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Introduction

Automata theory, one of the main branches of theoretical computer science, established
its roots in the middle of the 20th century. One of its most fundamental concepts is
that of a finite automaton, a basic yet powerful model of computation. In essence,
finite automata provide a method to finitely represent possibly infinite sets of strings.
Such a set of strings is also called a language, and the languages which can be described
by finite automata are known as reqular languages. Owing to their versatility, regular
languages have received a great deal of attention over the years. Other formalisms
were shown to be expressively equivalent to finite automata, most notably regular
grammars [22], regular expressions [62], and monadic second order (MSO) logic
[16, 38, [106]. To increase expressiveness, the fundamental idea underlying finite
automata and regular languages was also extended to describe not only languages of
strings, or words, but also of infinite words by Biichi [16] and Muller [79], finite trees
by Doner [25] and Thatcher and Wright [I05], infinite trees by Rabin [90], nested
words by Alur and Madhusudan [3], and pictures [12] by Blum and Hewitt, just to
name a few examples. In a parallel line of development, Schiitzenberger introduced
weighted automata [99] which allow the description of quantitative properties of
regular languages. In subsequent works, many of these descriptive formalisms and
extensions were combined and their relationships investigated. This includes regular
expressions, regular grammars, and logical characterizations for regular languages of
trees and pictures as well as weighted reqular expressions and weighted logics. For
surveys on these and many more related topics, we refer to the books by Eilenberg
[37], Salomaa and Soittola [98], Kuich and Salomaa [68], Berstel and Reutenauer [§],
Rozenberg and Salomaa [93], 94] 05], and Droste, Kuich, and Vogler [29].

In this work, we focus on two of these extensions and their relationship, namely
weighted automata and weighted logics. Just as the classical Biichi-Elgot-Trakh-
tenbrot Theorem [16, 38| [106] established the coincidence of regular languages with
languages definable in monadic second order logic, weighted automata have been
shown to be expressively equivalent to a specific fragment of a weighted monadic
second order logic by Droste and Gastin [27]. We will explore several aspects of
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weighted automata and of this weighted logic. More precisely, we will consider the
following topics. In Chapter [3| we study a weighted monadic second order logic and
prove that a classical model-theoretic result also holds for this logic. In Chapter [4, we
study weighted tree automata over the max-plus semiring and prove four decidability
results for these automata. In Chapter |5, we investigate the relationship between
weighted automata and weighted logics and develop a weighted logic and an expressive
equivalence result for quantitative monitor automata. In the following, we provide a
more in-depth overview of the chapters of this thesis.

In Chapter [2, we introduce some fundamental concepts used throughout this
thesis. To avoid an overloaded section of preliminaries, all concepts which are relevant
only to a single chapter are introduced at the beginning of the respective chapter.
For the most part, the individual chapters are designed to be readable in isolation.
The only exception to this is Section [£.2] which uses some definitions of Chapter [3]

In Chapter |3, we extend the classical Feferman-Vaught Theorem [44] to the
weighted setting. The Feferman-Vaught Theorem is one of the fundamental theorems
in model theory. The theorem describes how the computation of the truth value of a
first order sentence in a generalized product of relational structures can be reduced to
the computation of truth values of first order sentences in the contributing structures
and the evaluation of a monadic second order (MSO) sentence in the index structure.
The theorem itself has a long-standing history. It builds upon work of Mostowski [7§],
and was shown in subsequent works to hold true for MSO logic [36, [51], 52, [70], [102].

Here, we show that under appropriate assumptions, the Feferman-Vaught Theorem
also holds true for a weighted MSO logic with arbitrary commutative semirings as
weight structure. For this, we consider the logic introduced by Droste and Gastin in
[27] and allow the use of arbitrary relational signatures. In comparison to Boolean
MSO logic, which is suitable only to specify qualitative properties of a structure, this
logic permits the modeling of quantitative properties by employing binary sum and
product operators as well as sum and product quantifiers.

For arbitrary commutative semirings, we identify a fragment of this weighted
logic whose formulas satisfy a Feferman-Vaught-like theorem over disjoint unions
of finite structures. This fragment is characterized by disallowing the second order
product quantifier and restricting the first order quantifier to quantify only over
formulas not containing any quantifier themselves. We show that for this fragment,
the evaluation of a formula on the disjoint union of two finite structures can be
reduced to evaluations of formulas from our fragment in the contributing structures
and the combination of their results in an elementary way. Moreover, we show that
if the product quantifier is removed entirely from the logic, the formulas from the
resulting fragment satisfy an analogous statement for products of finite structures.
Very importantly, we also show that if the restrictions on the product quantifiers are
violated, then the Feferman-Vaught-like theorems do not hold. For this, we employ a
weak version of Ramsey’s Theorem [91]. We remark that surprisingly, the fragment
for disjoint unions coincides with the fragment shown to be expressively equivalent
to weighted word automata in [27].



In order to deal with infinite structures, we also consider bicomplete semirings
which provide infinite sum and product operators. For bicomplete semirings, we show
that statements analogous to those above for finite structures also hold for infinite
structures. Moreover, for weakly biaperiodic semirings and De Morgan algebras, we
show that Feferman-Vaught-like theorems hold for the full logic, without the need
for any restrictions on the product quantifiers as described above. Finally, we show
how translation schemes and transductions can be employed to obtain more general
versions of our theorems. Translation schemes allow structures over one signature to
be “translated” into structures over another signature. In particular, they allow us to
extend our theorems to more general combinations of structures than only disjoint
unions and products by allowing MSO-defined modifications to these. An extended
abstract of some of the results of this chapter appeared as [31].

In Chapter [, we lift four decidability results from max-plus word automata to
max-plus tree automata. Max-plus word and tree automata are weighted automata
over the max-plus semiring and assign real numbers to words or trees, respectively.
More precisely, a max-plus automaton is a finite automaton whose transitions are
weighted by real numbers. To each run of a max-plus automaton, a weight is assigned
by summing over the weights of the transitions which constitute the run. The
automaton assigns a weight to each word or tree by taking the maximum of the
weights of all runs on the given word or tree. We show that, like for max-plus word
automata, the equivalence, unambiguity, and sequentiality problems are decidable for
finitely ambiguous max-plus tree automata, and that the finite sequentiality problem
is decidable for unambiguous max-plus tree automata.

The equivalence problem asks whether two max-plus automata are equivalent
in the sense that to each input, they both assign the same weight. In his seminal
paper, Krob showed that the equivalence problem of max-plus word automata is
undecidable in general [66]. For finitely ambiguous max-plus automata, on the other
hand, Hashiguchi et al. showed that this problem is decidable [55]. Here, a max-plus
automaton is called finitely ambiguous if the number of accepting runs on each input
is bounded by a global constant. In this chapter, we generalize this result to finitely
ambiguous max-plus tree automata. We adopt some of the ideas from the proof of [55]
but replace the cycle decompositions employed therein by an application of Parikh’s
theorem [82]. This idea was suggested by Mikotaj Bojariczyk after a presentation of
our original proof of the statement which still employed cycle decompositions [85].
This approach greatly simplifies the proof, even in comparison to the one for words.

The sequentiality problem is a prominent open problem of max-plus automata
and asks whether a given automaton is equivalent to a deterministic automaton.
We call a max-plus word automaton deterministic or sequential if it possesses at
most one initial state and for each pair of a state and an input letter, there exists at
most one valid successor state. Although open in general, the sequentiality problem
was shown to be decidable for unambiguous max-plus word automata by Mohri [76],
finitely ambiguous max-plus word automata by Klimann et al. [63], and later even
for polynomially ambiguous max-plus word automata by Kirsten and Lombardy [61].
A max-plus automaton is called unambiguous if there exists at most one accepting
run on every input. It is called polynomially ambiguous if the number of accepting
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runs on each word is bounded polynomially in the size of the input, i.e., in the length
of the word or in the number of nodes of the tree.

The results by Klimann et al. and by Kirsten and Lombardy are in fact more
general as they establish the decidability of the unambiguity problem for finitely
ambiguous and polynomially ambiguous max-plus word automata, respectively. The
unambiguity problem is a relaxation of the sequentiality problem and asks for a
given automaton whether it is equivalent to an unambiguous automaton. From the
respective results on the decidability of the unambiguity problem, the decidability
of the sequentiality problem follows by Mohri’s result on unambiguous max-plus
word automata. In this chapter, we extend the result of Klimann et al. to trees.
For this, we adapt the dominance property, the criterion for unambiguity identified
in [63], to tree automata and show that the resulting criterion allows us to decide
the unambiguity problem for finitely ambiguous max-plus tree automata. We then
combine results of Biichse et al. [I8] and Mohri [76] to also obtain the decidability of
the sequentiality problem for these automata.

Finally, the finite sequentiality problem, also a relaxation of the sequentiality
problem, asks whether for a given max-plus automaton, there exist finitely many
deterministic max-plus automata whose pointwise maximum is equivalent to the given
automaton. This problem was first posed by Hashiguchi et al. in [55] but was solved
only recently by Bala and Koninski for both unambiguous and finitely ambiguous
max-plus word automata [5, 4]. In this chapter, we show that finite sequentiality
of unambiguous max-plus tree automata is decidable as well. For unambiguous
max-plus word automata, the fork property was shown to be a criterion for deciding
finite sequentiality in [5]. We extend the fork property by an additional criterion
accounting for the nonlinear structure of trees and show that the resulting criterion
is both necessary and sufficient for finite sequentiality of unambiguous max-plus tree
automata. Extended abstracts of the results of this chapter, excluding the one from

Section [4.2] appeared as [85] and [87).

In Chapter [5] we develop a logic which is expressively equivalent to quantitative
monitor automata, a weighted automaton model operating on infinite words introduced
very recently by Chatterjee, Henzinger, and Otop [20]. At each transition of a run
on an infinite word, a quantitative monitor automaton can activate one of finitely
many monitor counters. On subsequent transitions, an activated counter can either
be modified by being incremented or decremented or the counter can be terminated.
A counter may only be activated if it is not already active and counters must be
terminated after finitely many steps. The counters only “monitor” the run and do not
influence it. The value of a counter when terminated is associated to the position of
the word where the counter was activated. The resulting infinite sequence of counter
values is aggregated into a real number by a wvaluation function and serves as the
weight of the run. The weight assigned to an infinite word is given by the infimum
over the weights of all runs on the word. Quantitative monitor automata possess
several interesting features. They are expressively equivalent to a subclass of nested
weighted automata [21], an automaton model which for many valuation functions has
decidable emptiness and universality problems. Also, quantitative monitor automata
are more expressive than weighted Biichi-automata [40, 41] and their extension with



valuation functions [30].

In this chapter, we introduce a new logic which we call monitor logic and show
that it is expressively equivalent to quantitative monitor automata. The logic
is equipped with a sum quantifier to handle the counter operations, a valuation
quantifier for the aggregation of the counter values, and an infimum quantifier to
compute the infimum over all runs on an infinite word. Our expressive equivalence
result is effective, i.e., for each formula from our logic, we show how to construct
a quantitative monitor automaton whose behavior coincides with the semantics of
the formula, and for every automaton, we show how a formula describing precisely
this automaton can be constructed. The most challenging aspect of establishing this
logical characterization of quantitative monitor automata was to find appropriate
quantifiers and, in turn, appropriate restrictions on these quantifiers. In particular,
we show that the computations of the sum quantifier need to further depend on an
MSO-definable condition and that if this restriction is dropped, the logic becomes
strictly more powerful than quantitative monitor automata. In order to obtain
our logical characterization, we also prove various closure properties of quantitative
monitor automata and the equivalent expressive power of Biichi and Muller acceptance
conditions for these automata. An extended abstract of the results of this chapter
was published as [86].






Preliminaries

The best books, he perceived,
are those that tell you what you know already.

GEORGE ORWELL, 198/

In the following, we introduce basic notions and concepts used throughout this work.

2.1 Basic Definitions

We let N ={0,1,2,...} denote the natural numbers, N; = {1,2,3,...} the natural
numbers excluding zero, Z the integers, Q the rational numbers, and R the real
numbers.

For a set X, we denote the power set of X by P(X) and the cardinality of X
by |X|. For a set Y, we denote the set of all mappings from X to Y by YX. For
an integer n > 1 and a tuple £ € X", we will usually assume that its elements are
called 1, ..., x,, i.e., that Z = (x1,...,2,). For a mapping f: X — Y, we call X
the domain of f, denoted by dom(f), and Y the range of f, denoted by range(f).
For a subset X’ C X, we call the set f(X') ={y €Y | Iz € X': f(z) = y} the image
or range of X' under f. The restriction of f to X', denoted by f1y, is the mapping
flx: X' =Y defined by f]y/(x) = f(x) for every x € X’. We also call a mapping
g: X' = Y a partial mapping from X to Y, denoted by g: X - Y. For a subset
Y’ CY, we call the set f~1(Y') = {x € X | f(z) € Y'} the preimage of Y’ under f.
For an element y € Y, we define the preimage of y under f by f~1(y) = f~1({y}). For
a second mapping h: X — Y, we write f = h if for all x € X we have f(z) = h(x).
For a set Z and a mapping h: Y — Z, the composition of f and h is the mapping
ho f: X — Z defined by (ho f)(z) = h(f(x)) for every x € X.

An alphabet is a non-empty finite set. An infinite alphabet is a non-empty set. Let
Y be an infinite alphabet. By ¥*, we denote the set of all (finite) words over 3. The
empty word is denoted by e and the length of a word w € ¥* by |w|. The number of
occurrences of a letter a € ¥ in w is denoted by |w|,. For two words u,v € ¥*, the
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concatenation of v and v is denoted by uwv. A subset L C 3* is called a language over
Y. An infinite word over X is a sequence w = agaias ... from . The set of infinite
words over X is denoted by X“. A subset L C »¥ is called an infinitary language
over X.

2.2 Semirings

A commutative semiring is a tuple (K, ®,®,0,1), abbreviated by K, with operations
sum @ and product ® and constants O and 1 such that (K, ®,0) and (K,®,1) are
commutative monoids, multiplication distributes over addition, and k ©0 =00k =0
for every k € K. Important examples of commutative semirings include

e the Boolean semiring B = ({0,1},V, A,0,1) with disjunction V and conjunction
A,

e the semiring of natural numbers (N,+,-,0,1) with the usual addition and
multiplication,

e the fields of rational numbers (Q, +,-,0, 1) and real numbers (R, +,-,0,1),

e the maz-plus or arctic semiring Ryax = (R U {—00}, max, 4+, —00,0) where
the sum and the product operations are max and +, respectively, extended to
R U {—o0} in the usual way,

e the min-plus or tropical semiring Ry, = (R U {oco}, min, +, 00,0) where the
sum and the product operations are min and +, respectively,

e the min-mazx semiring (R U {oo, —oo}, min, max, oo, —00),

o the Viterbi semiring ([0,1], max,-,0,1), where the product operation is the
usual multiplication of real numbers,

e the semiring of formal languages (P(X*),U, -, 0, {e}) over an alphabet ¥, where
the sum and product operations are the union and concatenation of languages,
respectively. Here, the concatenation of two languages L1, Lo C X* is the
language L1 - Lo = {uv |u € Ly,v € La}.

For a commutative semiring (K, ®,®,0,1) and a number n > 1, the product semiring
(K™, ®n, On, 0n, 1,,) is defined by componentwise operations and the constants 0,, =
(0,...,0) and 1,, = (1,...,1). We will usually denote @,, and ®,, simply by & and
O.

Next, assume that the commutative semiring K is equipped, for every index set
I, with an infinitary sum operation @;: K! — K such that for every family (;)ier



2.3. First Order and Monadic Second Order Logic 9

of elements of K and k € K we have

@MZO, @ Ki = Kj, @ ki = kj @ Ky for j # 1, (2.2.1)

i€ ie{j} ie{j,l}

@ (@"Qz) = @Ri, if UjGJIj =TI and Ij ﬁfj/ = @ for j 75 j,, (2.2.2)
jed el iel

@(H@m) =K0O (@Hi), @(m@n) = (@m) ® K. (2.2.3)
i€l i€l i€l icl

Then K together with the operations €; is called complete [37, 67].
If in addition, K is endowed, for every index set I, with an infinitary product
operation (O);: K! — K such that for every family (#;);cs of elements of K we have

@/{i:l, @ﬁi:mj, @ﬁi:/{jG)mforj#l, @l:l7 (2.2.4)

€0 ie{s} ie{j,l} iel
O(Oni) =i if Ujes I =T and L0 Ly =@ for j £ 5 (2.2.5)
jed iel; iel

then we call K bicomplete. We just want to mention here that there exists a different
notion of semirings with infinite sums and products, namely the notion of totally
complete semirings [42]. The main difference between these two notions lies in the
definition of infinite products. For totally complete semirings, only products over
countable index sets need to be defined, but the infinite products are required to
be completely distributive over the infinite sums. We do not require this infinitary
distributivity here. Examples of bicomplete semirings include

e the min-max semiring,

e the min-plus semiring (R>o U {oo}, min, 4, 0o, 0) restricted to the positive reals,
i.e., where R>g = {r e R | r > 0},

e the semiring of extended natural numbers (NU {oo},+,,0,1) where 0 - co = 0,

e the Boolean semiring, or more generally every complete distributive lattice
(L,V,A,0,1) which satisfies the distributivity law . For instance, every
complete Boolean algebra B satisfies (see [9, page 167]), so then B is
bicomplete but may not be completely distributive and therefore not totally
complete.

2.3 First Order and Monadic Second Order Logic

A signature o is a pair (Rely,ar,) where Rel, is a set of relation symbols and
ary: Rel, — Ny the arity function. A o-structure 2 is a pair (Us, Zy) where Uy is a
set, called the universe of A, and Zy is an interpretation, which maps every symbol
R € Rel, to a set R* C U;r”(R). A structure is called finite if its universe is a finite
set. By Str(o) we denote the class of all o-structures.
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Example 2.1. For an alphabet 3, we can interpret every finite or infinite word w over
¥ as a structure w = (W, Zy) over the signature o = ({P, | a € £} U{<}, ar,) where
ary (<) = 2 and ar,(FP,) = 1 for every a € . For this, let w = apa; ... € " UX¥. If
w is finite, we let W ={0,..., |w| — 1}, and otherwise, we let W = N. Furthermore,
we let Zpy (<) = (W x W) N <, where the latter < denotes the usual less-than-or-equal
relation on the natural numbers, and for each letter a € ¥ define the interpretation
of P, by I (Pp) = {i € W | a; = a}.

For two o-structures A = (A4,Zy) and B = (B,Zy), we define the product
A x B € Str(o) of A and B and the disjoint union A U B € Str(o) of A and
B as follows. For the product, we let % x B = (A x B, Tyxp) with R**%? =
{((a1,b1), ..., (an,by)) | (a1,...,a,) € R¥* and (by,...,b,) € R®} for each R € Rel,
and n = ar,(R). For the disjoint union, we let A LI B be the disjoint union (i.e.,
the set theoretic coproduct) of A and B with inclusions ¢4 and tp. Then we
define A UB = (AU B, Ty ) by R*® = {(ta(a1),...,valar)) | (a1,...,a) €
R*YU{(tp(b1),...,ta(by)) | (b1,...,bx) € R®} for each R € Rel, and n = ar,(R).
Throughout this chapter, we identify a € A with t4(a) € AU B and b € B with
LB(b) € AUB.

We provide a countable set V of first and second order variables, where lower
case letters like x and y denote first order variables and capital letters like X and Y
denote second order variables. We define first order formulas § over a signature o by
the grammar

p = false | R(z1,...,x,) | 2B | BV 5| Jz.0,

where R € Rel,, n = ar,(R), and =, x1,...,z, € V are first order variables. Likewise,
we define monadic second order formulas 8 over ¢ through

g = false | R(z1,...,2n) |z € X | =p| VB | Ix.f|3X.5,

where R € Rel,, n = ar,(R), x,21,...,z, € V are first order variables, and X € V
is a second order variable. We also allow the usual abbreviations A, V, —, <—, and
true. By FO(o), we denote the set of all first order formulas over o, and by MSO(0),
we denote the set of all monadic second order formulas over o.

The notion of free variables is defined as usual, i.e., the operators 3 and V bind
variables. We let Free(8) be the set of all free variables of 5. A formula 8 with
Free() = () is called a sentence. For a tuple B = (B4, ..., B.) € MSO(0)", we define
the set of free variables of 3 as Free(3) = |JI_, Free(8;).

We now define the semantics of MSO. Let o be a signature, A = (A,Zy) a
o-structure, and V a set of first and second order variables. A (V,2)-assignment p
is a partial function p: V -» AU P(A) such that, whenever z € V is a first order
variable and p(z) is defined, we have p(x) € A, and whenever X € V is a second
order variable, p(X) is defined and we have p(X) C A. By 2(y, we denote the set of
all (V,2)-assignments. The reason we consider partial functions is that in Chapter
we want to be able to restrict the range of a variable assignment to a subset of the
universe. For a first order variable, this restriction may cause the variable to become
undefined.
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For a (V,2l)-assignment p, a first order variable = € V, and an element a € A, the
update p[x — a] is defined through

if ¥ =
plr — a]: dom(p) U {z} - AUP(A), x =i ' .:C
p(X) otherwise.

For a second order variable X € V and a set I C A, the update p[X — I] is defined
through

plX — I]: dom(p) U {X} — AUP(A), X {I =X
p(X) otherwise.
For a tuple X = (Xi,...,4&,) € V" of pairwise distinct variables and (matching)
values a = (ay,...,a,) € (AUP(A))", we abbreviate the repeated update p[X; —
ai] -+ [Xn — an)] by p[X1 — a1, ..., X, — a,] or simply p[X — a.
For p € Ay and a formula 5 € MSO(0), the relation “(2, p) satisfies 5", denoted
by (2, p) = B, is defined as

(A, p) = false never holds

(A, p) = R(z1,...,2,) <= x1,...,2, € dom(p) and (p(z1),...,p(z,)) € R*
p)FEreX <= z € dom(p) and p(z) € p(X)

A, p) E 5 < (2, p) E B does not hold

(2, p) = B1V B2 = (Ap)EBior (Ap) P

(A, p) = Jz.p < (A, plx — al]) = B for some a € A

(A, p) E3IX.B — (A, p[X — I]) = S for some I C A.

We will usually identify a pair (2, () with 2.

Example 2.2. Let o be the signature of a graph, i.e., Rel, = {edge} with edge
binary. We call a graph & € Str(o) undirected if its interpretation of edge is a
symmetric relation on the universe of &. For every undirected graph & € Str(o) and
a subset I of its universe, we can check whether the nodes from I form a clique in &
using the MSO formula

clique(X) = VxVy((x eXNye XAz # y) — edge(z, y))

Here, the formula x # y is an abbreviation for Y (y € Y A =(z € Y)). We have that
(6, [X — I]) satisfies clique(X) if and only if I is a clique in &.
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In this chapter, we extend the Feferman-Vaught Theorem [44] for Boolean logic to a
weighted logic. The classical Feferman-Vaught Theorem shows how the evaluation of
a sentence in first order or monadic second order logic on a generalized product of
relational structures can be reduced to the evaluation of sentences on the contributing
structures. For a survey and more background information on the Feferman-Vaught
Theorem, see [71]. The logic we employ is based on the weighted logic by Droste
and Gastin [27]. In this logic, formulas can take values which convey a quantitative
meaning. The logic’s connectives and quantifiers hence also adopt quantitative roles.
The disjunction becomes a sum, the conjunction a product. The existential quantifier,
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instead of only verifying whether some element with a certain property exists, now
takes the truth value of this property for every element in the universe and sums
over these values. Under appropriate assumptions, the result of this summation
can for instance be the exact number of elements that satisfy the given property.
One example of a property which can be expressed using this logic is the size of the
largest clique of an undirected graph. In [27], the authors prove a Biichi-like result
for a specific fragment of this logic, showing that for finite and infinite words, this
fragment is expressively equivalent to semiring-weighted automata [99]. The study
of a weighted Feferman-Vaught Theorem for disjoint unions, employing the same
logic as we do, was initiated by Ravve et al. in [92], where the authors also point out
several algorithmic uses and possible applications of a weighted Feferman-Vaught
Theorem.

The classical Feferman-Vaught Theorem considers finite and infinite structures
without any need for distinction between them. This results from the fact that, in the
Boolean setting, infinite joins and meets are well-defined. In particular, existential
and universal quantification, which are essentially joins and meets ranging over the
whole universe of a structure, are well-defined for finite and infinite structures alike.
However, for arbitrary semirings, infinite sums and products are usually not defined.
To allow for infinite structures, we therefore also consider bicomplete semirings, which
are equipped with infinite sum and product operations. Our main results are the
following.

e We provide a Feferman-Vaught Theorem for disjoint unions of structures with
our weighted MSO logic, where the second order product quantifier is removed
and the first order product quantifier is restricted to quantify only over formulas
which do not contain any sum or product quantifier themselves. Surprisingly,
this restriction and the resulting fragment are the same as the one working for
the Biichi-like result of [27].

e We show that no similar theorem can hold for disjoint unions if the first order
product quantifier is not restricted. The formulas we employ for this in fact
also occurred in [27] and [33] as examples of weighted formulas whose semantics
cannot be described by weighted automata. While in these papers, it was
elementary to show that the formulas given define weighted languages not
recognizable by weighted automata, here proving that they do not allow for
a Feferman-Vaught-like decomposition is more complex and employs a weak
version of Ramsey’s theorem [91].

e We show that a Feferman-Vaught Theorem also holds for products of structures
for the product-quantifier-free first order fragment of our logic.

e We show that no similar theorem can hold for products if we include the first
order product quantifier.

e We show that the restrictions on the product quantifiers are not necessary if
the semiring is weakly biaperiodic or forms a De Morgan algebra.
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e We show that our theorems are also true for more general disjoint unions and
products defined by translation schemes and transductions [T1], 80, 23].

With respect to our proofs, here we just note that in comparison to the universal
quantifier of the Boolean setting, the product quantifier requires a separate and new
consideration. While universal quantification can simply be expressed using negation
and existential quantification, it is in general not possible to express multiplication
by addition.

Translation schemes are a model theoretic tool to “translate” structures over one
logical signature into structures over another signature in a well behaved fashion,
namely in an MSO-defined fashion. They can be applied, for example, to translate
between texts and trees [56], and between nested words, alternating texts, and hedges
[74, 73] [72]. These particular translations were employed in [72] to prove that weighted
automata over texts, hedges, and nested words are expressively equivalent to weighted
logics over these structures. Translation schemes are a rather natural concept and
therefore they have been frequently rediscovered and named differently [71), 80, 23].
Our notion of a translation scheme is mostly due to [71].

Related work. A concept related to weighted logics is that of many-valued logics. In
both models the evaluation of a formula on a structure produces a quantitative piece
of information. In many approaches to many-valued logics, values are taken in the
interval [0, 1], cf. [53, 50]. In contrast to this, weights in weighted logics are taken
from a semiring and may occur as atomic formulas which enables the modeling of
quantitative properties.

An extended abstract of the results of this chapter appeared at the 43rd International
Symposium on Mathematical Foundations of Computer Science (MFCS) in 2018 [31].

3.1 Weighted First Order and Monadic Second Order
Logic

The following definitions are due to [27] in the form of [I4]. Let o be a signature,
(K,®,©,0,1) a commutative semiring, and V a countable set of first and second
order variables. We define weighted first order formulas ¢ over ¢ and K by the
grammar

pr=0lrle@e|leRe|Pr.y|QR.¢,

where 8 € FO(0), k € K, and x € V is a first order variable. Likewise, we define
weighted monadic second order formulas ¢ over ¢ and K through

o= rle@p|lee|Pry|Qr.o | PX.o| QX0

where 5 € MSO(o), k € K, x € V is a first order variable, and X € V is a second
order variable. By wFO(o, K'), we denote the set of all weighted first order formulas
over o and K, and by wMSO(o, K), we denote the set of all weighted monadic second
order formulas over o and K. The notions of free variables and sentences are defined



16 CHAPTER 3. FEFERMAN-VAUGHT THEOREMS

like for MSO formulas, with the addition that the operators @ and ) also bind
variables.

We define the semantics of wMSO as follows. Let 2 = (A, Zy) be a o-structure.
In the following, for all sums and products to be well-defined, we assume that either
the universe A is finite, or that K is bicomplete. For a formula ¢ € wMSO(o, K),
the (weighted) semantics of ¢ is a mapping [¢] (2, -): 2y — K inductively defined as

_ )1 i) EB

L1 ) B {O otherwise

(<] (A, p) = K

[[901 @ 902]] (Ql’ P) = [[901}](9[7 P) D [[902]} (Qla P)

[[901 X 902]] (Ql’ P) = [[¢1ﬂ(917 P) © [[902]} (Ql’ P)

[Drel@p) = EPlelE,plz — a])
acA

[Rz.el@,p) = Olel, plz — a])
a€A

[DXelA,p) = EPlel@,p[X — 1))
ICA

[RX .01 0) = Ol plX — 1))
ICA

For a tuple of formulas ¢ = (¢1,...,¢n) € wWMSO(0, K)", we define [@](2, p) =

(I, p), - -, [on] (2, ) € K™
We give some examples of how weighted formulas can be interpreted. For more

examples, see also [92].

Example 3.1. If K = B is the Boolean semiring, we obtain the classical Boolean
logic.

Example 3.2. Using the max-plus semiring Ryax = (R U {—00}, max, +, —00,0),
we can describe the size of the largest clique in a graph as follows. We reuse the

signature o of a graph and the MSO formula clique(X) from Example and define
a wMSO formula as follows.

0= @X.(clique(X)@@fU-(O@(l@x € X)))

Then for every undirected graph & € Str(o), we have that [¢](®) is the size of the
largest clique in &.

Example 3.3. Assume that K = (Q,+,-,0,1) is the field of rational numbers and
that o is the signature from the previous example. Then for every fixed n € Ny,

we can count the number of n-cliques of an undirected graph & € Str(o) using the
wMSO formula

1
on=— QR Pz ...Pr,. /\ ((JL‘z # ) A edge(aji,mj)).
' i#]
Here, z; # x; again is an abbreviation for 3Y (z; € Y A —(z; € Y)).
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Example 3.4. We consider the minimum cut of directed acyclic graphs. For this,
we interpret these graphs as flow networks in the following way. Every vertex which
does not have a predecessor is considered a source, every vertex without successors is
considered a drain, and every edge is assumed to have a capacity of 1. Let G = (V, E)
be a directed acyclic graph where V' is the set of vertices and E C V x V the set of
edges. A cut (S, D) of G is a partition of V', i.e., SUD =V and SN D = {, such
that all sources of G are in S, and all drains of GG are in D. The minimum cut of G
is the smallest number |E'N (S x D)| such that (S, D) is a cut of G.

We can express the minimum cut of directed acyclic graphs by a weighted formula
as follows. We let o be the signature from the previous two examples and as our
semiring, we choose the min-plus semiring Ry, = (R U {oco}, min, +,00,0). Then
using the abbreviation

cut(X,Y) = V:E((a: €eX & (zeYY)) A(Jyedge(y,x) Ve e X)
A (Fy.edge(z,y) Va € Y))

we can express the minimum cut of a directed acyclic graph & € Str(o) using the
formula

v =PX.PY. (cut(X,Y) ®RQRr.Qu.(1d -(x e X Ny €Y Aedge(z, y))))

Example 3.5 (|27]). Let K = (N, +,-,0,1) be the semiring of natural numbers and
let ¢ € wMSO(o, K) be a formula which does not contain any constants x € K. Then
we may understand [p] (2, p) as the number of proofs we have that (2, p) satisfies
assuming that we interpret the weighted operators in the following way. For Boolean
formulas, we simply consider satisfaction to give us one proof, and otherwise we have
no proof. The sum [p; @ ¢2] is the number of proofs we have that ¢; V @9 is true.
This says that, if we have n proofs for ¢; and m proofs for ys, then we interpret
this as having n + m proofs for the fact that ¢1 V @9 is true. Likewise, we interpret
the product [¢1 ® 2] as the number of proofs we have that @1 A @9 is true. Similar
interpretations apply for the weighted quantifiers.

For ¢ € wMSO(o, K) and a first order variable x which does not appear in ¢ as a
bound variable, we define =% as the formula obtained from ¢ by replacing all atomic
subformulas containing z, i.e., all subformulas of the form x € X and R(...,x,...)
for R € Rel,, by false. It is easy to show by induction that for all o-structures
A = (A, Zy) and (V,A)-assignments p with x ¢ dom(p) we have

[l p) = [ 1(2L, p).

As in the sequel we will deal with disjoint unions and products of structures, we
need to define the restrictions of a variable assignment to the contributing structures
of the disjoint union or product. Let 2,B € Str(o) be two structures with universes
A and B. For a (V,2 U B)-assignment p, we define the restriction ply: V - A as

p(X)NA if X is a second order variable
pla(X) =< p(X) if X' is a first order variable and p(X) € A
undefined if X is a first order variable and p(X) ¢ A.
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The restriction plyg is defined similarly.

For a (V, A xB)-assignment p, we define the restrictions p[y and p[g by projection
on the corresponding entries. That is, we let m4 be the projection on the first and 7pg
be the projection on the second entry of A x B and let plg = ma0p and plys = mpop.

The union of two assignments p and ¢ with dom(p) N dom(s) = (), denoted by
pUsg, is defined by dom(pU¢) = dom(p) Udom(s), (pUg)(X) = p(X) for X € dom(p)
and (pU¢)(X) =¢(X) for X € dom(s).

We fix two disjoint sets of variables (z;);en and (y;);en. For n € N4, we define
the set of expressions Exp,,(K) over a semiring K by the grammar

E:=ux |y | E®GE|EQE,

where i € {1,...,n}. The (weighted) semantics of an expression E € Exp,,(K) is a
mapping (E): K™ x K" — K defined for &, A\ € K™ inductively by

(CHICRY = K
(i) (R, A) = A
(Br@ Ea)(R,A) = (E)(5A) & (E)(%,A)
(Br@ Ea)(R,A) = (E)(5A)© (E2)(%,A)

For expressions over the Boolean semiring B = ({0,1},V, A, 0, 1) we will usually write
V instead of @ and A instead of ®.

