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Abstract. This is the proof appendix of “The Substitution Vanishes”.
It contains the proofs of Lemma 13 (see Lemma 3), Theorem 14 (see
Theorem 4), Lemma 20 (see Lemma 8), and Theorem 21 (see Theorem 9).

Appendix

Lemma 1. Let M = (F, {sub("ﬂ)},C, II, Ry, Ro,7ip) be an n-sntt.
tree(nf (= Rr,uR,, SUb €g ... €y)) = tree(eo)[1l;/tree(e;)]

for every eq, ..., e, € Ec,, such that if there is a subtree of the shape ej[z; ~ €}]

for some e, € Ec,(Z,) and €},...,el, € Ec, in eg, then ef does not contain

e n
any constructor of I7.

Proof. We just write nf(r) when we mean nf(=pg,uRr,,7)-
(i) First let eg = II, for some j € [n].
tree(nf(sub Il ey ... ey))
= (by reduction and because e; is in normal form)
tree(e;)
= (by definition of tree and substitution)
tree(I1;)[IT; / tree(e; )]

(ii) Let eg = c €} ... €, forsomem € N, c € (C—1II)"™ and e},..., e, € Ecp.

tree(nf(sub (ce} ...eh)er ... en))

= (by reduction)
tree(nf((c (sub €y z1 ... zp) ... (subel, z1 ... zp))|[z: ~ €i]))
= (by normal form and definition of tree because e; is in normal form)
(c tree(nf(sub €] z1 ... zp)) ...
tree(nf (sub €y 21 .. 2n)))li/tree(er)
= (by induction hypothesis [m times])
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(c tree(e)) [T/ tree(z)] . .. tree(ey )|/ tree(z:)]) [ tree(es)]
= (by substitution and definition of tree)
tree(c ey ... €)1/ zi)[zi/tree(e;)]

= (by substitution because tree(ce} ... e},) € Tc)

tree(c e} ... e,)[I1;/tree(e;)]
(iii) Finally, let eq = e{[z; ~> €] for some e, € E¢,,(Z,) and €],... ¢}, € Ec .

tree(nf (sub ejlzi ~ ei] e1 ... en))
= (by reduction)
tree(nf (eplzi ~ sub €] 21 ... 2] [2i ~ €i]))
= (by normal form because e; and e(, are in normal form)
tree(eglz; ~ nf(sube; 21 ... z,)] [zi ~ €])
= (by definition of tree)
tree(ch) [z tree(nf (sub €} 21 ... za))] 2/ tree(es)]
= (by induction hypothesis [n times])
tree(eq)[zi/ tree(e;) [IT; [ tree(zi)] | [z /tree(e;)]
= (by associativity of substitution
because tree(eq) does not contain constructors of IT)

tree(ch)[ex/ tree(e)] [ITstree(z:)] [/ tree(e:)]
= (by definition of tree)
tree(eplz; ~ €i])[1Ti/ 2] [2i/ tree(e;)]
= (by substitution because tree(eg|z; ~ €}]) € T¢)

tree(eg[zi ~ e;])[I1; /tree(e;))

This completes the proof of the lemma. O
Lemma 2. Let M = (F, Sub,C, II, Ry, Ry, i) with Sub = {sub™*Y} be an

n-sntt.
tree(nf (= Rr,uR,, (sub o ... )i /t:]))
= tree(nf (= r,uRy, Tolwi/t:])) I / tree(nf (= r,uR,, 7 [2i/1:]))]
for every m € N, t1,...,t,;, € T, and 1, ..., r, € RHS(F, Sub,C, X,,).
Proof. We just write nf(r) when we mean nf(=pg,uRr,,7)-
tree(nf((sub ro ... mn)[xi/t]))
= (by substitution)

tree(nf (sub ro[zi/t;] ... rolxi/ti]))
= (by normal form)

tree(nf (sub nf (rolzi/ti]) - .. nf (rafzi/ti])))



Let e; = nf (r;[x;/t;]) for every 0 < i < n. Clearly, e; € E¢,,. Note that when-

ever there is a subtree of the shape ef[z; ~ e}] for some e, € Fc,(Z,) and

€l,...,en € Ec,p, in eg, then e does not contain any constructor of I7. This

rn

property can easily be observed by considering the rules for sub. It remains to
prove

tree(nf(sub eo ... en)) = tree(eo)[I1;/tree(e;)] ,
which holds by Lemma 1. O

Lemma 3 (see Lemma 13). Let M = (F, Sub,C, II, Ry, Ra, r,) with Sub =
{sub™*V} be an n-sntt, and let acc(M) = (acc(F), C, acc(Ry), acc(ry,)) be the
n-satt constructed from M by accumulation.

