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ABSTRACT

The basic properties of distributivity and deletion of pure and o-substitution are
investigated. The obtained results are applied to show preservation of recognizability
in a number of interesting cases. It is proved that linear and recognizable tree series
are closed under o-substitution provided that the underlying semiring is commutative,
continuous, and additively idempotent. It is known that, in general, pure substitution
does not preserve recognizability (not even for linear target tree series), but it is shown
that recognizable linear probability distributions (represented as tree series) are closed
under pure substitution.
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1. Introduction

Tree series substitution is an operation on tree series (i. e., mappings that asso-
ciate to each tree some coefficient of a semiring) that corresponds to substitution
on tree languages. We distinguish two main types of substitution on tree languages:
10 and OI substitution. An IO substitution replaces all occurrences of some vari-
able by the same tree whereas an OI substitution may choose one tree for each
occurrence of a variable. In this contribution we consider 10 substitutions.

10 tree series substitutions (pure or o-substitution) are the main operations
used to define the semantics of tree series transducers [6, 8], which were intro-
duced as a common generalization of tree transducers [22, 23] and weighted tree
automata [1, 15]. It remains an open problem to identify suitable classes of tree se-
ries transducers that preserve recognizable tree series (i. e., a tree series that can be
computed by a weighted tree automaton). The only positive result in this direction
is [16, Corollary 14] where the author shows that nondeleting and linear (top-down
or bottom-up) tree series transducers preserve recognizable tree series.

*This article is an extended version of: Andreas Maletti: Does O-Substitution Preserve Rec-
ognizability? Proc. 11th Int. Conf. Implementation and Application of Automata. LNCS 4094:
150-161. Springer 2006.



In this contribution we investigate whether pure and o-substitution [8] (both IO
tree series substitutions) preserve recognizable tree series. This can be seen as a
first step towards a result that states that certain tree series transducers preserve
recognizability because pure and o-substitution operation occupy such a central
place in the definition of the semantics of tree series transducers. Tree series trans-
ducers recently found applications in machine translation [13], where preservation
of recognizability is a central question.

Let us now discuss pure and o-substitution informally. To this end, we use the
semiring (R, +,-,0,1) of nonnegative real numbers. On the tree level pure and
o-substitution just perform IO substitution of trees. It remains to show how the
coefficients are obtained. Let us interpret the coefficient (in the interval [0, 1]) as
a probability. In o-substitution the probability (e. g., reliability), that is associated
with an output tree, is taken to the nth power, if the output tree is used in n copies
(is copied n times into some other tree). In this approach, an output tree stands for
a composite, and the probability associated with the output tree reflects, e. g., the
reliability of this particular composite. When we combine composites into a new
composite, then we obtain the reliability of the composite by a simple multiplication
of the reliabilities of its components; each component taken as often as needed to
assemble the composite (under the assumption that each component is critical for
the correct functioning of the composite).

On the other hand pure substitution represents a computational approach; i. e.,
the output trees represent values of computations, and the coefficient associated
to an output tree can be viewed as the cost of computing this value. When we
combine output trees, we simply multiply their coefficients to obtain the coefficient
of the combined output tree. This is done irrespective of the number of uses of an
output tree; i. e., an output tree may be copied without penalty, which represents
the computational approach in the sense that a value is available and can be reused
without recomputation (call-by-value or eager evaluation).

Let us note that, in general, infinite sums may occur in pure and o-substitution.
We adopt a set of axioms from [12] and show our results for any infinitary sum-
mation that fulfils these axioms. The axioms we use are much weaker than the
axioms usually imposed (e. g., in [16, 8]). In particular, we do not demand that
every infinitary sum is well-defined. This immediately yields that not every pure or
o-substitution is well-defined (i. e., the result of a pure or o-substitution is sometimes
undefined).

We approach the problem of proving preservation of recognizability by first
proving several properties (like distributivity) of the substitutions. In particular,
we investigate how deletion is handled by pure and o-substitution. Our main result
then shows that the result of a pure or o-substitution of recognizable tree series
is a well-defined recognizable tree series provided that the target tree series (i. e.,
the tree series into which we substitute) is linear and certain sums of coefficients
are well-defined and equal to 1 (the neutral element of the multiplication). Let
us clarify the additional condition for pure substitution first. For every source
tree series (i. e., the tree series which we substitute into the target tree series) we



add all of its coefficients and this sum must be well-defined and equal to 1. For
o-substitution we instead add as many 1’s as there are nonzero coefficients in a
source tree series. Again this sum must be well-defined and equal to 1.

From our main result we can easily derive several corollaries. For example, we
show that o-substitution preserves recognizable tree series in semirings that are
commutative, idempotent, and continuous [7], whenever the target tree series is lin-
ear. For pure substitution we show that recognizable linear probability distributions
are closed under substitution. In many contexts (e. g., natural language processing)
only the relations of the coefficients to one another are interesting. If the sum of
all coefficients is well-defined (using real numbers and the usual notions of conver-
gence), then we can scale the series so that the coefficient sum becomes 1. This
process retains all factors between individual coefficients. Our mentioned result can
then be applied after the scaling.