Construction 3.6. We call an expression F € Exp,,(K) a pure product if
F=x1®..9xQ0y1Q...0Vm

with x; € {x1,...,2,} fori € {1,...,l} and y; € {y1,...,yn} for j € {1,...,m}.
We define a substitution procedure as follows. Let @*, @? € wMSO(o, K)™ be given.
Let i € {1,...,l} and assume x; = zj for some k, then we define §; = gpi. Likewise,
for j € {1,...,m} and y; = yi, we define §; = cp%. Welet £ =6 ®...0& and
0 =0, ®...%0,. Then for A,B € Str(o), every (V,)-assignment p, and every
(V,B)-assignment ¢ we have

(BN, ), [£°](B,<))
=[al@p) o o [al(@, p) O [6:](B,6) © ... © [6m] (B, <)
= [€](A, p) © [01(B; <)-

We define PRDY(E, @1, 3?) = ¢ and PRD?(E, g%, ¢%) = 6.

Pure products B € Exp,(B) are also called pure conjunctions. For a pure
conjunction B € Exp,,(B), formulas @1, 32 € MSO(0) and &;, 6; as above, we define
the MSO(o)-formulas CONY(B, @1, 3?) = € = & A ... A& and CON?(B, ¢, @) =
0=60{AN...N0,. We then have

(B[P, ), [£°](B,<)) = Liff (A, p) € and (B,<) [= 6. o
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We say that an expression E € Exp,,(K) is in normal form if
E=F&..dE,

for some m > 1 and pure products F;. By applying the laws of distributivity of the
semiring K, every expression E € Exp,,(K) can be transformed into normal form.
More precisely, we have the following lemma.

Lemma 3.7. For every E € Exp,,(K) there exists an expression E' € Exp,,(K) in
normal form with the same semantics as E.

Proof. We proceed by induction. Let E € Exp,,(K). If E = x; or E = y; for some
i € {1,...,n}, then E is in normal form. If F is of the form F; & Ey or F; ® E>
for two expressions Fp, Fy € Exp,,(K), we can find by induction two expressions
E{, E} € Exp,,(K) in normal form with (FE1)) = (E})) and {(E2)) = (F4). In the
first case, we see that E' = E| & E), is also in normal form and we have (E)) = (E")).

For the case that E = F; ® Fs, we write E| = E{l) @D El(l) and Ef =
EP) DD E,(g) with E%l), ‘e ,El(l) and E}Q), e ,Eg) pure products. Then we see
that E' = @221@?:1@(1) ® E]@) is in normal form and due to the distributivity of
K, we have (E)) = (E")). O

3.2 The Classical Feferman-Vaught Theorem

In this section, we recall the Feferman-Vaught Theorem for disjoint unions and
products of two structures. For convenience, we also provide the proofs for both cases.
If the reader is familiar with the classical Feferman-Vaught Theorem, the proofs are
safe to skip. For the rest of this section, let o be a signature.

A Feferman-Vaught Theorem for disjoint unions

First, we state and prove the classical Feferman-Vaught Theorem for disjoint unions
in the framework we will also employ for our weighted extension.

Theorem 3.8 ([44]). Let V be a set of first and second order variables and 5 €
MSO(o) with variables from V. Then there exist n > 1, tuples of formulas 5%, 5% €
MSO(o)", and an expression Bg € Exp,,(B) such that Free(81) UFree(3?) C Free(J)
and for all structures A, B € Str(o) and all (V,A L B)-assignments p:

(RAUB, p) | B iff (Bs)(I5'1(X, pla), [5°](B, plg)) = 1.
Proof. We proceed by induction.

B 5 = R(x1,...,x) for a relation symbol R € Rel, of arity k
In this case, we let n =1, B = B2 = R(x1,...,21), and Bg =21 V1.

Bi=(reX)
In this case, we let n =1, 81 = 2 = (v € X), and Bg = 21 V 1.
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BG=-«

Assume the theorem is true for a with at,a? € MSO(c)! and B, € Exp,(B). We
may assume that B, = B1 V...V B, is in normal form with all B; pure conjunctions.
We let ; = CONY(B;, at, a?) and 6; = CON?(B;, at, a?) (see Construction and

set

Bl = (_'71a .. '7_'7771)
B% = (=61,...,0m)

m

Bp = /\(5Uz Vi)

=1

Then we have

(RAUB,p) EL S (AUB, p) E a does not hold
& (B[, pl), [02)(B, pla)) = 0
N <<Bz>>([[a1]](9l pla), [a%](B, pls)) = 0 for all i € {1,...,m}
< (A, ply) E i does not hold or (B, ply) = d; does not hold

for all : € {1,...,m}
& (Bah (18 ]](91 pl ) [521(B, pls)) = 1.
Furthermore, we have
Free(81) U Free(5?) C Free(at) U Free(a?) C Free(a) = Free().
B=aVy

Assume the theorem is true for a with a*,a? € MSO(o)! and B,, € Exp;(B), and for
v with 41,52 € MSO(0)™ and B, € Exp,,(B). Then we set

Bt = (al,...,all,'yll,...,*y#)
n2 2 2 2 2
B =(al, ., QYY)

Bs =By VB,

where B’7 is obtained from B, by replacing every variable z; by x;4; and every variable
y; by yir;. Then we have

(AUB, p) B
(RAUB,p) Eaor (AUDB,p) =~
{

(Ba) (612, pln), [°](B, pls))
(Ba)(IB1(R, pla), [B21(B, plm))
& (Ba) (1B, pln), [57)(B. pls))

Also, we have

=
=
g

I
_ o= e
5\\
\
=
—~~
=
@
iy
=
—
»
)
—
=
SN—
=
sy
N
=
?
—
2
N—
SN—
I

Free(al) U Free(a?) U Free(5') U Free(5°) C Free(a) U Free(y) = Free(3).



3.2. The Classical Feferman-Vaught Theorem 21

B (=«

Assume the theorem is true for a with at,a? € MSO(c¢)! and B, € Exp,(B). We
may assume that B, = B1 V...V B, is in normal form with all B; pure conjunctions
and that x does no occur as a bound variable in any of the ail or al-z. We let
v = CONY(B;,at, a?) and 6; = CON?(B;, at, a?) and set

Bt =Gz, 3N T )
B2 = (3201, .., 30.0m, 075, ..., 6,:5)

e m
m

Bg = \/((Sﬂi A Ymti) V (s A Yi))-
i=1

Then we have

(AUB, p) =
(AUDB, plxr — ¢]) = « for some c€ AUB let p. = plx — (]
(

< o) ([, pela), [@2](B, pelag)) = 1 for some ¢ € AU B
([[ozl]](Ql pela), [@2](B, pelg)) = 1 for some ¢ € AUB and i € {1,...,m}
clo) E vi and (9B, pelgs) = 0; for some ¢ € AU B and i € {1,. }

alr — a]) E v and (B, p| )lzéxforsomeaEAandze{l .,m} or
o) = 7 and (B, plyglz — b)) = 6; for some b € B and i € {1,...,m}
o) = 3z and (B, ply) =6, for some ¢ € {1,...,m} or

o) E ;7 and (B, ply) = F2.9; for some ¢ € {1,...,m}

& (Bah (BT, ply). [7)(B. plss)) = 1.

Furthermore, we have

Q
&

Free(31) U Free(5?) C (Free(al) U Free(a?)) \ {x}
C Free(a) \ {z}
= Free(p).

BG5=3X.«
We reuse the notation from first order existential quantification and set

Bt = 3X 1,0, 33X Ym)
B2 = (3X.01,...,3X.0,)

Bg = \/(mz/\yl)
i=1
Then we have
(AUB, p) E B
< (AUB, p[X — I]) =« for some I C AUB let pr = p[X — I]

e (B ([, prla), [@2](B, prlg)) = 1 for some I C AUB
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& (BN)[aM (&, prig), [@2](B, prls)) = 1 for some I € AUB and i € {1,...,m}
< (A, ,0[ o) =i and (B, prly) E=6; for some I C AU B and i€ {1,...,m}
< (U plg[X — I]) E v and (B, plg[X — J]) = 6; for some I C A, J C B, and
16{1 m}
< (A, )):EIX%and(‘Bp ) = 3X.6; for some i € {1,...,m}
N

In the same way as for first order existential quantification, we obtain Free(8) U
Free(32) C Free(f). O

A Feferman-Vaught Theorem for products

Here, we state and prove the classical Feferman-Vaught Theorem for products in the
framework we will also employ for our weighted extension.

Theorem 3.9 ([44]). Let V be a set of first and second order variables and € FO(o)
with variables from V. Then there exist n > 1, tuples of formulas 5%, 52 € FO(o)",
and an expression Bg € Exp,,(B) such that Free(31) U Free(5?) C Free(B) and for
all structures A,B € Str(o) and all (V, A x B)-assignments p:

(A x B, p) | B iff (Be)([B1(2, pln), [B21(B, pls)) = 1.

Proof. We proceed by induction.

B (3 = R(xy,...,x) for a relation symbol R € Rel, of arity k
In this case, we let n =1, B = B2 = R(x1,...,2;), and Bg =21 Ay

B The proofs for § = -« and f = «a V v are the same as in Theorem

H(5=dx.«
We reuse the notation from first order existential quantification of Theorem and
set

ﬁ_l = (Fz.v, ..., 3z.9m)
B2 = (3x.01,...,32.01)

m

Bﬁ = \/(fz /\yi).

=1

Then we have

(2 x B, p) =
(A x B, plr — ¢]) | « for some c € A x B let p. = plx — (]

(B ) (@2, pela), [32] (B, pels)) = 1 for some c € A x B
(B >>([[al]](§2[ Pela)s ﬂazﬂ(% pele)) =1 for some c € Ax Bandi€ {1,...,m}

=
=
-
< (A, pely) E i and (B, pely) E 6 for some c € A x Band i€ {1,...,m}
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< (AU, plylr — a]) = v and (B, plglr — b)) = d; for some a € A, b € B, and
ie{l,...,m}

< (U, ply) E Jzyi and (B, ply) | Fz.0; for some i € {1,...,m}

& (Ba)([51 1 pla), [7](B, pls)) = 1.

Again, we easily obtain Free(8') U Free(32) C Free(S). O

3.3 Translation Schemes

Theorems [3.8] and consider disjoint unions and products only. So far, there
is no interaction between the two constituting structures. Translation schemes
allow us to create such interactions in an MSO-defined manner. More precisely,
translation schemes “translate” structures over one signature into structures over
another signature. Applying this to disjoint unions and products, we can extend
Theorems [3.8 and [3.9] to more complex constructs. The usefulness of such extensions
by translation schemes was discussed in [71], which we follow here.

Let o and 7 be two signatures, Z = {z, 21, 22, ...} be a set of distinguished first
order variables, and W be a set of first and second order variables with W N Z = (.
A o-T-translation scheme ® over W and Z is a pair (¢u, (¢1)reRel,) Where ¢y, o1 €
MSO(o) for each T' € Rel;, ¢y has variables from WU {z}, and each ¢ has variables
from WU {z1,..., zar, (T)}. The variables from Z may not be used for quantification,
i.e., all variables from Z must be free.

Intuitively, the formula ¢y, is a filter for the new universe, i.e., the universe of
our new 7-structure will contain all elements a of our o-structure which satisfy ¢y
when z is mapped to a. Likewise, every formula ¢7 defines the relation T of our new
T-structure, i.e., the interpretation of 7" will contain all tuples (ai, ..., @y (7)) Which
satisfy ¢ when each z; is mapped to a;.

We set Free(®) = Free(¢u) U Upcge, Free(ér). The formulas ¢y and (¢1)reRel,
depend on Z in the following way. For a first order variable x not occurring in ¢y, the
formula ¢s(z) is obtained from ¢, by replacing all occurrences of z by x. Similarly,
for T' € Rel; and first order variables x1, ..., %, (1) N0t occurring in ¢r, the formula
¢1(T1, -+ Tar, (7)) is obtained from ¢r by replacing all occurrences of z; by z; for
ie{l,...,ar-(T)}.

For a o-structure 2 = (A, Zy) and a (W, A)-assignment ¢, we define the ®-induced
T-structure of A and ¢, denoted by ®*(2l, <), as a 7-structure with universe Uy and
interpretation Zg as follows.

Ue = {a € A| 6]z = a]) E du)
Te(T) = {e e U™ D | A,¢[z = &) = or)

Here, z always denotes the tuple (z1,.. ., zar, (7))

Example 3.10. We can use a translation scheme to connect a specified vertex in a
graph to a set of vertices of the graph. For this let o0 = 7 = ({edge}, edge — 2) be
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the signature of a directed graph like in Example 2.2 We define a o-o-translation
scheme ® = (¢, Pedge) through

¢y = true
Gedge = €dge(z1,22) V (21 = A 20 € X),

where z; = x is an abbreviation for VY (z; € Y w2 € Y). Let & = (V,edge — E) €
Str(o) be a graph, v € V a vertex, and I C V a set of vertices. Then the graph
(&, {x — v, X — I}) is exactly the graph & with an edge added between v and
every vertex v’ € I.

Example 3.11. A translation scheme can also be used to cut a subtree from a
given tree at a specified vertex in the tree. As in the previous example, let o be the
signature of a directed graph. For a graph & = (V,edge — E) € Str(o), let E’ be
the transitive closure of the relation £ C V x V. We say that & is a directed rooted
tree with root r € V if (1) E’ is irreflexive, (2) (r,v) € E' for all v € V' \ {r} and
(3) for all v € V' \ {r} there is exactly one v' € V with (v/,v) € E. We define the
following abbreviation which describes the reflexive transitive closure of F.

(x<y)= VX( (€ XA (V2.(32'.2 € X Nedge(7',2)) > z€ X)) »y € X)
We define a o-o-translation scheme ® = (¢, Pedge) through

by = (v < 2)
Pedge = edge(z1, 22).

Then with & as above and v € V, the graph € = ®*(&, z — v) is the subtree of & at
the vertex v, i.e.,

Ue = {0} UL €V | (v,0) € E'}
Ie = EN (U¢ XU@).

We have the following fundamental property of translation schemes [71].

Lemma 3.12 ([71]). Let ® = (du, (¢17)1recRrel.) be a o-T-translation scheme over
W and Z, V be a set of first and second order variables such that V, W, and Z
are pairwise disjoint, and B € MSO(1) with variables from V. Then there exists a
formula o € MSO(o) such that Free(a) C Free(3) U Free(®) and for all structures
2 € Str(o), all (W, )-assignments s, and all (V, ®*(2,<))-assignments p:

((1>*(le (),p) |: /8 lﬁ (Ql,g‘ U p) ’: .

Proof. We indicate the proof for the convenience of the reader. We proceed by
induction. In the following, we will assume that for formulas 3’, 81, and 2, the
theorem holds by induction with the formulas o/, 1 and as, respectively.

For = (r € X), welet « = (x € X). For 8 =T(x1,...,xx) for some T € Rel;,
we let « = ¢p(x1,...,2). For f = —p', we let a = =a/. For 8 = 51 V B2, we let
a=aiVay For f=3z.0, welet a« =3x.(a A ¢y(x)) and for g = IX.5', we let
a=3X.(/ ANVz.(z € X — ¢y(x))). O
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Together with Theorems and this gives us the following Feferman-Vaught
decomposition theorems for disjoint unions and products with translations schemes.

Theorem 3.13 (|[71]). Let ® = (¢, (¢1)71eRel,) be a o-T-translation scheme over
W and Z,V be a set of first and second order variables such that V, W, and Z are
pairwise disjoint, and B € MSO(T) with variables from V. Then there exist n > 1,
tuples of formulas B, 3% € MSO(c)", and an expression Bz € Exp,,(B) such that
Free(1) U Free(3?) C Free(3) U Free(®) and for all structures A, € Str(c), all
(W, A LU B)-assignments s, and all (V, P*(A U B,<))-assignments p:

(@*(ALB,<),p) B iff (Ba)([B1A, (s Up) ) [B71(B, (s U p)l)) = 1.
Proof. By Lemma we know that there is a formula o € MSO(o) such that

(P*(AUB,<),p) E LI (AUB,cUp) E a.

We then use Theorem [3.8] for the formula a to obtain n > 1, tuples of formulas
B, 32 € MSO(0)", and an expression B € Exp,,(B) as required. O

Theorem 3.14 ([71]). Let ® = (¢y, (¢1)7TeRel,) be a o-T-translation scheme over
W and Z,V be a set of first and second order variables such that V, W, and Z are
pairwise disjoint, and [ € FO(T) with variables from V. Then there exist n > 1,
tuples of formulas 81, 3% € FO(o)", and an expression Bg € Exp,(B) such that
Free(B) U Free(32) C Free(3) U Free(®) and for all structures A, B € Str(c), all
W, A L B)-assignments s, and all (V, P*(A x B,<))-assignments p:

(@*(A x B,<), p) £ B iff (Bah([B1(R, (s Up)la), [B2)(B, (cUp)Is)) = 1.

Proof. We proceed as in the proof of Theorem [3.13] and combine Lemma [3:12] and
Theorem [3.9 O

Example 3.15. We consider the signature o of a labeled graph, i.e., Rel, = {edge,
label,, labely} where edge has arity 2 and label,, label, both have arity 1. Given
two directed rooted labeled trees &1, ®, in this signature (see Example , we
can use a translation scheme to add edges between all leaves of &; and the root
of B9 in &1 LI By. For this scenario, we have to distinguish between the vertices
from the first and the second graph, so the use of an intermediate signature is
necessary. We define the signature ¢’ to be o extended by the relation symbols
G1 and Gsq of arity 1. Then for i € {1,2}, we define a o-o’-translation scheme

P; = (u, Peage: Plabel, » Plabel,, Dy 9,) 85

¢y = true
¢/edge = edge(z1, 22)
Plabel, = labely(21)
Plabel, = labely(21)
i true ifi=j
¢G; = {

false otherwise.
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With the abbreviations
root(z) = —Jy.edge(y, x)
leaf(z) = —3y.edge(x, y)
we then define the o’-o-translation scheme ® = (¢y/, Pedges Plabel, s Plabel,) through
bedge = €dge(z1, 22) V (G1(z1) A G2(22) Aleaf(z1) Aroot(za)).

Then & = &*(P5 (&) L P5(B3)) is exactly &1 LI B2 with the leaves of &1 connected
to the root of 5. We now consider the formula

B = Jz.Fy.(edge(x, y) A label,(z) A labely(y))

which asks whether there is some edge between an a-labeled and a b-labeled vertex.
We can apply Lemma and Theorem to obtain the following decomposition
of 3. Let

Bt = (B,3x.abel, (x) Aleaf(z))

B% = (B, 3yJabely(y) A root(y))
Bﬁ =z1Viy1 vV (SL‘Q /\yz).

Then we have

& |= B iff (Ba)([8'](81), [67](&2)) = 1.

3.4 Weighted Feferman-Vaught Theorems

Our goal is to prove weighted versions of Theorems and [3.14] That is, we would
like to replace FO by wFO and MSO by wMSO in those theorems. This, however, is
not possible as we will see in Sections [3.4] and For disjoint unions, we have to
restrict the use of the first order product quantifier and entirely remove the second
order product quantifier in wMSO. For products, it is not possible to include the first
order product quantifier at all.

Formulation of the theorems

Let o be a signature and K a commutative semiring. We define two fragments of
our logic and formulate our weighted versions of Theorems and for these
fragments.

Definition 3.16 (Product-free weighted first order logic). We define the product-free
first order fragment of our logic through the grammar

pu=Bk|le@po|e®e| Dy,

where § € FO(0) is a first order formula, x € K, and x is a first order variable. By
wFO®'free(a, K), we denote the set of all such formulas. In fact, wFO®'free(a, K)is
the set of all formulas from wFO(o, K') which do not contain any first order product
quantifier. Using this fragment, we will formulate a weighted Feferman-Vaught
decomposition theorem for products of structures.
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Definition 3.17 (Product-restricted weighted monadic second order logic). In order
to define the product-restricted fragment of our weighted monadic second order logic,
we first define the fragment of so-called almost Boolean formulas through the grammar

pu=Blrlyvad|Pey,

where 8 € MSO(0) is a monadic second order formula and « € K. This fragment,
which we denote by wMSO*P°°(¢, K), already appeared in [27] in the form of
recognizable step functions. To obtain the main theorem of [27], the product quantifier
was restricted to quantify only over recognizable step functions. We employ the
same restriction and define the product-restricted fragment of our logic through the
grammar

pu=PFlrleo@eleRp|Bre|RQry | DX.p,

where € MSO(o) is a monadic second order formula, x € K, z is a first order
variable, X is a second order variable, and 1) € wMSO*"°°!(g, K) is an almost
Boolean formula. By WMSO®'Y€S(U, K) we denote the set of all such formulas. The
set wMSO® (g, K) contains all formulas from wMSO(c, K) which do not contain
any second order quantifier and where for every subformula of the form )z.1) we have
that ¢ is an almost Boolean formula. Our weighted Feferman-Vaught decomposition
theorem for disjoint unions of structures will be formulated for this fragment. In [27]
it was shown that for finite and infinite words, this fragment is expressively equivalent
to weighted finite automata.

We note that the restrictions we impose on the product quantifier are necessary
as we will show in Sections [3.4] and 3.4, We formulate the weighted versions of

Theorems and as followsH Let 7, W, and Z be as in Section

Theorem 3.18. Let K be a commutative semiring. Let ® = (¢y, (1) 1eRel,) be a o-
T-translation scheme over W and Z,V be a set of first and second order variables such
that V, W, and Z are pairwise disjoint, and @ € WMSO®'reS(T, K) with variables
from V. Then there exist n > 1, tuples of formulas @, 3? € wMSO® TS (o, K)"
with Free(@t) U Free(¢?) C Free(p) U Free(®), and an expression E, € Exp, (K)
such that the following holds. For all finite structures 2,8 € Str(o), or, for all
structures A, B € Str(o) if K is bicomplete, all WV, 20U B)-assignments <, and all
(V, 2* (A B, ))-assignments p we have

[Pl (@* (AL B,<), p) = (B[R, (s U p)la), [$7](B. (< U p)Iw)).

Theorem 3.19. Let K be a commutative semiring. Let ® = (¢y, (¢1)TeRel,) be a
o-T-translation scheme over W and Z,V be a set of first and second order variables
such that V, W, and Z are pairwise disjoint, and @ € WFO®'free(T, K) with variables
from V. Then there exist n > 1, tuples of formulas ¢, ¢° € WFO®'free(a, K)"
with Free(@t) U Free(¢?) C Free(p) U Free(®), and an expression E, € Exp, (K)

Tn [92] a weighted version of Theorem similar to ours is stated (without proof) to hold
without any restriction on the first order product quantifier. However, in Section [3.:4] we show that a
restriction on the product quantifier is necessary.
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such that the following holds. For all finite structures 2,8 € Str(o), or, for all
structures A, B € Str(o) if K is bicomplete, all (W, 2 x B)-assignments s, and all
(V, &*(A x B, ))-assignments p we have

[l (@*(2 x B,5), p) = (EN ([ 1A (s U p) ), [8°1(B, (s U p) 1))

The proofs of both theorems are deferred to Section [3.4] For formulas without
free variables and a trivial translation scheme, i.e., 0 = 7, ¢yy = true, and ¢p =
T(21, . Zar, (7)) for all T' € Rel,, the theorems reduce to the following, simplified
versions.

Theorem 3.20. Let K be a commutative semiring and o € wMSO® (5, K) be a
sentence. Then there exist n > 1, tuples of sentences @, 3° € wMSO® TS (o, K)7,
and an expression E, € Exp, (K) such that the following holds. For all finite
structures A,B € Str(o), or, for all structures A, B € Str(o) if K is bicomplete, we
have

[l B) = (BN (2" 1(), [£°)(B)).

Theorem 3.21. Let K be a commutative semiring and ¢ € wFO® (5 K) be a
sentence. Then there exist n > 1, tuples of sentences @*, p% € wFO® 'free(a, K)", and
an expression E, € Exp, (K) such that the following holds. For all finite structures
A,B € Str(o), or, for all structures A, B € Str(o) if K is bicomplete, we have

[e)(@ x B) = (E) (£ 1), [£°1(B)).

Example 3.22. To illustrate Theorem |3.20] we consider the semiring of natu-
ral numbers (N,+,-,0,1) and the signature o of a labeled graph, i.e., Rel, =
{edge, label,, label,} with edge binary and label,, label, both unary. Consider the
following formula which multiplies the number of vertices labeled a with the number
of edges between two vertices labeled b.

Px.label,(z) | ® | Px.Py-edge(z,y) A labely(x) A labely(y)
—_——

=®@a =%b

The formula can be decomposed as follows. Let

@' =@ = (¢a, 1)
E, = (21 ©y1) ® (22 D y2).

Then for every two o-structures &1, o we have

[p](61 U &) = (E) (['](81), [*](®2)).

Example 3.23. In Example [3.5 we interpreted [¢] (2, p) as the number of proofs
we have that (2, p) satisfies ¢, assuming that ¢ does not contain constants. Applying
Theorem [3.18in this scenario means that the number of proofs that (AU, p) satisfies
a formula ¢ can be computed from the number of proofs we have that (2, plg) satisfies
some formulas ¢7, ..., and the number of proofs we have that (B, ply) satisfies
some formulas go%, ..., 2 by combining these numbers only through an expression.
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Example 3.24. In [92], it is discussed how translation schemes can be applied for
Feferman-Vaught-like decompositions of weighted properties. Theorems [3.18 and [3.19
show that this is possible for all properties which can be expressed by formulas in
our weighted logic fragments.

Necessity of restricting the logic for disjoint unions

In this section, we show that the restrictions we impose on the product quantifiers are
indeed necessary. For disjoint unions, we will prove that already Theorem does
not hold over the min-plus semiring Ryin = (R U {oo}, min, +, 00,0) and over the
max-plus semiring Ryax = (R U {—o00}, max, 4+, —00, 0) for the formulas Qz.y.1
and @X.1. To prove this, we employ Ramsey’s theorem. Then we show that for
the formula @z.Py.1, Theorem does not hold over the semiring (N, +,-,0, 1).
We note that these types of formulas also occurred in [27] and [33] as examples of
weighted formulas whose semantics cannot be described by weighted automata.

We will employ the following version of Ramsey’s theorem. For a set X, we denote
by [%] the set of all subsets of X of size 2.

Theorem 3.25 ([91]). Let X be an infinite set, k > 1 a positive integer, and
f: [g] — {1,...,k} a mapping. Then there exists an infinite subset E C N such

thatf[[%] =i for some i€ {1,...,k}.

Theorem 3.26. Let K € {Rpyin, Rimax}, 0 = (0,0) be the empty signature, and for
l € Ny consider the o-structures &) = ({1,...,1},0). Then for ¢ = @z.Qy.1 there
do not exist n > 1, ¢t, % € (WMSO(o, K))", and E, € Exp, (K) such that for all
l,m e Ny we have

[¢)(S1U Sm) = (EN([#1(S1), [#°1(Sm)). (3.4.1)

Proof. First, consider K = Ry,i,. For contradiction, suppose that n, @1, 2, and E,
as above satisfying exist. We may assume that £, = E1 @© ... ® Ej is in
normal form with all E; pure products. For [ > 1 and i € {1,...,k} we let a;; =
[PRDY(E;, @1, *)](&;) and b; = [PRD?(E;, g%, 2)](S;). Then by assumption we
have

(14 m)? = [2)(S1 U &,,) = minay; + ). (3.4.2)

Given [ > 1 and m > 1, for at least one index j € {1,...,k} we have (I +m)? =
ayj + byj. We define ji,, as the smallest such index. Then we define a function
f: [NTJ’] —{1,...,k} by f({l,m}) = jim for | < m. Then we take E' C N} according
to Ramsey’s theorem. As F is infinite, there are [, \,m, p € E with [ < A <m < pu.
With j = ji,, we thus have

(Il +m)* = ajj + b
(A +m)? = axj + b,
(14 p)? = ay; + by;
A+ )% = anj + by;.
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This implies that
A+ =N+m?+1+p?—(1+m)?
= A2+ 12+ 2 m + 2lp — 2lm
= +u?=20=D)(p—m)
< (A +n?

a contradiction. Therefore, n, 3%, @?, and E, as chosen cannot exist.
The proof for the max-plus semiring is in fact identical, the only difference is that

equations ((3.4.2) become

(14 m)? = [¢1(81 U Sm) = max(as; + brn). -

Theorem 3.27. Let K € {Ruyin, Rimax}, 0 = (0,0) be the empty signature, and for
I € Ny consider the o-structures &, = ({1,...,1},0). Then for ¢ = QX.1 there
do not exist n > 1, ¢*, % € (WMSO(0, K))", and E, € Exp,(K) such that for all
l,m e Ny we have

[](&1 U Sm) = (EN([21(S1), [#°)(Sm))-

Proof. We proceed as in the proof of Theorem and by contradiction obtain a
system of equations

k
2 = [](6, U &) = min(ay; + byni)-

Also employing Ramsey’s theorem in the same way, we obtain [ < A < m < u and
j€{l,...,k} such that

2[+m = alj + bmj
2)\+m = ayj + bm]

2l+u = alj + bﬂj

AR — a); + buj,
which gives us the equality

2)\+,U, — 2/\+m + 2l+u _ 2l+m'
By dividing by 24™ we obtain
9+ (u=m) — A=l | gu=m _ 1, (3.4.3)
However, we have
2()\7l)+(u*m) > 2)\7l 4 QH—m
>0t popmm

which contradicts equation (3.4.3)). 0
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Theorem 3.28. Let K = (N,+,-,0,1), 0 = (0,0) be the empty signature, and for
l € Ny consider the o-structures &; = ({1,...,1},0). Then for ¢ = @z.Py.1 there
do not exist n > 1, @, 3% € (WMSO(o,N))", and E, € Exp,(N) such that for all
l,m e Ny we have

[¢)(S1U 6m) = (BN ([91(1), [#°1(6m)). (3.4.4)

Proof. We proceed by contradiction and assume n, ¢, 3, and E, as above satisfying
exist. We may assume that K, = F1 @ ... ® Ej, is in normal form with all E;
pure products. For [ > 1 and i € {1,...,k} we let a;; = [PRD*(E;, g%, ?)](&;) and
b = [PRD?(E;, ¢%, %)](S;). Then by assumption we have

k

1 +m) ™ =[] (S USm) = > (ay - bmi). (3.4.5)
=1

For every j € {1,...,k} we choose L; > 1 such that ar,; # 0, or let L; = 0 if for all
[ > 1 we have a;; = 0. Assume m > 1 and j € {1,...,k} with L; # 0, then ar; > 1,
hence

k

(Lj + m)(Ljer) = Z(aLji bmi) > (aij ) bmj) = bmj.
=1

In particular, with L = max{L; | i € {1,...,k}}, we have that for every j € {1,...,k}
either (i) by; < (L+m)E+™) for allm > 1 or (ii) a;; = 0 for all 1 > 1. Note that from
equation it follows that L = 0 is impossible. In the same fashion, we can find
M > 1 such that for every I > 1 and every j € {1,...,k} either (i) a; < (I+M)(+M)
for all [ > 1 or (ii) by,; = 0 for all m > 1.

Now, for arbitrary [ > 1, consider the special case

k

1+t = Z(ali “by;).

i=1

If j € {1,...,k} such that either q;; = 0 for all { > 1 or by,; = 0 for all m > 1, then
clearly also (a;; - byj) = 0. If j is not like this, we have

(a; - b;) < (1 + M) (L4 )EH) < (1 4 0)20+0)
for C' = max{L, M}. In summary, we have
202 < k(l + C)20+C)
for every [ > 1. Now if [ is of the form NC for some N € N, we have
20)% < k(1 4 C)20+C)
& 2NC)YNC < VE((N + 1))V
& @2N)N < VEC(N +1)(V+D

2N N \Y .
_ < .
< N+1<N+1) < Vko
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However, this inequality cannot hold for all N € N, as

2N N—o00 < N )N N—o00 6_1

L Noeo, d
N+1 too an N+1

Necessity of restricting the logic for products

The proof of Theorem [3.26] can also be used to show that no Feferman-Vaught-like
theorem holds for products if the first order product quantifier is included in the
weighted logic. More precisely, already Theorem [3.:21] does not hold over the min-plus
and max-plus semirings for the formula ¢ = ®z.1 even if g and @? are allowed to

be from wMSO(o, K).

Theorem 3.29. Let K € {Ryin, Riax}, 0 = (0,0) be the empty signature, and for
I € N1 consider the o-structures &, = ({1,...,1},0). Then for ¢ = Q.1 there
do not ezist n > 1, g1, 5% € (WMSO(o, K))", and E, € Exp,(K) such that for all
l,m € Ny we have

[¢)(&1 x &) = (BN ([#1(&0), [°)(Sm)).
Proof. Like in the proof of Theorem [3.26] for K = Ry, we reduce the problem to a
system of equations

k
tm = [p)(&1 x Grm) = min(as + bmy)-

Employing Ramsey’s theorem, we again obtain [ < A < m < p and j € {1,...,k}
such that

Im = aj + by
Am = ayj + by
lp = ap; +byj
A= axj + byj.

Thus, we have

A =2Am+1lp—Im
— M= (A= D)( — m)
< A,

which is a contradiction. For K = Ry,.x, the proof is again analogous. O

Proofs of the theorems

We now turn to the proofs of Theorems [3.18| and First, we show that we can
reduce the proofs to the case where the translation scheme is the identity.
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Lemma 3.30. Let ® = (¢u, (¢1)7eRel.) be a o-T-translation scheme over W and
Z, YV be a set of first and second order variables such that V, W, and Z are pairwise
disjoint, and ¢ € wMSO(7, K) with variables from V. Then there exists a formula
1 € wMSO(o, K) with Free(y)) C Free(yp)UFree(®) such that the following holds. For
all finite structures A € Str(o), or, for all structures A € Str(o) if K is bicomplete,
all (W, 20)-assignments s, and all (V, ®*(2,<))-assignments p we have

[l (2% (A, 6), p) = [¢](A, s U p).

If ¢ is from wMSO® (1, K) or WFO®_free(7', K), then ¢ can also be chosen as a
formula from wMSO® (5, K) or wFO® ¢ (5 K, respectively.

Proof. We proceed by induction. In the sequel we will assume that for formulas
¢, ¢1, and g, the lemma holds by induction with the formulas v, 11, and )9,
respectively.