(a) For every f € Fandt € T¢:

tree(nf(=R,uRy, sub (f 1) 21 ... 2n)) = tree(nf (= ace(ry), f t 21 - -+ 2n)) -

(b) For every k € N, r € RHS(F, Sub,C, X), and t1,...,tx € Tc:

tree(nf (= RyuRy, SUb T[T /1] 21 ... 2n))
= tree(nf (= ace(ry)> W (Sqg sub r 21 - 2p)[wi/ti]))
Proof. We prove the two statements by simultaneous induction. Statement (a)

is proved by structural induction on ¢, so let ¢t = ¢ t; ...ty for some k € N,
ce C® and ty,...,ty € Te.

tree(nf(=RryuR,, sub (f (ct1 ... tk)) 21 ... 2n))
= (by reduction)
tree(nf (= Rr,uR,, sub Thsg, f.clzi/ti] 21 ... zn))
= (by Statement (b))
tree(nf (= ace(ry)» N (S35 SUb ThS Ry f.c 21 - - 2n)[Ti/ti]))
= (by substitution)
tree(nf (= ace(ry)» N (F55 8ub Ths g, f.e Y1 - yu)[zi/ti] [yi/ 2i]))
= (by definition of acc(R;) and reduction)
tree(nf (= ace(ry), [ (ct1 - tk) 21 ... 2n))

Statement (b) is proved by induction on r.
(i) First let » = II; for some j € [n].

t?‘ﬁ('ﬂf(ﬁﬁluR27 sub Hj[.’l?i/ti] 21 ... Zn))
= (by substitution and reduction)
M(nf(iRluRg ’ ZJ))
= (by nf(:>R1UR27 ) )



tree(z;)
= (by nf(=ace(ry), -) and substitution)
tree(nf (= qee(ry)» 2 [Ti/ti]))
= (by reduction)
tree(nf (= ace(ry)> W (555 sub 1T 21 - zp)[wi /1))
(ii) Now let r = f z; for some f € F and j € [k].

tree(nf (= Rr,uR,, sub (f z;)[zi/ti] 21 ... zn))

= (by substitution)

tree(nf (= ryuigs sub ( £5) 21 .. )

= (by Statement (a))
M(nf(iacc(Rlbf tj 21 .. Zn))
= (by substitution)
w(nf(jacc(ﬂ’/ﬂ’ (f Lj 21 .- Zn)[xl/tl]))
= (by reduction)

M(nf(iacc(l%ﬂv nf(éRizaLUb (f LU]') 21 .. Zn)[xz/tz]))
(iii) Let r = ¢ 7y ... 7y, for some m € N, ¢ € (C — )™ and ry,...,7,, €
RHS(F, Sub, C, Xy).

tree(nf(=R,UR,, Sub (cT1 ... T)[xi/ti] 21 ... 2n))

= (by substitution)

tree(nf (= RryuR,, Sub (c m1[zi/ti] ... rmlxi/ti]) 21 - .. 2n))

= (by reduction)

tree(nf(=RryuR,, (¢ (sub rifz;/ti] z1 ... 2n) ...

(sub ropfzi/ti] 21 ... 2n))[zi ~ 2]))
= (by nf(=R,uUR,, ), definition of tree, and substitution)

c tree(nf (= R,UR,, Sub ri[x;/t;] 21 ... 2n)) ...

tree(nf (= RryUR,, SUb T[T /ti] 21 ... 2n))
= (by induction hypothesis [m times])

c 2trﬁ(nf(:>acc(Rl)7 nf(:>R_27M oz zn)[mz/tz])) s

tree(nf (= ace(ry)s M (75 8Ub T 21 -+ 20)[2i/i]))
= (by nf(=ace(rr), ), nf (=75, ), definition of tree, and substitution)
m(nf(jacc(Rl)a nf(:>R_2a
c(subry zy ... zp) ... (SUb Ty 21 - .. 2n))[Ti/ti]))
= (by substitution)
trﬁ(nf(éacc(Rl)v nf(:>R_2a

c(subry zy ... zn) ... (SUb T 21 - .. 2n)) [T3/t:]))]21/) 2]



= (by definition of tree and nf (= ace(ry)» ) )
tree(nf (= ace(ry)s "f (=75
c(subry zy ... zp) . (SUb T 21 - .. 20)) [T /8] (20 ~ 2i]))
= (by substitution and nf(=4;,"))
tree(nf (= ace(ry)s "f (=75
(c(subry z1 ... zp) o (SUD 1o 21«0 20))[2i ~ 24]) [23/t3]))
= (by reduction)
tree(nf (= ace(ry) N (S5 8ub (11 oo m) 21 - 20)[Ti/ti]))
(iv) Finally, let r = sub rg ... r, for some rq,...,r, € RHS(F, Sub, C, X}).