Full proof details for all statements of the article can be found in [20].

2. Preliminaries

We use N and N, to represent the nonnegative and positive integers, respectively.
Further let [k] be an abbreviation for {n € N| 1 < n < k}. Given sets I and J and
a subset I; C I for every j € J, the family (I;) ey is an (extended) partition of I if
I = UjeJ I; and I; NI;, = 0 for every ji,j2 € J with j; # jo. Finally, the power
set of a set A is denoted by PB(A).

A set A that is nonempty and finite is also called an alphabet. A ranked al-
phabet is an alphabet A with a mapping rka: A — N. We use Ay to represent
{6 € A | rka(d) = k}. Moreover, we use the set Z = {z; | i € N, } of variables and
Zy, = {z | i € [k]}. Given a ranked alphabet A and V C Z, the set of A-trees
indezed by V', denoted by Ta(V), is inductively defined to be the smallest set T'
such that (i) V' C T and (ii) for every k € N, § € Ay, and t1,...,t, € T also
5(t1,...,t;) € T. Since we generally assume that ANZ = ), we write « instead
of a() whenever @ € Ag. Moreover, we also write Ta to denote Ta ().

For every t € Ta(Z), we denote by [t|, the number of occurrences of z € Z
in t. Given t1,...,t, € Ta(Z), the expression t[ty,...,t,] denotes the result of
substituting in ¢ every z; by ¢; for every i € [n]. Let V C Z. We say that t € Ta(Z)
is linear and nondeleting in V, if every z € V occurs at most once and at least once
in ¢, respectively. Moreover, we write var(t) for the set {i € N, | |¢],, > 1}.

A (commutative) semiring is an algebraic structure A = (A, +,-,0, 1) consisting
of two commutative monoids (A4, +,0) and (A4, -, 1) such that - distributes over +
and 0 is absorbing with respect to -. As usual we use >, ;
ilies (a;);er of a; € A where for only finitely many ¢ € I we have a; # 0. A
semiring A = (4, +,+,0,1) is called additively idempotent if 1 +1 = 1.

A set I is called countable, if its cardinality is smaller or equal to the cardinality
of N. Let : B(N) — AN such that A(I) C Al for every I C N. An infinitary
sum operation ) is a mapping ) : A — A. We use the usual ), ;
> (a;)ier for every countable set I C N and sequence (a;);er € A’. Moreover, we

a; for sums of fam-

a; instead of



say that ), ; a; is well-defined if (a;)icr € . In the sequel we always assume an

infinitary sum operation Y . such that the following axioms (cf., [12]) are fulfilled:
e all finite sums are well-defined; . e., (1) = A’ for every finite I C N,
e for every I = {j} with j € N and (a;)ie; € Af

Z a; = aj (U)

ie{sj}
o for every I = {j1,j2} with j1,j> € N and j; # j» and (a;)ses € A’

Z ai = aj, + aj, (B)
i€{j1.2}

e for every I C N and (a;);e; € A? and every set J C N and partition (I;);jes
of I we have that (i) the left hand side of (GP) is well-defined if and only if
all sums on the right hand side of (GP) are well-defined and (ii) the following
equality holds:

Za,— = Z(Z ai) (GP)

i€l jeJ i€l

e for every set I C N, every element a € A, and every (a;);e; € A! such that
> icr @i is well-defined, the left hand sides of (D) are well-defined and

Z(a~ai) =a- (Zai> Z(ai'a) = (Zai) ‘a . (D)
i€l icl icl il

Clearly, the identity of the elements in the index set I is essentially irrelevant
for 3, a;. Given an index set J C N, a bijection h: I — J, and (b;);jes € A7
such that by(;) = a; for every i € I, then Y7, ra; = > ;. ;b; by (U) and (GP). In
the sequel, we allow ourselves the additional freedom to choose any countable set
as index set of a summation. There clearly is a bijection between I and a set J C N
and due to the previously discussed property the actual identity of the elements
of J (and thus the actual choice of J) is irrelevant for the sum.

Proposition 1 (see [12, Theorem IV.2.4]) Let I and J be countable sets with
J C I and (a;)ier € A'. Ifa; =0 for everyi € I\J, then (i) >, a; is well-defined
if and only if 37, ; a; is well-defined and (ii) in this case 37,y ai =) ;¢ ;i

Proof. The proof of that statement only uses axioms (U), (B), and (GP). O

An infinitary summation } is termed Ro-complete if A = |J; .ountanie A7~ When-
ever we speak of an Ng-complete semiring, we silently assume that an Np-complete
infinitary sum operation Y (obeying the above laws) is given.

A semiring is naturally ordered, whenever C C A2, defined by a C b if and only
if there exists an element ¢ € A such that a + ¢ = b, constitutes a partial order
on A. Let A be Rp-complete and naturally ordered. We say that A is continuous,
if for every countable set I and (a;);c; € A! the following supremum (with respect
to the natural order C) exists and

Zai :sup{Zai | F C I, F finite} .

i€l icF



The Boolean semiring B = ({0,1},V, A,0,1) with the usual disjunction V and con-
junction A is an example of a continuous semiring (where supremum is the infinitary
sum operation).

