:

� Theorem:

(i)

P

(

L

i2I

'

i

) =

P

i2I

P

'

i

for every family ('

i

j i 2 I ) of series and

(ii) !(

P

'

1

; : : : ;

P

'

k

) =

P

�

!(x

1

; : : : ; x

k

) '

1

 � � �  '

k

�

.
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From a Monoid to a Semiring (I)

D = (D;+; 0;
) 
ontinuous DM-monoid. M

1

= (I;�;D; F

1

; �

1

) DM-wta.

� Theorem: There exists a semiring (C;�; ;

e
0; ") su
h that D [
X � C and for

all d

1

; : : : ; d

k

2 D

(i) !(d

1

; : : : ; d

k

) = !(x

1

; : : : ; x

k

) d

1

 � � �  d

k

,

(ii)

P

(

L

i2I

d

i

) =

P

i2I

d

i

.

Proof sket
h: Let A = (A;�;�;0;1) semiring su
h that D is a 
omplete

semimodule of A. There exists a monoid (B; ; ") su
h that (i) holds. Let

C = AhhBii and  : C

2

�! C be the extension of  on B.

� Theorem: There exists a wta M = (I;�;B; F; �) su
h that kM

1

k =

P

kMk.
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Establishing a Relationship

� Theorem: For every tst M

1

, there exists a wta M su
h that kMk = kM

1

k.

� Theorem: For every deterministi
 tst M

2

, there exists a deterministi
 wta M su
h

that kMk = kM

2

k.

� Theorem: For every tree transdu
er M

3

, there exists a wta M su
h that

kMk = kM

3

k.

� Theorem: For every tst M

4

over an idempotent, 
ontinuous semiring, there exists

a wta M su
h that kMk = kM

4

k.
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Pumping Lemma for DM-wta

D = (D;+; 0;
) DM-monoid, L 2 L

d
�

(D), and 


0

= 
 [D.

Theorem: There exists m 2 N su
h that for every t 2 supp(L) with height(t) � m+1

there exist C;C

0

2




T

�

(X

1

), s 2 T

�

, and a; a

0

2

d

T




0

(X

1

), and d 2 D su
h that

� t = C[C

0

[s℄℄,

� height(C[s℄) � m+ 1 and C 6= x

1

, and

� (L;C

0

[C

n

[s℄℄) = a

0

 a

n

 d for every n 2 N.
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Con
lusions

� the study of arbitrary weighted tree automata provides results for tree series

transdu
ers

� e.g., a pumping lemma for tree series transdu
ers 
an be derived from a pumping

lemma for weighted tree automata

� unfortunately, few results for weighted tree automata over non-
ommutative

semirings exist

Thank You for Your Attention.
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