For ¢ = g € MSO(7), we obtain ¢ by applying Lemmato B. Forp=r €K,
we let ¢ = k. For o = 1 ® g or ¢ = 1 ® P2, we define ¥ = Y1 B o or Y = Y1 Qo
respectively.

For ¢ = Px.¢’, we let p = Px.(¢¥' @ dy(x)).

For o = @PX.¢', we let ¥ = PX.(¢V' @Vr.(x € X — ¢y(x))).

For ¢ = @u.¢', we let ¢ = Qu.((¢V' ® duy(x)) © ~du(x)).

For ¢ = ®X.¢', we define 8 = Vz.(z € X — ¢y (z)) and let p = QX .((¢'®@8)®—p).

Note that for the cases of infinite sums and products, we need that (); 1 =1 and
;0 = 0 for every index set /. The first is an axiom of our infinite products, the
latter follows from the distributivity of the infinite sum. O

Proof of Theorem[3.18 By Lemma [3.30] it suffices to prove the case 7 = o and
(AL B, ) =ALDB. We proceed by induction on the structure of p. We note that
the idea for the case ¢ = @z.¢ for some almost Boolean formula ¢ was suggested by
Vitaly Perevoshchikov.

B ¢ = [ for some € MSO(0)
We apply Theorem to the formula § and obtain [ > 1, tuples of formulas
B, 32 € MSO(0)!, and an expression Bg € Exp;(B) such that

(AUB, p) = B iff (Ba) ([B71(A, play), [52](B. pl)) = 1.

We may assume that Bg = B1V...V By, is in normal form with all B; pure conjunctions.
We let 7, = CONY(B;, 3%, 32) and & = CON?(B;, B, 32) for i € {1,...,m} (see
Construction . We set n = 2m and define

()51 = (717-' . 7’)’m7_"717---7_‘7m)

B2 = (01, 0my =01, ..., —0m).

Intuitively, we would now define the expression E, as (21 @ y1) @ ... B (Tm & Ym),
but this expression is not necessarily evaluated to 1 in K if «; A §; is true for more



34 CHAPTER 3. FEFERMAN-VAUGHT THEOREMS

than one index i. Instead, we define expressions Ej, € Exp, (K) for k € {1,...,m}
inductively by E1 = x1 ® y1 and

Ey = (Ek—1 ® ((Thtm @ k) B Ybtm)) © (T @ yg)

for k > 2 and set F, = E,,. The expression E}, is evaluated to 1 if 43 A ¢ holds,
and otherwise, if either 4 or d; does not hold, it is evaluated to Ey_1. We show by
induction that for all k € {1,...,m} we have

(B[R, pla), [821(B, 1) =
? if (B ([T, pla), [F21(B, plsg)) = 1 for some i € {1,..., k}

0 otherwise.

Let & = [@] (2L, ply) and X = [@?](B, plg). For k =1 we have, due to the fact that
R, A € {0,1}%™

(z1 @ 1) (R,A) =1
@/ﬂ:land/\l:l

< (A, pla) E 1 and (B, ply) = &

o (BTl P18, pla) = 1

and ((E1)) (R, \) = 0 otherwise. For k& > 1 and {(B;) ([B*](X, pla), [B?](B, pls)) = 0
for all i € {1,...,k}, we have (E}_1))(%,A\) = O by induction and at least one of
Ki, A\ is 0. Tt is easy to see that in this case (E;))(K,\) = 0. Otherwise either
{Ex_1))(R, ) = 1 by induction or k; = A\, = 1. Taking into account that the values
for z, Txarm and yg, Yr+m are always “dual”; a simple case distinction shows that in
this case (Ej) (&, \) = 1. In conclusion, we have [¢] (2L B, p) € {0,1} and

[el(ALB,p) =1
& (AUB,p) =P
& (Ba) ([T, pla), [B?1(B, ply)) = 1
& (BN BT, ply), [B°1(B, ply)) = 1 for some i € {1,...,m}
& (BN 21 pla), [971(B, pl)) = 1,

hence [] (% UB, p) = (BN ([P, pla), [821(B, pls)).

B ¢ =k for some kK € K
We let n =1, ¢} = p? = k and E, = 1.

Bo=CDn o
We assume the theorem is true for ¢ with ¢1,¢? € WMSO®'reS(U, K)! and E: €

Exp;(K), and for n with 7%,72 € wMSO® (g, K)™ and E, € Exp,,(K). We

let @1 = (C%v"'aCllvn%v"'anyjh)v 352 = (C1277C12577%777772n)7 and Ego = EC @Elv
where E{? is obtained from FEj, by replacing every variable z; by x;; and every varlable
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yi by y;11. We have

[l (ALB, p)

= [CJ(AUB,p) © [n] (AL B, p)
= (BN (IS, pla), [CP1(B, pl))
= (EN([2 1, pla), [2°](B pls))
= (E N[, pla), [871(B, plg))-

Bp=(Q1n
The proof is the same as for the previous case, only that here we define £, = F¢ ®E7’7.

(E) ([, pln), [771(B, pls)

@
& (BN "1, pla), [2°](B, pls))

B p=@Dz(

We assume the theorem is true for ¢ with ¢1,(? € WMSO‘g)'res(o'7 K)! and E: €
Exp;(K). We may assume that E; = E; @ ... ® E,, is in normal form with all E;
pure products and that x does no occur as a bound variable in any of the Cil or CZ-Z.
We let & = PRDl(EZ-, ¢1,¢?) and 6; = PRD?(E;, (1, ¢?). We set n = 2m and define

(@x'gla ceey @x§m7 51—x7 e ’g;LJ:)
@ — (D261, Db, 077, ... 07
E, = @21 (2 @ ym+i) © (Tmri @ yi))-

Then we have

[l (A LB, p)
= P KI@UB,plz— d))
ce AUB
= P (ENCTIE, plz = dly), [CI(B, plz = ] 1s))
ccALIB
= @ PUENICT plz — dla), [EP1(B, plz — c]ls))
ccALUB i=1
= P PIlaI@, plz — dla) © [6:](B, plz — c]l)
c€ALIB i=1
= PPl plale — al) © [6;71(B, plss)
acA i=1
b @EBH& ‘&L pla) © [60:1(B, plslz — b))
beB i=1
= EB (@[[& 1 ply [z — a])) o [0;°1(B, ply)
= acA

@ [& 1A, ply) © (@[[91‘]](%,Pf%[x — b]))

beB
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@[[GB%‘& (2, plo) © [07°1(B, pl) © [67 1, pla) © [D2-0:] (B, plog)

= (BN ([# T, pla), [2°1(B, pls))-
moo=@PX(

As for the first order sum quantifier, we assume that the theorem is true for ¢
with ¢, (% € wMSO® (5, K)! and E € Exp;(K) such that E; = By @ ... ® Ey,
is in normal form with all E; pure products. We let & = PRD(E;, (1, (?) and
0; = PRD?(FE;, ¢t ¢?). We set n = m and define

DX &, ... DX &)

(
95 (PX.01,...,6pX.00)
E, = D% (zi @ yi).

Then we have

[el (A LB, p)
P [KIAuB, p[X — 1))

ICAUB

= @ (ENICTE p[X — 11n), [CP)(B, pIX — 1]]))

ICAUB

@ EB[[@ (A, p[X — I1g) © [6:)(B, p[X — I]Ias)

GB B pralX = 1)) © [0:](B, plp[X — J])

i=1 ICAJCB

=D (EB[[&]](Q(,MQ[[X — 1})) ® (@[[Qi]](%,p[%[)( — J]))
i=1 \ICA JCB
b

[BX&IA pla) © [BX-0:](B, pls

= (BN ([£ TN, pla), [6°](B, plsn))-

B o = ®z.¢ with ¢ € wMSO0*P°°!(5, K) almost Boolean
Using the laws of distributivity in K and the fact that for two MSO formulas «, 5 €
MSO(o) we have [a® 8] = [aAB], we may assume that ( = (k1 ®01) ... B (ki ® F)
for some [ > 1, k; € K, and ; € MSO(o). First, we will show that we may even
assume that 1, ..., 5; form a partition, i.e., that for every (V,2 Ll B)-assignment p’
there is exactly one ¢ € {1,...,1} with (AU B, ) E 5.

For this, let Q = {51,761} x ... x {8, ~5;}. For every w = (w1,...,w;) € Q we
define a formula oz and kg € K as follows.

o= A o= @

.
H
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The empty sum is O by convention. It is clear that for every (V,2( Ll ®B)-assignment
p’ there exists a unique @ € Q with (AUB, p’) = ag. Moreover, for i € {1,...,1} we
have (AU B, p') = B if and only if (AU B, p') = ag for some w € Q with w; = 3;,
and in this case w is unique. We therefore have

l
[[C]](Ql U %7pl) = @ Ki © [[BZH(Q[ U %)p/)
=1

l
= @Hi@ @ [as](2A LB, p)
=SS
l
=P P #i©leal(@AuB, o)

=1 e
w;=P;

-P | P wi | @laal@uB,p)

weq | 1<i<i
w;i=p;

= @ ko © [ag] (AL B, o).
wes
Thus, [¢] = [PBsecq ko ® ag] and the family (ag)weq forms a partition in the above
sense. In the following, we simply assume that ( = (k1 ® 1) @ ... ® (k1 ® f;) and
that 81,..., 5 form a partition.

For every i € {1,...,1}, let X; € V be a second order variable not occurring in (.
We define the abbreviation

(x € Xi) > ki) = ((x € X;) @ K;) ®(x € Xj).

We write all of the X; into a tuple X and for sets I; C AU B (i € {1,...,1}), we let
I be the corresponding tuple of sets. Then for ¢ € ALI B and sets I; C ALl B we have

oz i ifecel;
(€ X;) > m](AUB, X — Lo — o) =" 1O
1 otherwise.

Now consider the formula
l l
(/\ Ve.(x € X; < ﬁz)) ® ®®x((x € X;) > Ki).
i=1 i=1
For sets I; CAUB (i € {1,...,l}) we have

!
[/\ Va.(z € X; < B)[(ALUB, p[X — 1))
=1

_{1 ifforallce AUBand alli e {1,...,l}:ce L iff (AUDB,plx — d]) = Bi

0 otherwise.
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Hence, the above is evaluated to 1 if and only if I; = {c € AU B | (AU B, p[z —
) = Bi} for all i € {1,...,l}. In this case, the family (I;)1<;<; is a partition of
AU B, since the family (5;)1<i<; forms a partition. Therefore, in this case we have

l
[Q) R.((z € X;) > ki) [ (ALDB, p[X — I])

=1

Jolok

i=1 cel;
l
= O DrolBl@us, ol - d)
ceEALB i=1
= (O KI@AuB,plz— )
ceAUB
= [e](A LB, p).

In conclusion, we have
l l
[¢] = [BX1.DX2... DX (/\ Vo (v e X; « 61)) ® ®®w((m € X;) > ki)
i=1 i=1

Therefore, it suffices to show this case of the induction for formulas of the form

v =Quz.((z € X)> k).

We let n = 1 and define ! = (Qz.((x € X)>k)) and E, = 21 ® y1. Then we
have
[&z.((z € X) > r)](AUB, p)
= [&z.((z € X) &> m)](, pla) © [Q.((x € X) > £)[(B, pls)
= (BN ([¢' 1A pla), [[902]](% pls))- O

Proof of Theorem[3.19. Again we proceed by induction and assume that 7 = o and
O*(AX VB, ) = AxB. The proofs for the cases ¢ = 5, ¢ = Kk, p = (Bn, and p = (RN
are identical to the ones used in the proof of Theorem [3.1§] for the corresponding
cases.

For the case ¢ = @xz.¢ we proceed as for the case ¢ = @ X.( in the proof of
Theorem as follows. We assume that the theorem is true for ¢ with ¢t,¢? €
wMSO® (g, K)! and E; € Exp,(K) such that E; = By ®...® By, is in normal form
with all E; pure products. We let & = PRD(E;, ¢, (?) and 6; = PRD?(E;, (1, (?).
We set n = m and define

= (Px.L1,-..,Pxrtn)

gb = (Px.01,...,Pzr.0n)
Ey, =@ (v @ yi).
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Then we have

[l (2 x B, p)

= P 1@ x B, plz — )
cEAXB

= P (ENICT plz — c]l9), [C21(B, plz — c]lg))
cEAXB

= P Pl plx — cllg) © [6:1(B, plz — c]lp)
cEAXB i=1

=P P PlIE, plalz — a]) @ [6:)(B, plg[z — b])
i=1 ac A beB

=P <@ﬂ§iﬂ<m,prm[m - a])) © (@ﬂei]](%,pr%[x - bl))
i=1 \a€A beB

= PIB=-&1(A ply) © [D-6:] (B, plsp)

=1

= (E N ([# 1A, pla), [71(B. pls))- 0

This concludes the proofs of Theorems [3.1§ and [3.19]

We note here that Theorems [3.18] and [3.19, which consider disjoint unions and
products of only two structures, can easily be extended to disjoint unions and products
of finitely many structures. This can be shown either by modifying the proofs of this
section directly, or by using an induction on the number of structures m, where the
base case m = 2 is given by Theorems [3.18 and [3:19] Since both proof methods are
technical but not too difficult to implement, we omit the formal proof.

3.5 Extensions

In this section, we want to consider several extensions of Theorems and
More precisely, we show two conditions on the semiring under which we can drop the
restrictions on the product quantifiers, and we show how to combine Theorems [3.18
and with transductions.

De Morgan algebras

In this section, we consider the special case where our semiring can be extended
by a unary operation — to form a De Morgan algebra (L,V,A,—,0,1). A tuple
(L,V,A,—,0,1) is called a De Morgan algebra if (L, VV, A, 0,1) is a bounded distributive
lattice and —: L — L is an involution satisfying De Morgan’s laws, i.e., we have
“(zVy) =Ny, 2(xANy) =2V -y, and -~z = x for all z,y € L. If <is
the induced order of the lattice (L,V,A,0,1), it follows that —: (L,<) — (L, <)
is an order-antiisomorphism. In particular, =0 = 1 and -1 = 0. A De Morgan
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algebra is called complete if (L,V, A,0,1) is a complete lattice. Since — is an order-
antiisomorphism, it follows that the equalities ~ A cx 2 =\ cx ~vand = \/ .y z =
Azex — hold for every subset X C L of a complete lattice L.

Example 3.31. Examples of De Morgan algebras include
e all Boolean algebras, in particular, the two element Boolean algebra B,

e Kleene or Priest logic ({F,I,T},V,\,—, F,T) where F' < I <T describes the
lattice and =1 = I, =F =T the negation,

e Belnap or Dunn logic ({F,B,N,T},V,A\,—, F,T) where F < B<T,F <N <
T, and B and N are incomparable, and the negation is given by =B = B,
-N=N,-F =T, and

e the Zukasiewicz logics, for example Lo, = ([0, 1], max, min, —,0, 1) where -~z =
1—=x.

Whenever we are dealing with a De Morgan algebra, we can include the operator —
into our weighted logic.

Definition 3.32 (De Morgan-extension). Let o be a signature. We define the De
Morgan-extensions of our weighted first order and monadic second order logics through
the grammars

pu=pFr]l-0lede|e@e|Pry| Qr.,

where € FO(o) is a first order formula, x € L, and z is a first order variable, and

pu=pBlrl-0leDplee|Pry|RQro|PX.o| QX.p,

where 8 € MSO(o) is a monadic second order formula, x € L, x is a first order
variable, and X is a second order variable, respectively. The semantics of - is defined
by [-¢](, p) = —[e] (A, p) for a o-structure A and a variable assignment p. By
wFO™ (0, L) and wMSO7 (o, L), we denote the sets of all such formulas, respectively.
Weighted logics for words over bounded lattices were also considered in [35], where
the authors showed that Kleene-type and Biichi-like results hold for these logics.

Since L is a De Morgan algebra, it is easy to see that for every formula ¢ €
wMSO™ (¢, L) the formulas @z.¢ and =@Px.~p are semantically equivalent. The
same holds true for the formulas @ X.p and - X.—p. Therefore, in this scenario
we do not need any restriction to formulate weighted Feferman-Vaught decomposition
theorems. Let 7, W, and Z be as in Section [3.3

Theorem 3.33. Let L be a De Morgan algebra, ® = (¢y, (¢1)TeRel,) be a o-T-
translation scheme over W and Z, V be a set of first and second order variables
such that V, W, and Z are pairwise disjoint, and ¢ € wMSO™ (7, L) with variables
from V. Then there exist n > 1, tuples of formulas @*, 3> € wMSO™ (o, L)™ with
Free(@t) U Free(¢?) C Free(p) U Free(®), and an expression E, € Exp, (L) such
that the following holds. For all finite structures 2,8 € Str(o), or, for all structures
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A, B € Str(o) if L is complete, all WV, ALIB)-assignments s, and all (V, P*(ALIB,<))-
assignments p we have

[Pl (@* (AL B,<), p) = (B[R, (s U p)la), [$7](B. (< U p)Iw)).

Theorem 3.34. Let L be a De Morgan algebra, ® = (¢y, (¢1)TeRel,) be a o-T-
translation scheme over W and Z, V be a set of first and second order variables
such that V, W, and Z are pairwise disjoint, and ¢ € wFO™ (7, L) with variables
from V. Then there exist n > 1, tuples of formulas @*, 3> € wFO (o, L) with
Free(pl) U Free(p?) C Free(p) U Free(®), and an expression E, € Exp, (L) such
that the following holds. For all finite structures A,B € Str(o), or, for all structures
2,8 € Str(o) if L is complete, all W, AxB)-assignments s, and all (V, P*(AxB,¢))-
assignments p we have

[¢)(@* (A x B,<), p) = (EN([# 1, (s U p) o), [#°1(B, (s U p)1w)).

Proof. We proceed as in the proofs of Theorems [3.18) and [3.19, To see that we
can assume the translation scheme to be trivial, note that the inductive proof of
Lemma can easily be extended to wMSO™ (o, L): if ¢ = =¢’ and the lemma is
true for ¢’ with the formula v’, then we can choose 1) = —nb’

Using the inductive steps of the proofs for Theorems [3.18 and [3.19 and the above
rewriting of product quantifiers into sum quantifiers through a double weighted
negation, we see that it only remains to show the inductive step for the weighted
negation ¢ = —( as follows.

We proceed as in the proof for the Boolean case. Also, the proofs for the disjoint
union and the product are the same, so in the following let € = AL or € = 2 x B.
We assume the theorem is true for ¢ with E¢ € Exp;(L) and ¢, ¢? from wFO™ (o, L)’
or from wMSO™ (o, L)!. We may assume that E; = Ey @ ... ® Ey, is in normal form
with all F; pure products. We let & = PRDY(E;, (1, ¢?) and 6; = PRD?(E;, ¢1, ¢?)
and define

@1 = (ﬂé-l?"‘?_'fm)
()52 = (_'Clv"'7_'cm)

Then we have

~(EN ST, ply), [CP1(B, pln))
== VAEN TR, pla): [CP1(B, pls))
=1

[¢](€, p)

= S VIEI 1) A 10108, pl)

=1

/\[[ﬁ& (2L plo) V [20:](B, pls)
=<< NPT, pla), [9°1(B, p1w)). O
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Weakly biaperiodic semirings

In this section, we show that Theorems and hold true without the need
for any restriction whenever our weights are taken from a weakly biaperiodic com-
mutative semiring. A monoid is called weakly aperiodic if for every element x there
exists a positive integer n such that z" = 2", We call a semiring (K, ®,®,0,1)
weakly biaperiodic if both its additive monoid (K, ®,0) and its multiplicative monoid
(K,®,1) are weakly aperiodic. Weighted logics for words over weakly biaperiodic
semirings were also considered in [27, 35].

Example 3.35. Examples of weakly biaperiodic semirings include
e Every De Morgan algebra, in particular, all semirings from Example
e the Lukasiewicz semiring ([0, 1], max, ®,0, 1) where x ® y = max{0,z +y — 1},

e the truncated min-plus semiring ([0, d|, min, +4, d, 0) for a real number d > 0,
where x +4y = min{d, x + y}.

For weakly biaperiodic semirings, we can show that every quantifier, when quan-
tifying over an almost Boolean formula, again models an almost Boolean formula.
The proof for this employs explicit case distinctions to compute the outcomes of
the quantifiers. By induction, it follows that for weakly biaperiodic semirings, every
wMSO formula is semantically equivalent to an almost Boolean formula, i.e., a formula
containing no weighted quantifiers. We thus have the following lemma.

Lemma 3.36. Let K be a weakly biaperiodic commutative semiring and o a
signature. Then for every formula ¢ € wMSO(o, K), there exists a formula
¥ € wMS0*P° (g, K) with [p] = [].

Proof. We proceed by induction. For the cases ¢ = 8 € MSO(0,K), ¢ = k € K,
© = 11 @1y, and @ = ) @ 1Py with U1,y € wMSO*P°!(5, K), the statement is
clear.

For the cases ¢ = Pz.¢', ¢ = PX.¢', ¢ = Qu.¢/, and p = QRX.¢' with
¢ € wMSO(o, K), we proceed as follows. By induction, we assume that there
exists an almost Boolean formula ¢/ € wMSO*?°°! (g, K) such that [¢'] = [¢']. We
assume that ¢’ is of the form ¢/ = (k1 ® 1) & ... & (k; ® (5;), where b1,...,[5
form a partition like in the proof of Theorem [3.18] By the assumption that K is
weakly biaperiodic, there exists for every i € {1,...,l} a number n; € N4 such that
@?;1 K = @;“;{1 ;. We let Ny = max!_, n;. Likewise, there exist n; € N} such
that (OjL, ki = Q;”;{l k; for every i € {1,...,1}. We let Ny = max'_; n;. Then
with N = max{Ny, Na} we have Eijzl Ki = EB;V:JEI ki and @jvzl Ki = O;V:Jil ki for
all i € {1,...,l}. Furthermore, we define abbreviations as follows. For first order
variables y; and yo2 and second order variables Y7 and Ys, we let

(1 =y2) =VZ.(n € Z > y2 € Z)
(Yl = }/2) :VZ.(Z e ze€ Yg).
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Now let 5 € MSO(o, K) be a monadic second order formula. For a first order
variable y, we denote by 3(y) the formula which results from § by renaming every
free occurrence of the first order variable = to y. For a second order variable Y, we
denote by (Y) the formula which results from S by renaming every free occurrence
of the second order variable X to Y. Then for m € Ny and X € {z, X}, we define
the abbreviations

My f =34, ... apcm.( A Bx) A N\ (% = Xj))
i=1 i#j
JnX.f=3FEMX B A -(FZMTLXB)
X3 ifm <N

Inx.B =
g {HZNXﬂ if m > N,

where Xy, ..., X, ¢ Free(¢’) are first order variables if X = z, and they are second
order variables if ¥ = X. For every o € {0,..., N}, we define the constants

v I v
/{@:@@m A;,z@@m.

i=1 j=1 i=1 j=1

Again, the empty sum is defined as O and the empty product as 1. Then for the case
o =@PX.¢ with X € {z, X}, we define the formula

l
b= P re \IXEB

ve{0,...,N } i=1

By the definition of k3 and the choice of N, we have [¢] = [¢] and ¥ is almost
Boolean. For the case p = @X.¢’ with X € {z, X}, we define

l
v= P o \IXs.

176{07"'7N}l i:1
Again, we have [¢] = [¢] and ¢ is almost Boolean. O
We let 7, W, and Z be as in Section Then we have the following theorems.

Theorem 3.37. Let K be a weakly biaperiodic commutative semiring. Let ® =
(du, (¢7)1eRrel,) be a o-T-translation scheme over W and Z, V be a set of first
and second order variables such that V, W, and Z are pairwise disjoint, and ¢ €
wMSO(T, K) with variables from V. Then there exist n > 1, tuples of formulas
@Y, % € wMSO(a, K)" with Free(p') U Free(@?) C Free(y) U Free(®), and an
expression E, € Exp,, (K) such that the following holds. For all structures A,B €
Str(o), all W, L B)-assignments ¢, and all (V,*(A L B,))-assignments p we
have

[e)(@*(ALB,<), p) = (B[R, (s U p)la), [$7)(B. (< U p)Iw)).
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Theorem 3.38. Let K be a weakly biaperiodic commutative semiring. Let ® =
(1, (1)TeRel,) be a o-T-translation scheme over W and Z, V be a set of first
and second order variables such that V, W, and Z are pairwise disjoint, and ¢ €
wFO(7, K) with variables from V. Then there exist n > 1, tuples of formulas
¢t, % € wFO(o, K)" with Free(g*)UFree(3?) C Free(yp)UFree(®), and an expression
E, € Exp, (K) such that the following holds. For all structures A, € Str(o), all
W, A x B)-assignments ¢, and all (V, P*(A x B,¢))-assignments p we have

[P)(@* (A x B,<), p) = (EN([F T (< U p) 1), [271(B, (U p) Ip))-

Proof. This can be shown using the exact same methods as in the proofs of Lemma[3.30]
and Theorems and Note that, since every formula ¢ € wMSO(o, K) is
equivalent to some almost Boolean formula, we do not need any assumptions on the
finiteness of our structures. O

Courcelle’s transductions

Like translation schemes, transductions provide a tool to translate structures over one
signature into structures over another signature. Transductions extend our notion of
translation scheme by allowing multiple copies of the given universe. More precisely,
a o-T-translation scheme is a 1-o-7 transduction in the sense defined below. In the
following, we show that, with some adjustments, our weighted Feferman-Vaught
Theorems can also be applied to transductions. For a survey on transductions, see
[23].

Definition 3.39 (|23]). Let & > 0 be a natural number, [k] = {1,...,k}, and
sk ={(T,7) | T € Rel, and 7 € [k]*(T)}.

A k-o-T-transduction ¥ over W and Z is a tuple (¢,,... ,@Z)f{, (Vw )wer«k) Where
¥}, w € MSO(0) are formulas with variables from WU Z. The variables from Z
may not be used for quantification, i.e., all variables from Z must be free.

Intuitively, the formulas ¢},, . . ., f{ are filters for the copies of the universe, i.e.,
for an element a from the universe of the o-structure, there will be one copy of
a in the universe of the new 7-structure for each 1/)}/{ which is satisfied when the
free variable z is mapped to a. Likewise, the formulas ¢(75) are used to define the
interpretation of T for the new 7-structure, where 7 determines from which copy of
the universe each entry of the new tuple has to be.

For a o-structure 2 = (A,Zy) and a (W, 2)-assignment ¢, the W-induced 7-
structure of 2 and ¢, denoted by WU*(2,<), is defined as a T-structure with universe
Ug and interpretation Zg as follows. For i € {1,...,k} we define

Ai={ae Al (Aslz—a]) E vy}
and let ¢;: A; — A1 U...U A be the inclusions. Then we let
U= A1 U...UAg

IQ(T) = U {(Lil (al)a s i o (aarT(T))) | (al’ cee 7aarT(T)) €
R A L x Ai iy and (A,6[2 = a]) E Y}
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where 7 = (i,... 7iarT(T)) and a = (aq,... ,aarT(T)).

We refrain from restricting the domain of the transduction, as it does not make
any difference for our purpose.

We can prove an analogue of Lemma for transductions. Therefore, Theo-
rems and are true for transductions as well. However, we have to make two
small concessions. First, for the Boolean fragment of our first order logic, we need a
new atomic formula def(z), where x is a first order variable. This formula is satisfied
if the variable z is defined, and otherwise it is not satisfied. For our second order
logic, we use def(z) as an abbreviation for the formula 3X.(x € X). We denote by
def-wFO(o, K) the first order logic where def(z) is allowed as an atomic formula.
Second, the variables of the formula we want to “translate” do usually not suffice for
the translated formula. In particular, the translated formula potentially has more
free variables than the formula to translate.

For a set of first and second order variables V and k > 0, we let VY% = {X7 | X €
V,i € {1,...,k}} be the set of variables containing k copies of every variable from
V. Then, with the above notation, we define for a (V, U*(2,<))-assignment p the
(VYE 2)-assignment p?* by
17N p(X) N i(A)) if X is a second order variable

)

P (XY =T (p(X) if X' is a first order variable and p(X') € ¢;(A)

)

undefined if X is a first order variable and p(&X') ¢ ¢;(A).

Then we have the following lemma.

Lemma 3.40. Let K be a commutative semiring. Let U = (1, ..., 08, (Yw)werek)
be a k-o-1-transduction over W and Z,V be a set of first and second order variables
such that V, W, and Z are pairwise disjoint, and ¢ € def-wFO(7,K) or ¢ €
wMSO(T, K) with variables from V. Then there ezists a formula ¢ € def-wFO(o, K)
or ¢ € wMSO(o, K), respectively, with Free(v) C Free(¢)“* U Free(¥) such that the
following holds. For all structures 2 € Str(o), or, for all structures 2 € Str(o) if K
is bicomplete, all (W, 2)-assignments s, and all (V, V*(2,))-assignments p we have

[l (U*(2,5), p) = [¥](A, s U p¥).

If ¢ is from wMSO® (7, K) or def-wFO®¢(+ K then ¢ can also be chosen
as a formula from wMSO® (5, K) or def-wFO® (5 K), respectively. Fur-
thermore, if ¢ does not contain free variables, 1 can be chosen to not contain any
subformula of the form def(z).

Proof. We proceed by induction and first cover the Boolean case.
If p =T(x1,...,2,) for some T € Rel,, we let

Y= \/ (¢(T,i)(£[}?7 ... ,xil") A /\ def(x;ﬁ))_
j=1

€[k]m

If o= (z € X), welet p =\ 2 € X\ If o = def(x) we let ¢ = \/¥_, def(z?).
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Now we assume that by induction, the theorem holds for the formulas @1, @,
and ¢’ with the formulas 11, 12, and ¥'. If © = @1 V g, we let 1p = 11 V 1o, and if
o=, welet ¢ = ).

If o = 3x.¢, we define for i € {1,...,k} the formula ¥'** as the formula obtained
by replacing all atomic subformulas in 1’ that contain a variable 27 with j # i by
false. Then we let ¢ = \/i?:1 Fat. (Y, (x') AT,

If = 3X.¢/, we let ¢ = IX ... 3X*, (W AN Vo (z € X — ¢;‘,(m))>, where
x is a new first order variable.

We now turn to the weighted case.

Ifo=kre K, welet v =xk.

If o =1 D @2 or Y = Y1 ® o, we let P = 11 B Y2 or Y = 11 ® g, respectively.

If o = @, we let o = PF_, P, (v, (z") @ T,

If o = X, we let ¥ = DX'... DX (zp’@/\levx.(x e Xio ng,(a;))),
where x is a new first order variable.

If o = @u.¢, we let ¥ = @y @' (" @ vy (a')) ® ~f (a1)).

If o = @X.¢ we define = A" Vo.(x € XP - Yi,(z)), where z is a new first
order variable, and let ¢ = QX' ... QX .((v/ @ B) © =p).

To see that all atomic subformulas def(x) in ¢ can be removed if ¢ does not
contain free variables, note that every subformula def(z) can be replaced by true
without changing the semantics of v if = is a bound variable. O

With this, we have the following versions of Theorems and for transduc-

tions.

Theorem 3.41. Let K be a commutative semiring. Let ¥ = (¢}, ... 0, (Yu)wersk)
be a k-o-T-transduction over W and Z, V be a set of first and second order vari-
ables such that V, W, and Z are pairwise disjoint, and ¢ € def-wMSO® TS(1, K)
with variables from V. Then there exist n > 1, tuples of formulas @Y, 3% €
def-wMSO® (g, K)" with Free(@l) U Free(2) C Free(p) % U Free(¥), and an
expression E, € Exp,(K) such that the following holds. For all finite structures
A, B € Str(o), or, for all structures A, B € Str(o) if K is bicomplete, all WV, ALIB)-
assignments ¢, and all (V, U* (AU B,¢))-assignments p we have

[L)(TH(AUB,<), p) = (EN BT, (s U p™) ), [8°](B, (s U p¥) Is))-

Theorem 3.42. Let K be a commutative semiring. Let U = (4}, ... ,¢Z]f{, (V) wersk)
be a k-o-T-transduction over W and Z, V be a set of first and second order vari-
ables such that V, W, and Z are pairwise disjoint, and @ € def—wFO®'free(T, K)
with variables from V. Then there exist n > 1, tuples of formulas @*,@° €
def-wFO® e (5 K)" with Free(p) U Free(@?) C Free(p) ' U Free(¥), and an
expression E, € Exp,(K) such that the following holds. For all finite structures
2A,B € Str(o), or, for all structures A, B € Str(o) if K is bicomplete, all WV, A x B)-
assignments s, and all (V, ¥* (A x B,))-assignments p we have

[e) (2 (2 x B,), p) = (BN ([T, (s U p™) o), [$°)(B, (< U p7)1m)).
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Proof. Theorems and are immediate by first applying Lemma and
then Theorem [3.18 or Theorem [3:19] respectively, while treating def as a relation
symbol. O






Decidable Properties
of Max-Plus Tree Automata

Homer Kids, there’s three ways to do things.
The right way, the wrong way, and the Max Power way!
Bart Isn’t that the wrong way?
Homer Yeah, but faster!

“Homer to the Max”, The Simpsons
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In this chapter, we extend four decidability results from max-plus word automata
to max-plus tree automata. A max-plus word automaton is a finite automaton
which assigns real numbers to words over a given alphabet. The transitions of a
max-plus automaton each carry a weight from the real numbers. To every run of the
automaton, a weight is associated by summing over the weights of the transitions
which constitute the run. The weight of a word is given by the maximum over the
weights of all runs on this word. More generally, max-plus word automata and their
min-plus counterparts are weighted automata [99, (98], (68| [8, 29] over the max-plus or
min-plus semiring. Min-plus automata were originally introduced by Imre Simon as
a means to show the decidability of the finite power property [103, [104]. Since their
introduction, max-plus and min-plus automata have enjoyed a continuing interest
[66, 55, 63, 10, 24, [46] and they have been employed in many different contexts.
To only name some examples, they can be used to determine the star height of a
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language [54], to prove the termination of some string rewriting systems [107], and to
model certain discrete event systems [64]. Additionally, they appear in the context of
natural language processing [76], where for reasons of numerical stability, probabilities
are often computed in the min-plus semiring as negative log-likelihoods.