tree(nf (= RryUR,, Sub (Subrg ... ro)[zi/ti] 21 ... zn))
= (by substitution)
tree(nf (= RryUR,, Sub (sub rolx;/t;] ... rolzi/ti]) 21 .. 2Zn))
= (by Lemma 2)
tree(nf (= ryUR,, sub rolwi/ti] ... @i /t])) I/ tree(nf (= R, UR,» %))]
= (by Lemma 2)
tree(nf (= Rr,uR,> TolTi/ti]))
[11; /tree(nf (= ryuR,, Tilwi /L)) | [ L/ tree(nf (= R, uR, » 2i))]
= (by associativity of substitution)
tree(nf (= Rr,uR, TolTi/ti]))
[11; /tree(nf (= r,uR,, Til@i /ti])) [ 11}/ tree(nf (= ryURs s 25))] ]
= (by Lemma 2 [n times])
tree(nf (= R,uR,, To[i/ti]))
[I1;/tree(nf (= Rr,URy, SUb Ti[x; /ti] 21 ... 2n))]
= (by induction hypothesis [n times])
tree(nf(=Rr,uR,, To[i/ti]))
[11; / tree(nf (= ace(Ry)> nf (=g subriz1 ... zn)|i/ti]))]
= (by substitution because tree(nf(=r,ur,,ro[zi/ti])) € Tc)
tree(nf (= r,uR,, Tolwi/ti])) [T/ 2]
[zi/tree(nf (= ace(ry)s W (Fq5, 8Ub 73 21 - .. 20) [ /ti]))]
= (by nf(=Rg,uR,,-) and definition of tree)
tree(nf (= ryuy. oles/ ) T tree(nf (= yony )
[zi/tree(nf (= ace(ry)s W (Z75 8Ub 13 21 - .. 20) [ /ti]))]
= (by Lemma 2)
tree(nf (= RryuRry, SUb To[zi/ti] 21 .. 2n))
[zi/tree(nf (= ace(ry)s W (S 75 8Ub 13 21 - .. 20) [ /ti]))]
= (by induction hypothesis)




tree(nf (= ace(ry) nf(:>R—2, subrg 21 - .. zn)[xi/ti]))
[zi/tree(nf (= ace(ry)s Wf (Fq5, 8Ub 73 21 - .. 20)[w/ti]))]
= (since tree distributes over substitutions)
tree(nf (= ace(R1)s nf(éRf, subrg z1 ... zn)|i/ti])
[2i/nf (= ace(Rry)> f (S35 8ub 15 21 - 20) [ /1i])])
= (since nf(=ace(ry), ) distributes over substitutions)
tree(nf (= ace(ry), f (=g sub o 21 - . zn) i /]
[zi/nf(éRj, subr; z1 ... zn)[xi/ti]]))
= (by nf(=%;,-) and substitution)

tree(nf (= ace(ry), nf (=75, sub o
(subry 21 ... 2zp) .. (sUb vy 21 ... 2p))[mi/Hi]))
= (by substitution)
tree(nf (= ace(ry)» N (=5, sub o

(subry 21 ... zp) .. (SUb 1y 21 - .. 20))[mi/ti]))[2:/ 2]
= (by definition of tree, nf(= qce(r, ), *), and substitution)
tree(nf (= ace(ry)» N (=75, sub ro
(subry 21 ... zp) .. (SUb 1y 21 -0 20))[2i ~ 2] [Ti/t]))
= (by nf(=%>"))
tree(nf (= ace(ry), nf (=75 (sub 1o
= (by reduction)
tree(nf (= ace(ry) N (Fg; sub (subro ... mn) 21 - .. 2zn)[zi/ti]))
This completes the proof. O

Theorem 4 (see Theorem 14). Let M be an n-sntt. Then, 7o = Tycc(ar)-

Proof. Let M = (F,{sub(”+1)},0, II, Ry, Ry, 1) be an n-sntt and acc(M) =
(acc(F),C, acc(Ry), acc(ry,)). Then, for every t € Te:

T (t)

= tree(nf (= R,UR,, Tin[T1/1])) (Def. Tar)

= tree(nf (= R,UR,, SUb Nf (= RyUR,, Tin[z1/t]) ITh ... I1},)) (%)
tree(nf(:>R1U32, sub nf(:>R1uR2,7“m [ml/t]) Zn))[zl/nl}

= tree(nf (=R, UR,, SUb Tin[x1/t] 21 . ))[ZZ/H} (confluence)

 tee(n] G 21 e )/ (50

= tree(nf (= ace(ry)s W (Zq5 5Ub Tin I .. 1) [71/]))

= tree(nf (= qcc(ry)> acc(Tin)[1/1])) (Def. ace(rin))
Tacc(M) (t) (Def 7_acc(M))

The statement (x) holds, because every occurrence of a II; is substituted by IT
(%) can be formally proved by induction on expressions ey € E¢,, such that



if there is a subtree of the shape ef[z; ~» €}] for some e, € Ec,(Z,) and

€l,....,en € Ec, in eg, then e does not contain any constructor of IT. Note

that (x) does not hold without the outer application of tree. g
Lemma 5. Let C be a ranked alphabet, and let e1,e2 € E¢ »(Z,) and z € Z,,.
If tree(ey) = tree(ez), then rel(z,e1) = rel(z, e2).
Proof. The proof is trivial and hence omitted. O
Lemma 6. Let M = (F,{sub("'s'l)},C’7 II, Ry, R, 7)) be an n-sntt, and let
€0y-..,6n € EC°,n~
step(nf (= rsurg, sub eo ... en))
= step(eo) + Yoy rel(zi, eo[I1; /1)) - step(e;)

Proof. For brevity, we abbreviate nf(=rsurg,”) by just nf(r). We prove the
statement by induction on eg.