Let S be a set and A = (A, +,-,0,1) be a semiring. A (formal) power series ¢
is a mapping ¢: S — A. Given s € S, we denote (s) also by (¢, s) and write
the series as Y . 4(1,5) s. The support of ¢ is supp(y)) = {s € S | (¥, s) # 0}. We
sometimes simply write the series 1) as Zsesupp(w)(¢v s) s.

Power series with finite support are called polynomials. We denote the set of all
power series by A((S)) and the set of polynomials by A(S). The polynomial with
empty support is denoted by 0. Power series 1,1 € A((S)) are added component-
wise; i.e., (Y + ', s) = (¢, 8) + (¢, s) for every s € S, and we multiply ¢ with a
coefficient @ € A componentwise; i.e., (a-1¥,s) = a- (¢,s) for every s € S. The
summation extends to semirings with an infinitary sum operation > as follows:
Let I be a countable set and (1;);er € A{(S)’. Precisely when >, _;(;, s) is well-
defined for every s € S, then ), 1; is well-defined and (3, ; ¥i,5) = >,/ (%i, 5)
for every s € S.

The previous definition shows how cumbersome the special treatment of well-
definedness is. In the sequel, we adopt a style that treats “undefined” as a value
(distinct to every other value); i. e., we would define the above summation simply
as (31 Vi, s) = D ;1 (i, s) for every s € S.

In this article, we only consider power series in which the set S is a set of
trees. Such power series are also called tree series. Let A be a ranked alphabet.
A tree series ¢ € A{TA(Z))) is said to be linear and nondeleting in V C Z, if
every u € supp(v) is linear and nondeleting in V, respectively. Finally, we denote

Uuesupp(zp) var(u) by var(¢).

2.1. Tree Series Substitution

From now on, let £ and o be two symbols. Let sela: Ta(Z) x N, x {e,0} — N
be defined for every u € Ta(Z), i € N,, and 5 € {¢,0} by
1 if n=
SelA(u7i7n) = { . =

|u

. ifn=o.

Since A is usually obvious from the context, we regularly omit it and just write sel.

Let n € {e,0}, I C N, be finite, ¢p € A(Ta(Z))), and ©; € A(Ta(Z))) for every
1 € I. The n-substitution of (¢;);cr into ¥ [8, Definitions 3.1 and 3.2], denoted by
Vo (¥3)ier, is defined for every t € Ta(Z) by

(% (Pi)ier. t) = > CERN [ (O i
u€supp(y), el
(VieI): u;€supp(;),
t=ulu;lier
Note that compared to [8] we have defined n-substitution also for non-contiguous
blocks of variables. The e-substitution is also called pure substitution. In an ex-
pression - (1;)icr we call ¢ the target and each 9; a source. If I = [n] for some

n € N, we occasionally write ¢ < (1, ...,%,) instead of ¢ - (Vi)ien)-



The following three properties of great importance from [8, Proposition 3.4] will
be used without explicit mention.

(i) If I =0, then ¢ - (Vi)icr = .
(i) If ¢ = 0, then ¥« (¢;)icr = 0.
(iif) If ¢; = 0 for some i € I, then ¢ < (¢;)ier = 0.
Note that the listed n-substitutions are well-defined.

3. Basic properties of substitutions

In this section we investigate basic properties, namely distributivity and deletion,
of n-substitutions. Distributivity is important in a number of results (e. g., associa-
tivity, compositions of tree series transducers [18], and equivalence of rewrite and
initial-algebra semantics of tree series transducers [9]). Deletion needs to be handled
in results on associativity, which are usually required for composition results on tree
series transducers [18]. Moreover, our results on preservation of recognizability also
use the properties of deletion.

In contrast to the published results, we do not assume that all countable sums
are well-defined. If we, for example, take the real number semiring together with
the finite and the absolutely convergent series (and the obvious summation), then
this infinitary summation is not Rg-complete. The real number semiring has major
applications, for example, in natural language processing [13].

For the rest of this article, let A = (A, +,-,0,1) be a commutative semiring with
0 # 1 and an infinitary summation » . Moreover, let n € {¢,0}, I C N, be a finite
set, J a countable set, and J; a countable set for every ¢ € I. Finally, let b = 1 if
n = ¢, and let b = 0 otherwise.

3.1. Distributivity

In this section we investigate n-substitution with respect to distributivity. If we
consider only Rg-complete semirings, then the results for pure substitution already
appeared in [6], while the results for o-substitution were first published in [19]. We
start with a straightforward observation that shows distributivity in the target tree
series.

Proposition 2 (see [6, Proposition 2.9] and [8, Proposition 3.14])
For everyi € TUJ let ¢; € A(TA(Z))). Then

S vy Widier = (3 5) 5 Widier

JjeJ jeJ

provided that the right hand side is well-defined (i. e., the n-substitution and the sum
are well-defined).