For practical applications, the decidable properties of an automaton model are
usually of great interest. Typical decidability problems considered include the empti-
ness, universality, inclusion, equivalence, unambiguity, and sequentiality problems.
We consider the last three of these problems for finitely ambiguous automata and the
lesser known finite sequentiality problem for unambiguous automata. Here, we call a
max-plus word automaton unambiguous if there exists at most one accepting run
on every word. We call it finitely ambiguous if the number of runs on each word is
bounded by a global constant. Moreover, if on every word the number of accepting
runs is bounded polynomially in the length of the word, we call the automaton
polynomially ambiguous. As a special type of unambiguity, we consider determinism
or sequentiality. We call a max-plus word automaton deterministic or sequential if
at most one of its states is initial and for each pair of a state and an input symbol,
there is at most one valid transition into a next state. Note that the ambiguity of a
max-plus automaton is a decidable property, as it is easily reduced to deciding the
ambiguity of a finite automaton. Deciding the sequentiality of a finite automaton is
trivial, polynomial time algorithms for deciding the unambiguity, the finite ambiguity,
and the polynomial ambiguity of a finite automaton can be found in [11], 109, [10T].
Furthermore, the classes of functions definable by deterministic, unambiguous, and
finitely ambiguous max-plus automata form a strictly ascending hierarchy [63], and
the classes of functions definable by finitely ambiguous, polynomially ambiguous,
and arbitrary min-plus automata form a strictly ascending hierarchy [58, [75]. The
methods of [58] and [75] can be used to show that the expressive hierarchy of finitely
ambiguous, polynomially ambiguous, and arbitrary max-plus automata is strict as
well. In the following, we quickly recall the considered decidability problems and the
related results.

The equivalence problem asks whether two given max-plus automata coincide
on the weights they assign to each word. In general, the equivalence problem is
undecidable for max-plus automata [66], but for finitely ambiguous max-plus word
automata it becomes decidable [108, [55]. The sequentiality problem asks whether for a
given max-plus automaton, there exists an equivalent deterministic automaton. This
problem was shown to be decidable by Mohri [76] for unambiguous max-plus word
automata. The unambiguity problem asks whether for a given max-plus automaton,
there exists an equivalent unambiguous automaton. This problem is known to
be decidable for finitely ambiguous [63] and even polynomially ambiguous max-
plus word automata [61]. In conjunction with Mohri’s results, it follows that the
sequentiality problem is decidable for these classes of automata as well. Finally,
the finite sequentiality problem asks whether a given max-plus automaton can be
represented as a pointwise maximum of finitely many deterministic max-plus automata.
In [55], it was left as an open question to determine the decidability of the finite
sequentiality problem for finitely ambiguous max-plus automata. It was shown only
recently that for the classes of unambiguous as well as finitely ambiguous automata,
the finite sequentiality problem is decidable [, [4]. The class of functions which allow
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a finitely sequential representation by max-plus automata lies strictly between the
classes of functions definable by deterministic and by finitely ambiguous max-plus
automata, and it is incomparable to the class of functions definable by unambiguous
max-plus automata [63].

In this chapter, we investigate all four of these problems for max-plus tree
automata. In the same way that finite automata have been generalized to finite
tree automata [49, 48], weighted automata have been generalized to weighted tree
automata [1I, [7, B9, [47]. Max-plus tree automata are weighted tree automata over
the max-plus semiring and are thus in particular a generalization of max-plus word
automata. Applications for max-plus tree automata include proving the termination
of certain term rewriting systems [65], and they are also commonly employed in
natural language processing [88] in the form of probabilistic context-free grammars. We
will show that the equivalence, unambiguity, and sequentiality problems are decidable
for finitely ambiguous max-plus tree automata, and that the finite sequentiality
problem is decidable for unambiguous max-plus tree automata.

Our approach to the decidability of the equivalence problem employs ideas from
[55]. We reduce the equivalence problem to the same decidable problem as [55],
namely the decidability of the existence of an integer solution for a system of linear
inequalities [81]. However, instead of the cycle decompositions which were used both
in [55] and [85], we employ Parikh’s theorem [82, Theorem 2|. This idea was suggested
by Mikotaj Bojariczyk in a discussion following the presentation of the proof from
[85]. The proof presented here is a revised version of the one from [85]. We note
that our solution of the equivalence problem can be applied to weighted logics. In
[84], a fragment of a weighted logic is shown to have the same expressive power as
finitely ambiguous weighted tree automata. Over the max-plus semiring, equivalence
is decidable for formulas of this fragment due to our results.

The decidability of the unambiguity problem employs ideas from [63]. Here, we
show how the dominance property can be generalized to max-plus tree automata. To
show the decidability of the sequentiality problem for finitely ambiguous max-plus
tree automata, we first combine results from [I8] and [76] to show the decidability
of this problem for unambiguous max-plus tree automata, and then combine this
result with the decidability of the unambiguity problem. For the finite sequentiality
problem, we employ ideas from [5]. We show how the fork property can be generalized
to max-plus tree automata and that for unambiguous max-plus tree automata, this
generalization is a criterion for deciding finite sequentiality.

Except for the equivalence problem, we show all decidability results for max-plus
automata with weights in the real numbers. Therefore, we want to point out how we
understand the word “decidable” here. Clearly, not every real number can be finitely
represented, thus our results can only hold for max-plus automata with weights in
the computable real numbers. Admittedly, however, in the most general sense our
results do not even hold for the computable reals for the following reason. For our
decision procedures to be effective, we need to be able to check arbitrary finite sums
of transition weights for zero. However, although having algorithms to compute two
real numbers to an arbitrary precision allows us to compute their sum to an arbitrary
precision, we are not necessarily able to decide whether their sum equals zero. We
therefore assume the following “meta-restriction” on the weights of our max-plus
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automata. By considering the real numbers as a vector space over the field of rational
numbers, we obtain the notion of linearly independent sets of real numbers. We will
assume that for each max-plus automaton, we are given a finite linearly independent
set of computable real numbers such that each weight of the automaton is a finite
linear combination with rational coefficients of numbers from this set. Under this
assumption, all our algorithms are effective.

An extended abstract of our results on the equivalence, the unambiguity, and
the sequentiality problems appeared at the 42nd International Symposium on Math-
ematical Foundations of Computer Science (MFCS) in 2017 [85]. Our results on
the finite sequentiality problem have appeared as an extended abstract at the 36th
International Symposium on Theoretical Aspects of Computer Science (STACS) in
2019 [87].

4.1 Max-Plus Automata

In the following, we introduce max-plus automata on words and trees and the notion
of ambiguity of these automata models.

Trees

We recall that N* denotes the set of all finite words over N. By <,,, we denote the
prefix-relation on N*, and by <;, we denote the lexicographic order on N*, i.e., the
relations

<p= {(u,uv) | u,v € N*}
<; = {(uivi, ujvs) | u,v1,v2 € N*,i,j € N;i < j}U <,,.

Note that <, is a partial order and <; is a total order on N*. Two words from N* are
called prefiz-dependent if they are in prefix relation, and otherwise they are called
prefiz-independent. We call a set X C N* prefiz-closed if uv € X implies u € X for
every two words u,v € N*,

A ranked alphabet is a pair (I',rkr), often abbreviated by I', where T is a finite
set and rkp: I' =& N a mapping which assigns a rank to every symbol. For every
m > 0, we define T(™ = rk(m) as the set of all symbols of rank m. The rank of T
is defined as rk(I') = max{rkr(a) | a € T'}.

The set of (finite, labeled, and ordered) I'-trees, denoted by 1T, is the set of all
pairs t = (pos(t),label;), where pos(t) C N% is a finite non-empty prefix-closed set
of positions, label;: pos(t) — I' is a mapping, and for every w € pos(t) we have
wi € pos(t) iff 1 < i < rkp(label;(w)). We write ¢(w) for label;(w) and |¢| for |pos(t)].
We also refer to the elements of pos(t) as nodes, to € as the root of ¢, and to prefix-
maximal nodes as leaves. The height of t is defined as height(t) = max,cpos(t) [W]-
For a leaf w € pos(t), the set {v € pos(t) | v <, w} is called a branch of t.

Now let s,t € Tt and w € pos(t). The subtree of t at w, denoted by t[,,, is a I'-tree
defined as follows. We let pos(t[,,) = {v € N* | wv € pos(t)} and for v € pos(t[,,),
we let labely (v) = t(wv).
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The substitution of s into w of t, denoted by t(s — w), is a [-tree defined as
follows. We let pos(t(s — w)) = (pos(t) \ {v € pos(t) | w <, v}) U{wv | v € pos(s)}.
For v € pos(t(s — w)), we let label; (s, (v) = s(u) if v = wu for some u € pos(s),
and otherwise label; . (v) = t(v).

For a € T'("™) and trees t1,...,t, € Tt, we also write a(ty, ..., ty) to denote the
tree t with pos(t) = {e} U {iw | i € {1,...,m},w € pos(t;)}, label;(¢) = a, and
label; (iw) = t;(w). For a € T the tree a() is abbreviated by a.

For a ranked alphabet I', a tree over the alphabet I', = (I' U {0}, rkp U {¢ +— 0})
is called a I'-context. Let t € Tr, be a I'-context and let wy,...,w, € pos(t) be a
lexicographically ordered enumeration of all leaves of ¢ labeled ¢. Then we call ¢
an n-I'-contert and define O;(t) = w; for i € {1,...,n}. For an n-I'-context ¢ and
contexts ti,...,t, € Ir,, we define t(t1,...,t,) = t{t1 — O1(t)) ... (tn — On(t)) by
substitution of ¢1,...,t, into the o-leaves of t. A 1-I'-context is also called a I'-word.
For a I-word s, we define s” = ¢ and s"*1 = s(s") for n > 0.

Example 4.1. Let I' = {a,b,c,d} with rkp(a) = 3, rkp(b) = 2, rkp(c) = 1 and
rkr(d) = 0. Then an example tree is

t =b(c(d),b(c(a(d, d,d)),d))
with pos(t) = {e,1,11,2,21,211,2111,2112, 2113, 22}.

2111 2112 2113

The subtree t[5;; of ¢ at position 211 is the tree

tlo11 = a(d,d,d) with pos(tle1) = {e,1,2,3}.

£

1 2 3

To illustrate substitution, we substitute the subtree ¢[,;; into position 2 of ¢.
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t(tla1 = 2) = blc(d), ald, d, d))

By substituting the tree ¢ into position 211 of ¢t and taking the subtree at 2 of
the resulting tree, we obtain a I'-word s = t(¢ — 211)[, as follows.

t(o — 211) [y = b(c(0),d)

Then the second power s? of s is the I'-word

Weighted Automata on Words and Trees

Although we will not employ or derive results for weighted automata on words, we
will often compare our results for tree automata to the corresponding results for word
automata. Therefore, we want to briefly define what we understand under a weighted
automaton on words.

Let (K,®,®,0,1) be a commutative semiring and 3 an alphabet. A weighted
finite automaton (short: WA) over K and X is a tuple A = (Q, X, A, i, v) where Q
is a finite set (of states), X the input alphabet, A\: @ — K (the function of initial
weights), p: @ x ¥ x Q — K (the function of transition weights), and v: Q — K
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(the function of final weights). A tuple (p,a,q) € @ x ¥ x Q is called a transition and
(p,a,q) is called valid if p(p,a,q) # 0. A state ¢ € Q is called initial if A\(q) # 0 and
it is called final if v(q) # 0. We call a WA over the max-plus semiring a max-plus-WA
and a WA over the Boolean semiring a nondeterministic finite automaton (NFA).
An NFA A = (Q,T, \, u,v) is also written as a tuple A" = (Q,T', 1,0, F) where
I={qeQ|XNq)=1},0={d€Q@xExQ | pu(d) =1}, and ' = {g € Q | v(q) = 1}.
For an overview of finite automata theory, see also [57].

For a word w = ajasg...a, € ¥*, a (valid) run of A on w is a finite sequence of
valid transitions 7 = (qo,a1,q1) - - - (@n—1, n, ¢n) from Q x ¥ x Q. We call r accepting
if qo is initial and g, is final. We let A(r) = A(qo) and v(r) = v(g,). By Rung(w) and
Acc4(w), we denote the sets of all runs and all accepting runs of A on w, respectively.
The weight of r is defined by

n
wta(r) = () plgi1, ai,qi).
=1

The behavior of A, denoted by [A], is the mapping defined for every w € ¥* by

[Alw) = P  (Ar) ©wta(r) ©v(r),

reAcc(w)

where the sum over the empty set is O by convention. The support of A is the set
supp(A) = {w € ¥* | [A](w) # 0}. The support of an NFA A is also called the
language accepted by A and is denoted by L£(A). A subset L C ¥* is called recognizable
if there exists an NFA A with L = L(A).

Next, we recall weighted tree automata. Let (K,®,®,0,1) be a commutative
semiring and I' a ranked alphabet. A weighted bottom-up finite state tree automaton
(short: WTA) over K and T is a tuple A = (Q,T', u,v) where @ is a finite set (of
states), I' is a ranked alphabet (of input symbols), p: U;ligo) QnxImM x Q= K
(the function of transition weights), and v: @ — K (the function of final weights).
We define Ay = dom(u). A tuple (p,a,q) € Ay is called a transition and (p, a, q) is
called wvalid if p(p,a,q) # 0. A state ¢ € Q is called final if v(q) # 0.

We call a WTA over the max-plus semiring a max-plus-WTA and a WTA over
the Boolean semiring a finite tree automaton (FTA). An FTA A = (Q,T, u,v) is
also written as a tuple A" = (Q,T',0,F) where 6 = {d € Ay | p(d) = 1} and
F ={qeQ]|v(q) =1}. For an overview of the theory of finite tree automata, see
also [49].

For a tree t € T, a mapping r: pos(t) — @ is called a quasi-run of A on t. For a
quasi-run 7 on t and a position w € pos(t) with t(w) = a € '™ the tuple

t(t,r,w) = (r(wl),...,r(wm),a,r(w))

is called the transition at w. The quasi-run r is called a (valid) run if for every
w € pos(t) the transition t(¢,r,w) is valid with respect to A. We call a run r
accepting if r(e) is final. By Run4(t) and Acca(t), we denote the sets of all runs and
all accepting runs of A on t, respectively. For a state ¢ € @), we denote by Run4(¢, q)
the set of all runs » € Run 4(¢) such that r(e) = g¢.



56 CHAPTER 4. DECIDABLE PROPERTIES OF MAX-PLUS TREE AUTOMATA

For a run r € Runy(t), the weight of r is defined by

wia(t,r) = () p(t(tr,w)).

wepos(t)

The behavior of A, denoted by [.A], is the mapping defined for every t € Tt by

[Al() = D (walt,r) 0 v(r(e))),

reAcc(t)

where again the sum over the empty set is O by convention. The support of A is the
set supp(A) = {t € Tr | [A](t) # 0}. The support of an FTA A is also called the
(tree) language accepted by A and is denoted by L(A). A subset L C Tt is called
recognizable if there exists an FTA A with L = L(A).

Fora WTA A = (Q, T, u,v), arun of A on a I'-context ¢ is a run of the WTA A" =
(Q,To, 1/, v) on t, where p/(0,q) = 1 for all ¢ € Q and p/(d) = pu(d) for all d € A 4.
We denote Run%(t) = Runy(t) and for r € Run%(t) write wt%(¢,r) = wta (¢,7).
For an n-I'-context t € T, and states qo, . . ., gn, we denote by Run%(qi, ..., gn,t, o)
the set of all runs » € Run%(¢) such that r(e) = go and 7(Qi(t)) = ¢; for every
i€ {l,...,n}. For a T-word s, we write p ﬂ q if there exists a run 7 € Run%(p, s, q)
with wt%(s,r) = . In this case, r is said to realize p ﬂ_x) q. Note here that if
K = Rpax, then r € Run®(s) implies = # —oo.

Similar to trees, we define restrictions, substitutions, and powers of runs as
follows. Let ¢,s € T, r € Run(¢), w € pos(t), and rg € Run4(s) with r5(e) = r(w).
Then we define r[,, € Runga(t[,) by r[,(v) = r(wv) for every v € pos(tf,). We
define r(rs — w) € Rung(t(s — w)) by r{rs — w)(v) = rs(u) if v = wu for
some u € pos(s), and r(rs — w)(v) = r(v) otherwise. For a I'-word s and a run
r € Run®(s) with 7(g) = r(01(s)), we let v = O1(s) and define %) = {¢ s r(e)}
and ") = 7 (rn() 5 ) € Run(s"+1) for n > 0.

For a WTA A, we define a relation < on @ by p =< ¢ iff there exists a I'-word
s € Tr, such that Run%(q,s,p) # 0. We write p ~ ¢ if p < g and ¢ < p. By [p] we
denote the set of all ¢ € @ with p = q.

A WTA A is called trim if for every p € Q, there exist t € T, r € Acc4(t), and
w € pos(t) such that r(w) = p. The trim part of A is the automaton obtained from
A by removing all states p € @ for which no such ¢, r, and w exist. This process
obviously has no influence on [.A].

Ambiguity of Automata

A WA A= (Q,%X,\ u,v) over a semiring (K,®,®,0,1) is called deterministic or
sequential if (1) there is at most one initial state, i.e., at most one state p € @) with
A(p) # 0 and (2) for every a € ¥ and p € @, there exists at most one state ¢ € Q
with u(p,a,q) # 0. If there exists an integer M > 1 such that |Accq(w)| < M for
every word w € X*, we say that A is M -ambiguous. We call A finitely ambiguous if
it is M-ambiguous for some M > 1. A l-ambiguous WA is also called unambiguous.
If there exists a polynomial P such that |Accq(w)| < P(|w]|) for every w € ¥*, we
call A polynomially ambiguous. The behavior [A] of A is called finitely sequential
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if there exist finitely many deterministic WA Ay, ..., A, over K and ¥ such that
[A] = @, [Ai], where the sum is taken pointwise.

Likewise, a WTA A = (Q, T, u, v) over K is called deterministic or sequential if for
everym > 0, a € D™ and p € Q™, there exists at most one ¢ € Q with ;(p, a,q) # O.
If there exists M > 1 such that |Acca(t)| < M for every every tree t € T1, we say
that A is M-ambiguous. We call A finitely ambiguous if it is M-ambiguous for
some M > 1 and we call a 1-ambiguous WTA unambiguous. We call A polynomially
ambiguous if there exists a polynomial P such that |[Acca(t)| < P(Jt]) for every ¢ € Tr.
Finally, we call the behavior [A] of A finitely sequential if there exist finitely many
deterministic WTA Ay, ..., A, over K and I such that [A] = @ [A;], where the

sum is taken pointwise.

Remark 4.2. A trim WA A is deterministic if and only if [Run4(w)| < 1 for every
w € ¥*, and a trim WTA A is deterministic if and only if |Run4(¢)| < 1 for every
telr.

We can decide whether a weighted word or tree automaton is deterministic,
unambiguous, finitely ambiguous, or polynomially ambiguous as follows. If A =
(Q, 2, N\, u,v) is a WA over K, we consider the NFA A" = (Q,X, 1,0, F) where
I ={qge€ @] qisinitialin A}, 6 = {d € Ay | disvalid in A}, and F = {q €
Q@ | ¢ isfinal in A}. Then A is deterministic, unambiguous, finitely ambiguous,
respectively polynomially ambiguous if and only if the same applies to A’ since
for every word w € ¥*, we have Run(w) = Runy/ (w) and Acca(w) = Accy (w).
Likewise, deciding the sequentiality, unambiguity, finite ambiguity, or polynomial
ambiguity of a WTA A = (Q,T, u,v) can be reduced to deciding the same for the
FTA A = (Q,T,0,F) with 6 = {d € Ay | disvalidin A} and F = {¢ € Q |
q is final in A}. For NFAs and FTAs, deciding sequentiality is trivial. Polynomial
time algorithms to check NFAs and FTAs for unambiguity, finite ambiguity, and
polynomial ambiguity can be found in [11I, 109, [10T].

Remark 4.3. Note that for max-plus automata, the above reduction to finite automata
shows in particular that the support of every max-plus word or tree automaton is a
recognizable language. For both weighted word and weighted tree automata, this is
in fact true for every zero-sum free commutative semiring, i.e., every commutative
semiring K where k+\ = 0 implies K = A\ = 0 for every two elements x, A € K [59] 28].

By applying the classical powerset construction [89, 105], we can construct for
every NFA A a deterministic NFA A’ with the same behavior as A. In particular,
for every recognizable language L of words there exists a deterministic NFA A
with £(A) = L. Likewise, every recognizable language of trees is recognizable by a
deterministic FTA. In this sense, recognizable languages of words or trees do not
carry any inherent degree of ambiguity. The same is in general not true for weighted
automata over semirings other than the Boolean semiring. For max-plus automata,
the classes of behaviors which can be described by deterministic, unambiguous,
finitely ambiguous, polynomially ambiguous, and arbitrary automata form a strictly
ascending hierarchy as summarized in the following diagram [63].
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FinSeq

30

Seq ¢ Unamb N FinSeq
<

FinAmb C PolyAmb C Rec

0N

Unamb

Note that the class of finitely sequential behaviors lies strictly between the classes of
behaviors definable by deterministic and by finitely ambiguous max-plus automata,
and it is incomparable to the class of behaviors definable by unambiguous max-
plus automata. The class Rec (for recognizable) denotes all behaviors which can
be described by arbitrary max-plus-WA. See also Figure [£.1] for example automata
separating the classes above; the complement of a class like Seq is denoted by Seq.
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al0 all
0—~C “O—0 OHCIYQO
alo0 a|l
0

(a) An unambiguous max-plus-WA whose behavior is in Seq N Unamb N FinSeq [63].

al0 all al0
b|1 b|0 b1 b -1
al0
0— 0— 0— 0
(b) A max-plus-WA whose behavior is (¢) An unambiguous max-plus-WA whose
in Unamb N FinSeq [63]. behavior is in Unamb N FinSeq [63].
all al0 alo0
c|0 c|1 b|1 b|—1

NS O PPN TILRS T

(d) A finitely ambiguous max-plus-WA whose behavior is in Unamb N FinSeq N FinAmb [63].

all all

0%8 b1 8 b1 &0

(e) A polynomially ambiguous max-plus-WA whose behavior is in FinAmb N PolyAmb [58].

all al0
c|0 c|0
0— ~—0
0 a|l 0 al0 0
b0 b1

(f) A max-plus-WA whose behavior is in PolyAmb N Rec [75].

Figure 4.1: Max-plus word automata which illustrate the ascending hierarchy of
behaviors describable by max-plus-WA of a certain degree of ambiguity.
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4.2 Decomposing Finitely Ambiguous Max-Plus Tree
Automata

For use in Section we want to show in this section that every finitely ambiguous
max-plus-WTA can be decomposed into a finite pointwise maximum of unambiguous
max-plus-WTA such that the supports of all these unambiguous automata coincide.
In fact, it is already known that every finitely ambiguous WTA can be decomposed
into a finite sum of unambiguous WTA [84] 83]. For the max-plus semiring, this result
can be extended quite easily to ensure that all the unambiguous automata have the
same support, which for completeness we do in Lemma The main objective of
this section, however, is to provide an alternative proof for the statement from [84) 83].
The reason to do this is twofold. First, our new proof shows a very tight bound on
the number of unambiguous automata needed for the decomposition: we show that
if the finitely ambiguous automaton is M-ambiguous, then it can be decomposed
into a sum of M unambiguous automata. This bound does not follow from [84 [83].
Second, the new proof relies almost entirely on logics, while the approach in [84] 83|
is purely automata-theoretic. We note that the idea for the new proof was suggested
by one of the reviewers of the paper [84]. Before we present the new proof, we show
that for the max-plus semiring the result from [84] [83] can be extended such that
all unambiguous automata have the same support. The idea for this proof is to
simply take the automata obtained by [84] 83], unite their supports, and add to each
automaton a run of “small” weight for every tree from this union which is not already
in the support of the respective automaton.

Lemma 4.4. Let A be a finitely ambiguous maz-plus-WTA over I', then there
exist finitely many unambiguous maz-plus-WTA Ay, ..., Ay over T' with [A] =
maxL [A:] and supp(A;) = ... = supp(An).

Proof. By [84, Theorem 1| (or [83, Lemma 7.2]) we can find finitely many unam-
biguous max-plus-WTA Ay, ..., Ay over I' with [A] = maxM,[A;]. We write
Ai = (Qi, T, i, vi). Welet L = Uf‘il supp(A4;) and let k be the smallest weight
used in the automata Ay,..., Ay, ie., for R = UM, (ui(Aa,) U vi(Q;)) we let
£ =min(R \ {—o0}).

The language L is recognizable, therefore for i € {1,..., M}, the language
L; = L\ supp(A;) is also recognizable and there exists a deterministic FTA A} =
(Qi, T, 08, F]) with £(A}) = L;. We define the max-plus-WTA A = (Q!,T, u/,v") by

s Yo

if d el if F!
Wi@=<"  TEEU g = TIE
—oo otherwise —oo otherwise.

We assume without loss of generality that @Q; N Q) = 0 and define A} = (Q; U
LT, v UvY) with
wi(d) ifde Ay,
() = ) ifd e Dy

—00 otherwise
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as the union of 4; and A}. Then A}’ is unambiguous since .4; is unambiguous, A/ is
deterministic, and supp(.A;) Nsupp(A7) = (). Furthermore, for ¢ € supp(.A;) we have
[A7]() = LA]().

For every t € supp(A/), there exists some j € {1,..., M} with ¢ € supp(A;) and
due to the choice of x we have [A;](¢) > [A7](t). In conclusion, for alli € {1,..., M}
we have that A/ is unambiguous, supp(A?") = L, and max, [A”] = max},[A;] =

[A].- O
In the following, we present our new proof for the statement from [84 [83].

Lemma 4.5. Let A = (Q,T, u,v) be an M-ambiguous WTA over a commutative
semiring K. Then there exist M unambiguous WTA Aq,..., Ay over K and T’
such that [A] = [Ai] & ... ® [Am]. Over the maz-plus semiring, we can choose
Ay, ..., Ay such that supp( A1) = ... = supp(Anr).

Proof. We consider the signature ¢ = (Rel,,ar,) where Rel, = {label, | a €
'} U{edge; | i € {1,...,rk(I")}}, all relations label, are unary, and all relations
edge; are binary. Every tree ¢t € It can be translated into a o-structure t with
universe pos(t) as follows. The interpretations for the labels are given by w € label!,
iff t(w) = a, and the interpretations for the edge relations are given by (v,w) € edge!
iff w = vi. In the following, we will identify ¢ and t.

We consider the logic wMSO® (g, K) (see Definition . This particular
logic was introduced in [34] and shown to be expressively equivalent to WTA. In
[84), [83], various fragments of this logic were investigated and shown to be expressively
equivalent to WTA of a certain degree of ambiguity. Most importantly for us, we obtain
from [84, Theorem 16] (or [83, Theorem 6.1]) that for every almost Boolean formula
Y € wMS0*P°! (g, K), the formula (R)z.1) can be translated into an unambiguous
WTA over K and I'. To prove our lemma, we will therefore define M almost Boolean
formulas 1, ..., such that [A] = [Qz. 1] & ... & [Qz.¢r]. By translating
each formula @x.1; into an unambiguous WTA, we obtain a decomposition of A
into M unambiguous automata as desired.

The idea for the construction of the formulas v; is the following. We can fix
an arbitrary linear ordering on the valid transitions of .A. This enables us to sort
the runs on a tree t lexicographically: for two runs ri,73 on t, we define r; < 7o
iff for the lexicographically smallest position w at which ry and ro differ, we have
t(t,r,w) < t(t,re, w), i.e., the transition of r; at w is smaller than the transition
of 19 at w with respect to this arbitrary linear ordering. We can thereby define the
formulas v; such that v; “selects” the i-th run, according to the lexicographic ordering,
and returns the weight of the transition at position x of this run. In addition, if x is
the root, ; returns the weight of the transition at the root multiplied by the final
weight of the state at the root.

Formally, we proceed as follows. Let D = {d € A4 | pu(d) # 0} be the set of
all valid transitions and Dp = {(p1,...,Pm,a,p) € D | v(p) # 0} be the set of all
valid final transitions. Let n = |D| and let v: D — {1,...,n} be a bijection. Then v
induces a linear ordering on D by dy < ds iff v(dy) < v(dz). For second order variables
X1,..., X, and a transition d € D, we write Xy for X4 and X for (X1,...,Xpn).
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We begin constructing the formulas v; by defining four abbreviations, namely
r <, y, x <, y, root(x), and partition(X). The first formula checks whether z is
predecessor of y with regard to the prefix ordering, the second formula does the
same for the lexicographic ordering, the third formula checks whether z is the root of
the tree, and the last formula checks whether { Xy, ..., X,,} forms a partition of the
universe. We define these formulas as follows.

rk(T")
(z <, y) = VX. ((y € X sz.(( \/ (3 (edge,(z.#) A # € X)) > z € X))
=1

%xGX)

<y =(@<,y)V EIz.EIzl.EIzg.( \/ edge;(z, 21) A edge;(z, 22) A
1<i<j<rk(T)
21 Sp TN\ 2o Spy)
rk(T)
root(x) = Vy. /\ —edge; (y, x)
i=1
n
partition(X) = Vz. \/ xeX; A /\ -(z € Xj)
i=1 i
All these formulas are clearly MSO(o, K )-formulas. We interpret a partition X of
the nodes of a tree as a run of A in the sense that “w € X;” means that at position

w, we have transition d. We therefore define the MSO (o, K )-formula matched(X) to
check whether a guessed partition is a well matched run as follows.

matched(X)

= /\ Vac((:c € Xpap) — labela(x)) A (4.2.1)

(p,a,p)eD
m

/\ V. ((m € Xip1,pmsap) = Y1+ FYm- ((/\ edge;(z,y:)) N (4.2.2)

(P1,--Pm,a,p)€ED i=1
m>1

\/ (/\(yZ € X(qmampi)))))

(q1,01,p1)€D =1

(@mampm) €D
Part verifies that the labeling of the run is consistent with the letters in the
tree and Part verifies that the transitions used are well matched. With this
in hand, we define the MSO(c, K)-formula accept 4(X) which checks whether X
encodes an accepting run of A.

accept 4(X) = partition(X) A matched(X) A Jz. | root(z) A \/ (x € Xq)
deDp
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That is, we verify that X is a partition, that this partition is well matched, and that
the state at the root is a final state. Next, we define abbreviations to compare runs
according to the lexicographic ordering we described earlier.

(X =Y) = V. /\ (zeX; < zeY))

1<i<n

(X<}7)—E|ac.<< \/ meXi/\xeY})/\

1<i<j<n

Vy.((ygla;/\—'(xﬁly))% /\ yeXi<—>y€Y;)>
1<i<n

Clearly, both formulas are in MSO(o, K). We use these two formulas to define for
every k € {1,..., M} an MSO(o, K)-formula accept” (X) which checks whether X
is an accepting run and, out of all accepting runs on the given tree, it is the k-th run
according to the lexicographic ordering.

accept’ (X) =3Y; ... EI}_’k.<(}7k =X)A( /\ accept 4(Yi)) A ( /\ Y; <Yip1) A
1<i<k 1<i<k
VZ.((accept (Z) A\ ~(Yi=2)) = Vi < Z))

1<i<k

We can now define the formulas ¢; with the idea we described above. For
simplicity, we extend the mapping v to D by defining v(pi,...,pm,a,p) = v(p).
Then for i € {1,..., M}, we define v; by

Yi() = Dyep (M(d) ® v(d) ® 3X . (acceptiy(X) Az € Xg A root(x)))
® Dacp (M(d) ® HX.(accepti\(X) ANx e Xg N —moot(ac)))

Clearly, v; € wMSO*P°°! (5 K) for all i, and if for a tree ¢ the run 7 is the 4-th run of A
on t according to the lexicographic ordering, we have [Qx.1;](t) = wt4(t,7) Ov(r(e)).

If K is the max-plus semiring, we can ensure that supp(A;) = ... = supp(An)
as follows. To each v;(z), we add a formula which returns 7 (z) whenever no i-th
run exists. For i € {1,..., M}, we define

Vvi(z) = i(z) ® (wl () ® ﬂEIX.acceptil(X)).

Then for a tree t € Tt with less then ¢ runs, we have [@z.1](t) = [Qz.¢1](t) and
therefore supp(A;) = supp(A1) = supp(A). Also, we clearly have max}, [Qz.1!] =
max 2, [Qz.4;] = [A]. O
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4.3 The Equivalence Problem

The equivalence problem for max-plus (tree) automata asks whether for two given
max-plus (tree) automata A; and Ay, it holds that [LA;] = [A2]. In this case, we say
that A; and As are equivalent. For words, this problem was shown to be undecidable
in general [66], but it is decidable if both automata are finitely ambiguous [55]. In
this section, we prove that the equivalence problem is decidable for finitely ambiguous
max-plus-WTA. Like in [55], we reduce the equivalence problem to the decidability
of the existence of an integer solution for a system of linear inequalities [8I]. This
latter problem is decidable only for systems over the rationals, which is why for the
equivalence problem, we consider only max-plus-WTA over the max-plus semiring
Qmax = (QU {—00}, max, +, —00, 0) restricted to the rationals. The proof presented
here is a revised version of the one from [85]. It is largely based on ideas from [55],
but employs Parikh’s theorem [82], Theorem 2| instead of the cycle decompositions
which were used both in [55] and [85]. This idea was suggested by Mikotaj Bojariczyk
in a discussion following the presentation of the proof from [85]. We formulate the
main result of this section as follows.

Theorem 4.6. The equivalence problem for finitely ambiguous maz-plus tree automata
with transition and final weights from Q U {—oco} is decidable.

In fact, we will show that if A; is a finitely ambiguous max-plus-WTA and As
any max-plus-WTA, then it is decidable whether for all trees ¢t € Tt it holds that
[A1](t) > [A2](t). If this is the case, we also write [A;] > [Asz] and say that A;
dominates As.

Theorem 4.7. Let Ay be a finitely ambiguous max-plus-WTA and As any maz-plus-
WTA, both with transition and final weights from QU {—oco}. It is decidable whether
or not [A1] > [A2].

