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Generalization Hierarchy'

weighted tree tree series
automaton transducer
L € A<<TE> T TE — A<<TA>>

weighted automaton weighted transducer tree automaton tree transducer
L e A(Z*) L2 — A(A") LCTy 7: Ty, — P(Ta)
generalized

string automaton
sequential machine

C *
Lex D X — P(AY)
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Bottom-Up Tree Series Transducers'

M: (Q7E7A7‘A7F7/’L)
e input and output ranked alphabet & = A = {+(® (0 51

states and final states Q = F' = {p, ¢},

o semiring A =P = (P(IN}),U, 0,0, {e}) with Pyo P, = {ab |a € P;,b€ P, }, and

e tree representation p

q q
o | o |
{e} {e}
q
/' \ | /' \ p
q q — {e} Lo T2 — |
A /\ A {i} o
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Tree Series'

e a tree series ¢ is a mapping of type Ta(V) — A; (p, 1) is used to denote (1)

the class of all tree series is denoted A{TA(V))

the support of a tree series ¢ is defined to be supp(p) = {t € Ta(V) | (p,t) #0 }

e  is polynomial iff its support is finite; the corresponding class is A(TA(V))

o Let o € A(TA(XR)), (¥1,...,0%) € A(TA(V)WF. Substitution of (11, ... ,y)
into ¢ is
p— (Y1,...,¢%) = > (2, )O(W1, 1) O - Ok, t) ) tt1, - - - s i)

tEsupp(p)
(Vi€[k]): ti€supp(i)
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Bottom-up Tree Series Transducers'

M= (Q,%,A,A, F,u), where
e () and I C () are finite sets of states and final states, resp.,
e > and A are the input and output ranked alphabets, resp.,
o A=(A,9,,0,1) is a semiring
e 1 is a family of mappings (ux)ren of type

i s S A(TA(Xp))*9"
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Semantics of Bottom-up Tree Series Transducers'

ue(0) : (AQTAND)" — A(TAN?

Mk( )(R17°°°7Rk)q - Z Nk( )q,(éh ----- qr) S ((Rl)CIU"'a(Rk)%)'

(qla"'7Qk)€Qk

Initial homomorphism: h,, : Ts — A{(TA)?

hu( (317 IO Sk)) — Mk—()(hu<31)7 R hu(sk)>

tree-to-tree-series transformation computed by M is 7y : Ty, — A{TA)

T™(s) = Z h(8)g

geF
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Bottom-up Weighted Tree Automata'

M= (Q,%, A, F, 1), where
e () and F' C () are finite sets of states and final states, resp.,
e Y is the input ranked alphabet, resp.,
o A=(A,3,0,0,1) is a semiring
o 1 is a family of mappings (1x)ken of type 1 SR — 4@xQ"

Semantics is similarly defined as it is for bottom-up tree series transducers.
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A Semiring?'

Let A= (A,®,®,0,1) be a semiring. We define the following algebraic structure.
B=A(Ta)" o ({e}U{(n,0) In € N, p € A(Ta(X,)) })  S=N"

S =(S5,U,0,0,{e}) with addition being defined for every element b € B and every two
semiring elements 51, S, € S by

(51U S2)(b) = S1(b) + S2(b). (1)
This addition is trivially associative, commutative, and has unit element ) : B — IN

which is defined for every b € B to be ((b) = 0.

The multiplication is defined for every element b € B and every two semiring elements
Sl, Sy, € S by
(510.82)(b) = > S1(b1) - Sa(b2). (2)

b1 ,b2 EB, b=b1<+-by
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Wrapping Substitution I

On B we define the following operation <+— : B? —; B:

a+—0b = ab ,ifa € A(TA)™ or b=c¢,
a.(l,p) «—.b = a.(p+—q ¥).b,
a.(n,p) «—w.b = a(n—1,p—g)«—b Jifn > 1,
a.(n, ) «— (m,y) = a.(n—=1+m,p—n ).

The substitutions (<— : A(TA(X)) x A(TA (X)) — A{(TA(X))) |k € IN) are
defined as follows.

a<+—pb = alr;/rii k1]t > 1] «— (b)

Lemma: (a <—b) <—c = a<+— (b<+— ¢).

Lemma: (p<—,, ¥) 17 = @ +—m_12k (¥ <—k 7) with m # 0.
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Remaining Questions and Literature'

Deterministic tree series transducers?

e Tree transducers, i.e., polynomial tree series transducers over B
e Top-down tree series transducers?

o-substitution?
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