(i) First let eg = II; for some j € [n].

step(nf(sub Il eq ... ey))
= (by reduction and normal form because e; is in normal form)
step(e;)
= (by definition of step and rel and substitution)
step(IT;) + 321y rel(zi, 11111/ 1)) - step(e;)
(ii) Now let eg = c e} ... e, for some m € N, c € (C—IT)™ and ¢},... e, €
Eco . Let a=1if c =0 and a = 0 otherwise.

!

step(nf(sub (cej ... e,) el ... en))
= (by reduction)
step(nf((c (sub €} z1 ... zn) ... (sube), z1 ... zn))[zi ~ €i]))

(by normal form because e; is in normal form)

step(nf(c (sub e} z1 ... z,) ... (sube), z1 ... zn))[zi ~ ei])
= (by definition of step)

step(nf(c (sub e z1 ... z,) ... (subey, 21 ... 2zn))) +

+ > rel(z, nf (¢ (sub e 21 ... zn) ... (sube), z1 ... 2,))) - step(e;)
= (by normal form and definition of step)

a+ >0 step(nf(sube) z1 ... z,)) +

+ 30 rel(zi, nf(c (subef z1 ... z,) ...
(sub ey, z1 ... zn))) - step(e;)

= (by Observation 5 because tree(e) = tree(e[z; ~ z;]))



a+ > step(nf(sube) z1 ... zn)) +
+ Yy rel(zy, nf ((c (sub e} 21 ... z) ...

(sub ey, z1 ... zn))[zi ~ z])) - step(e;)

(by reduction)
a+ >0 step(nf(sube] 21 ... zn)) +

+ > rel(z, nf (sub (c e} ... e),) z1 ... zn)) - step(e;)
= (by induction hypothesis [m times])

a-+ Y (step(e)) + o1y rel(an, € [T/ ) - step(z) ) +

+ > rel(zi, nf (sub (c el ... el,) z1 ... zn)) - step(e;)

= (by definition of step because step(z;) = 0)
a+ 3% step(ef) +

+ > rel(z, nf (sub (c ey ... e),) z1 ... zn)) - step(e;)

(by Lemma 1, tree(e)[I1;/z;] = tree(e[Il;/z;]), and Observation 5)
a+3 0, step(er) +

+ 2 imarel(zi, (cef ... e) [T/ zi]) - step(e:)
= (by definition of step)
step(c e ... clp) + X yrelsi (e ) .. €)M/ - step(e)

(ili) Finally, let eg = ep[z; ~ €}] for some e, € Eco ,(Z,,) and €, . .., el, € Eco p.

step(nf (sub eglz; ~ €j] e1 ... ey))
= (by reduction)
step(nf(eplzi ~ sub €] 21 ... zn] [z ~ €4]))

(by normal form because e; is in normal form)

step(nf(eplzi ~ sub ef 21 ... zn])[zi ~ €4])
= (by definition of step)
step(nf (epzi ~ subej z1 ... z,])) +
+ 3oy rel(zg, nf(eglzi ~ sub e} z1 ... zp])) - step(e;)
(by normal form and definition of step because e, is in normal form)
step(ch) + X7 yrel(zi, ) - step(nf (sub €} 21 ... ) +
T rel(z, nf (el ~ sub € 21 - za])) - step(e;)

= (by Observation 5 because tree(e) = tree(e[z; ~ z;]))
step(eq) + Y i rel(z;, €f) - step(nf(sub €] z1 ... z,)) +
+ Z?Zlﬂ(zj, nf(eglzi ~ sub €] z1 ... zp] [z ~ 2i])) - step(e;)

= (by reduction)



step(eh) + Sy rel (s, ) - step(nf (sub ] 21 ... 20)) +
Y rel(z5, nf (sub ez~ €] 21 ... 7)) - step(e;)
= (by induction hypothesis [n times])
step(ep) + 327 rel(z), €p) -
- (step(e)) + Xjyrel(z1, &[T/ 2]) - step(=1)) +
+ Z?ZlLd(zj, nf (sub efz; ~ €j] z1 ... z,)) - step(e;)
= (by definition of step because step(z;) = 0)
step(en) + 3 i1 rel(zi, ep) - step(ef) +
+ Z?zlr_el(zj, nf (sub ef(z; ~ €j] z1 ... z)) - step(e;)
(by Lemma 1, tree(e)[I1;/z;] = tree(e[ll;/z]), and Observation 5)
step(ep) + Xy rel(zi €p) - step(e;) +
+ > rel(z), eplzi ~ i) [T/ zi]) - step(e;)
= (by definition of step)
step(eglzi ~ €;]) + 207 rel(z), eglzi ~ €] [T/ 24]) - step(e;)

This ends the proof of the statement. O

Lemma 7. Let M = (F, Sub, C, II, Ry, Ry, 71, ) with Sub = {sub™ "} be an n-
sutt, and let acc(M) = (acc(F), C, acc(Ry), acc(riy)) be the n-satt constructed
from M by accumulation.