If both automata in Theorem [£.7] are finitely ambiguous, we can reverse their
roles. Consequently, Theorem [4.6]is a corollary of Theorem [£.7] The remainder of
this section is dedicated to the proof of Theorem [4.7] As part of the proof, we will
employ the following concepts.

Let ¥ = {ay,...,a,} be an alphabet. The Parikh vector p(w) € N of a word
w € ¥* is the vector p(w) = (|wlq,, |W]ag,-- -, |W]a,). For a language L C ¥*, the
Parikh image of L is the set p(L) = {p(w) | w € L}.

A set of vectors J C N" is called linear if there exist k¥ > 0 and vectors
a, B,...,0r € N® such that

k
J:{a—i—Zni-@-\m,...,nkeN}.

i=1

The set J is called semilinear if it is the union of finitely many linear subsets of N”.
A context-free grammar (short: CFG) [49] is a tuple (N, X, P,S) where (1) N
is a finite set of nonterminal symbols, (2) ¥ is a finite set of terminal symbols with
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NN =10, (3) PC N x(NUX)*is a finite set of productions or rules, and (4)
S € N is the initial symbol. We usually denote a rule (4, w) € P by A — w.

Let G = (N,X, P,S) be a context-free grammar. For u,v € (N UX)* we write
u = v if there exists v/, u” € (N UZX)* and a production A — w € P such that
u=u'Av" and v = v'wu”. The language generated by G is the language

LG)={weX|In>0Tu,...,up € (NUX)": S=gu =g ... =¢ Up =G W}

A language L C X* is called context-free if there exists a context-free grammar G
with L = L(G).

As a first step, we show in the following lemma that every finitely ambiguous
max-plus-WTA A can be normalized such that all trees, on which there exists at
least one accepting run of A, have the same number of accepting runs. The idea here
is that we can simply add dummy runs with low weight for every tree which does not
already have a sufficient number of runs.

Lemma 4.8. Let A= (Q,T', u,v) be an M-ambiguous maz-plus-WTA. Then there
exists a finitely ambiguous maz-plus-WTA A" with [A] = [A'] and |Acc 4 (t)| € {0, M}
for allt € Tr.

Proof. First, we show that for every n € {1,...,M}, the set L, = {t € Tr |
|Acca(t)] > n} is recognizable. For this, we construct an automaton which
simulates n runs of A in parallel, keeps track of which runs are pairwise dis-
tinct, and accepts only when all simulated runs are pairwise distinct. Let A, =
Q™ x P({1,...,n}?),T,6,, F,) be the FTA defined as follows. For a € T' with
tkr(a) = m, po, ..., Pm € Q" with p; = (pi1,...,Din), and Ry, ..., Ryn C {1,...,n}2,
we let ((p1,R1),-- -, (Pm, Rm),a, (Po, Ro)) € o, iff for all i € {1,...,n} we have
p(P1is - - Pmi @, poi) # —o0 and Ry = {(k,1) € {1,...,n}* | pox # poi} U Ui~ Ri.
Furthermore, (po, Ro) € F, iff for all i € {1,...,n} we have v(py;) # —oo and
Ro={(k,1)e{1,....,n}? | k#1}.

It is easy to see that there is an accepting run of A,, on t € Tt if and only if there
are at least n pairwise distinct accepting runs of A on t. Therefore, £(A,,) = Ly,.
Since recognizable tree languages are closed under complement and intersection, for
n € {1,...,M — 1} the languages L, = L, \ Lpt1 = {t € Tr | |Acca(t)] = n}
are also recognizable and we can find deterministic FTA A/, = (Q/,,T',4!,, F}) with
L(A)=1L..

Now let k be the smallest weight used in A, i.e., with R = pu(A4) Ur(Q) we
let kK = min(R \ {—o0}). For n € {1,...,M — 1}, we define the max-plus-WTA
‘AZ = ( ;17F7MZ7VZ) by

. / : /
ui;(d):{ﬂ if d € 6y, and y,,(q):{ﬁ if g € F},

—oo otherwise —oo otherwise.

Finally, we construct A" as follows. For each n € {1,...,M — 1}, we take M —n
copies of A and unite them with A, where we assume that all sets of states are
pairwise disjoint. By choice of x, this does not influence the behavior of A. By choice
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of the languages L!| every tree which had at least one accepting run in A now has
exactly M accepting runs in A" and all other trees still have no accepting run in

A O

Next, we show that every max-plus-WTA A can be normalized such that all final
weights are equal either to —oo or to 0. The idea is that the final weight can be
included in the transition weight of the transition at the root, see also [15].

Lemma 4.9 ([I5]). Let A = (Q,T', u,v) be a max-plus-WTA. Then there exists
a maz-plus-WTA A = (Q',T,u/,v) with [A] = [A], V(Q') C {—o0,0}, and
|[Acca(t)| = |Acca(t)| for every t € Tr.

Proof. We define a max-plus-WTA A" = (Q',T,u/,/) as follows. We let Q' =
Q x {0,1} and define /(q,0) = —oo and /(q,1) = 0 for all ¢ € Q. For every
d = (p17 s apm’a7p0) € A.Av we let M/((pl,o)? SRR (pma O),CL, (p070)) = M(d) and
W ((p1,0),...,(Pm,0),a, (po,1)) = u(d) + v(pp). On all remaining transitions we
define p’ as —oo.

It is easy to see that for every tree t € T, we have a bijection f: Acca(t) —
Acc(t) given by (f(r)(e) = (r(e), 1) and (£(r))(w) = (r(w),0) for w € pos(®)\ {e},
and for this bijection it holds that wt 4(¢,r) + v(r(e)) = wta (¢, f(r)). O

For the rest of this section, we fix an M-ambiguous max-plus-WTA A; and a
max-plus-WTA As, both with transition and final weights from Q U {—c0}. We
write A; = (Qi, T, ui, v;) for i = 1,2. By Lemma we can assume that for all
t € Tr we have |Accg,(t)| € {0, M}. By Lemma we may furthermore assume
that 11(Q1) € {—00,0} and 15(Q2) C {—o00,0}. Note that [A;] > [A2] can only
hold if supp(Az) C supp(.A;), which is decidable since the supports of A; and A
are recognizable tree languages. Therefore, in the forthcoming considerations we will
assume that supp(Asz) C supp(.A;) holds.

We call a tuple o € QM*! an outcome vector if there exists a tree t € Tr, runs
T1,...,7Mm € Acca, (t), and arun 741 € Acca,(t) with Acc g, (¢) = {r1,...,rm} and
0= (wta, (t,71), ., wWta, (t,70r), Wt a, (£, 7ar+1)). We denote the set of all outcome
vectors by 0. We can make the following observation.

Proposition 4.10. A; does not dominate As iff there exists a vector (vy, ..., vpr41) €
O such that for alli € {1,..., M} we have v; < vpr41.

We give an overview of the rest of the proof. We first construct a weighted tree
automaton A over the product semiring (Quax)* ! such that the weights realized
by the runs of A are exactly the vectors from 0. We then define Parikh vectors of
runs by counting the transitions occurring in a run, just like the Parikh vector of a
word counts the number of occurrences of the letters in a word. By arranging the
weight vectors of the transitions of A4 as columns into a matrix €2, we see that the
weight of a run of A is simply the result of multiplying the matrix €2 with the Parikh
vector of the run.

We proceed to show that the set of Parikh vectors of the accepting runs of A can
also be expressed as the Parikh image of a context free language over the alphabet
of transitions from A 4. By Parikh’s theorem, the Parikh image of a context-free
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language is semilinear, and thus so is the set of Parikh vectors of the accepting runs
of A.

It follows that the set @ can be represented as the image of a semilinear set,
namely the set of Parikh vectors of the accepting runs of A, under a matrix with
rational entries, namely the matrix 2. We then use Proposition to reduce the
dominance problem to the satisfiability problem of systems of linear inequalities over
the rationals with an integer solution. The latter problem is decidable [I3, Theorem
3.4]. We begin by constructing A.

Lemma 4.11. There exists a weighted tree automaton A = (Q,T', u,v) over the
product semiring (Qumax) M+ such that O = {wta(t,r) | t € Tr,r € Acca(t)}. The
automaton A can be effectively constructed from Ay and As.

Proof. We let Q = QM x Qo x P({1,...,M}?). The first M + 1 entries of the states
from @ are used to simulate the M runs of A; and one run of As, and the last
entry is used to keep a record of which runs from 4; are distinct in order to ensure
that accepting runs of A simulate all accepting runs of A4; in the respective entries.
For a € T with rkp(a) = m and po,...,pm € Q with p; = (pi1, ..., Pim, Divi+1, Ri)s
we define weights as follows. For i € {1,..., M}, we let x; = u1(pi,- - -, Pmis @, Poi)
and y; = vi(po;), and we let xpr11 = pa(Pivy1s - - Pmd+1, @, Porr+1) and yay1 =
va(porre1). Furthermore, we let R = {(k,1) € {1,..., M}? | por # par} U U, R;.
Then we define p and v by

(1, amsr) i (@1, za41) €QMFand Ry = R

M(Ph---,pm,a,po): .
—00,...,—00) otherwise

(yl,-..,yM+1) if (yl,...,yM+1)€QM+1 and
V(o) = Ro=A{(k,)e{1,.... M}¥?* |k #1}
(—00,...,—00) otherwise.

It is easy to see that for an accepting run of A on a tree t, projecting on each of the
first M + 1 entries yields M distinct accepting runs of A; and one accepting run of
As on t, and that the transition weights are preserved by this projection.
Furthermore, for M pairwise distinct accepting runs rq,...,ry of A; and one
accepting run rp741 of A on a tree t, we can construct a mapping R: pos(t) —
P({1,...,M}?) such that (r1,...,7a41,R) is an accepting run of A on t with
wta(t, (r1,...,r0m+1, R)) = (Wba, (8, 71), ..., wta, (8, 70r), Wta, (6, 7a141))- O

Let A = (Q,T, u,v) be the automaton from Lemma [1.11] and let di, ..., dp be an
enumeration of A 4. We define a matrix Q € QM+DXD by O = (u(dy),. .., u(dp))
where every vector u(d;) is considered to be a column vector. Furthermore, for a run
r of A on a tree t, we define the transition Parikh vector of r by

p(t,r) = ({w € pos(t) | t(t,r,w) =d1}|,..., |{w € pos(t) | t(t,r,w) = dp}|).

In the following Lemma, we show that multiplying 2 with every possible transition
Parikh vector of A yields precisely O.
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Lemma 4.12. We have O = {Q - p(t,r) |t € Tr,r € Acca(t)}.

Proof. Let v € O, then by assumption on A, there exists a tree t € It and a run
r € Acca(t) with v = wt 4(t, 7). By definition of wt 4 and the commutativity of “+”,
it follows that wt4(t,7) = Q- p(¢,r).

On the other hand, let ¢t € Tt and r € Acc4(t). Then with the same arguments
and our assumption on A, we have Q- p(t,r) = wt4(t,r) € O. O]

Next, we construct a context-free language whose Parikh image coincides with
the set of possible transition Parikh vectors of A.

Lemma 4.13. There exists a context-free language L over the alphabet A 4 such that
p(L) ={p(t,7r) |t € Tr,r € Acca(t)}. A context-free grammar G generating L can
be found effectively from A.

Proof. We define the context-free grammar G = (Q U {S}, A4, P, S), where S is a
new symbol, by

P= {S—p|v(p)eQV}
U{p% (p17""pm7a7p)p1"'pm | M(p17"'7pm7a7p) EQM+1}'

Then L = L(G) is context-free and we see as follows that p(L) = {p(¢,r) | t € Tp,r €
Accq(t)}.

“C” Let w € L. We construct a tree ¢t € Tt and a run r € Acc4(t) such that
p(w) = p(t,r). Since w € L, we find words uy,...,u, € (QUA4)* such that u, = w
and S =g u; =¢ ... =g uy. We construct by induction for every i € {1,...,n} a
I'-context t; € Tr, and a run r; € Run®(¢;) such that v(r;(e)) € QM+ and for every
p €@ and d € A4 we have

|uilp = |[{v € pos(t) | t;(v) = ¢ and r;(v) = p}|
luila = {v € pos(t) | t(t,r,w) = d}|.

For i = 1, we know by the definition of G that u; = p with v(p) € QM+ so we
let ¢ = ¢ and ri(¢) = p. Now assume we have constructed t; and r; with the
properties above. We have u; =g u;+1, so by definition of G, there exists a transition
d=(p1,-..,Pm,a,p) € Ag with u(d) € QM+! and words v/, u” € (Q U A4)* such
that u; = u'pu” and w11 = v'dp1 ... ppnu”. Thus |u;|p > 1, so by induction we find
v € pos(t;) with ¢;(v) = ¢ and r;(v) = p. We let t;11 = ti(a(o,...,0) — v) and
define i1 by rip1(v') = r;(v') for o' € pos(t;) and ri41(vj) = p; for j € {1,...,m}.
It is easy to check that t; 1 and r;;; satisfy all of the above properties.

Since u, = w € A%, the I'-context ¢, is actually a I'-tree, the run r, € Run%(t,)
is an accepting run of A on t,, and we have p(w) = p(u,) = p(tn,rn). Thus, we
have p(L) C {p(t,r) | t € Tr,r € Acca(t)}.

“D” Now let ¢t € Tt and r € Acca(t). We construct a word w € L with
p(w) = p(t,r). For this, we construct by induction for every v € pos(t) words
u1,. .., Uy such that r(v) =g u1 =¢ ... =g Un, uy € A%, and p(u,) = p(tl,,rl,).
We proceed by a reverse induction on the length of v. For |v| = height(¢), we let n =1
and u; = t(¢,7,v), then we have r(v) =¢ u1, up, € A%, and p(u,) = p(tl,,rl,)-
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For |v| < height(t), we assume that t(t,7,v) = d = (p1,-. - ., Pm,a, p) and that for
every i € {1,...,m} we have words ugi), . ,u,(fi) with p; =¢ ugi) =>a ... =0 u;?,
uff? € A%, and Ip(u%?) = P(tyis70i). Since r € Acca(t), we have u(d) € QM+1 5o
by the definition of GG, we have p = ¢ dp1...pm. Thus, we see that

P=¢dpi...-Pm

1
=a dug )pg...pm :>G...:>Gclu7(lll)p2...pm

=a dugl)u?)pg i Pm =G - =¢ dugl)u%)pg . Pm

=q du,(lll) . uf;n 11)ugm) =G ...=>a dugl) . uﬁ[ﬁ)
From this, we obtain words uy,...,u, € (QU A4)* with p =¢ u1 =¢ ... =g uy

such that u, = duﬁ}l) . ug;? € A%, and therefore p(u,) = p(d) + >, Ip(u%)) =

( )+Zz 1]p( vir T rvi):]p(trvvrrv)'

For v = €, we thus obtain words u, ..., u, such that r(¢) =g u1 =¢ ... =g un,
up € A%, and p(u,) = p(t,r). Due to r € Accy(t) we have r(e) € QM+ which
means that S = r(e). Therefore u,, € L, which shows that p(L) D {p(t,r) | t €
Tr,r € Acca(t)}. O

Finally, we recall Parikh’s theorem, after which we are ready to conclude the
proof of Theorem [£.7]

Theorem 4.14 ([82, Theorem 2|,[43]). For every context-free language L, the set

p(L) is semilinear. Furthermore, indices k, ki, ..., k; and vectors a(i),ﬂj(.i) e NP
(te{l,....k},je{l,... ki}) with

k k; ]
= U{a(l) —l—an /BJ(Z) ‘ Nyeen, NE, € N}
i=1 )

can be effectively found from every context-free grammar generating L.
Proof of Theorem[{.7. Let L be as in Lemma[£.13] By Lemma [£.12)and Lemma [£.13]
we then have O = {Q - p(t,r) |t € Tr,r € Acca(t)} ={Q-v|vep(L)}.

For L, let k,ky,... ke,a®, 8 € NP (i € {1,...,k},j € {1,....k}) be as in
Theorem .14l Then

k ki ‘
0= J{2 o+ n;-Q-8" |ny,... ., €N
~ !

Let w1,...,0n+1 be the rows of . Then by Proposition A does not dominate
Ajg iff there exist i € {1,...,k} and nq,...,ng, € Nsuch that for everyl € {1,..., M}
we have

i ki
@ - a4 Z(@l . 5](-1 N < OM41 - ali Z ON41 - ‘M.
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In other words, for every i € {1,...,k} we have a system of linear inequalities
G)l-a(l)—f-Z(@l'/By))'Xj<(DM+1- +Z WM+1 B Xj (l:1,...,M)
j=1 j=1

and A; does not dominate Ajs iff one of these systems possesses an integer solution.
The first M inequalities of each system form a system of the form A’X < 0 for a
matrix A’. The satisfiability of this system with a non-negative integer solution is
equivalent to that of the system A’X < —1 since every non-negative integer solution
X of the first can be inflated by a sufficiently large integer C to a solution C - X
of the latter system. Thus, we effectively need to check the satisfiability of systems
of the form AX < b for a matrix A and a vector b, both with entries from Q, with
an integer solution. By [I3, Theorem 3.4|, the satisfiability of such systems with an
integer solution is decidable, so we can decide whether A; dominates As or not. [
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4.4 The Unambiguity Problem

A man with a watch knows what time it is.
A man with two watches is never sure.

Segal’s Law

The unambiguity problem asks whether for a given max-plus-WTA A, there exists
an unambiguous max-plus-WTA A" such that [A] = [A’]. In this section, we show
that the unambiguity problem is decidable for finitely ambiguous max-plus-WTA. We
follow ideas from [63], Section 5|, where the decidability of this problem was shown
for finitely ambiguous max-plus word automata. We first generalize the dominance
property from max-plus word automata to max-plus tree automata and show that it
is decidable whether a max-plus tree automaton satisfies the dominance property.
Then we show that for a finitely ambiguous max-plus tree automaton A, there exists
an equivalent unambiguous max-plus tree automaton A’ if and only if A satisfies the
dominance property. We note that for max-plus word automata, the unambiguity
problem is known to be decidable even for polynomially ambiguous automata [61].
We leave the question open as to whether the same holds true for polynomially
ambiguous max-plus-WTA. The main result of this section is the following theorem.

Theorem 4.15. For a finitely ambiguous max-plus-WTA A, it is decidable whether
there exists an unambiguous maz-plus-WTA A" with [A] = [A']. If A" exists, it can
be effectively constructed.

The rest of this section is dedicated to the proof of Theorem For the proof,
we will employ the concept of an A-circuit of a WTA A defined as follows. For a WTA
A= (Q,T,p,v), al-word s € Tt,, and a run r € Run(s) with 7(e) = r(01(s)), the
pair (s, ) is called an A-circuit. We call (s,r) small if height(s) < 2|Q)|.

For the rest of this section, we fix a finitely ambiguous max-plus-WTA A. We
apply Lemma (or equivalently Lemma and obtain unambiguous max-plus-
WTA Ajy,..., Ay such that supp(A;) = ... = supp(An) and [A] = max [A4:].
The product automaton B = (Q,T', u,v) of A1, ..., Ay is a weighted tree automaton
over the product semiring (Rpyax)™ which, intuitively, executes all of the automata
Ai, ..., Ay in parallel. We write A; = (Q;, T, p;,v;) for i € {1,..., M} and define
B as the trim part of the automaton B’ = (Q',T', i/, ") defined as follows. We let
Q = Q1 %X ...xQpy and for a € T with rkp(a) = m and po,...,pm € Q" with
Pi = (pi1, - -, pin) we define, with x; = p;(p1i, - . ., Pmis @, poi) and y; = vi(poi),

/*’L/(plv cee 7pm7a)p0) - {

—00 —o0) otherwise

(
(—o0,.
V(po) = {Ey

— 00

JYM) if (y1,...,ynm) € RM

:Ul,...,a?M) if(ﬂ?l,...,IBM)ERM
ey
.,—00) otherwise.

Then B is unambiguous and for ¢ € Tt we have [B](t) = ([A1](t), ..., [Aam](t))-
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Definition 4.16 (Victorious coordinate). Let s € T, be a I'-context, r € Runi(s),
and write wti(s,7) = (K1,...,60). We define wt;(s,r) = &; and wt(s,r) =
maxL, wt;(s, 7).

A coordinate i € {1,..., M} is called victorious if wt;(s,r) = wt(s,r). The set of
all victorious coordinates of (s,) is denoted by Vict(s,r). For q € @ we define

Vict([q]) = N Vict(s, r)

(s,r) small B-circuit
r(e)€ld]

where the empty intersection is defined as {1,...,M}. For P C @, we let Vict(P) =
Mpep Vict([p]). We have the following lemma which relates victorious coordinates to
the decidability of the unambiguity problem.

Lemma 4.17. There exists an unambiguous maz-plus-WTA A" with [A] = [A] if
and only if for all t € Tr and all r € Accg(t) we have Vict(r(pos(t))) # 0. The latter
property is called the dominance property and is denoted by (P). The dominance
property is decidable, and therefore so is the unambiguity problem.

Proof. Here, we only show that (P) is decidable. We defer the proof that (P) is a
necessary condition to Lemma . The proof for the sufficiency of (P) takes some
more preparation and is split into several lemmata.

(P) is decidable as follows. We can consider @) as an (unranked) alphabet and
construct an FTA which accepts exactly the accepting runs of B, i.e., all pairs
(pos(t),r) for some t € Tt and r € Accp(t). Also, for every subset P C () we can
construct an FTA which accepts all trees in Ty in which every p € P occurs at least
once as a label. By taking the intersection of these two automata and checking for
emptiness, we can decide for every P C ) whether there exists ¢t € Tt and r € Accg(t)
with P C r(pos(t)). Checking whether all P for which this is true satisfy Vict(P) # ()
is equivalent to checking (P). Note that Vict(P) can be effectively computed since
there are only finitely many small B-circuits. O

First, we prove that (P) is a necessary condition, i.e., that from the existence of
an unambiguous automaton A" with [A] = [A’] it follows that B satisfies (P).

Lemma 4.18. If there exists an unambiguous maz-plus-WTA A = (Q',T, i/, V")
with [A] = [A’] then B satisfies (P).

Proof. We proceed by contradiction and assume that A’ as above exists and that
(P) is not satisfied. Then there exists a tree ¢ € Tt and a run r € Accg(t) with
Vict(r(pos(t)) = . We let C be the set of all small circuits which are relevant to
show this, i.e., C = {(s,7s) small B-circuit | [rs(e)] N r(pos(t)) # 0}.

Let (s,75) € C and q = r5(¢). We may assume that q € r(pos(t)) due to the
following argument. If q € r(pos(t)) does not hold, there exists some p € r(pos(t))
with p &~ q. Then there exist I-words sf, sp € T, and runs r§ € Rung(q, s§, p) and
rp € Runk(p, sp,q). Thus, with s = s§(sp) and ry = r§(rp — 01(s§)), we obtain
a circuit (s',ry) with ry(e) = p and r¢(01(s§)) = q. We can insert (s',ry) into ¢
and 7 to obtain a tree ¢’ and a run ' € Accg(t') with q € r/(pos(t')).
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Now let ¢q, . .., ¢, be an enumeration of C. We write ¢; = (s;,7;) and let q; = r;(¢g),
wgq, € pos(t) with T(wqi) = q;, and w; = O1(s;). We may assume that cy,..., ¢, are
ordered such that wq, <; ... <; wq,. Then for every ¢ € {1,...,n}, we can insert the
circuit (s; @ ‘ ‘-Q/Kwi)) at wq, to obtain a tree ¢’ = t(sp SRR Wq,) - - (1 AN Wq,) €
Tr together Wlth arun rg = r(rllQ AN W) -+ (1] @) _, Wq,) € Accp(t’). For
simplicity, we assume that the root of each circuit (s; |Ql| ‘-Q,Kwi)) is still at position

Wq, in t'.

Since suppB = supp A’, we find a run r;, € Acca(t'). By pigeon hole
principle, we find 0 < m; < n; < |Q| for each i € {1,...,n} such that
'y (wqw™) = 1’4 (wgw!). We thus obtain runs 7 € Run,(s"~™i) through
it (w) = 1’y (wg,w) such that each (s[*~™,rf) is an A'-circuit. We let § = s[~™
and 7P = r?iimi(wﬁ. Then (8;,7P) are B-circuits with Vict(c;) = Vict(5;,7?) for all
i. For v = (v1,...,v,) € N* we denote by t; the tree obtained by adding v; copies
of §; to t’ for each i € {1,...,n}, ie., the tree t; = t/(5)» — wq,) - (5]" = wq,)-
Then we see that the runs

(BT g ) (B

A)vn<w nTmny

Y Wq,) € Accp(ts)

e ((r = wawim) - ()T g wl™) € Ace ()

are accepting on t;.

By assumption, there exists I € {1,...,n} such that (_, Vict(¢;) # 0 and
N1 Vict(e;) = 0. In the following, we show that (N2} Vict(¢;) # 0, which yields
the desired contradiction. For k,l € N, let tx; = ¢, . r10,..0), Wwhere [ is at index
I +1. Since A’ is unambiguous, we see that with 2 = [A'](t00), k = Wt (51,71) +

.o+ WtA/(§1,rj4), and A\ = WtA/<§[+1,7‘}4+1), we have

[AT(tey) =z + ki + 1A

for all k,1 € N.

Due to the definition of victorious coordinates, we can find a number N € N such
that for all I > NN, the tuple [B](to,;) has its maximum in some victorious coordinate
from Vict(cr41); this is because with every repetition of a circuit, non-victorious
coordinates fall behind victorious coordinates in terms of weight by a small fixed
margin. Then for every I’ > 0, we have

[Al(to.n41) = [AN(to.n) + 1 - wt(B141,7741)-
Since [A'] = [A], it follows that
wt(Gren781) = [Al (o) — [AL(tow) = 2+ (N 4 DA (2 + NA) = A

Similarly, due to the assumption that ﬂ{:l Vict(¢;) # 0, we can find for every
[ € N a number M; € N such that for all £ > M;, the tuple [B](tx,;) has its maximum
in some victorious coordinate j; € ﬂilzl Vict(c;). We let M = maxl]\i o M;. By pigeon
hole principle, there exist l1,l2 € {0,..., M} with [; < Iy and j;, = ji,. Then we see
that, again due to [A'] = [A], we have

(I = L)Wty (3141, 7741) = [l ) — [Al(Ez,) = (2 — L)
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It follows that
. B Ny _ s (= B
Wt(Sr41,7741) = A = why, (8141, 7711),

which means that j;, € Vict(cry1). Since jj, € ﬂilzl Vict(c;) also holds, we have
ﬂfill Vict(¢;) # 0, which is a contradiction to the choice of I. In conclusion, ¢ and r
as chosen do not exist and therefore B satisfies (P). O

Next, we address the sufficiency of (P). In the following, we assume that B
satisfies (P) and construct an unambiguous max-plus-WTA A’ with [A'] = [A].

The idea behind A’ is as follows. The states of A’ will be taken from RM. x Q.
From a bottom-up perspective, A’ remembers in each Ry,c-coordinate the weight
which B would have assigned to the run in this coordinate “so far”. Since this can
become unbounded, we normalize the smallest coordinate to 0 in each transition,
make this coordinate’s weight the transition weight, and remember only the difference
to this weight in the remaining coordinates. Still, these differences can become
unbounded. Therefore, once the difference exceeds a certain bound (2N + 1)C, the
coordinates with small weights are discarded by being set to —oo and only the large
weights are remembered. Here, IV is the maximum possible number of nodes of a
tree over I' of height at most 2|Q|. The constant C is the largest difference between
all weights occurring in the automata Ag, ..., Ay.

We can show that the coordinate ! which in B eventually yields the largest weight
will not be discarded as follows. First, we can show that the weight of a victorious
coordinate of a run will never be smaller than the largest weight (over all coordinates)
minus NC'. Second, we can show that if k is victorious, then the weight of coordinate [
will never be smaller than the weight of & minus NC' + C. Our assumption is that (P)
holds, so there exists some victorious coordinate in every accepting run. Therefore,
the weight of [ will never be smaller than the largest weight minus (2N 4 1)C and is
never discarded.

Formally, we define A’ as follows.

Construction 4.19. We let

2/Q)|
N = 1k(T')" = max{|pos(t)| | t € Tr, height(t) < 2|Q|}
=0

M

R={J(ui(A4) Uri(@:)
i=1

C' =max R —min(R \ {—o0}).

For x = (z1,...,2p7) € RM

max> We denote the smallest weight of x by

x =min{z; | 1 <i< M,z; # —c0},
and define the normalization of x by
x=x—(X,...,%X).

We construct an unambiguous max-plus-WTA A" = (Q', T, i/, ") with [A] = [A]]
and Q' ¢ RM  x @ as follows.

max
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Rule 1 For (a,q) € AgN (I x Q) with x = u(a,q) € RM, we let (x,q) € Q" and
#(a, (x,q)) = %.

Rule 2 Assume we have d = (p1,...,Pm,a Po) € Ag with x = u(d) € RM and
(z1,P1),- -+, (Zm, Pm) € Q' for some zy,...,2,, € Rf\n{m. Welett =x+> ",z
and define y € RM_ through

max

Jmoo ifty <max{t; |[1<j < M} - (2N +1)C
vi t; otherwise.

We let (X> pO) € Q/ and M/((Zl, p1)7 EEER (Zmapm)a a, (Za pO)) =Y.

Rule 3 Assume (z,p) € Q' and x = v(p) € RM. Then we let /(z, p) = max, (z; +

Note that from the above definition, it is not obvious that @’ is finite, which is
what we will show later on. The following is clear from the construction.

Proposition 4.20. The projection w: Q' — @, (z,p) — p induces a bijection between
the accepting runs of B and A’. In particular, A’ is unambiguous.

Using a simple induction we can show the following relationship between the runs
of A" and B.

Lemma 4.21. Let t € Ty, r € Rung(t), and ' = 77 1(r) € Runy (t). We write
r'(e) = (z,p), then for everyl € {1,..., M} we have

(i) if 2 # —oco then wt;(t,r) = wtar(t, ") + 2

(i1) if zy = —oo then for some w € pos(t) we have wti(t],,7[,) < Wt(t],, ) —
(2N + 1)C.

Proof. We proceed by induction on the height of ¢. If height(¢) = 0, the statement
follows from Rule 1. Otherwise, we let a = t(¢), m = rk(a), and (i) = (zi, pi)
for i € {1,...,m}. Since z; # —oo0, we know by Rule 2 that z; # —oo holds for
all i € {1,...,m}. Thus, by induction we have wt;(¢t];,7[;) = wta (t;,7'[;) + zi
for all + € {1,...,m}. It follows by Rule 2 that with x = u(p1,...,Pm,a,p) and
y=u'((z1,p1),- - (Zm, Pm), a, (z,p)) we have

wty(t,7) =z + Zth(t 5, 715)
i=1
=z + Z(th/ (tl, 7' 1) + zi)
i=1

m
= 2z + Y + ZWtA/(trZ,T,rZ)
=1

=wta (t,7) + 2.
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Assume z = —oo and let w be a prefix-maximal position with the property that
for (2, p’) = 1’(w) we have z; = —co. By Rule 1, w cannot be a leaf. We let a = t(w),
m = rk(a), ' (w) = (20, po), and r’'(wi) = (z;,p;) for i € {1,...,m}. By choice
of w, we have z; # —oo for all i € {1,...,m}, so by [[Q)] we have wt;(t],;, 7)) =
Wt (Eis ' i) + 2zt for all @ € {1,...,m}. Let x = u(p1,...,Pm,a,po) and y =
W ((z1,p1),- - (Zm, Pm), a, (Zo, Po)). Then since zg = —oo, there exists by Rule 2
some j € {1,..., M} such that zp; # —oo and z;+ > /", ziy < 205 +y — (2N +1)C.
Thereby, we have

th(trwarrw) =+ Zth(ﬂwiﬂm)
=1

m
=2+ D (Whar (i 7 ) + 2id)
=1

< Zoj + ) + ZWtA’(trwivr/ rwz) - (2N + 1)0
=1
= zpj + WtA/(tfw,wa) — (2N + 1)0
= wt;(tly, 7)) — (2N +1)C
< wt(tly,7ly) — (2N + 1)C. ]

The dominance property (P) is defined only through small circuits. Thus, in
order to use (P), we describe in the following how to decompose pairs (¢,r) of a
I'-tree or a I'-word ¢t and a run r of B on t into small circuits. Intuitively, we cut
circuits from the bottom of the tree using the pigeon hole principle.

Construction 4.22. Let ¢t € Tt be a I'-tree or a I'-word and r € Rungi(t). A circuit
decomposition of t and r is a stub (to, 7o), where to € Tt with height(tg) < 2|Q| and
ro € Runi(tp), together with a finite sequence of small B-circuits (s1,71), ..., (Sn, )
defined as follows. If height(t) < 2|Q|, then we let ¢y =t and ro = r and conclude
the decomposition. Otherwise, we cut a small circuit from ¢ and r.

If t is a I'-tree, we proceed as follows. We choose uv € pos(t) with |uv| = height(t)
and |v| = |Q|. By pigeon hole principle, we find v <, w1 <, ws <, uv with
r(wy) = r(wz). We let s = (t(o — wa))[,,, then for w € pos(s) we see that

height(t) > |wiw| = |wi| + |w| > |u| + [w] = height(t) — |Q[ + [w|

from which |w| < |Q| and therefore height(s) < |@Q| follows. Thus from r we obtain a
small circuit (s,r”) through 7" (w) = r(wiw) for w € pos(s). With ¢’ = t(t[,,, — w1)
we obtain from r a run € Rung(t’) through 7' = r(r[,, — wi). We continue the
decomposition with ¢’ and r’. This procedure ends after finitely many steps.

If ¢t is a I'-word, we proceed in the following way in order to ensure that the process
above never creates a 2-I'-context when cutting a circuit. If there exists a position
v € pos(t) which is prefix-independent from §;(t) and for which height(¢[,/) > |Q|,
we let uwv € pos(t) with v' <, wv, |uv| = [v'| + height(¢[,/), and |v| = |Q]. By
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pigeon hole principle, we find v <, w; <, we <, uv with r(wy) = r(wz). We let
s = (t(o = wa))[,,, then for w € pos(s) we see that

w1
V'] + height(¢],/) > [wiw| = [wi| + [w] > [u] + |w| = [v/| + height(t[,) — [Q] + |w]

from which |w| < |Q] and therefore height(s) < |Q| follows. Thus from r we obtain a
small circuit (s,r”) through r”(w) = r(wiw) for w € pos(s). With ¢’ = t(t[,, — w1)
we obtain from 7 a run 7’ € Rung(t') through +" = r(r[,, — w1). Note that both
s and t' are I-words since v’ is prefix-independent from ¢ (¢). We continue the
decomposition with ¢’ and 7’.