If we recall the definition of o-substitution, we see that for the distributiv-
ity of o-substitution in source tree series we obviously need a law of the form
(Xjesa)" =2 ey @} where J is nonempty, (a;)jes € A’ and n € N.



Definition 1 Let N C N. The semiring A is called N-FROBENIUS, if for ev-
ery n € N, nonempty and countable J, and family (a;)jc; € A7 the equality
(Xjes @)™ = >_jc aj holds, provided that both sides are well-defined. Semirings
that are N-FROBENIUS are also called FROBENIUS semirings.

Note that with the help of axioms (D) and (GP) we can show that whenever
(X_jesa;)" with n > 1is well-defined then also . ;a7 is well-defined. We require

J
the set J to be nonempty in the previous definition because jep@; = 0 for every

n € Nbut (3 ;.pa;)" = 1if n = 0. Thus only the trivial semirijng with 0 =1
would be {0, 1}-FROBENIUS, if we would omit the nonemptiness condition for J
in Definition 1. If a semiring is N-FROBENIUS, then it immediately follows that
for every n € N the n-th power FROBENIUS mapping f,: A — A defined for
every a € A by f(a) = a™ is a semiring homomorphism.

Let us focus on finite sums for some examples (i.e., > .. ;a; is undefined if
and only if J is infinite; note that this infinitary summation does not fulfil all the
axioms) and show examples of N-FROBENIUS semirings for various N C N.

e Every semiring is {1}-FROBENIUS.

e Every additively idempotent semiring is {0, 1}-FROBENIUS.

e Every additively extremal (i.e., a; + as € {a1,as} for every aq,as € A) semi-

ring is FROBENIUS.

e Every additively idempotent, multiplicatively cancellative (i.e., a-a; = a - ag

implies that a; = ag for every a,a;,a2 € A with a # 0), and commutative
semiring is FROBENIUS [11, Proposition 4.43].

In general, a {0}-FROBENIUS semiring is trivially additively idempotent. This
observation is used in the following proposition.

Proposition 3 Let (1;)jcs € A(Ta(Z))? and n € N be such that the semiring A
is {n}-FROBENIUS. Then

SOX ww)= X (Tew)

JE€J u€supp(v;) u€supp(2j€‘, Y;) JEJ

provided that the right hand side and Zjej(wj,u)” for every uw € Ta(Z) are well-
defined.

Using the notion “N-FROBENIUS” we can prove distributivity of n-substitution

(¢f. |6, Proposition 2.9]), e.g., for n = o and linear tree series over additively
idempotent semirings.
Proposition 4 (see [6, Proposition 2.9]) Let v € A{TA(Z)), and for every
it eI and j; € J; let ;, € A(Ta(Z))). Moreover, let A be an N-FROBENIUS
semiring for some N C N. Provided that the right hand side of (1) is well-defined
and sel(u,i,m) € N for every i € I and u € supp(y), then

> e (Wy)ier =t ( > b, )iel . (1)

(Viel): 5;€J; Ji€J;

As a corollary we obtain the stated distributivity result (for o-substitution) for
linear target tree series in additively idempotent semirings.



Corollary 1 (of Proposition 4) Let A be additively idempotent, ¢ € A(TA(Z))
be linear in Zy. Moreover, let J; be finite for every i € I, and let v;, € A(Ta(Z))
for everyi € I and j; € J;.

> ¢T(¢ji)i61=¢<7( > %‘i)ie]

(Viel): 5;€J; Ji€J;

3.2. Handling deletion

In this section we study the effect of deletion. The obtained law is important for
associativity results, preservation of recognizability, and compositions of tree series
transformations [18]. Let u € Ta(Z) and u; € Ta(Z) for every i € I. We present a
proposition that generalizes the result that ulu;|;cr = ulu;];es for every J C I such
that J Nvar(u) = I Nvar(u). Intuitively speaking, this asserts that u; is irrelevant
in uluglser, if @ ¢ var(u). This generalizes nicely to tree languages L, L; C Ta(Z);
i.e., L[L;lict = L[L;]jes for every J C I such that J Nvar(L) = I Nvar(L) and
L; # 0 for every i € I\ J. The additional restriction is derived from the fact that
L[L;];er = 0 whenever L; = () for some i € I.

Proposition 5 Let J C I and ¢ € A(TA(Z))) be such that JNvar(¢) = INvar(ey).
Moreover, for every i € I let ¢; € A(TA(Z))). Then

Vo (Yi)ier = - (¥5)jes

provided that:
(i) the left hand side is well-defined; and
(i) Zuesupp(d)i)(wi’u)b =1 for everyie I\ J.

The condition J Nvar(¢) = I Nvar(y) asserts that J covers all those variables
of 1 which are also covered by I; i.e., (I \ J) Nvar(y) = 0. We have already seen
that this restriction is necessary even for substitution on trees. Moreover, we have
seen that, for the corresponding statement on tree languages, the condition L; # ()
is necessary for every ¢ € I'\ J. This condition is hidden in > . (¢, u)’ =1
for every ¢ € I\ J. Unless 0 = 1 (which we generally excluded), this means that
Y; # 0 for every i € I'\ J.