(a) Let t € Tc and eq, ..., e, € Eco .

step(nf (= ace(ri)es fter .. en))

= Stﬁ(nf(éacc(Rl)oa (f tz... Zn)[zl ~ elD)

(b) Let r € RHS(F,Sub,C, Xy), t1,...,tx € Tc, and eq,...,e, € Ecop for
some k € N.

= step(nf (= ace(Ri)e, nf(:>R—2>&b T 21 .ozn)|@i /] [z~ ei])

step(nf (= ace(R1)° nf(=>3—2,w rep ... en)lri/ti]))

Proof. We prove the two statements by simultaneous induction. We abbreviate
nf (= ace(ry)es €) simply by nfi(e) and similarly nf(=4;,e) by nfs(e). By in-
duction on t we first show Statement (a) with the help of Statement (b). Let
t=cty ...ty forsome keN, ce C® and ty,...,t; € Tc.

step(nf(f (cty ... tg) er ... en))
= (by reduction and definition of acc(R1)°)

Stﬂ(nfl((o ThsaCC(Rl),f,C)[mi/ti] [yi/ei]))
(by nfy, definition of step and acc(R1), and substitution)



1+ step(nf  (nfsub ths s, e 91 - g/t i/ ei])
= (by substitution because e; is in normal form)
1+ step(nf (nf o(sb th py o €1 - el /t:])
= (by Statement (b))
1+ step(nfy(nfo(sub rhsg, fc 21 ... 2n)[xi/ts] [2i ~ €i]))
(by nfy, definition of step, and substitution)

step(nf1((o nfo(sub rhspy f.e Y1 - - yn))lwi/ti] [yi/ 2] [z ~ €i]))
= (by definition of acc(Ry))

step(nf 1 ((0 Ths ace(ry), p.0)[@i/ti] [yi/ 2] [zi ~ €i]))
= (by reduction and definition of acc(R;)°)

step(nf((f (ct1 ... th) 21 ... 2n)[2i ~ €i]))

Now we prove Statement (b) by induction on r.
(i) First, let r = II; for some j € [n].

step(nfy(nfy(sub TT; e ... eq)[os/t)
= (by reduction, substitution, and nf; because e; is in normal form)
step(e;)
= (by definition of step and rel)
step(z;) + 225 rel(zi, 2;) - step(ei)
= (by definition of step)
step(z;zi ~ eil)
= (by nf,, substitution, and reduction)
step(nfy(nfa(sub ITj 21 ... zp)lwi/ti] [zi ~ eil))

(ii) Second, let » = f x; for some f € F and j € [k].

step(nfy(nfa(sub (f zj) €1 ... en)[zi/ti]))
= (by reduction)
step(nf((f zje1 ... en)lwi/ti]))
= (by substitution)
step(nf1(ftjer ... en))
(by Statement (a))
step(nf1((f 1 21 - z)lzi ~ ei])
= (by substitution)
step(nf((f x5 21 .. z)[@i/ti] [20 ~ ei]))
(by reduction)

10



step(nf(nfo(sub (f x5) 21 ... zn)[wi/ti] [20 ~ ei]))
(iii) Third, let 7 = c 7y ... ry, forsome m € N, c € (C—I1)™) and ry,... 7y, €
RHS(F, Sub, C, X},).
step(nfi(nfo(sub (cry ... rm) €1 ... en)[zi/ti]))
= (by reduction)
step(nfy(nfq((c (subry 21 ... 2n) ...
(subrm 21 ... zn))[2i ~ ei])[wi/Li]))
= (by nf,, substitution, and nf,)
step(nfy(nfq(c (subry 21 ... 2n) ...
(8ub rm 21 - .. 20))[Ti/ti])[2i ~ eil)
= (by definition of step)
step(nfy(nfalc (subry 21 ... 2n) oo (8Ub Ty 21 ... 20)) [ /t3])) +
+ 3 ioyrel(zg, nfy(nfay(c (subry 21 ... zn) -
(subrm 21 ... zn))[wi/ti])) - step(e;)
= (by definition of step because step(z;) = 0)
step(nfi(nfolc (subry 21 ... zn) oo (8UD T 21 - .. 20))[mi/Ui])) +
+ 3oy rel(zy, nfy(nfy(c (subry 21 ... zn) -
(sub i 21 - zp))[wi/ti])) - step(e;) +
+ > ioyrel(zg, nfy(nfay(c (subry 21 .. zn) -
(sub rm 21 ... zn))[wi/ti])) - step(z;)
= (by definition of step and Observation 5)
step(nfi(nfo(c (subry z1 ... zn) ...
(sub rm 21 ... zn))[wi/ti])[2i ~ z]) +
+ > ioirel(zj, nfy(nfao(c (subry 21 ... z) -
(sub rm 21 ... zn))[@i/ti])[2; ~ 2i]) - step(e;)
= (by definition of step)
step(nfy(nfa(c (subry 21 ... 2n) ...
(sub rm 21 ... zn))[xi/ti])[zi ~ 2] [z ~ €i])
= (by nf,, substitution, and nf,)
step(nfy(nfq((c(subry 21 ... 2n) ...
(sub rm 21 ... zn))[zi ~ zi])[wi/t]) [z ~ ei])
= (by reduction)
step(nfy(nfo(sub (cry ... rm) 21 - zn)[xi/ti]) [z ~ €i])
= (by nfy)