If t is a I-word but height(t[,) < |Q| for all v' € pos(t) which are prefix-
independent from {1 (t), we proceed as follows. First, we show that [0(t)] > |Q]. We
know that height(t) > 2|@|, thus there exists a position w € pos(t) with |w| > 2|Q).
If w <, 01(t), it immediately follows that |01(t)| > |Q]. Otherwise, since (1(t) is a
leaf, w and ¢1(t) are prefix-independent and we can write w = viv; and ¢1(t) = vjve
for some i,j € Ni with ¢ # j. As vi is prefix-independent from ;(t), we see that
|v1| < height(t],;) < |Q| and therefore |vi| > 2|Q| —|Q| = |Q|. In particular, we have
010)] = 0] > Q.

Since [01(t)] > |Q], we can write (1(t) = uv with |v| = |Q]. By pigeon hole
principle, we find v <, w1 <, wy <, wv with r(w1) = r(wz). We let s = (t(o —
wa))l,, and show that height(s) < 2|Q[. Let w € pos(s). If uw <, ¢1(t), we
have |w| < |v| = |Q|. Otherwise, if uw is prefix-independent from (;(t), we can
write uw = wv'iv; and O1(t) = uv'jv; for some i,j € Ny with ¢ # j. Then uv'i is
prefix-independent from ¢1(¢) which means we have |v;| < height(¢],,/,;) < |@|. Due
to |v'jv;| = |v| = |Q], we see that |[v'| < |Q| and therefore |w| = |v'ivi| < |Q]+1+|Q).
Therefore, we have height(s) < 2|Q|. Thus from r we obtain a small circuit (s, ")
through 7" (w) = r(wyw) for w € pos(s). With t' = ¢(t[,, — wi) we obtain from r a
run ' € Runy(t') through " = r(r[,, — w1). Note that both s and ¢’ are I'-words
since wy <, ¢1(t). We continue the decomposition with ¢ and 7.

In the following lemma, we show that the weights of victorious coordinates never
become much smaller than the maximum weight over all coordinates.

Lemma 4.23. Let t € Tr, be a I'-tree or a I'-word and v € Runi(t). If k €
Vict(r(pos(t))) then wtg(t,r) > wt(t,r) — NC.

Proof. Take a circuit decomposition of ¢ and r as in Construction [£.22] with stub
(to,m0) and small circuits (s1,71), ..., (Sp, ™). Since |pos(tp)| < N, we have for all
je{l,..., M} that

n
Wtk(t, 7’) = Wtk(to, 7”0) + Zwtk(si, T’i)
i=1

n
> wtj(to,r0) — NC + ZWtj(si’ ri)
i=1
= wt;(t,r) — NC.

This is true in particular for j with wt(t,r) = wt;(¢,r). O
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We are now able to show that @’ is finite. We proceed by contradiction and
show that if )/ was infinite, we would be able to find arbitrarily long successions
(2, p) = ... 2 (z1,p) in Q' with zy,...,2, pairwise distinct. Then we show that
such successions can in fact not be arbitrarily long, as from every z; to the next,
the difference in weights of at least one non-victorious coordinate to the victorious
coordinates grows by at least 4, where ¢ is a fixed constant. Thus, after some z;,
these differences exceed (2N + 1)C for all all non-victorious coordinates, and all
subsequent z; remain constant.

Lemma 4.24. Q' is a finite set.

Proof. We show first that if @)’ is infinite, then for at least one p € @ we can find
arbitrarily long successions (z,,p) < ... < (z1,p) with z1,...,z, pairwise distinct.
Let Py C Q' be the set of all states added to @’ by Rule 1. For ¢ > 0, let P11 C Q' be
the set of all states added to Q" by Rule 2 using only states (z1,p1),-- -, (Zm, Pm) € B
Then for all i > 0 we have P; C P11, Pit1\ P; # () since @ is infinite, and P is finite.

Let ¢ > 0 and (z,p) € P41 \ P;. Then there are (z1,p1),-..,(2Zm,Pm) € P
with at least one (zj,p;) € P; \ Pi—1 such that (z,p) is added to Q' by Rule 2
using (z1,P1),-- -, (Zm, Pm) € P;, and a valid transition (p1,...,Pm,a,p) € Ap. In
particular, we have (z,p) = (z;,p;).

Now let H > 0, n > H|Q|, and p € P, \ P,—1. Then according to the argu-
mentation we just did, we can find (z,,pn) = ... = (zo,pPo) with (zg,po) € FPo
and (z;,p;) € P; \ Pi—1 for i > 0. In particular, (zg, po), ..., (zn, Pn) are pairwise
distinct. By pigeon hole principle, at least one p € @ occurs H or more times
among po, - - ., Pn. Hence, we find 7; < ... <ig with p;, =... = p;; = p and have
(Ziy,P) = ... = (2i,,p) With z;,,...,2;, pairwise distinct.

Now we show that there can be no arbitrarily long successions (z,,p) < ... <
(z1,p) with z1, ..., 2z, pairwise distinct in Q. This shows in particular that ' must
be finite. We define the constant

0= min wt(s,r) —max{wt;(s,r) | wt;(s,r) < wt(s,r)}
(s,r) small B-circuit
wt; (s,r)<wt(s,r) for some i

where the minimum over the empty set is defined as oo. Assume we have
(x,p) <X (y,p) with x # y. Then there exists a I-word s € Tr, with a run
r" € Run%, ((y,p), s, (x,p)). By projecting r to @, we obtain a run r € Rung(p, s, p).
Take a circuit decomposition of s and r as in Construction with stub (sg,70)
and small circuits (s1,71),. .., (Sn, ). Note that now, (sg,rg) is also a small circuit.
Since B satisfies (P), there exists k € Vict(r(pos(t))). Due to Lemma and
Lemma [£.23] we have zy, yx, € R.

For all i € {0,...,n} and j € {1,..., M}, we have either wt;(s;,7;) = wtg(s;, 1)
or wt;(s;, ;) < wtg(si, ;) —9. Hence, for all j € {1,..., M} we have either x; —x; =
Yk — Yj Or ) — Tj > Y — y; + 0. Since X # y, we have xy, — x; > y, — y; + 9 for at
least one j € {1,...,M}.

Now let (z,,p) X ... = (z1,p) be a succession as above with zq,...,z, pairwise
distinct. Then in every step from z; to z;11, for at least one non-victorious coordinate
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the difference the victorious coordinates grows by at least §. If this differences exceeds
(2N + 1)C, the coordinate is set to —oo. Thus, at some point all non-victorious
coordinates are —oo. It follows that n cannot be arbitrarily large. O

Next, we show that if a coordinate yields the maximum weight in B, then during
the whole computation of the weight of the run, the distance to the maximum weight
does not exceed the bound (2N + 1)C.

Lemma 4.25. Lett € T and r € Accg(t). If forl € {1,..., M} we have [A](t)
[A](t), then for all w € pos(t) we have wt(t]y,,7[y) = Wt(t] . 71,) — (2N +1)C.

Proof. We let w € pos(t), t' = t{¢ — w), and let 7’ be the run on ¢’ we obtain from
r through '(v) = r(v). We write r(¢) = (q1,...,qum) and let k € Vict(r(pos(t))). By
assumption, we have
vi(q) +wty (8, r") + Wty (s T1e) = vk(ar) + we (', r') + wtg(ty, 71y
Due to Lemma we have
wt (', 7)) < wt(t', ') < wtp(t',7") + NC.
Thus, applying Lemma also to wtg(t],,,7[,) we can conclude

th(t[war ) )_VZ(QZ)+Wtk(t T) Wtk(t,7r/) _NC+Wtk(t[w’Trw)

vi(q
—C - 0+wt(r rl,) — NC
Wty 71y) — (2N + 1)C. O

I\/ I\/

We are now ready to show that the behaviors of A’ and A coincide.
Lemma 4.26. We have [A] = [A'].

Proof. Tt is clear that supp A = supp B = supp A’. Let t € supp.A and let r € Accp(t)
and 7’ € Acc (t) be the unique accepting runs on t. We write 7/(g) = (z,q) and

let [ € {1 ., M} with [A](t) = max, [A;](t). Combining Lemma and
Lemma we see that we have z; # —oo. Thus, by Lemma [4.21f(1)| we have for all
i€ {1,...,M} that

vi(qi) + zi < vilqi) + wti(t,r) — wt g (t,77)

= [A](t) — wta (t,7)

[AJ () — wta(t, 1)
vi(ar) + wy(t,r) — wta(t,7)
vi(q) + 2.

IN
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Therefore, again by Lemma [4.21f(i)| we have

[A](t) = max[A] ()

= [A](?)
:I/z(ql +th(t r)
=y(q) +wta(t,r") + z

)
)

= wta (t,7") + mj\glx(l/z(qz) + z)
(

= wtu t,r ) (Z7 q)

In conclusion, A’ is an unambiguous max-plus-WTA with [A] = [A'].
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4.5 The Sequentiality Problem

The sequentiality problem asks whether for a given max-plus-WTA A, there exists
a deterministic max-plus-WTA A’ such that [A] = [A']. In this section, we show
that the sequentiality problem is decidable for finitely ambiguous max-plus-WTA.
For words, the corresponding result is known due to [63]. Like in [63], we obtain
the decidability of the sequentiality problem for finitely ambiguous automata by
combining the decidability of the unambiguity problem for these automata with
the decidability of the sequentiality problem for unambiguous automata. Although
to our knowledge the decidability of the sequentiality problem for unambiguous
max-plus-WTA has never been stated explicitly, it follows rather easily from some
known results and ideas.

We begin by showing that the Lipschitz property of deterministic max-plus word
automata [63), [76] also holds for deterministic max-plus tree automata. On words, this
Lipschitz property can be formulated follows. Let A be a deterministic max-plus-WA
and let L be the largest weight, in terms of absolute value, occurring in A (excluding
—0o0). Then for two words w; = uv; and wy = uvy which have an accepting run in
A, the difference between [A](w;) and [A](ws2) can be at most |L|(|v1] + |v2] + 2).
This is clear since the unique runs of A4 on w; and wy will be identical on the prefix
u, and then with every remaining letter of each word the difference between both
runs cannot grow more than |L|. For deterministic max-plus-WTA, we can show a
similar statement as follows.

Lemma 4.27 (c.f. [63, end of Section 2.4|[76, Section 3.2|). Let A = (Q,T, pu,v)
be a deterministic max-plus-WTA, let X = (u(Ax) Uv(Q)) \ {—oc}, and let L =
maxgex |z|. Furthermore, let t1,ts € supp(A) be two trees and let wy € pos(t1) and
wo € pos(tz) be two positions such that 1], = ta2l,,. Then with t =t1[,, we have

[AT(#1) — [AD(E2)] < LAlta] + [ta] — 2[¢] + 2).

Proof. Since A is deterministic, there exists exactly one run r € Accy(t;) and
exactly one run o € Acc(t2). Likewise, there exists exactly one run r € Run4(t).
Due to t1],, = t2[,, = t, we thus have r[,, = ral,, =r. It follows that

[AT(1) — [AD )
=| > ntttn ) Fviae) = (X wlbltzraw) + v(ra(e) |

wepos(t1) weEpos(t2)

_ ( S u(b(trw) + vr(e)) - ( S u(b(ta e, w)) + V(rz(a)))‘
wepos(t1) wEpos(t2)
(w1 <pw) (w2 <pw)

< L(ta] = [t} + 1) + L(Jta] = [t + 1)

= L([ta] + [t2] — 2[t] + 2). 0

Next, we recall the twins property. Let I' be a ranked alphabet. We begin by
introducing the concepts of siblings and twins. Intuitively, two states are called
siblings if they can be “reached” by the same tree. Two siblings are called twins if for
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every I'-word which can “loop” in both states, the maximal weight for the loop is the
same in both states.

Definition 4.28. Let A = (Q,T", u,v) be a max-pluss-WTA. Two states p,q € Q

are called siblings if there exists a tree u € Tp such that Rung(u,p) # 0 and

Run_4(u, q) # (. We recall that Run_4(u, p) and Runy(u, ¢) contain only valid runs.
Two siblings p, ¢ are called twins if for every I'-word s and weights

r= max  wty(s,r) y= max  wty(s,7),
r€Run’ (p,s,p) r€Run’ (q,s,q)

we have © = y whenever z # —oo and y # —oo holds. Here, the maximum over the
empty set is —oo by convention.

A max-plus-WTA is said to satisfy the twins property if all of its siblings are
twins. For unambiguous max-plus-WTA, the twins property is a criterion to decide
the sequentiality problem. An unambiguous max-plus-WTA possesses a deterministic
equivalent if and only if it satisfies the twins property. For words, this result is due
to [76, Theorem 12]. For trees, we cite the following theorem which states that the
twins property is a sufficient condition for determinizability.

Theorem 4.29 ([18, Lemma 5.10]). Let A be a trim unambiguous maz-plus-WTA.
If A satisfies the twins property, there exists a deterministic maz-plus-WTA A’ with
[A] = [A'] which can be effectively constructed.

The converse, namely that the twins property is also a necessary condition for
determinizability, follows from the Lipschitz property of deterministic max-plus
automata. For max-plus word automata, consider the following. If an unambiguous
max-plus word automaton A does not satisfy the twins property, we can find states
p and g which are siblings and not twins. We assume that our witnesses for this are
u and s as above. Then we consider words of the form wy = us? vp and wg = us™N Vg,
where v, and v, are two fixed words which lead from p and g, respectively, to some
final state. For every fixed L € R, we can choose N sufficiently large to ensure
that |[[A](w1) — [A](w2)| > |L|(Jvp| + |vg| +2). Due to the Lipschitz property of
deterministic max-plus-WA, it is thus not possible to determinize A if it does not
satisfy the twins property. For trees, we can proceed in the same way.

Lemma 4.30. Let A be a trim unambiguous max-plus-WTA. If there exists a deter-
mianistic maz-plus-WTA A" with [A] = [A’], then A satisfies the twins property.

Proof. We follow the idea for the proof of [76, Theorem 9]. Let A = (Q,T, u,v) be a
trim unambiguous max-plus-WTA and let p, g € @ be siblings, i.e., there exists a tree
uw € Tr and runs 7P € Run 4(u, p) and 7?7 € Run4(u, q). Let s € T, be a I'-word such
that p s|_2’> p and ¢ S‘_y> q for weights x,y € R. Since A is trim, there exist I'-words
@i, Giq € T, such that p @l?, p/ and ¢ fal%, ¢ for two final states p/, ¢ € Q and
weights z,, z; € R. We let £, = wta(u, rP)+ 2z, +v(p') and kg = wta(u, r?)+z4+v(q")
and for n > 1 define the trees tén) = U,(s"(u)) and t((ln) = Ug(s"(u)). Due to the



4.5. The Sequentiality Problem 83

unambiguity of A, we see that for every n > 1 we have
[A] (té”)) = Kp +nx

[A] (t((]”)) = kg + ny.

Assume that there exists a deterministic max-plus-WTA A" with [A] = [A’]. Then

by Lemma there exists L € R such that for all n > 1 we have

[FADESY) = FANE)] < LIl + lag] +2).
From the equations above we thus obtain that for every n > 1 we have
|kp — kg + 1z — y)| < [L|(|p]| + |dg] + 2).
This can only hold if = y. It follows that A satisfies the twins property. O

The twins property is decidable for both max-plus word automata |2} [6, [76] [77, 60]
and max-plus tree automata [I7, Section 3|. Deciding whether a max-plus word
automaton satisfies the twins property is PSPACE-complete [60]. For max-plus tree
automata, the problem is thus PSPACE-hard, but no upper complexity bound is
stated in [I7]. We cite the following theorem.

Theorem 4.31 ([18, Theorem 5.17|[I7, Section 3|). For an unambiguous maz-plus-
WTA A it is decidable whether A satisfies the twins property.

Note that in general, it is undecidable whether two given siblings are twins [60],
but for unambiguous max-plus automata (and even polynomially ambiguous max-plus
automata), it was shown to be decidable on both words [2 Section 4] and trees |18,
Section 5.4]. As we will need this statement in Section we provide a short direct
proof.

Lemma 4.32 ([I8, Section 5.4]). Let A= (Q,T, u,v) be an unambiguous maz-plus-
WTA. For every two states p,q € Q it is decidable whether p and q are siblings and it
1s decidable whether p and q are twins.

Proof. Let p,q € @ be two states. First, to check whether p and ¢ are siblings, we
see as follows that it suffices to check whether they can both be reached by a tree u
of height at most |Q|?. Assume we have a tree u € T and two runs 77 € Runy(t, p)
and 79 € Runy(t, q). If height(u) > |Q|?, then by pigeon hole principle, we can find
a simultaneous loop in 7P and 79; that is, we can find two positions w; <, ws in u
with rP(w;) = rP(we) and also r%(wq) = r?(ws). By removing everything between w;
and wo from u, we obtain the smaller tree u(ul,,, — w1) which still reaches p and q.

If p and ¢ are siblings, we see as follows that we only need to check I'-words
s of height at most 4|Q|? to decide whether p and ¢ are twins. Assume p and q
are not twins and our witness for this is the I'-word s with height(s) > 4|Q|?. Let
rp € Run%(p, s, p) be the run on s which loops in p with weight x = wt%(s,r,) and
let 74 € Run%(q, s, ¢) be the run on s which loops in ¢ with weight y = wt%(s,7¢).
Furthermore, let w € pos(s) with |w| = height(s) and let w’ € pos(s) be the longest
common prefix of w and ¢1(s). Then either |w'| > 2|Q|? or |w|—|w’| > 2|Q|?, or both.
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In the first case, there exist two disjoint simultaneous loops in r, and r, above {1(s).
More precisely, by pigeon hole principle we can find positions wy <, wa <, w3 <p wy
with wy <, w' <, O1(s) in s for which (rp(w1),rg(w1)) = (rp(w2),rq(w2)) and
(rp(ws), rq(ws)) = (rp(wa),r¢(ws)). In the second case, there exist two disjoint
simultaneous loops in 7, and 7, which are prefix-independent from ¢1(s). That is,
there exist positions w1 <, wo <p w3 <, wy with w’ <p w1 and wy <, w in s for
which (rp(w1), (1)) = (rplu), g w2)) and (ry(ws), rg(ws)) = (rp(ws), rg(wa)).
Let 12 and w34 be the weights of the loops in the run ry,, and let yi2 and y34 be
the weights of the loops in the run r,. We obtain a smaller I'-word s" and runs 7},
and 'r(’I of distinct weights which loop in p and ¢, respectively, by removing either one
of the two loops or both loops as follows. If x — x12 # y — y12, we remove the wi-ws
loop. Otherwise, if x — x34 # y — Y34, we remove the ws-wy loop. If we have both
Tr—x12 =y —y12 and T —x34 = y — Y34, we obtain that 2z —x19 —x34 = 2y — Y12 — Y34.
From x # y, it follows that x — x12 — 234 # y — Y12 — Y34, SO We remove both loops.
From the unambiguity of A, we see that these two runs are the only runs on the
smaller I'-word, so we have found a smaller witness. O

Finally, we present the main theorem of this section, namely the decidability of
the sequentiality problem for finitely ambiguous max-plus-WTA.

Theorem 4.33. For a finitely ambiguous maz-plus-WTA A it is decidable whether
there exists a deterministic maz-plus-WTA A" with [A] = [A']. If such an automaton
A’ exists, it can be effectively constructed.

Proof. Let A be a finitely ambiguous max-plus-WTA. Due to Theorem we can
decide whether there exists an equivalent unambiguous max-plus-WTA. If this is not
the case, A can also not be determinizable. Otherwise, we can effectively construct
an unambiguous max-plus-WTA A" with [A] = [A’]. Due to Theorem we can
decide whether A’ satisfies the twins property, which according to Theorem and
Lemma [£:30] is equivalent to deciding whether A is determinizable. O
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4.6 The Finite Sequentiality Problem

The finite sequentiality problem asks whether the behavior of a given max-plus-
WTA is finitely sequential. In other words, the finite sequentiality problem asks
whether for a given max-plus-WTA A, there exist finitely many deterministic max-
plus-WTA Ay, ..., A, such that [A] = max]" ,[A;], where the maximum is taken
pointwise. In this section, we show that the finite sequentiality problem is decidable
for unambiguous max-plus-WTA. Moreover, if the behavior of an unambiguous
max-plus-WTA is finitely sequential, we will obtain that the deterministic max-
plus-WTA A;,..., A, can be effectively constructed. For the proof, we follow ideas
from [5], where the decidability of the finite sequentiality problem was proved for
unambiguous max-plus word automata. In [5], the fork property is shown to be
a decidable criterion to determine the existence of a finitely sequential equivalent.
More precisely, unambiguous max-plus word automata are shown to possess a finitely
sequential representation if and only if they do not satisfy the fork property. It is
shown elementarily that an unambiguous automaton satisfying the fork property
cannot possess a finitely sequential equivalent. The proof for the existence of a finitely
sequential representation in case that the fork property is not satisfied, on the other
hand, relies on the construction of finitely many unambiguous max-plus automata
whose pointwise maximum is equivalent to the original automaton, and which all
satisfy the twins property. Since every unambiguous max-plus automaton which
satisfies the twins property is determinizable [76], a finitely sequential representation
is found by determinizing the unambiguous automata.

The general outline of our proof is similar to that of [5] and presents itself as
follows. First, we generalize the fork property to the tree fork property by adding a
condition which accounts for the nonlinear structure of trees. We then prove that an
unambiguous max-plus tree automaton possesses a finitely sequential representation
if and only if it does not satisfy the tree fork property. Like in the word case, we can
use elementary proof methods to show that [.A] is not finitely sequential if A satisfies
the tree fork property. To show that [A] is finitely sequential if A does not satisfy
the tree fork property, we also construct finitely many unambiguous max-plus tree
automata which satisfy the twins property and which thus possess a deterministic
equivalent. However, in comparison to [5] we need to take a different approach in order
to obtain these automata. In [5], a modified Schiitzenberger covering [100), 06l 97|
is first constructed from the unambiguous max-plus automaton, from which in turn
an automaton is constructed which monitors the occurrence of certain states of the
modified Schiitzenberger covering. This latter automaton is then decomposed into
the finitely many unambiguous automata. This approach, however, is not applicable
to trees, as the monitoring of states requires all relevant states to occur linearly.
This happens trivially for word automata due to the inherent linear structure of
words, but for tree automata examples can be found where relevant states occur
nonlinearly. The approach we use here relies on constructing a max-plus automaton
which tracks certain pairs of states of the original automaton. When applied to word
automata, this immediately yields an automaton which can be decomposed into the
desired unambiguous automata. Unfortunately, for tree automata this tracking of
pairs of states again fails due to states occurring nonlinearly. Surprisingly however,
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our construction can be applied to the Schiitzenberger covering of the original tree
automaton, as the states relevant for tracking all occur pairwise linearly in the
Schiitzenberger covering. The most difficult part of our proof is to show that the
Schiitzenberger covering indeed has the property we just indicated.

For now, we introduce the tree fork property and show that it is decidable
whether an unambiguous max-plus-WTA A satisfies this property. Recall that an
unambiguous max-plus-WTA possesses a deterministic equivalent if and only if
it satisfies the twins property, i.e., if and only if all of its siblings are twins (see
Theorem and Lemma . There exist unambiguous max-plus automata which
cannot be determinized, but whose behavior is finitely sequential [63, Section 3.1], see
also Figure [£.2] Thus, for the finite sequentiality problem we inevitably have to deal

alo0 all
0o~ __O~0 OH@/\;Q
alo0 all

0

Figure 4.2: A max-plus word automaton A over the alphabet {a} which is unam-
biguous, whose behavior is finitely sequential, but which does not satisfy the twins
property as p and ¢ are siblings but not twins. The behavior [.A] of A assigns 0 to
all words of odd length and |w| to all words w of even length.

with unambiguous automata in which not all siblings are twins. In the following, we
will call two such states rivals. For unambiguous automata, which are the only type
of max-plus-WTA we consider in this section, the following definition is equivalent to
being siblings and not twins.

Definition 4.34. Let A= (Q,T, u,v) be a max-plus-WTA. Two states p,q € Q) are
called rivals if there exists a tree u € Tp such that Run4(u, p) # 0 and Run(u, q) # 0
and a I'-word s such that p 3‘_”) p and ¢ S|_y> q with  # y. In this case, u and s are
also said to be witnesses for the fact that p and ¢ are rivals.

We do not have to consider a maximum over runs here since A is unambiguous.
Also note that by our definition of Run(s), we have x # —oo and y # —oo above.

Next, we introduce the tree fork property which, as we will show, is satisfied by an
unambiguous max-plus-WTA if and only if its behavior is not finitely sequential. The
property consists of two separate conditions. The first condition intuitively states
that there exist two rivals p and ¢ and a I'-word ¢ which can loop in p, and which can
also lead from p to ¢q. The second condition states that there exist two rivals which
can occur at prefix-independent positions.

Definition 4.35. Let A= (Q,T, u, ) be a max-plus-WTA. We say that A satisfies
the tree fork property if at least one of the following two conditions is satisfied.

(i) There exist rivals p, g € @ and a I-word ¢t with p t‘ng p and p Uz, ¢ for weights
Zp, 2q € R. In this case, t is also called a p-g-fork.
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(ii) There exist rivals p,q € @, a 2-I'-context t € Tt,, and a run r € Run%(t) with
F(01(8)) = p and r(02(8)) = g

The tree fork property can be regarded as an extension of the fork property which
was introduced in [5] and which for max-plus word automata plays the same role as
the tree fork property does for max-plus tree automata. Condition [(i)|is essentially
a tree version of the fork property. Casually put, if we take only condition |(i)| and
replace “I'-word” by “word”, we obtain the fork property. The automaton depicted in
Figure is unambiguous and satisfies the fork property. Condition is new and
possesses no counterpart in the fork property.

al0
b1 b|—1

SO TLIOw

Figure 4.3: An unambiguous max-plus word automaton A over the alphabet {a, b}
which satisfies the fork property. With © = a and s = b, we see that p and ¢ are
rivals, and a is a p-g-fork. All b’s after the last a in a word are treated differently
from the b’s before the last a. A deterministic automaton cannot “guess” which a is
the last in the word, and since there may be arbitrarily many a’s in a word, even
finitely many deterministic automata cannot compensate this inability to guess.

We have the following theorem which relates the tree fork property to the finite
sequentiality problem.

Theorem 4.36. Let A = (Q,T',u,v) be a trim unambiguous maz-plus-WTA

over I'.  Then there exist deterministic max-plus-WTA Ai,..., A, over T’ with
[A] = max] | [A:i] if and only if A does not satisfy the tree fork property. If
such automata A1, ..., A, exist, they can be effectively constructed. In particular, the

finite sequentiality problem is decidable for unambiguous maz-plus-WTA.

Proof. Here, we only show that it is decidable whether A satisfies the tree fork
property. The rest of the proof is deferred to Sections [£.6.1] and [£.6.2] where we show
that the behavior of A is finitely sequential if and only if A does not satisfy the tree
fork property.

To decide whether A satisfies condition we first show that if there exists a p-g-
fork ¢ for two rivals p and ¢, then there exists a p-g-fork ¢’ of height at most 2|Q|?. The
argumentation for this is similar to the proof of Lemma [£.32] that the property of being
siblings is decidable. Assume that ¢ is a p-g-fork with height(¢) > 2|Q|? and that r,
and ry are runs that realize p ﬂfp_> p and p ﬂfg q for some weights z,, z; € R. We let
w € pos(t) be a position with |w| = height(¢) and let w’ be the longest common prefix
of w and ¢1(t). Then either |w'| > |Q|? or |w|—|w’| > |Q|?, or both. In the first case,
there exist by pigeon hole principle two positions w1 <, ws in t with wy <, w’ <, O1(t)
and (rp(wi),rq(w1)) = (rp(we), re(wz)). In the second case, there exist two positions
wy <p wy in t with w’ <, wy and (rp(wy),rq(w1)) = (rp(w2), r¢(w2)). By removing
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the part of ¢ between w; and wy, we obtain that ¢’ = t(t[,, — w1) is a p-¢g-fork as
well. Iterating this process, we obtain a p-g-fork of height at most 2|Q|?.

Next, we identify all pairs of rivals, which is possible since by Lemma [4.32] we
can decide for every pair of states whether they are siblings and not twins. Then, for
every pair of rivals p, ¢ and all D-words ¢ of height at most 2|Q|?, we check whether ¢
is a p-g-fork. If this yields no p-g-fork, A does not satisfy condition

In order to decide whether A satisfies condition we first compute the relation
=< on . This is possible since @ is a finite set and =< is the smallest transitive and

reflexive relation satisfying u(qi, ..., ¢m,a,q0) # —00 — qo = ¢; for all transitions
(q1y--yGm,a,q0) € Agqandi € {1,...,m}. Then, by the trimness of A, Condition
is satisfied if and only if there exist two rivals p and ¢, a transition (qi, ..., ¢m,a,qo) €
A with p(qr,-..,qm,a,q0) # —00, and indices i,j € {1,...,m} with i # j, ¢; < p,
and ¢; <X q. O

The following two sections are dedicated to completing the proof of Theorem

4.6.1 Necessity

In this section, we show that if an unambiguous max-plus-WTA A satisfies either
condition or condition of the tree fork property, then [A] is not finitely
sequential. We begin with condition and show that an unambiguous max-plus-
WTA which satisfies condition @ of the tree fork property does not possess a finitely
sequential representation. The following theorem and its proof are an adaptation of
[5, Theorem 2|. The proof relies on the Lipschitz property of deterministic max-plus
automata (see Lemma and its approach is similar to the proof that the twins
property is a necessary condition for determinizability (see Lemma m

Theorem 4.37. Let A be a trim unambiguous maz-plus-WTA over T'. If A satisfies
condition of the tree fork property, then there do not exist deterministic maz-plus-
WTA Ay, ..., A, over T' with [A] = max?_, [A;].

Proof. For contradiction, assume that A satisfies conditionof the tree fork property
and that there exist deterministic max-plus-WTA A, ..., A, over I with [A] =
max]_, [A;]. We write A; = (Q;, T, pi, v;) and let N = max]" , |Q;|. Let p,q,t, 2, 24
be as in condition |(i)| of the tree fork property and for the rivals p and ¢, let u, s, z,y
be as in the definition of rivals. We let r? € Run4(u,p) and define z, = wt 4(u, rP).
Furthermore, by trimness there exists a ['-word 4 with ¢ Mi} qr for some weight
2y € R and some state ¢5 € Q with v(gy) # —oo.

We define the constant L € R to be the largest weight, in terms of absolute value,
which occurs in the automata Aj,. .., A, as follows. We let X = [J"; ui(A4,) U

vi(Q;) and define L = max,cx\{—o0} |2|. Furthermore, we define natural numbers
No, ..., N, inductively as follows. We let NV,, = 0 and if Nyy1,..., N, are defined,
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then we define N; such that for all k € {{ 4+ 1,...,n} we have

k
Nl =yl > L((k = )t + (Y Nils|) +21a +2)
i=l+1
k-1
+ (k= Dzl + (Y Nilz]) + Nelyl.
i=l+1

We define trees t{, ...t inductively by t{ = s"°(t(u)) and t_, = s™=+1(t(t},));
for clarity, in the word case we would have ¢ = uts™NotsN1 ... ts™Vk . Then for

ke{l,...,n}, welet t;, = 4(t}). Due to the unambiguity of A, we see that for every
ke{l,...,n} we have

k—1
[Al(tk) = 2zu + k2p + (Z Niz) + 2q + Ngy + 20 + v(qy)-
i=0
Thus, for k > [, we have
k—1
LA (t) = [AN )] = [Ni( = y) + (k= D)zp + ( D Niw) + Nyy|
i=l+1

k—1
> Nije =yl = (k = Dlzpl = (Y Nilz]) = Nily|
i=l+1

k
> L((k =0t + (i:l;l Nilsl) + 2l +2).

Note that the first inequality is an application of the reverse triangle inequality. The
second inequality follows from the definition of N;. Now let j € {1,...,n}, then by
choice of L and because A; is deterministic, we have by Lemma [.27] that

k

AT(t) = TAD®)] < LG = )1t + (S Nilsl) + 2] +2).
i=l+1

In conclusion, we have n + 1 trees t;, and n automata A;, so by pigeonhole principle
and the assumption that [A] = max} ;[A;], there must be j € {1,...,n} and k,l €
{0,...,n} with £ > [ such that [A](tx) = [A;](tx) and [A](t;) = [A;](t;). However,
we have |[A](tx) — [Al ()| > |[A;](tx) — [A;](t:)|, which is a contradiction. O

Next, we address condition of the tree fork property. On words, states cannot
occur in prefix-independent positions. Thus, this condition is new for the tree case.
Intuitively, the reason that the behavior of an unambiguous max-plus-WTA A cannot
be finitely sequential if it satisfies condition is as follows. Assume we have a
2-I'-context ¢t and two rivals p and ¢ as in condition and let v and s be as in
the definition of rivals. Then we can construct trees of the form ¢(s"(u), s"(u)) such
that, by increasing n, the difference between the weights on the two subtrees s (u)
is arbitrarily large. However, every deterministic automaton necessarily assigns the
same weight to both subtrees.
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Theorem 4.38. Let A be a trim unambiguous max-plus-WTA over T'. If A satisfies

condition of the tree fork property, then there do not exist deterministic maz-plus-
WTA Ay, ..., A, over T with [A] = max]_,[A].

Proof. For contradiction, we assume that A satisfies condition of the tree
fork property and that there exist deterministic max-plus-WTA Ay,..., A, over
I' with [A] = max]" ,[A;]. First, we construct a tree of the above mentioned form
t(s™(u), s™(u)) and choose n large enough to ensure that in each of the deterministic
automata, some sub-I'-word s of s" loops in some state. Then we show that every
choice of a weight for such a loop leads to a contradiction.