Let us consider the condition ZHESupp(wi) (¥s,1)® = 1 in some more detail. When
supp(t);) is infinite, we need the notion of a necessary summation [11].

Definition 2 (see [11, p. 251]) We call 3 necessary if Y ;. ;a; =3 ;o ¢; for
all countable sets J and (a;)jcr, (¢;)jes € A7 such that:
(i) Xjeraj and 3 ycj are well-defined; and
(i) for every finite set J' C J there exists a finite set J" with J' C J" C J
and Y e gn @ = ic g G-

Note that not every infinitary summation of an Ny-complete semiring is neces-
sary. Examples of infinitary summations that are not necessary can be found in [11,
Example 22.18].

Proposition 6 Let A be continuous with respect to .. Then > is necessary.



Note that every semiring that is Ng-complete with respect to a necessary sum-
mation is naturally ordered [11, Proposition 22.29]. Further, in an additively idem-
potent semiring with necessary summation we have ) ;. a = a for every a € A and
countable index set I such that ) . ;a is well-defined. Let us now come back to
the discussion of Condition (ii) in Proposition 5. The next proposition lists some
simple conditions; each of them implies Condition (ii) of Proposition 5.

Proposition 7 Let 1) € A(Ta(Z)) with ¢ # 0 be such that Zuesupp(w)(w,u)b is
well-defined. Then Zuesupp(w)(w’ u)’ =1 if
e b=0 (i.e., n=0) and
e supp(v) is a singleton;
o A is additively idempotent and 1 is polynomial; or
o A is additively idempotent with necessary .
eb=1 (i.e, n=¢) and
o A is simple [11] (i.e., a+ 1 =1 for every a € A) and (Y,u) = 1 for
some u € supp(¥); or
e v is boolean and any of the conditions of the case b =0 applies.

4. Preservation of recognizability

In this section we consider the question whether n-substitution preserves rec-
ognizability. Let A be a ranked alphabet. It is known that substitution of the
same tree u’ for two occurrences of a variable z, in general, does not preserve rec-
ognizability; i. e., already for n € N, recognizable tree languages L1,..., L, and
L = {u} with u € Tx(Z,,) we have that L[Ly,...,L,] is not necessarily recogniz-
able (although L4,..., L, and {u} are recognizable). However, IO substitution on
tree languages preserves recognizable tree languages, if the target tree language
is linear (see [5, Theorem 3.65] or [10, Theorem 4.16)); i. e., for every n € N and
L,Ly,...,L, CTx(Z) such that L is linear in Z,, and L, L1, ..., L, are recognizable
also L[L1,..., L,] is recognizable.

First, let us clarify the notion of recognizable tree series [1, 15, 3]. We refer
the reader to [2] for a detailed introduction and references to further models and
results. We have chosen the automaton model called bu-w-fta-f (bottom-up finite-
state weighted tree automaton with final weights) in [2, Section 4.1.3].

Definition 3 (see [2, Chapter 4]) A bottom-up weighted tree automaton (over
A and A) is a tuple M = (Q,A, A, F, ) where Q is an alphabet of states; A is
a ranked alphabet of input symbols; A = (A, +,-,0,1) is a semiring; F': Q@ — A
is a final weight distribution; and p = (ug)ken with pg: A — AQ*Q" s 4 tree
representation.

The initial algebra semantics of M [2, Section 4.1] is determined by the mapping
hy:Tao — AR which is defined by

hu(0(us, ... ug))g = Z 14(0) g,q1-+-qu. - H hy(wi)g,

q15--,qkE€EQ i€ (k]



5/1 5/0

/0 )0 5/1 21/0 a/0

Figure 1: Bottom-up weighted tree automaton over A .

for every k € N, § € Ay, q € Q, and uy,...,ux € Ta. The tree series recognized
by M, denoted by | M||, is defined for every u € Ta by

(1M w) = Fy - hy(w)g -

q€Q

We use the method of [21] and [2, Example 3.1.2] to graphically represent
weighted tree automata. Note that we write po(c)q instead of po(a)q. for ev-
ery a € Ag and ¢ € Q. Let A be a ranked alphabet and A be a semiring. A tree
series 1 € A{Ta)) is termed recognizable, if there exists a bottom-up weighted tree
automaton M over A and A such that ¢ = ||M||. The class of all recognizable
tree series over A and A is denoted by A™°(Ta)). For every finite I C N, we say
that a tree series ¢ € A{(Ta(Zy))) is recognizable, if ¢ € A™{Tr)) where 'y, = Ay
for every k € N, and I'g = Ay U Zy; i. e., the elements of Z; are treated as new
nullary symbols. Consequently, A™°(Ta(Z1)) = A™°{Tr)) denotes the class of all
recognizable tree series over A, A, and I.