11



step(nf 1 (nfa(sub (¢ 71 - 1) 21 - 2a)[wi/t] [21 = )
(iv) Finally, let r = sub rq ... r, for some rg,...,r, € RHS(F, Sub, C, X).
step(nfy(nfq(sub (subrg ... 1) €1 ... en)[wi/t]))
= (by reduction)
step(nf(nfq((subro (subry 21 ... 2n) ...
(subry 21 ... 2))[zi ~ €i)[wi/ti]))
= (by nf,, substitution, and nf,)
step(nfy(nfq(subro (subry 21 ... 2n) ...
(sub rm 21 - .. zn)) @i /ti])][2i ~ €5])
= (by definition of stﬁ)
step(nfy(nfq(subro (subry 21 ... zn) ... (Subrm 21 ... 2n))[xi/ti])) +
+ > ioyrel(z, nfy(nfy(sub ro (subry 21 ... 2n) .
(sub rim 21 ... zn))[i/ti])) - step(e;)
= (by definition of step because step(z;) = 0)
step(nf(nfy(subrg (subry 2y ... zn) ... (SUb 1 21 ... 20))[wi/ts])) +
+ Z] 1rel(zj, nf(nfy(sub ro (subr 21 ... 25) ...
(sub rm 21 ... 2n))[wi/ti])) - step(e;) +
+ > oyrel(z, nfy(nfo(sub ro (subry 21 ... 2n) ..
(sub rm 21 ... zp))[i/ti])) - step(z;)
= (by definition of step and Observation 5)
step(nfy(nfq(subro (subry 21 ... 2zn) ...
(sub T 21 . 2n))[@i/t:))[2i ~ 2i]) +
+ Z _yrel(zj, nf(nfy(subro (subry 21 ... 2p) ...
(sub rm 21 ... 2n))[@i/ti])[2i ~ 2i]) - step(e;)
= (by definition of step)
step(nfy(nfq(subro (subry 21 ... 2n) ...
(sub rm 21 ... zn))[@i/ti])[2i ~ 2] [z ~ ei])
= (by nf,, substitution, and nf,)
step(nf(nfq((subro (subry 21 ... 2n) ...
(sub rm 21 ... 2n))[zi ~ 2i])[wi/ti]) [z ~ ei])
= (by reduction)
step(nfy(nfq(sub (subro ... 7n) 21 ... 2n)[Ti/ti])[20 ~ €i])
= (by nfy)
step(nfy(nfq(sub (subro ... 7) 21 ... 2n)[wi/ti] [20 ~ €i]))
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Thus the proof is complete. O

Lemma 8 (see Lemma 20). Let M = (F, Sub,C, II, Ry, Ra,r4,) with Sub =
{sub™ D} be an n-sntt, and let acc(M) = (acc(F), C, acc(Ry), acc(riy)) be the
n-satt constructed from M by accumulation.

(a) For every f € F and t € T¢:

step(nf (= rsurg, sub (f t) z1 ... 2n)) = step(nf (= ace(ry)e, f T 21 -+ 2n)) -

(b) For every k € N, r € RHS(F, Sub, C, X;), and t1,...,tx € Tc:

step(nf (= reurg, sub rlzi/ti] z1 ... z))

= Step(nf(iacc(Rl)oa nf(:>R_27m rzy... Zn)[xl/tl])) :

Proof. We prove the two statements by simultaneous induction. Statement (a)
is proved by structural induction on t, so let t = ¢ t; ... ty for some k € N,
ce C® and ty,... t; € Tc.

step(nf(=rsurg, sub (f (cty ... ty)) 21 ... 2n))

= (by reduction and definition of rhsge f )
step(nf (= rourg, sub (o Thsr, f.c)[wi/ti] 21 .. 2n))

= (by substitution and reduction)

step(nf (= reurg, (0 (sub rhsg, fclvi/ti] 21 ... zn))[zi ~ 2i]))
(by nf(=rsurg,-) and definition of step because step(z;) = 0)

1+ step(nf (= reurg, sub Thsg, f.elTi/ts] 21 ... zn))
= (by Statement (b))
L+ step(nf (= ace(ry)e s f (575 8Ub ThSR, f.c 21 -+ 2n)[Ti/ti]))
= (by substitution, nf(= gcc(r,)e, "), and definition of step)
step(nf (= ace(ry)e, (0 nf (S5, sub Ths gy f.e Y1 - yn))[xi/t] [Yi/2i]))
= (by reduction and definition of 7hs 4ce(ry)o,f,c a0d ThS gee(Ry), f.c)
step(nf (= ace(ry)ye, [ (€t1 . tk) 21 ... 2n))