Let p,q,t,r be as in condition of the tree fork property, v1 = 01(t), and vy =
O2(t). For the rivals p and ¢, let u and s be as in the definition of rivals and v = ¢1(s).
We let 7, € Runa(u,p), r4 € Runa(u,q), 5 € Run%(p, s,p), and r{ € Run%(q, s, q).
Furthermore, we write A; = (Q;, T, 15, v;) and let N = max}_; [Q].

By the following argument, we may assume that v(r(g)) # —oco. By trimness,
there exists a I'-word s” and a run r” € Run$(s”) with 7”(01(s”)) = r(e) and
v(r"(e)) # —oo. Thus, if v(r(e)) = —o0, we can consider the 2-I'-context s”(t) with
the run 7’ (r — 01(s”)) instead of t and r.

We now consider the tree ¢’ = t(s" (u), s (u)) together with the run

v = ()N = o) = o (DTN = o) = ).

Since ' € Runy(t') and v(r'(e)) # —oo, we have [A](t') # —oo, so for some
j€{1,...,n} we have [A;](t") = [A](¢'). By pigeonhole principle, since N > |Q;],
we have 7/(viv™) = 1’/ (v1v"™?) for some ni,ng € {0,..., N} with n; < ng. Since A; is
deterministic, we also obtain r’(vov™) = r'(v9v"2) = r'(v1v™). Let m = ngy —n; and
let x,y, z € R be the weights such that p S|_‘”> p and q 5|_y> g in A and r'(vio™) "z
r’(v1v™) in A;. In particular, z # y. We may assume that < y. We consider two
cases.
First, if z > Z(x + y), then for the tree t+ = ¢(s™*™(u), s (u)) we obtain

mix[A (1) 2 [4(7) = [AL(1) + =
> [A1(#) + S (a +)
> [A]{#) + ma = [A)(t).

For the other case, namely that z < F(x + y), we see that for the tree t~ =
t(sN (u), sN "™ (u)) we obtain

max[ A () > [A;1() = [A1(t) - 2
> [A41E) - (= +y)
> [AI(#) —my = [A] ().

In both cases, we see that [A] = max]"_,[.A;] does not hold, which is a contradiction.
Ul

_m
2

Together, Theorems and show that if a trim unambiguous max-plus-WTA
satisfies the tree fork property, then its behavior is not finitely sequential.



4.6. The Finite Sequentiality Problem 91

4.6.2 Sufficiency

In this section, we show that the behavior of an unambiguous max-plus-WTA A
which does not satisfy the tree fork property is finitely sequential. For simplicity, we
begin with a description of our method of proof on max-plus word automata and
compare it to the proof method of Bala and Koniriski [5].

Both proofs work by distributing the runs of A across a finite set of unambiguous
max-plus word automata such that all of these automata satisfy the twins property.
This distribution essentially has the aim of separating the rivals of A. By Theorem [£.29]
these unambiguous automata can then be determinized. The major difference between
our approach and that of [5] lies in the way we obtain these unambiguous automata. To
understand our approach, let p and ¢ be two rivals of A. Furthermore, let u = uy - - - up,
be a word for which there exist valid runs r” = pg %1, py Y2, ... Ynzl p, 3 Yo, p
and r? = qo *1, q1 ®2, ... U“n=l g g Un, g of A on u. We also define p, = p and
n = 4.

We now show that the first occurrence of either p or ¢ in the runs rP and r? serves
as a “distinguisher” between the two runs. We let ¢ be the smallest index with the
property that p; € {p,¢}. Similarly, we let j be the smallest index with the property
that ¢; € {p,q}. We obtain valid runs p; “i+1n p and g; %1t q.

Now assume it would hold that ¢ = j and p; = gj, i.e., the first occurrences are
at the same position in the word, and also the states at this position are the same
in both runs. Then with ¢ = w41 - up, we see that we have valid runs p; *, p
and p; t, q, where p; € {p,q}. Thus, A would satisfy the fork property. Since our
assumption is that A does not satisfy the fork property, we have either i £ j or
pi # qj-

This fundamental property is also used in the corresponding proof of 5], but
our way of exploiting it differs from [5]. In their proof for word automata, Bala
and Koniniski use this property implicitly to show that certain states of a modified
Schiitzenberger covering of A occur at most once in every run [5, Lemma 6]. They
can therefore construct a new max-plus automaton which for each run keeps a record
of all occurrences of these states. The above mentioned unambiguous automata are
then obtained by separating runs with differing records into different automata. For
tree automata, the number of these occurrences is unfortunately not bounded, for
reasons which we will also indicate below.

For now, we continue outlining our new approach, which is to construct an
automaton which adds a distinguishing marker to every run when first encountering
one of the rivals p or ¢. This marker consists of a number, which is used to distinguish
occurrences at different positions, and the state from {p, g} which was visited first.
Whenever reading a letter which causes some valid run to visit p or ¢ for the first
time, the automaton selects the smallest marker which was not used by any valid
run on the prefix read so far, and annotates it to the run. For example, assume that
neither p nor ¢ occur in any valid run the word wu, but that our run r on ua leads
to p. Then r obtains the marker 1,. Now assume there is a valid run on uaa which
leads to p and which visited neither p nor ¢ before that. Then this run obtains the
marker 2, since 1, is already assigned to r. Next, assume that after reading uaaa
another marker for p has to be assigned, and that r cannot be extended to a valid
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run on uaa. Then we assign the marker 1,, as now no valid run on uaa exists to
which the marker 1, is assigned. See Figure @ for an example of this annotation
process on the word aaa for the automaton depicted there.

al0 b|1 b|—1
a a a
— 4qo — qo — 4qo — Qo
al0 Q al0 ~ NN
4 @ 0 — D, 1p b, 2p b, 3p b, 1p
0 0 0 — ¢l ¢l 4.2 ¢.3

Figure 4.4: On the left, an unambiguous max-plus word automaton over the alphabet
{a,b} which does not satisfy the twins property but whose behavior is finitely
sequential. On the right, an illustration of the runs of the automaton on the words &,
a, aa, and aaa together with appropriate markers. Arrows indicate a transition. The
states p and ¢ are rivals with witnesses u = ¢ and s = b.

With this procedure, runs like 7P and r? above receive different markers since
either one run obtains a marker later than the other, and therefore a different marker,
or at least the states they visit first are different, which also leads to different markers.
To separate the rivals of A, we can thus make a copy of A for every marker, and
only allow runs which carry the respective automaton’s marker. Whenever a different
marker would be assigned, the execution of the run is blocked.

Note here that the number of markers we need for this annotation process is
bounded. Since the automaton A is unambiguous, the number of valid runs on every
given word is bounded by the number of states in A. If this were not the case, there
would exist two distinct valid runs on the same word which lead to the same state,
from which a counterexample to the unambiguity of A could be constructed. In
particular, the number of markers assigned at any given “time” is bounded by the
number of states of A.

All of this can easily be generalized to the situation where there is more than
one pair of rivals. Then, runs simply obtain a marker for each pair of rivals of the
automaton, and the copies of A allow a distinguished marker for each of these pairs.

Unfortunately, these ideas do not translate to trees as easily. For example, consider
the runs in Figure @ Intuitively, both runs should obtain the marker 1,. However,
since p and ¢ are rivals, this marker does not serve the purpose of distinguishing runs
as it does in the word case. The first p occurs in different subtrees of both runs, thus
the annotation of distinct markers is not possible. Also, it is easy to construct an
automaton where a rival p can occur at arbitrarily many pairwise prefix-independent
positions, thus a simple lexicographic distinction is not possible. This is also the
reason why the approach from [5] does not work for tree automata.

Our solution is to distribute not the runs of the automaton A, but the runs of its
Schiitzenberger covering. The Schiitzenberger covering of a max-plus automaton A is
a max-plus automaton which possesses the same behavior as A. It has already been
employed in a number of decidability results for max-plus automata [63, [, 4, 85]. Its
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v(q) =0 (o) (+)«

w(p,a,q) =0

u(p,b,p) =1

w(g,b,q) = —1 P q
p(p; q0,¢,p) = (g0, P, ¢,9) = 0 @ 0 @ 0
p 40 qo0 P

M(dap) - M(d7 qO) =0

Figure 4.5: Two accepting runs of the max-plus tree automaton A = ({qo, p, q}, T, i1, v)
over the ranked alphabet I' = {a, b, ¢, d} where ¢ € I'® a,b € T and d € T, All
unspecified weights are assumed to be —oco. The states p and g are rivals.

construction is inspired by a paper of Schiitzenberger [I00] and was made explicit by
Sakarovitch in [96], see also [97].

To better explain the idea behind its construction, we first point out a certain
aspect of the classical powerset construction for finite automata [89]. Assume that D
is the result of applying the powerset construction to an NFA B. Then we might say
that for a word w = wywo, the state which D is in after reading the prefix wy is the
set of all states which B could be in after reading w;. Similarly, the Schiitzenberger
covering of a max-plus automaton A annotates to every state of a run of A4 on a word
w the set of all states which “.A could be in” at this point, i.e., which can be reached
by some valid run on the considered prefix of w. Like the powerset construction,
these ideas easily carry over to trees.

The reason we consider the Schiitzenberger covering of A is that each pair p,q
of its rivals satisfies the following property. For every tree t, either (1) p and q do
not occur together in any run on ¢ or (2) p and q occur only linearly, i.e., there is a
distinguished branch of ¢ such that for every run on ¢, all occurrences of p and q lie
on this branch. In particular, the situation of Figure is not possible. All pairs
which satisfy the first condition can simply be separated into different automata, all
pairs which satisfy the second condition can be handled like in the word case. The
proof of this is non-trivial and needs some preparation. We begin with the formal
definition of the Schiitzenberger covering.

For the rest of this section, let A = (Q,T", u, ) be a trim unambiguous max-plus-
WTA which does not satisfy the tree fork property.

Definition 4.39 (Schiitzenberger covering, [96]). The Schiitzenberger covering & =
(Qs, T, us, vs) of Ais the trim part of the max-plus-WTA (Q xP(Q), T, i/, ') defined
for a € I' with rkr(a) = m and (po, Fo), - - -, (Pm, Pm) € Q x P(Q) by

/’L,((pla Pl)v SE) (pma Pm)a a, (pOa PO)) =

w(p1, .- pmya,po) if Py ={q € Q| 3Iq1,...,qm) € P X ... X Py, with
w(qis - -5 Gms a, qo) # —o0}
—00 otherwise
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(g,{a}) (g, {p,q})

(P, {p,a0})  (q0;{p;q0}) (q0:{p;q0})  (p,{p,20})

Figure 4.6: Two accepting runs of the Schiitzenberger covering of the automaton

from Figure The states (p, {p,q}) and (g, {p, q}) are rivals. The state (p, {p,qo})
is not the rival of any state.

V' (po, Po) = v(po)-

We let m1: Q@ X P(Q) — Q, (p, P) — p and m2: Q X P(Q) — P(Q), (p, P) — P be
the projections.

It is elementary to show that for a run of S on a tree t, the second entry of the
state at a position w consists of all states of A which can be reached by a valid run
of A on t[,. In particular, every two runs on the same tree coincide on their second
entries. Furthermore, projecting all states of a run of S to their first coordinate yields
a run of A, and the weights of these runs coincide. It follows that S is unambiguous
and satisfies [S] = [A]. Also, S is trim by definition.

We can also make the following observation about the rivals of S. Let p and ¢ be
rivals of § and let w and s be as in the definition of rivals. Since all runs of S on u
coincide on the second entry of the state at the root, p and q also coincide on their
second entry. Moreover, as projecting the runs of § on w and s to their first entries
yields runs of A on u and s, respectively, we additionally see that the first entries of
p and q are rivals in A. Thus, if two states p,q € Qs are rivals in S, then p = (p, P)
and q = (g, P) for some set P C @ and two states p,q € @ which are rivals in A.

In the Schiitzenberger covering of the automaton from Figure [I.5 only the
states (p,{p,q}) and (q,{p,q}) are rivals. See also Figure for the runs of the
Schiitzenberger covering on the trees from Figure [£.5] In the following lemma, we
formally show that the properties we just described indeed hold for S.

Lemma 4.40. Lett € It be a tree. Then the following statements hold.

(i) For every run r € Rung(t) and position w € pos(t) we have g o r(w) = {p €
Q| 3" € Runa(tly, p)}-

(ii) For every two runs ri,ro € Runs(t), it holds that mg o 1 = T 0 T9.
(iii) The projection w1 induces a bijection w1 : Rung(t) — Runy(t) by r — mor.

(iv) For every run r € Rung(t) and every position w € pos(t), we have w1 o r(w) €
mg o r(w).
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(v) S is trim, unambiguous, and satisfies [S] = [A].

(vi) For every I'-word s and two states p,q € Qs with p 3|_x> q, we have w1(p) 5|_”>
m1(q).

(vii) If two states p,q € Qs are rivals in S, then p = (p, P) and q = (q, P) for
some set P C Q and two states p,q € QQ which are rivals in A.

Proof. Let t € Tt and r € Rung(t) and for contradiction, let w € pos(t) be a
prefix-maximal position for which does not hold. We deduce that holds for
w. We let a = t(w), m = rkr(a), and write r(w) = (p, P) and r(wi) = (p;, P;) for
ie{l,...,m}.

First, let ¢ € P, then there are states (qi,...,qm) € P1 X ... X P, with
w(qiy ..y Gm,a,q) # —oo. By assumption, for every i € {1,...,m} we find a run
ri € Rung(t],,;,¢). Then the quasi-run r’: pos(t],) — Q defined by 7/(¢) = ¢ and
' (iv) = r;(v) is a run of A on t[,, with r'(e) = q.

On the other hand, let ' € Runy(t],) and let ¢ = 7/(¢). Then for every
i €{1,...,m} we have that r'[; € Runy(t[,,;), so by assumption, r’'(i) € P;. More-
over, u(r'(1),...,r"(m),a,q) # —o0, so ¢ € P. Thus, holds for w, which is a
contradiction, so w does not exist.

follows from

Let t € Tr. By definition of pg, it is clear that for » € Rung(t) we have
mior € Rung(t). The injectivity of 71: Rung(t) — Run4(¢) follows from since
for every two runs ri,re € Rung(t) we have mg o ry = w9 o r9. For surjectivity, we
let 7’ € Run4(t) and define a run r € Rung(t) inductively as follows. For a leaf
w € pos(t), we let r(w) = (r'(w),{po € Q | u(t(w),po) # —oo}). For w € pos(t) with
rkp(¢(w)) = m such that r is defined on wl,...,wm with 7 o r(wi) = P;, we let

r(w) = (r'(w),{po € Q | Ip1,....pm) € P X ... x Py with p(p1,...,pm,a,po) #
—o0}). Then r € Rung(t) and m or =1'.

follows from and

S is trim by definition. Let t € Tr. By definition of ug, for every run
r € Rung(t) we have wts(t,7) = wt4(t, 71 o r). By definition of vg, we also have
vs(r(e)) = v(m or(e)). By we thus have |Accs(t)| = |Acca(t)| < 1, which
means S is unambiguous, and [S](¢t) = [A](¢).

Let s be a I'-word and p,q € Qs be two states with p _ﬂg q, then there
exists a run r € Rung(p, s,q) with wtg(s,7) = x. By definition of ps, we have
m or € Run®(s) and wtg(s,r) = wt& (s, o), so w1 (p) 212, m1(q).

Let p,q € Qs be rivals in § and write p = (p,P,), q = (¢, P,;). Let
u € Tr and s € Tr, be as in the definition of rivals and let 7P € Runs(u,p) and

r4 € Rungs(u,q). By we have P, = myorP(e) = mpyor(e) = P,. By we
have 7, o rP € Rung(u, p) and 71 o 79 € Run4(u, q), so p and ¢ are siblings. Finally,
from (p, Pp) 5|_9”> (p, Pp) and (q, Py) 8|_y> (¢, P;), we obtain bythat P 5|_“7> p and
q S|_1‘/> q. Since x # y, p and ¢ are rivals in A. O
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In the theorems to follow, we will use fact of Lemma without explicit
further notice.

In order to prove some deeper results about the rivals of S, we need two preparatory
lemmata. As a first simplification, we show that we may assume that two rivals p and
q of A are always comparable with respect to the relation <. To see this, note that by
condition of the tree fork property, p and ¢ may not occur in prefix-independent
positions in a run. If in addition, p and ¢ can also not appear in prefix-dependent
positions in a run, they never appear together in the same run of A. Thus, we can
create two copies of A, one in which we remove p and one in which we remove ¢, and
the pointwise maximum of these two automata will be equivalent to the behavior of

A.

Lemma 4.41. We may assume that for all rivals p,q € Q we have either p < q or
q = p, or both.

Proof. Let p,q € Q be rivals for which neither p < ¢ nor ¢ < p. Then we can show
that p and ¢ never occur together in the same run as follows. Assume we have
a tree t € Tr, a run 7 € Runy(¢), and positions wy,wy € pos(t) with r(wy) = p
and r(w2) = ¢q. Then w; and we may not be prefix-independent since p and ¢ are
rivals, and by assumption A does not satisfy condition of the tree fork property.
However, if w; and wy are prefix-dependent, we have a witness for either p < g or
q = p. This is a contradiction, and thus r as chosen does not exist.

Welet Q1 = Q\{p}, Q2 =Q\ {q}, and let A; = (Q;, T, p;,v;) for i = 1,2, where
u; and v; are the appropriate restrictions of p and v to the state sets ;. As p and ¢
do not occur together in any run of A, every run of A is also a run of at least one
of the automata A, As. Thus, we have [A] = max?_,[A;] and both A; and Ay are
trim and unambiguous and do not satisfy the tree fork property.

This procedure can be iterated to separate all rivals which are not in <-relation.
The termination of this procedure is guaranteed by the fact that the set of states
becomes strictly smaller with every iteration. Eventually, we find trim unambiguous
max-plus-WTA Ay, ..., A,, all of which do not satisfy the tree fork property, such that
[A] = max] ;[A;] and all rivals in an automaton A; are pairwise in <-relation. [

Next, we note an elementary statement about self-maps f: X — X. Namely, if
X is a finite set and f: X — X a mapping, then for every a € X there exists some
element b € X and an integer n > 1 such that after n iterations of f, both a and b
are mapped to b. To see this, consider the elements a, f(a), f2(a),..., fX!(a). By
pigeon hole principle, there are numbers 0 < m; < mg < |X| with f(a) = f"2(a).
Then if we choose n > m; as a multiple of my —m; and b = f"(a), we see that

f(a) = b= f"(b).

Lemma 4.42. Let X be a finite set and f: X — X a mapping. Then for every
a € X, there exists an element b € X and an integer n > 1 with f™(a) = b= f"(b).
Here, f™ is the n-th iterate of f, i.e., fO=idy and f™*t! = fo fm.

We now identify the first important property which all rivals of S satisfy. Namely,
if P C @ is the second entry of some rival, then it cannot occur in the form of a
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“triangle” in any valid run of §. More precisely, if we have a run r and positions w,
wvy, and wovy such that the second entry of r(w), r(wv), and r(wvs) is P, then wwvy
and wwe are prefix-dependent.

Lemma 4.43. Let (p, P),(q, P) € Qs be rivals in S. Furthermore, let t' € T be
a tree, ' € Rung(t') a run of S on t', and wy,wy € pos(t’) be positions in t'. If
mo o1 (e) =m0/ (wy) = me o1’ (wy) = P, then wy and we are prefiz-dependent.

Proof. We proceed by contradiction and assume that ¢, 7/, w1, w9 as in the statement
of the lemma exist such that wy and ws are prefix-independent. We show that then,
A satisfies condition |(i)| of the tree fork property. For the rivals (p, P) and (g, P),
let u and s be as in the definition of rivals and let v = ¢;(s). As the proof is rather
technical, we first provide a proof sketch and then follow up with a more precise
presentation of the argumentation. See also Figure [£.7] for some visual aid.

By assumption, u can reach (p, P) and s can loop in (p, P), thus the trees s!”’l(u)
and slPI'"”! (u) can reach (p, P). Due to the construction of S, this means both of
these trees can also reach the states of 7’ at wq and ws. In particular, there exists
a run of S on the tree t = #'(sFl(u) — wl)(s‘P‘lpl(u) — wy) and for this run, the
second entry of every state at the beginning or end of an s-loop is P. In addition, ¢
leads to a state with second entry P, so there in fact exist |P| runs of S on ¢, one
for each state in P. We let r1,...,7p| be the projections of these runs to their first
entry and obtain |P| runs of A on ¢ where for each run the state at the root and all
states at the beginning or end of an s-loop are from P.

By pigeonhole principle, there is some subloop s below ws which loops in all
runs at the same time, i.e., where for some n; we have r;(w9v™) = 7;(wev™*™) for
all runs r;. For each r;, we let ¢; = r;(wv™ ) € P be the state which r; loops in and
let x; be the weight of this loop.

If z; # x; for some ¢ and j, the states ¢; and ¢; are rivals in A with witnesses
u and s". By Lemma [£.41] we may therefore assume ¢; < ¢;. Again by pigeon hole
principle, the run r; loops below w; in s™ for some m > 1 with some state p; € P,
say with weight y;. Due to x; # x;, we have mx; # ny; or mz; # ny;. Since u can
reach every state from P, the state p; is thus a rival of ¢; or ¢; with witnesses u and
s™™_ From the existence of r; and the assumption that ¢; < ¢;, we see that p; can
occur prefix-independently both from ¢; and from ¢;. This is a contradiction to the
assumption that A does not satisfy the tree fork property. It must therefore hold
that z1 = ... =xp.

We let x and y be the weights such that A loops s in p with weight  and in ¢
with weight . Then from x # y it follows that nz # x1 or ny # 1, so the states ¢;
are either all rivals of p or all rivals of ¢ with witnesses u and s". We assume all ¢; to
be rivals of p and apply Lemma to the mapping f: P — {q1,...,qp(},7i(e) = a
with @ = p to obtain ¢; € P and m > 1 such that f™(p) = ¢; = f™(¢;). Then
with § = t(o — wyv™), we see that the I'-word § is a g;-p-fork, i.e., A satisfies
condition |(i)| of the tree fork property.

We now turn to the more technical presentation of the proof. We define the
tree t = t/(s/Fl(u) — w1><s‘P|‘P‘(u) — ws) and construct a run r € Rung(¢) of S
on t as follows. By assumption, there exists a run rP € Rungs(u, (p, P)) and a run
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Figure 4.7: An illustration for the proof of Lemma [£.43]
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rs € Rung((p, P), s, (p, P)). We let | = rlF1) (rP — vlPly and r}, = r'SP“P‘(v) (rP —
U‘P“m). Then 7} € Rung(s!”!(u), (p, P)) and 7 € Runs(s‘P“Pl(u), (p, P)).

By Lemma [4.40(iv)|, we have m o r/(wy),m1 o 7’ (wq) € P, so by Lemma |4.40{1)
we can find 7/ € Runy(s/¥l(u)) with 7/(¢) = 71 o/ (wy) and r§ € Run(s'P1"" (w))
with r4(g) = m o r'(wg). Then r = /(7 (7)) — wi) (7 (1) — we) € Rung(t) is a
run of § on ¢t and we have my o r(wyv') = P for 0 < i < |P| and 79 o r(wgv') = P for
0<i<|P|Pl

By Lemma [4.40(i)| and because my o r(¢) = P, we can now find |P| runs
T1,...,7p| € Rung(t) on ¢ such that {ri(e),...,rp|(e)} = P. We have rj(wv’) € P
for every j € {1,...,|P|} and every i € {0,...,|P|'PI}. For each i € {0,...,|P|IFI},
we define the tuple g; = (ri(wzv'), ..., 7 p|(wav’)). Since g € PPl for every i, we
can find ny < ng with @,, = @n, by pigeonhole principle. Let n = no — ny and write
Gny = (q15---,qp|)-

We now show that qi,...,qp| are either all rivals of p, or they are all rivals
of g. For this, note first that g; s"|zj g; for all j € {1,...,|P|} with weights

z1,...,zp| € R. Also, by the existence of the run r? on u and Lemma , all
states in P are siblings.

We show first that 21 = ... = zp|. We assume that by contradiction, z; # x; for
some 7 # j. Then ¢; and g; are rivals in A with witnesses u and s”. By Lemma
we can therefore assume that ¢; < ¢; or ¢; X ¢;. We assume ¢; =X ¢; and let s;.
be a I'-word such that there exists a run r;'- € Rung(gj, sé-,qi). Furthermore, by
pigeonhole principle, we can find my,mg € {0,...,|P|} with 7j(w1v™) = ri(wev™?)
and my < mg. We let p; = r;(w1v™') and m = mg — m; and show that p; is a rival
of either ¢; or g;. We have p; %} p; for some weight y; € R. Since p; € P, we know
that p;, ¢;, and g; are all siblings. Also, we have p; 5", p, q; "M@ g; and

q; s ma; gj. Since x; # xj, we have ny; # ma; or ny; # mxj, or both. Thus, p; is
a rival of either ¢; or of g;.

Under these assumptions, we see that A satisfies condition of the tree fork
property as follows. Either the 2-I'-context t; = t(¢ — wiv™)(¢ — wav™) to-
gether with the run ;[ ) or the 2-I'-context t2 = ¢ (o, s;) together with the
run r; [pos(t1)<r§ — Q2(t1)) is a witness for condition to be satisfied. Since our
assumption for this section is that A does not satisfy the tree fork property, this is a
contradiction. In conclusion, x1 = ... = z|p|.
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To see that g1,. .., qp| are either all rivals of p, or they are all rivals of g, consider
the following. Using the same arguments as above, we find for every i € {1,...,|P|}
arun r% € Runy(u, ¢;). Furthermore, we have p $"I"% p ¢ "1™, ¢, and q 217 ‘xl i
for every ¢ € {1,...,|P|}. Since = # y, we have either nz # x; or ny # . Wlthout
loss of generality, we assume nx # 1, thus all ¢; are rivals of p.

We now show that A satisfies condition of the tree fork property. We de-
fine a mapping f: P — {q1,...,qp} by 7i(e) = ¢ for i € {1,...,[P|}; recall
that {q1,...,qp} € P, {ri(e),....mp|(e)} = P, and ri(e) # r;j(¢) for i # j. By
Lemma [4.42] there exists m > 1 and i € {1,...,|P|} with fm( ) = q¢ = [f"™(q)-

From this, we obtain that with § = t(c — wgvm) we have ¢; *_ 17, "Iz, q; and q 27, M p
for weights 2,2’ € R. As p and ¢; are rivals, this means that .A satisfies Condltlon
of the tree fork property. O

In the previous lemma, we showed that if P is the second entry of some rival
from S, then states with second entry P do not occur in the form of a triangle. In
the next lemma, we show that even prefix-independent occurrences are restricted to
a certain degree. Namely, if we have two rivals (p, P) and (¢, P) with p < ¢, then all
occurrences of P as a second entry are prefix-dependent on (p, P).

Lemma 4.44. Let (p, P), (¢, P) € Qs be rivals in S with p < q. Furthermore, let
t' € Tr be a tree, v’ € Rung(t') a run of S on t', and wy € pos(t’) a position in
t" with v’ (w1) = (p, P). Then all positions wy € pos(t') with ma o’ (wg) = P are
prefiz-dependent on w1 .

Proof. We proceed by contradiction and take (p, P),(q, P),t',r’,w; as in the state-
ment of the lemma and assume that there exists a position wy € pos(t') which is
prefix-independent from wy and for which 79 0 7/(wy) = P. We show that under these
assumptions, A satisfies condition of the tree fork property. For the rivals (p, P)
and (g, P), let u and s be as in the definition of rivals and let v = ¢;(s). As in the
proof of the previous lemma, we first provide a short proof sketch, see also Figure
for some visual aid.

As we have seen in the proof of Lemma the tree s!”l(u) can reach (p, P),
so due to the construction of S, it can also reach the state of ' at wy. Thus, there
exists a run of S on the tree t = #/(s/Fl(u) — wy) for which the state at wy is (p, P)
and for which the second entry of every state at the beginning or end of an s-loop is
P. We let r be the projection of this run to the first entries of the states.

By pigeonhole principle, we find some subloop s” below wy in r which loops in a
state p’ € P. Let z be the weight of this loop and let z and y be the weights such
that A loops s in p with weight = and in ¢ with weight y. Due to z # y, we have
nx # z or ny # z. Since u can reach every state from P, the state p’ is a rival of p or
g with witnesses u and s"™. From the fact that r(w;) = p and the assumption that
p = g, we see that p’ can occur prefix-independently both from p and from ¢. This is
a contradiction to the assumption that A does not satisfy the tree fork property.

In more detail, the proof is as follows. We define the tree t = t/(s!l(u) — ws)
and construct a run r € Runy(t) of A on t as follows. By assumption, there
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Figure 4.8: An illustration for the proof of Lemma [£.44]

exists a run P € Rung(u, (p, P)) and a run r; € Rung((p, P), s, (p, P)). We let
Th = rlF1© (rP — o!Ply. Then 7} € Rung(s!*l(u), (p, P)).

By Lemma [4.40iv), we have 71 o r/(w3) € P, so by Lemma we can find
€ Runy (sl (u)) with 74 () = 71 0 #/(wa). Then r = 71 (') (14 — ws) € Runy(t)
is a run of A on t and we have r(wqv’) € P for 0 < i < |P|.

By pigeonhole principle, we can find nj,ns € {0,...,|P|} with r(wv™) =
r(wov™?) and ny < ng. We let p’ = r(wiv™) and n = ny — ny and show that p’ is a
rival of either p or ¢. We know that p’ ﬂ) p’ for some weight z € R. Since p’ € P,
we can also find a run 7” € Run A(u,p’) which means that p’ is a sibling of both p
and ¢. We now have p’ "1z p/, p s"I"* p and ¢ % q. Since = # y, we have
nx # z or ny # z, or both. Thus, p’ is a rival of either p or of q.

We see that A satisfies condition of the tree fork property as follows. Since
we assumed p < ¢, there exists a I'-word s} and a run 7§ € Run%(q, s}, p). Therefore,
either the 2-I'-context t; = (o — wy){o — wav™) together with the run [y, or
the 2-T-context ty = t1(sq,©) together with the run r[ o, ) (rg — O1(t1)) is a witness
for condition to be satisfied. Since our assumption for this section is that A does
not satisfy the tree fork property, this is a contradiction. O

We can now prove that every run of S satisfies at least one of the following two
conditions. If (p, P) and (g, P) are rivals in § with p < ¢, then for every run r of S
on a tree t either |(i)| (p, P) does not occur in r or all states with second entry P
occur along a distinguished branch of ¢. This property enables us to apply the idea
from the word case of using markers to indicate the first visit of a rival in a run. If u
is a witness for (p, P) and (g, P) to be siblings, there is in particular a run on u which
leads to (p, P). This run then satisfies condition and since by Lemma {4.40)(ii)| the
second entries of runs on the same tree coincide, all states with second entry P occur
along a distinguished branch of u in every run of & on u. This is true in particular
for the two rivals (p, P) and (q, P).

Theorem 4.45. Let (p, P),(q, P) € Qs be rivals in S with p < q. Then for every
tree t € Tr and every run r € Rung(t) of S on t, at least one of the following two
conditions holds.

(i) The state (p, P) does not occur in r, i.e., r(w) # (p, P) for all w € pos(t).

(ii) All states with second entry P occur linearly in r, i.e., for all wi,wy € pos(t)
with mp o r(wy) = m o r(wa) = P we have wy <, wy or wy <p wy.
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Proof. Let (p, P),(q, P),t,r be as in the statement of the theorem. Assume that
does not hold, i.e., there is a position w € pos(t) with r(w) = (p, P). Let
w1, wy € pos(t) be two positions with my o 7(w1) = m 0 r(w2) = P. By Lemma [4.44]
we see that then wq and wsy are prefix-dependent on w. From the definition of the
prefix relation, we see that if either w; <, w or we <, w, then all three positions
are in prefix relation. We thus consider the case that w <, w; and w <, wo. In
this case, we see from Lemma that wy and wo are prefix-dependent as follows.
We write w1 = wvy and wy = wvy and define ¢’ = t],, and v’ = r[,,. Then we have
r" € Rung(t'), v’ (¢) = (p, P), and mg 07'(v1) = mo 0r’(vy) = P. Thus, by Lemmam
the positions v1 and vy are prefix-dependent. ]

In the following example, we illustrate some more complex interactions which may
exist between rivals, in particular between the rivals of a Schiitzenberger covering.

Example 4.46. We extend the max-plus-WTA from Figure to an automaton
A= ({qo,p,7,0",q},T, p,v) over the alphabet I' = {a,b,c,d, e, f} where f € T'3),
cel@ abecTW and deT'®. As this example is somewhat complex, we first
give some intuition of what we are trying to show with the example and how we
achieve this.

Let P = {p,p’,p",q} and let S be the Schiitzenberger covering of A. We construct
A such that it satisfies the following conditions.

(i) A is unambiguous and does not satisfy the tree fork property. We achieve
unambiguity simply by making A top-down deterministic.

(ii) The problem showcased in Figure still occurs, i.e., a nonlinearity in the first
occurrence of rivals.

(iii) The state ¢ is a rival of all of p,p’, and p”.

(iv) We have p” < ¢ < p < ¢ = p'. In particular, we cannot trivially separate these
states to different automata.

(v) In S, the state (q, P) is a rival of all of (p, P), (p/, P), and (p”, P).

(vi) In' S, we have (p”, P) < (¢, P) = (p, P) < (q, P), i.e., these three states cannot
be trivially separated, and we have (p”, P) < (p/, P).

(vii) In S, the state (p/, P) may occur at arbitrarily many pairwise prefix-independent
positions in the same run.

The sole purpose of the letter ¢ is to ensure condition . The purpose of b is
to ensure conditions and the purpose of a is to ensure the first part of
condition the purpose of e is to ensure the second part of condition and
the purpose of f is to ensure condition .

It is surprising that an automaton with the properties above exists since (1)
Theorem tells us that whenever (p”, P) occurs in a run, then all states with
second entry P occur at pairwise prefix-dependent positions, (2) both (p”, P) and
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Figure 4.9: An illustration of the transitions of A.