Let us illustrate the previous definition. Let us use A = {§(),a(®} as ranked
alphabet. We show that 1) = max,c7, (z,) height(u)u is a recognizable tree series us-
ing the arctic semiring A, = (NU{—00, o0}, max, +, 00, 0) by presenting a bottom-
up weighted tree automaton that recognizes . Let M = (Q,T, Ay, F, 1) be the
bottom-up weighted tree automaton specified by Q = {1,2}; T = {6®, (), zgo)};
Fy =0 and Fy, = —o0; and

po(a)1 = po(a)2 = po(21)1 = po(z1)2 =0
p2(0)112 = p2(6)121 =1 and  p(d)220 =0 .

All remaining entries of s (d) are assumed to be —oo. The automaton is illustrated
in Figure 1. We claim that (||M||,u) = height(u) for every w € Tr. This claim can
be proved by a straightforward induction.

In fact, for every ranked alphabet A and finite I C N, we can give a bottom-up
weighted tree automaton (over A,,) recognizing max,cr, (z,) height(u) u.

Now let us return to the question of preservation of recognizability. In [16,
Corollary 14] it is proved that recognizability (of tree series) is preserved whenever
the target tree series is nondeleting and linear and the semiring is commutative
and continuous. This statement is proved for OI substitution in [16], but OI and
n-substitution coincide whenever the target tree series is nondeleting and linear.
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We should like to obtain a statement on preservation of recognizability in which
the target tree series is linear (and not necessarily nondeleting). Let us illustrate
the main idea in a simplified setting. Let ¢ € A™°(Ta(Z1))) be linear in Z; and
Y1 € A(Ta)). We want to show that ¢« (¢1) is recognizable, thus we need to
present a bottom-up weighted tree automaton M’ = (Q', A, A, F’, i) that recog-
nizes ¢ - (v1). Let M = (Q,T, A, F, 1) be a bottom-up weighted tree automaton
recognizing 1 and M7 = (Q1, A, A, Fy, u1) be a bottom-up weighted tree automaton
recognizing 1. We employ a standard idea for the construction of M’. Roughly
speaking, we take the disjoint union of M and M; and add transitions that nonde-
terministically change from M; to M. More precisely, for every k € N, 6 € Ay,
g€ @, and q1,...,q; € Q1 we set

11(0) q,q1-+-q = Z to(21)q * (F1)p - (11)k(0)p.gr--q -

PEQ1

Informally speaking, for each state p of M; we take the weight of the transition
(11)k(8)p,gy--q, Of My, multiply the corresponding entry (F}), in the final weight
distribution, and multiply the weight po(z1), for entering M (via z1) in state g.
Nullary symbols § are treated similarly. We employ a proof method, which requires
us to make the input alphabets A and T" disjoint. This simplifies the proof because
each tree then admits a unique decomposition into (at most one) part that needs
to be processed by M; and a part that needs to be processed by M.
Theorem 1 Let ¢ € A™(Ta(Z))) be linear in Zy. Moreover, let 1; € A™{Ta))
for every i € I. Then ¢<T(1/)i)i61 is well-defined and recognizable, provided that
ZuEsupp('Lﬁi)(wi’u)b =1 for everyi e I.
Proof. Let ¢; = 0 for some i € I. Then 1 - (Vi)ier = 0, which is clearly recog-
nizable. Note that it is decidable in zero-sum free (e. g., all Xp-complete semirings)
whether 1; = 0 [17]. Hence for the remainder of the proof we assume that i; # 0 for
alli € I. For every k € N, let I'y, = A, and I'g = AgUZj. Since ¢ € A™°(Ta(Zr)))
and ¢; € A™°(Ta)) for every i € I, there exist bottom-up weighted tree automata
M= (Q,T,A F,u) and M; = (Q;, A, A, F;, ;) such that | M|| = ¢ and | M;|| = ¢
for every i € [. ‘ ‘ 4

For every i € I let A" be the ranked alphabet given by A, = {3 | § € A} for
every k € N. For every i € I we define the mapping bar;: Ta — Tx: by

bar;(8(t, ... 1)) = 6 (bars(t1), ..., bar;(t))

for every k € N, § € Ay, and t1,...,tx € Ta. Moreover, we extend bar; to tree
series as follows. We define the mapping bar;: A(Ta)) — A(T:)), which relabels
all §-nodes by their corresponding i-overlined version, for every ¢ € A{Ta)) by

bar;(p) = Z (p,t) bar;(t) .

teTa

Without loss of generality, let us suppose that for every i € I we have that
(i) A and A" are disjoint and (i) Q and Q; are disjoint. We let A} = Aj U Uier A,

11



for every k € N, and Q" = QUUJ,; Qs- We construct a bottom-up weighted tree au-
tomaton M’ recognizing ¢ «— (bar;(¢;))ics as follows. Let M' = (Q', A", A, F', 1/")
where for every i € I, k € N, § € Ag:

o Iy =F, for every ¢ € Q and F}, = 0 for every p € U,c; Qi;
M%(Sl)p,w = (11:)(0)pw for every p € Q; and w € (Q;)¥;
ﬂ;g(é)_q,w = u(8) g for every ¢ € Q and w € QF; and
Mq(‘sl)q,w = ZpEQi po(zi)g - (Fi)p - (14i)k(6)p,w for every g € Q and w € (Qi)".
All the remaining entries in u' are set to 0.