Statement (b) is proved by induction on r.
(i) First let r = II; for some j € [n].

step(nf (= rsurg, sub Ij[x;/ti] 21 ... 2,))
= (by substitution and reduction)
step(nf (= rsurs, %))

(by nf(=Rrourg: "), nf (= ace(ry)e» ), and substitution)
step(nf (= ace(ry)e» 25 [Ti/ti]))

13



= (by reduction)
Stﬂ(nf(:acc(lh)% nf<:>R_23M H] 21 - Zn)[xz/tzb)

(ii) Now let r = f x; for some f € F and j € [k].

step(nf (= rsurg, sub (f zj)[zi/ti] z1 ... zn))
= (by substitution)
step(nf(=rsurg, sub (f t;) z1 ... zn))
(by Statement (a))
step(nf (= aee(rr)e> f tj 21 -+ 2Zn))
= (by substitution)
step(nf (= ace(ryyer (f @5 21 - z0)[wi/ti]))
= (by reduction)
step(nf (= ace(ri)e s N (=g sub (f 25) 21 - .. zn)[zi/ti]))

(iii) Let r = ¢ 71 ... 1y, for some m € N, ¢ € (C — IT1)™), and 7y, ...

RHS(F, Sub, C, X}). Moreover, let a =1 if ¢ = o and a = 0 otherwise.

step(nf(=rsurg, sub (cr1 ... T[T /ti] 21 ... 2n))

= (by substitution)

step(nf(=rsurg, sub (crifzi/ti] ... rmlxi/ti]) 21 ... 20))
(by reduction)

step(nf(=reury, (¢ (sub rifz;/t] 21 ... 2n) ...

(sub rpfzi/ti] 21 ... 2n))[zi ~ 2i]))

= (by nf(=Reurg,-) and definition of step because step(z;) = 0)

a+ Z;nzlstep(nf(élggugg, sub rjlzi/ti] 21 ... Zpn))
= (by induction hypothesis [m times])
a+ ZT:lStep(nf(éacc(Rl)oa nf(ész, sub Tj 21 ... Zn)[xl/tl]))

Step(nf(ﬁacc(Rl)ov nf(:>R727
c(subry z1 oo zn) oon (SUb 1y 21 -0 2))[2i/ti]))
= (by definition of step because step(z;) = 0)
Step(nf(iacc(Rl)ov nf(:>R727

c(subry zy oo zn) oon (SUb P 21 -0 20)) i /i) 20 ~ 2i))

(by nf (= ace(ry)o» ), nf (=7 ), and substitution)
Step(nf(éacc(Rl)ov nf(:>R_27

(c(subry z1 ... zn) oo (SUb Ty 21 - 20))[20 ~ 2i))[mi/ti]))

14
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= (by reduction)

Stﬁ(7’Lf(:>acc(Rl)o7 nf(:>R—2,M (C T ... ’I“m) 21 ... Zn)[l'z/tl]))

(iv) Finally, let r = sub rg ... r, for some rq,...,r, € RHS(F, Sub,C, X}).

step(nf (= reurg, sub (subro ... rp)[xi/ti] 21 ... 2n))
= (by substitution)
step(nf (= reurg, sub (sub rolzi/ti] ... ro[xi/ti]) 21 ... 2n))
(by nf(=rourg;-))
step(nf (= rsury,
sub nf (= rourg, sub ro[wi/ti] ... ralzi/ti]) 21 ... 20))
= (by Lemma 6)
step(nf (= reurg, sub ro[ri /ti] ... Talzi/ti])) +
+ Z?zlr_el(zj, nf(=rsurg, sub o[z /t;] ... rolxi/t])[I1;/2]) - step(z;)
(because step(z;) = 0)
step(nf (= rsurg, sub o[z /ti] ... Tn[2i/ti]))
(by nf(=rourg;-))
step(nf (= rsury, sub nf (= rsurg, ro[Ti/ti]) - -
nf (= rouRrg: TnlTi/ti])))

= (by Lemma 6)
step(nf (= reurg, rolri/ti])) +
+ 3Gy rel(zg, nf (= roung, Tolwi /ti]) [11i/ 2i]) -
- step(nf (= rourg, T51%i/ti]))
= (by definition of step because step(z;) = 0)
step(nf (= reurg, rolri/ti])) +
+ > iy rel(zg, nf (= rouRg, Tolwi /ti]) [11i/ 2i]) -
- (step(nf (= mgong. 75l /1)) +

el f (= rumg ol L) UL ) - step() )
= (by Lemma 6)
step(nf (= reurg, rolxi/ti])) +
+ Z?er_el(zj, nf(=rgurs,rolwi/ti])[11i/2i]) -
- step(nf (= Rreurg, sub nf (= reurs, rj[xi/ti]) 21 ... 2n))
(by nf(=rours,-))
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step(nf (= rurg, rolzi/ti])) +
+ Z?;lr_d(zja nf (= rsurg, rolzi/t:])[11;/ 2]) -
- step(nf (= Rgourg, sub rj[x;/ti] 21 ... 2,))