Clearly, h, (bar;(t)), = hy,(t), for every i € I, t € Ta, and p € Q;. Next
we prove that for every ¢ € Q and t € Ta(Z;), which is linear in Zj;, and family
(ui)iEvar(t) € (TA)var(t) we have

Iy (tbars (wi)icvar(t)g = hu(@)q - [1 (IMill i)

i€var(t)

We prove this statement inductively, so let ¢ = z; for some j € I. Moreover, let
uj =9(t1,...,t,) for some k € N, 6 € Ay, and ¢1,...,t; € Ta.

hﬂ' (Zj [bari (ui)]iEVar(z_,'))q
= [by substitution and definition of bar;]
hy (87 (barj(t), ..., bar; (t))),
[by Definition 3]
Z H%(SJ)thmqk : H hy (bar;(£:))q,

q1,--,qk €Q’ 1€[k]

[by definition of x" and h /(barj(t)) o = hu, (ti)q.)

Z (Z 1o(25)q p e (15)E(0)pgs - (Ik) H Py (ti)g:

q1,--,9k€Q; PEQ; i€[k]

[by distributivity and Definition 3]
Z hu(z)q - (Fj)p - hyy (8(t1, -5 t))p
PEQ;
= [by distributivity and Definition 3]

hu(25)q - H (HM1||7UZ)

i€var(z;)

Now, let ¢t = 0(t1,...,tx) for some k € N, § € Ag, and ty,...,tx € Ta(Zy).
hﬂ/((s(tl: R atk)[bari(ui)]iEVar(t))q
= [by substitution]
Ry (8(t1 [bar; (ui)licvar(y)s - - - » te[Pari (wi)]icvar(t))) g
= [by Definition 3]

Z :uk q,lh QK H h barl uZ)}zevar( ))qj

q1,--,qx €Q’ JE[K]

12



= [by induction hypothesis and definition of 4]

Z Mk(é)%‘h'”‘ﬂc. H (hu(tj)qj' H (HMZH7U7,))

q1,--,qk €Q JE[K] i€var(t;)

= [by associativity and Definition 3]

hu(O(te - t))g - T (1Ml ws)

jE[k]ievar(t;)

= [because t is linear in Zj]

M (8t sti))g - [T (1Ml )

i€var(t)

This completes the proof of the auxiliary statement. Consequently,

(HM,Hat[bari(ui)]iEVar(t)) = (||M||>t) : H (HMlH’ul) = (’(/Jﬂf) ’ H (’(/Ji,ui) .

i€var(t) i€var(t)

Using this result, we can show that ¢ = 1) < (bar;(1;))ier is recognizable. In fact,
this is the tree series that is recognized by M’. Note that the semantics ||M’]] is
well-defined. We delay the proof of the mentioned equality because we first want to
prove that ¢ «—(¢;)icr and ¢" = ¢ < (bar;(¢;))ics are well-defined. Let ¢t € T
and n = height(¢). We start from a finite sum, which is well-defined.

u€supp(y),height(u)<n i€var(u)
(Vievar(u)): u;€supp(¢;),
height(u;)<n
t:u[ui]iEvar(u)

by the condition: _ AW, u)b =1
[ w; €supp (i)

Z (¥, u) - H iy ui) - H ( Z (%‘,ui)b)

u€supp(t),height(u)<n i€var(u) i€l\var(u) u;Esupp(¢i)
(Vievar(u)): u;Esupp(¢;),
height(u;)<n
t=uluilicvar(u)

[by axioms (GP) and (D)]

Z (¥, u) - H (i, u;) - H (i, ui)"

u€esupp(y),height(u)<n i€var(u) i€l\var(u)
(Vievar(u)): u; €Esupp(;),height(u;)<n,
(VieI\var(u)): u;Esupp (i),
t=ulu;]ievar(u)

= [by commutativity and because w is linear in Z;|

Z (Y, u) - H(%’ ui)sel(u7i,7,)

uesupp(¥), el
(Viel): u;esupp (),
t:u[ui]igj

[by definition of «-]
(V- (Wi)ier,t)

13



Thus ¢‘T(¢i)ie 1 is well-defined. In a similar manner we can prove that
¢ 5 (bar;(¢;))icr is well-defined. Now we return to the proof that M’ recog-
nizes 1) < (bar;(¢;))icr. Clearly, ([[M'[|,u) = 0 for every u € Tas such that
u # t[bar;(u;)]ievar() for every t € Ta(Zy) and u; € Ta for every i € var(u).