(by Lemma 1 and Observation 5 and step(z;) = 0)
step(nf (= reurg, rolri/ti])) +
+ 305 rel(zj, nf (= ryurgs rolai/ti]) i/ 2:]) - step(z;) +
+ Z;-Z:lr_el(zj, nf(=rourg, sub rolzi/ti] z1 ... zn
- step(nf (= Rrourg, sub rj[wi/ti] 21 ... 2
= (by induction hypothesis [n times])
step(nf (= reurg, rolri/ti])) +
+ > i rel(zj, nf (= ryurgs rolwi/ti]) i/ 2:]) - step(z;) +
+ Z?zlr_el(zj, nf(=Rroury, sub rolzi/ti] z1 ... zn)) -
- SHeD(1f (S aceryyor 1f (S sub 1 21 .. 2a)[w3/1])
(by Lemmata 6 and 3 and Observation 5)
step(nf (= reurg, sub nf (= rsurg, rolwi/ti]) 21 .. 2n)) +
+ 21 rel(z, nf (S ace(ry)e > 0 (Bq5 sub ro 21 - 20)[wi/ti])) -
- step(nf (= ace(ry)yo» N (S qgs sub rj 21 - zn)[wi /i)
(by nf(=rourg))
step(nf (= rsurg, sub o[z /ti] 21 ... 2n)) +
+ 251 rel(z, nf (Zace(ry)o» 0 (S5 sub ro 21 - zn)[wi/ti])) -
- Step(nf (S ace(ryyo» 1f (S sub 1 21 .. 2a)[w3/1])
= (by induction hypothesis)
step(nf (= ace(ri)e s N (Zq;, 8ub 1o 21 - .. 2n)[wi/ti])) +
+ Z?er_el(zj, nf (= ace(ry)es Mf (S 75, 8ub 10 21 - .. 25)
- step(nf (= ace(ry)e> 1f (F g5, 8ub 15 21 - 2n)
= (by definition of step)
step(nf (= ace(ry)e s Nf (S 75, 8ub 1o 21 - .. 2p)[wi/ti])
[zj ~ 1f (= ace(ry)es nf (F a5, sub 5 21 -« z0)[Ti/ti])])
= by A (S aeees )
step(nf (= ace(ri)e s nf (Zq5, 8ub 1o 21 - .. 2n)[w/ti]
[2j ~ nf(ész, subrj z1 ... zn)[xi/ti]]))
= (by Lemma 7)

[zi/ti])) -
[zi/t]))
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step(nf (= ace(ry)e» nf (=75, sub ro
”f(:R_y&b r1 21 .. Zn)|@i/t]
nf (S subry 21 ..o zn)[wi/t])[wi/ti])
= (by nf(=%;, ) and substitution)
step(nf (= ace(ry)e» nf (=75, sub ro
(subry 21 ... zn) .. (sub ry 21 .. 2p))[@i/ti]))
= (by definition of step because step(z;) = 0)
step(nf (= ace(ry)e» nf (=75, sub ro
(subry 21 ... zn) .. (sub ry 21 .. 2n)) @i /i) ][20 ~ 2i])
(by nf (= ace(ry)e» ), substitution, and nf (=4%;,°))

step(nf (= aee(r1)o nf(:>R , (sub rq
(subry 21 ... zp) .. (sUb ry 21 .0 2n))[2i ~ 2))|Ti/ti]))
= (by reduction)
step(nf (= ace(Ry)o s nf(ész,m (subrg ... 71n) 21 ... 2n)[xi/ti]))

This concludes the proof. O

Theorem 9 (see Theorem 21). Let M = (F, {sub(”+1)}, C,II, Ry, Ro, 1) be
an n-sntt and acc(M) = (acc(F), C, acc(Ry), acc(ry,)). Then, for every ¢t € Te:

step(nf (= rgurg: Tin|71/t])) = step(nf (= ace(ry)e s ace(rin)[z1/1])) -
Proof.

(= RouRg: Tin|T1/1]))

(:>R°UR° sub nf(=prourg, Tin[T1/t]) 21 .. 2n))  (¥)
E:>R°UR° sub riglxy/t] 210 2)) confluence)
(

(=

(
(

= ace(Ra)os W (S 7y 8Ub Tin 21 - Zn)[l‘l/t])) ELm 8(b))
(

*%)
Def. acc(rin))

= acc(R1)°» nf(:>R s 8ub iy Iy .. n)[xl/t]))
acc(R1)°» CLCC(’/‘»m)[.’L'l/t]))

ep(
ep(
ep(
ep(
ep(
ep(
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The statement (x) holds, because sub neither deletes nor copies o-symbols and
preserves sharings in its recursion argument (in particular because of the last
rule of Definition 6). () can be formally proved by induction on nf(=geurg
,Tin[21/t]). Note that (*) does not hold without the outer application of step.
The statement (sx) holds, because for every j € [n], both, z; and II; do not
contain o-symbols and are normal forms w.r.t. =7, and = gee(R,)e- (xx) can be
formally proved by induction on r;,. O
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