17|
= [by the above observation]
Z (”M’H, t[bari (ui)]iEVar(t)) t[bari (ui)]ZEvar(t)
teTa(Zr),

(Vievar(t)): u,€Ta
= [by the auxiliary statement)
> (@ TT Wow)) thar(e)lewe

teTa(Zyg), i€var(t)
(Vievar(t)): u,€Ta

= [by axioms (U) and (GP) and definition of bar;]
> (o) TI aniwi),w)) thudicwaro

tesupp(t), i€var(t)
(Vievar(t)): u; esupp(bar; (¢;))

= [by axiom (GP) and definition of < because ¢ is linear]
Z <((w’ t) t) (T (bari (wi))ievar(t)>
tesupp()
= [by Proposition 5]
> (w0 8) o (aniwn),,)
te€supp(¢))

= [by Proposition 2]
¥ - (bari (1) )ier
Finally, we need to remove the annotation. To this end, we define the map-

ping unbar: Ta/(Z) — Ta(Z) for every z € Z, k € N, i € I, 6 € Ay, and
t1,...,tr € Ta/(Z) by

unbar(z)
unbar(§(t1,...,tx))

)

We now lift unbar to tree series as follows. Let unbar: A(Ta:(X))) — A{Ta(Z)))
be the mapping defined for every ¢ € A{Ta+(Z))) by

unbar(y) = Z (¢, t) unbar(t) .

teTAs(Z)

)) = d(unbar(¢y), ..., unbar(tg))
) =24

unbar(gi(tl, vyt

(unbar(ty), ..., unbar(ty)) .

Clearly, unbar(¢’) = ¢ < (¢i)icr. Moreover, unbar can be realized by a non-
deleting, linear tree transducer (with one state and with OI substitution) of [16]
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(because it is a relabeling homomorphism). Since ¢’ is a recognizable tree series
and nondeleting, linear tree transducers of [16] preserve recognizability [16, Corol-
lary 14], also unbar(z)') is recognizable, which proves the statement. The proof of
[16, Corollary 14] additionally assumes a continuous semiring, but this assumption
is not needed for the special case considered here. Alternatively the last step can
be shown by referring to the closure of the class of recognizable tree series under
linear and nondeleting tree homomorphisms [4]. O

Let us illustrate the previous theorem. The first example shows that the lin-
earity restriction is necessary and the second example demonstrates a successful
application of Theorem 1 using o-substitution.

Let A = {0, a0} and let

P = max height(u) u and ¢ = uer;lf()él) height (u) u
over the semiring A, which is additively idempotent and continuous (see Propo-
sition 7). However, ¢ is not linear in Z;. Nevertheless we apply the construc-
tion found in the proof of Theorem 1 (see Figure 1 for the bottom-up weighted
tree automaton recognizing 1) and obtain the bottom-up weighted tree automaton
M =(Q,T,A, F, ) with
Q=1{1,2,3,4}
Iy ={6,6} and I'y = {o, @} (we omit the 1 at the overlining);
Fi =0and Fy, = F3 = Fy = —o0; and
po(a)1 = po(a)2 = po(@)1 = po(@)2 = po(@)s = po(@)s = 0 and

M2(5)1,12 = M2(5)1,21 = u2(5)3,34 = M2(5)3,43 =1
p2(8)2,20 = p12(8) 4,04 = 0
p2(8)1,34 = p2(0)143 =1 .

All remaining entries of p2(0) and us(d) are —oo.

The automaton M is displayed in Figure 2. However, M does not recognize
¢« (bar;(¥1)). To demonstrate this, let u = §(5(@,@),d(a,@)). Clearly, we
observe that (||M||,u) = —oo, but (¢ <5 (bar;(¢1)),u) = 3. The latter can be seen
using the decomposition u = §(z1,21)[0(a, @)].

Corollary 2 (of Theorem 1 and Proposition 7) Let A be additively idempo-
tent and continuous. Let ¢ € A"°(Ta(Zr))) be linear in Zy, and let p; € A™°(Ta))

for every i € I. Then o« (v;)icr is well-defined and recognizable.

Finally, we conclude the article by an application of Theorem 1 to show preser-
vation of recognizability using pure substitution. In this section we consider the
real number semiring (R, +,-,0,1) with the set 2 of absolutely convergent series
and the standard infinitary summation Y : 2 — R, . It is known [14] that this
infinitary summation fulfils the presented axioms.

Let A be a ranked alphabet and ¢ € R, {(Ta)). Then the classical notion of
a probability distribution coincides with Condition (i) in Proposition 5. More
formally, ¢ is called a probability distribution if 3, ., (¥,u) =1 (i.e., (¢, u)uers
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Figure 2: Bottom-up weighted tree automaton over A .

is an absolutely convergent series and its sum is 1). Theorem 1 shows that the
recognizable linear probability distributions are closed under pure substitution.
Corollary 3 (of Theorem 1) Let ) € (R,)“(Ta(Z1)) be a probability distribu-
tion that is linear in Zy, and ; € (R,)"“(Ta) be a probability distribution for
every i € I. Then v «—(1;)icr s a recognizable probability distribution.
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