(p', P) may occur together in the same run, and (3) the state (p/, P) may occur at
two prefix-independent positions in the same run. We define p and v as follows.

u(d, qo) = p(d, p) = p(d,p’
w(p, 0, ¢, p) = p(qo, ps ¢, q) = pu(p', g0, ¢, p') = p@', q0, ¢, 0"
w(p, b,p) = pu(p',b,p") = p@®”,b,p

b

)=0
)=
)=
1(g,b,q) = —1
)=
)=
)=

0

//

—_

w(p,a,q) = u(q,a p) = u(p,a,p) = plg,a,p") =0
(p,e,p) = (g, e,q) = p(p',e,p’) = p(p',e,p") =0
M(qO,p 9, f,q) = n(p’, 0,9, f,p) =0

v(p") =0

All unspecified weights are —oco. The trees in Figure together with the runs given
on them showcase the above transitions in a more graphical way. With witnesses
u = c(d,d) and s = b(o), we see that conditions [(iii)] and [(v)] above are satisfied. Due
to (q, P) 200, (p, P) 20, (g, P) 40, (p", Pl P) <O, (57, P), we see
that condition is also satisfied. Let Py ={qo,p,p'}, then the tree in Figure
together with the run of S on it illustrates that (p’, P) may occur nonlinearly, i.e.,
condition is satisfied as well.

We note that the states p and p’ are also rivals in A with witnesses u = d
and s = a(b(a(¢))). Furthermore, S contains many more rivals than the ones
mentioned above, among others the rivals (p, {p, ¢}) and (q,{p’, ¢}) with witnesses
u = f(d,d,d) and s = b(¢) and the rivals (p,{p,p’,p"}) and (p',{p,p’,p"}) with
witnesses v = a(f(d,d,d)) and s = a(b(a())).

/!

/

We are now ready to construct the automaton which tracks the first occurrences
of rivals, and whose runs we will later distribute across multiple automata in order
to separate all rivals.

Construction 4.47. Let Ry,..., R, C Qs be an enumeration of all (unordered)
pairs of rivals of S, i.e., for all i € {1,...,n} we have R; = {(p;, P}), (¢i, P;)} such
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Figure 4.10: The state (p’, P) may occur nonlinearly.

that (p;, P;) and (g;, P;) are rivals in S and for every two rivals (p, P), (¢, P) € Qs,
we have R; = {(p, P), (¢, P)} for some i € {1,...,n}. Since by Lemma [4.41] we may
assume that all rivals in A are in <-relation, we assume in the following that p; and
gi are named such that p; < ¢; for all i € {1,...,n}.

For each pair of rivals R;, we define a set of markers by I, = {0,|Q| + 1} U
({1,...,]|Q|} x R;). The set of all combined records of markers is defined by I =
Iy x ... x I,. For a € I, we denote by ali] the i-th entry of a.

Intuitively, the states of our new automaton will consist of a state from S together
with a record of markers from I. However, in order to properly update markers, we
need to know in each step the records of all other runs as well. Thus, our states will
be from Qs X I x P(Qs x I).

In order to define the transition function of our new automaton, we first define
how markers are updated. In some sense, this is similar to the context successor
defined in [5]. Assume we transition into the state q € Qs, we have m subtrees below
our current position in the tree, the runs we consider on these subtrees have obtained
markers @y, ...,a, € I, and the sets of states we could be in on these trees, together
with their markers, are given by A;,..., A, C Qs x 1.

Every pair (p,a) € A corresponds to exactly one run of S on the k-th subtree
together with its markers. Since S is unambiguous, we can therefore assume that
|Ak| < |Q|. Also, since ay, is the marker of a run on the k-th subtree, we may assume

that (Qs x {ax}) N Ay # 0.

For k€ {1,...,m} and ¢ € {1,...,n}, we define the sets of unassigned counters
Byli) € {1,...,[Q[} by

Bili] = {1,...,|QI}\ {j | I(p,a) € Ay, with ali] € {j} x R;}.

Then if for all k € {1,...,m} we have |Ax| < |Q| and (Qs x {ax}) N Ax # 0, we
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define the record of markers b for our current position by (explanations below)

(0 if m=0and q¢ R;
(1,q) if m=0and q € R;
ai] if k € {1,...,m} satisfies:
bli] = ait] =0 for all [ # k and either ax[i] # 0 or q ¢ R;

(min Bgli],q) ifq€ R; and k € {1,...,m} satisfies:
ax[i] = 0 and for all [ # k and all (p,a) € A;: afi] =0
Q|+ 1 otherwise

fori € {1,...,n}. If [Ag| > [Q| or Qs x {a} N Ay = () for some k, we let b[1] =
.=bn] =1Q| + 1.

Note that min By[i] in above case distinction always exists since |Ax| < |@Q)],
(Qs x {ar}) N Ar # 0, and in the case in question we have ag[i] = 0. We define
I(q,dl,...,dm,Al,...,Am) =b.

Case 1 of the definition above means our current position is a leaf and q is not
from R;, so we assign the dummy marker 0. Case 2 means our current position is
a leaf and q is from R;, so we assign the marker (1,q). Case 3 means that either
(1) there is exactly one subtree below our current position which already obtained
a marker different from 0 and we keep this marker for our current position, or (2)
the markers of all subtrees are 0 and q is also not from R;, so we continue with the
dummy marker 0.

Case 4 means the markers of all subtrees below our current position are 0, the
state q is from R;, and there is at most one subtree on which runs exist that obtained
a marker for R;. Then, we take the smallest number which is not already used in a
marker for R; in any run on this subtree, and use this number together with q as the
marker for our current position.

Case 5, the “otherwise-case”, applies in two situations. This case means that
either (1) two distinct subtrees below our current position have already obtained a
marker, or that (2) all markers below our current position are 0 and q is from R;,
but we cannot apply case 4 as there are two distinct subtrees on which runs exist
which obtained markers for R;. In other words, markers were assigned nonlinearly,
and our run satisfies only condition (i)| of Theorem In this case, we assign the
dummy marker |Q| + 1.

The extra case covers the situation where in case 4, the set Bg[i] would be empty.
This case is necessary to ensure our definition is formally complete, but in our
applications of the operator Z it will not actually occur.

We define our “run-marking” max-plus-WTA B = (Q, T, i,7) as follows. We let
Q' = QsxIxP(QsxI) and let B be the trim part of the automaton B’ = (Q’,T, ji’, )
defined for a € T" with rkp(a) = m and (po, ag, Ag), - - -, (Pm, Gm, Am) € Qs X I X
P(Qs x I) by
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[Ll((pla C_Lla A1)7 R} (pm7 ama Am)7 a, (p07 aO? AO)) =

us(Pis---sPm,a,Pg) if ao = Z(po,ai,...,am, A, ..., An) and
AO = {(CIO,bO) S QS x I | 3(((11751)7 ey (Qm,bm)) S
Ay X ... x Ay, with ps(qi, ..., Qm, a,qo) # —oo and
bo = Z(qo, b1, .., by, Ar, -, A}

—00 otherwise

7' (po, o, Ao) = vs(po)-

For the rest of this section, we show that the automaton B “does what we want”:
We show that B is unambiguous, that it has the same behavior as A, and that we can
indeed separate its rivals by distributing runs with a different marker across different
automata which then satisfy the twins property.

Let T1: Qs X I Xx P(Qs x I) = Qs, (p,a, A) — p, T2: Qs X I x P(Qs x I) — 1,
(p,a,A) — a, and 73: Qs X I x P(Qs x I) — P(Qs x I), (p,a,A) — A be the

projections. We prove the following basic observations about B.
Lemma 4.48. Let t € Tt be a tree. Then the following statements hold.

(i) For every run r € Rung(t) we have (71 o r(w), 72 o r(w)) € 73 o r(w). In
particular, the only applications of the operator I are for sets Ay and tuples a
with (Qs x {ax}) N A # 0.

(ii) For every two runs r1,r9 € Rung(t) and every position w € pos(t) we have
7‘:('3 e} rl(w) = f[‘d @) 7‘2(11)).

(ii1) For every run r € Rung(t) and position w € pos(t) we have 3 o r(w) =
{(q,b) € Qs x I | I’ € Runp(tl,,) with r'(c) = (q,b, 73 o r(w))}.

(iv) The projection 71 induces a bijection 71: Rung(t) — Rung(t) by r — T or.
(v) B is trim, unambiguous, and satisfies [B] = [A].

(vi) For every run r € Rung(t) and position w € pos(t) we have |73 o r(w)| < |Q].
In particular, the only applications of the operator T are for sets A with

|Ak] <1Q|.

(vii) For every T-word s and two states p,§ € Q with p 5|_”5> 4, we have 71(p) 5|_I>
T1(q).

Proof. Let t € Tt and r € Rung(t) and for contradiction, let w € pos(t) be a
prefix-maximal position for which |(i)| does not hold. We let m = rkp(¢#(w)) and write
r(w) = (p,a, A) and r(wj) = (pj,a;j,A;) for j € {1,...,m}. Since r is a run of B
on t, we have us(p1,...,Pm,a,p) # —oo and a = Z(p, a1, ..., am, A1,..., Amn). By
assumption, we have (pj,a;) € A; for all j € {1,...,m}, so (p,a) € A follows from
the definition of fi. This is a contradiction, thus w does not exist.

Let t € Tr and 71,72 € Rung(t) and let w € pos(t) be a prefix-maximal
position for which does not hold. From the definition of ji, it is immediately clear
that 3 o r1(w) = 73 o r2(w), so w does not exist.
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|(iii)] Let ¢ € Tt and r € Runp(t) and let w € pos(t) be a prefix-maximal position for
which does not hold. We will deduce that holds for w. We let m = rkp(t(w))
and write r(w) = (p,a, A) and r(wj) = (pj,a;, A;) for j € {1,...,m}.

First, let (q,b) € A, then there are states ((q1,b1), ..., (Gm, bm)) € A1 X ... X Ap
with p(qi, ..., Qm,a,q) # —oo and b = Z(q, by, ..., bm, A1, ..., Ay). By assumption
on w, for every j we find ; € Runp(t[,,;) with r;(¢) = (qj,b;, A;). Then by definition
of fi, we see that the quasi-run ': pos(t[,) — Q defined by /(¢) = (q,b, A) and
r'(jv) = rj(v) is a run of B on t[,, with /(¢) = (q, b, A).

On the other hand, let ' € Rung(t[,), with /() = (q,b, A) for some (q,b) €
Qs x I. Then from |(i)| we obtain (q,b) € A. Thus, holds for w.

Let ¢t € Tr. By definition of fi, it is clear that for » € Rung(t) we have
71 o1 € Rung(t). For the injectivity of 71 : Rung(t) — Rung(t), let r1,r2 € Rung(t)
with 71 oy = 71 ory. Let w € pos(t) be a prefix-maximal position from the set {v €
pos(t) | r1(v) # r2(v)}. Then Tor(w) = Tore(w) and for all j € {1,... rkp(¢(w))}
we have rij(wj) = ro(wj). From the definition of f, it is immediately clear that
r1(w) = ro(w) follows, i.e., w as chosen does not exist.

For surjectivity, we let ' € Rung(t) and define a run r € Rung(¢) inductively
as follows. For a leaf w € pos(t), we let p = 7'(w), a = Z(p), A = {(q0,Z(qo) |
s (t(w), o) # —oo0}, and r(w) = (p, 3, 4)

Now let w € pos(t) with rkr(¢((w)) = m such that r is defined on
wl,...,wm. We write p = 7’(w) and r(wj) = (pj,a;,A4;) for j € {1,...,m}.
We let ag = Z(pgy,ai,.--,am,A1,...,Ap) and A = {(qo,bp) € Qs x I |
3(((11,}71), ces (qm, bm)) € Ay x...x A, with #S(qla e, Qm, Q, QQ) # —o0 and by =
Z(qg, b1y ybm, AL, ...y Ap)}, and r(w) = (p,a,A). Thus, we obtain a run
r € Rung(t) with 71 o r(w) = 7"

B is trim by definition. Let ¢ € Tr. By definition of f, for every run
r € Rung(t) we have wtg(t,r) = wts(t, 71 o r). By definition of &, we also have
v(r(e)) = v(71 or(e)). By[(iv)] we have |[Accp(t)| = |[Accs(t)] < 1, which means B is
unambiguous, and we have [B](t) = [S](t) = [A](2).

The automaton A is assumed to be trim and unambiguous, so we have
[Runy(t)| < |Q| for every t € Tr. Furthermore, the projections m and 71 are
bijections by Lemmal4.40(iii)| and|(iv)|above. Let ¢ € Tt, r € Rung(t), and w € pos(t).
From [(iii)} we see that |73 or(w)| < [Rung(tl,,)| = [Runs(tl,)| = [Runa(tl,)] < |Q|.

Let s be a T-word and §, G € Q be two states with p 5|_~"3> d, then there is a
run 7 € Rung(p, s, ¢) with wti(s,7) = 2. By definition of fi, we have 71 o7 € Rung(s)
and wt(s,r) = wt(s, 71(r)), so we have 1 (p) *I2, 71(q). O

Next, we prove two basic statements about how B sets markers. Assume we have
some run in which a state (p,a, A) occurs. First, we show that if a[i] # 0 for some i,
then in the past, we must have visited one of the rivals in R;. Second, we show that
if A contains a state (q,b) with b[i] # 0 for some i, then we must have visited some
state with second entry P; in the past.
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Lemma 4.49. Let t € Tr be a tree, r € Rung(t) be a run of B on t, let w € pos(t)
be a position in t, assume that r(w) = (p,a, A), and let i € {1,...,n}. Then the
following statements hold.

(1) If ali] # 0, then there is a position v € pos(t) with w <, v and T or(v) € R;.

(ii) If there exists (q,b) € A with bli 7& 0, then there is a position v € pos(t) with
w <, v such that mp o 7y o (v)

Proof. |(i)| Assume a[i] # 0. We choose v prefix-maximal from the set {w’ € pos(t) |
w <, w' and r(w’) = (q,b, B) with b[i] # 0}. This set is not empty since it contains
w. We write r(v) = (q,b, B). If q ¢ R; would hold, we see from the definition of
i, the definition of the operator Z, and the fact that we chose v prefix-maximal
from above set, that either case 1 or case 3 of the definition of Z would apply in the
definition of b[i]. Thus, b[i] = 0 would hold, which is not the case. Therefore, q € R;
holds.

Assume there is (q,b) € A with b[i] # 0. By Lemma [4.4§(iii), there is a run
7 € Rung(t],) with 7/(¢) = (q,b, A). Then by |(i)| there ex1sts v e pos(t[,,) with
71 0r'(v) € R;. Furthermore, we have r[,, € Rung(t [ ). Combining Lemma |4.48(iv )|
and Lemma [4.40)(ii), we have P, = mg 0 71y o r/(v) = mg 0 11 o [, (v). Thus, we see
that w9 o 71y o r(wv) = P, O

Next, we essentially prove that markers for R; are properly set in runs where
states with P; as a second entry occur only linearly. That is, we show that in these
runs, a marker for R; is only set when a rival from R; is actually visited, and that it
cannot be altered afterwards.

Lemma 4.50. Lett € Tr, i € {1,...,n}, and r € Rung(t) such that for all positions
v1,v2 € pos(t) with myowor(vy) = mpom or(ve) = P; we have vy <p, vy or vy <p, v1.
If w € pos(t) is the prefiz-largest position of t with 71 o r(w) € R; then the following
properties are satisfied

(i) The marker Ty o r(w) is defined using case 2 or case 4 of the definition of the
operator L.

(1t) For all positions v € pos(t) with v <, w we have Ty o r(v)[i] = 72 o r(w)[i] €

{1,...,]1Q|} x {71 or(w)}.

(#i) For all positions v € pos(t)\{w} such that either v and w are prefiz-independent
or w <, v, we have Ty o r(v)[i] = 0.

Proof. Let m = rkp(t(w)). If m = 0, 72 o r(w)[i] is obviously defined using case 2.
Otherwise, since w is the prefix-largest among all positions w’ with 71 or(w') € R;, we
have by Lemma [£.49{)] that 72 o r(v)[i] = 0 for all v € pos(t) \ {w} with w <, v. In
particular, we have 7g o r(wj)[i] = 0 for all j € {1,...,m}. Thus, by Lemma {4.49(ii )|
and our assumptions on r and w, we see that case 4 of the definition of the operator Z
applies in the definition of 79 o7 (w)[i]. Thus, Taor(w)[i] € {1,...,|Q|} x {71 0or(w)}.
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We show For contradiction, let v € pos(t) be the prefix-largest position with
v <, w and 7 o r(v)[i] # T2 o r(w)[i]. Let m = rkp(t(v)) and j € {1,...,m} such
that w = vjv’ for some v'. Then 2 07(vj)[i] = F2or(w)[i] # 0, and by Lemma[4.49(1)]
and our assumption on 7, we have 7y o r(vk)[i] = 0 for all k£ # j. Thus, case 3 of the
definition of Z applies in the definition of 75 o 7(v)[i], so 7rg 0 r(v)[i] = Tg o r(vj)[i] =
7o o r(w)[é]. This means v as chosen does not exist.

Finally let v € pos(t) \ {w} be such that either v and w are prefix-independent or
w <p v. Then from Lemma and our assumption on r we immediately obtain
o r(v)[i] = 0. O

In the next lemma, we show that if two states are rivals in B, then their records
of markers differ. The reasoning for this is exactly the same as in our intuitive
description at the beginning of this section.

Lemma 4.51. If (p,a,A) and (q,b, B) are rivals in B, then p and q are rivals
in S and for i € {1,...,n} with R; = {p,q}, we have ali] # b[i] and a[i],b[i] €
{L,....1Q} x{p.a}.

Proof. Let p = (p,a,A) and § = (q,b, B) be rivals in B. Let u and s be as
in the definition of rivals and let ¥ € Run$(u,p) and r¢ € Runf(u,§). Then
by Lemma [4.4§(iv)] we have 71(r?) € Runs(u,p) and 71(r?) € Runs(u,q). By
Lemma, , we also have p i p and q S‘_?J> q with x # y, thus p and q are
rivals in S. Let 72 € {1,...,n} with R; = {p,q}. We may assume that p = (p;, P;)
and q = (g;, ).

We show that ali],b[i] ¢ {0,|Q| + 1}. We let 7P = 7 o 7P and 79 = 71 o 4. We
have mP(e) = (p;, P;) and we assumed p; = ¢;, so by Theorem we obtain that
for every two positions vy, vy € pos(u) with m o rP(v1) = m 0 rP(vy) = P;, we have
v1 <p vg or vg <, wi. This also holds for 9 since by by Lemma [4.40(ii)| we have
mg o rP =19 0 r4,

Let w, € pos(u) be the prefix-largest position of w with rP(w,) € R; and
wq € pos(u) be the prefix-largest position with r4(w,) € R;. That w, and w, exist
is clear from the fact that rP(e) € R; and r9(e) € R;. By Lemma [4.50(ii), we
have alfi] = 72 o rP(wy)[i] € {1,...,|Q|} x {71 o rP(wp)} and b[i] = 73 0 r9(w,)[i] €
{1,...,1QI} x {71 0r(wy)}.

We show that ali] # b[i] and consider two cases. First, if w, = w, we assume
for contradiction that afi] = b[i]. Then we see that 7P(w,) = r9(w,) € R;, and we
also have rP(¢) = p and r9(¢) = q. It follows that with s = u(c — w,), we have
w1 o rP(wp) ﬂi) pi and 1 o 7P (w)) ﬂﬁ) q; for weights z1, 29 € R. Thus, A satisfies
condition [(i)| of the tree fork property, which is a contradiction. Therefore, a[i] = bli]
cannot hold when w, = wj.

Now assume without loss of generality that w, <,
wy = wpjv and r4(wpj) = (¢',¥', 4;). By Lemma 4.4§(i)| and Lemma [4.48(ii)| we
then have (q',b') € A; = T301P(wpj). By Lemma [.50(i)| we know that 750 r? (wy)[i]
is defined using case 4 of the definition of Z, so a[i] # b[i] must hold. O

w, with w, # w, and write

We turn to our final construction where we distribute the runs of B across multiple
automata. For every record of markers ¢ € I, we construct one automaton Bz which
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for each pair of rivals R; admits only runs using the markers 0 and ¢[¢]. All runs in
which rivals occur nonlinearly are covered by admitting the marker |Q| + 1. All other
runs are covered by admitting an appropriate marker from {1,...,|Q|} x R;.

Construction 4.52. For every tuple ¢ € I, we define a max-plus-WTA B; =
(Qz I, i, 7) by removing states from B through

Qs ={(p,a,A) € Q| foralli e {1,...,n} it holds:
if ¢fi] = |Q| + 1 then p # (p;, P) and
if &[i] # |Q| + 1 then ali] € {0,c[i]}}.

Finally, we formally prove that the automata Bz are unambiguous, that their
pointwise maximum is equivalent to the behavior of A, and that they all satisfy the
twins property, which means that they can be determinized.

Theorem 4.53. We have [A] = maxzer[Bz] and for every ¢ € I, the automaton Bz
18 unambiguous and satisfies the twins property.

Proof. The unambiguity of Bz follows from the unambiguity of B. To see that
B: satisfies the twins property, let (p,a, A), (q,b, B) € Q: be rivals in Bz. Then
(p,a, A) and (q, b, B) are also rivals in B, so by Lemma for some i € {1,...,n}
we have afi] # b[i] and ali],b[i] ¢ {0,]Q| + 1}. By definition of B, this means
(p,a, A), (q,b, B) € Qg is impossible, so there are no rivals in Bz and B, satisfies the
twins property.

To show that [A] = maxzer[Bz], we show that for every tree t € Tt we have
Rung(t) = (Jze; Rung, (t). From this, it follows that maxezcr[Be] = [B] = [A]. The
inclusion “2” is clear.

Let t € Tr, r € Rung(t), and let O = {i € {1,...,n} | there is a position w €
pos(t) with mor(w) = (p;, P;)}. Let i € O and assume we have two positions vy, vy €
pos(t) such that mo o 771 o r(v1) = mg 0 1 o 7(v2) = P;. Then, since 71(r) € Rung(t)
by Lemma we obtain by Theorem that v1 <, v or v <, v1. We can
therefore let w; € pos(t) be the prefix-largest position in ¢ with 71 or(w;) € R;. Then
from Lemma [4.50{(ii)| and Lemma [4.50(iii), we obtain that for all positions v € pos(t)
with v <, w; we have 73 o r(v)[i] = T o r(w;)[i] € {1,...,|Q|} x {71 or(w;)}, and
for all other positions v € pos(t) we have 72 o (v)[i] = 0.

We define a tuple ¢ € I as follows. If i € O, we let ¢[i] = 72 o r(w;)[i], where wj is
defined as above. If i ¢ O, we let ¢[i] = |Q| 4+ 1. Then we have r € Rung_(¢). Thus,
Rung(t) = Uzer Rung.(t). O

We now obtain a finitely sequential representation of .4 by applying Theorem [1.29]
to the automata Bz. In particular, we see that the behavior of a trim unambiguous
max-plus-WTA is finitely sequential if it does not satisfy the tree fork property. This
concludes the proof of Theorem [£.36]
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In this chapter, we develop a logic which is expressively equivalent to quantitative
monitor automata. Quantitative monitor automata have been introduced very recently
by Chatterjee et al. [20] and operate on infinite words. A quantitative monitor
automaton is equipped with a finite number of monitor counters. At each transition,
a counter can be started, terminated, or the value of the counter can be increased or
decreased. The term “monitor” stems from the fact that the values of the counters
do not influence the behavior of the automaton. The values of the counters when
they are terminated provide an infinite sequence of weights, which is evaluated into a
single weight using a valuation function.

Quantitative monitor automata are very expressive. As an example, imagine a
storehouse with a resource which is restocked at regular intervals. Between restocks,
demands can remove one unit of this resource at a time. Such a succession of
restocks and demands can be modeled as an infinite sequence over the alphabet
{restock,demand}. Interesting quantitative properties of such a sequence include
the long-term average demand, the minimum demand, and the maximum demand
between restocks. All of these properties can be described using quantitative monitor
automata. Reading an infinite sequence of restocks and demands, we can start a
counter at every restock and count the number of demands until the next restock.
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An appropriate valuation function then computes the desired property. For the
average demand, this can be achieved with the Cesaro mean which was introduced to
automata theory by Chatterjee et al. in [19]. Note that behaviors like these cannot
be modeled using weighted Biichi-automata [40, 4] or their extension with valuation
functions [30]. In the latter model, the Cesaro mean of every weight-sequence is
bounded by the largest transition weight in the automaton. This is not the case for
quantitative monitor automata. The main results of this section are the following.

e We introduce a new logic which we call monitor logic.

e We show that this monitor logic is expressively equivalent to quantitative
monitor automata.

e We show various closure properties of quantitative monitor automata and prove
that Muller and Biichi acceptance conditions provide the same expressive power.

Our logic is equipped with three quantifiers. A sum quantifier to handle the compu-
tations on the counters, a valuation quantifier to handle the valuation, and a third
quantifier to combine the weights of all runs on a word. The biggest challenge for
this characterization was to find appropriate restrictions on the use of the quantifiers.
Without any restrictions, the logic would be too powerful, which we also formally
prove using counter examples. The most important result of our considerations is
that the computations of the sum quantifier should depend on an MSO-definable
condition.

We note that our constructions are effective. Given a formula from our logic,
we can effectively construct a quantitative monitor automaton describing this for-
mula. Conversely, for every automaton we can effectively construct a formula whose
semantics coincides with the behavior of the automaton.

An extended abstract of the results of this chapter appeared at the 42nd Interna-
tional Symposium on Mathematical Foundations of Computer Science (MFCS) in
2017 [86].

5.1 Quantitative Monitor Automata

Muller Automata

A (non-deterministic) Muller automaton (NMA) over ¥ is a tuple A = (Q, X, o, 0, F)
where (1) @ is a finite set (of states), (2) ¥ is an alphabet, (3) g9 € @ is the initial
state, (4) 0 € Q x ¥ x @ is the set of transitions, and (5) F C P(Q) is the set of
final sets.

Let agay ... € X¥ be an infinite word. A run of A on w is an infinite sequence
of transitions r = (d;)i>0 so that d; = (¢;, ai,gi+1) € 0 for all ¢ > 0. We denote by
InQ(r) the set of states which appear infinitely many times in r, i.e.,

m(r) = {qg € Q| Vidj >i: dj = (q,a;,q+1)}-

A run 7 of A on w € X¥ is called accepting if In?(r) € F, that is, if the states which
appear infinitely many times in r form a set in F. In this case, we say that w is
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recognized (accepted) by A. The set of accepting runs on a word w € ¥¢ is denoted by
Acc4(w). The infinitary language of A, denoted by L, (A), is the set of all infinite
words that are accepted by A. A language L C 3¢ is called w-recognizable if there
exists a Muller automaton A so that L = £,,(A).

Valuation Functions

An w-valuation function is a mapping Val: Z¥ — R U {—00,00} which assigns
real values, —oo, or oo to infinite sequences of integers. Typical examples of such
functions are the Cesaro mean CES((2;);>0) = limsup,,_,., & ?;01 z;, the supre-
mum SUP((%)i>0) = Sup;>g i, the infimum INF((2;);>0) = inf;>0 2;, the limit su-
perior LIMSUP((2;)i>0) = limsup,_,., %, and the limit inferior LIMINF((2;)i>0) =
liminf; . 2.

For a new symbol 1 and an w-valuation function Val, we extend the domain of Val
to sequences (z;)i>0 from ZU{1} as follows. If at some point (z;);>0 becomes constantly
1, we let Val((2;)i>0) = co. Otherwise, we let (2, )r>0 be the subsequence of (2;)i>0
which contains all elements which are not 1 and define Val((2;)i>0) = Val((2i,)k>0)-

Biichi and Muller Automata with Monitor Counters

We recall quantitative monitor automata as introduced in [20]. We use a differ-
ent name, however, in order to distinguish between Biichi and Muller acceptance
conditions.

A Biichi automaton with monitor counters (BMCA) A is a tuple
(Q,%, 1,6, F,n,Val) where (1) @ is a finite set (of states), (2) X is an alphabet, (3)
I C Q is the set of initial states, (4) J is a finite subset of @ x X x Q x (Z U {s,t})",
called the transition relation, such that for every (p,a,q,u) € ¢ at most one compo-
nent of @ contains s, (5) F' is the set of accepting states, (6) n > 1 is the number of
counters, and (7) Val is an w-valuation function.

Intuitively, the meaning of a transition (p, a,q, @) is that if the automaton is in
state p and reads an a, it can move to state ¢ and either (1) start (or activate) counter
g if u; = s, or (2) add u; to the current value of counter j if this counter is active
and u; € Z, or (3) stop (or deactivate) counter j if u; =t, for j =1,...,n. Initially,
all counters are inactive. We will also call A an n-BMCA or a Val-BMCA, thereby
stressing the number of counters or the w-valuation function used.

Let w = agay ... € ¥ be an infinite word. A run of A on w is an infinite sequence
of transitions 7 = (d;);>0 so that d; = (q;,a;, qir1,u’) € d for all i > 0. A run r of A
on w € X is called accepting if (1) qo € I, (2) In®(r)NF # 0, (3) if u; = s for some
1 > 0, then there exists [ > ¢ such that ué =tandforallk e {i+1,...,1—1} we
have u? €Z,(4)if u; =t for some ¢ > 0, then there exists ! < ¢ such that ué = s and
forall k € {{+1,...,i— 1} we have uf € Z, and (5) infinitely often some counter is
activated, i.e.,

{i20|u§:5forsomej}

is an infinite set. The set of accepting runs on a word w € X¥ is denoted by Acca(w).
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An accepting run r defines a sequence (z;);>o from Z U {1} as follows. If u; =5
for some j € {1,...,n} and [ > i is such that ué =tandforall ke {i+1,...,1 -1}

we have uf € Z, then z; = 22—212'“ ué“ If ué # s for all j € {1,...,n}, then
zi = 1. We also call (z;)i>0 the weight-sequence associated to r. The weight of the
run r is defined as Val(r) = Val((z;)i>0). The behavior of the automaton A is the
series [A]: X — RU {—o00, 00} defined by [A](w) = inf,cacc 4 (w) Val(r), where the
infimum over the empty set is defined as co. A series S: ¥ — R U {—o0, 00} is
called MC-recognizable if there exists a BMCA A such that [A] = S. The notions of

n-MC-recognizable and Val-MC-recognizable are defined likewise.

A Muller automaton with monitor counters (MMCA) is defined like a BMCA,
but instead of a set of accepting states we have a set of accepting sets F C P(Q).
The condition (2) for a run 7 on a word w € ¥ to be accepting is then replaced by
InQ(r) € F, i.e., a Muller acceptance condition.

Biichi automata with monitor counters use a Biichi acceptance condition, i.e., at
least one accepting state has to appear infinitely often. In Lemma [5.3] we show that
using a Muller acceptance condition does not influence the expressive power.

Example 5.1. Consider the alphabet ¥ = {demand, restock} with the w-valuation
function Val = CES. We model a storehouse with some sort of supply which is
restocked whenever restock is encountered, and one unit of the supply is removed at
every demand. Given an infinite sequence of restocks and demands, we are interested
in the long-time average number of demands between restocks. Under the assumption
that every such sequence starts with a restock, this behavior is modeled by the
following automaton with two monitor counters.

(demand, 1,0) (demand, 0, 1)

(restock, t, s)
(restock, s, 0)
—( 90

(restock, s, t)

When for the valuation function we take INF or SUP, the automaton above
describes the lowest or highest demand ever encountered, for the latter assuming that
the numbers of demands are bounded.

Example 5.2 (J20]). Consider the alphabet ¥ = {a, #} and the language L consisting
of words (#2a*#a*#)“. On these words, we consider the quantitative property “the
maximal block-length difference between even and odd positions”, i.e., the value
of the word ##a™ #a™2##F# ... shall be sup;~; |[ma;—1 — mg;|. With the choice
Val = SuP, a BMCA realizing this behavior is the following.
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(a,1,-1) (a,—1,1)

(#,5,0) @ (::078)) - (#,0,0
ot

-®

Each (#2a™ #a™2#)-block is processed by starting both counters on the first two
#’s, accumulating m; into the first counter and accumulating —m; into the second,
reading #, then accumulating m, — mo into the first counter and —m;j + mo into the
second, and finally terminating both counters on the last #. Thus, the associated
weight-sequence for only this block is (m; — ma, —mj + mo, 1,...,1). Clearly, the
final value of counter 1 is always the negative of the final value in counter 2. Since
our w-valuation function is SUP, only the positive counter value actually plays a role
in the value assigned to the whole word, and this positive value is |m; — ma|.

5.2 Closure Properties

In the following, we prove various closure properties for automata with monitor
counters and that BMCA and MMCA have the same expressive power.

Lemma 5.3. Biichi automata with monitor counters are expressively equivalent to
Muller automata with monitor counters.

Proof. The proof is similar to the standard construction to show that Biichi automata
are expressively equivalent to Muller automata, see for example [32].

Let A = (Q,%,1,6,F,n,Val) be a BMCA, we define the MMCA A’ =
(Q,%,1,6, F,n,Val) by F = {S C Q| SNF # 0}. Then on every word w, the
accepting runs of A on w coincide with the accepting runs of A’ on w, i.e., [A] = [A'].

Conversely, let A = (Q, >, 1,0, F,n, Val) be an MMCA. We construct a BMCA
A =(Q,%,I',0', F',n, Val) as follows.

Q'=QU(QxFxPQ)

I'=1U{(q,F,{q}) | Fe F,qeINF}

F'={(¢q,F,F)| FeF,qeF}

= 6
U{(p,a, (g, F.{q}),a) | Fe F,pe Q\ F,qe F,a € %, (p,a,q,u) € ¢}
U{((p,F,R),a,(q, F,RU{q}),u) | F € F,p,q € F,RCF,

a€X, (paqu)€d}

U{((p, F, F),a,(q, F,{q}),u) | F € F,p,q € F,a € ¥,(p,a,q,u) € 0}

We let m: Q" — @ be the projection defined by ¢ — ¢ and (¢, F, R) — ¢ for (¢, F, R) €
Q x F xP(Q). We extend 7 to transitions by (p',a,¢’,a) — (7(p'),a,7(¢’),w) and to
sequences of transitions from (§’)“ in the obvious way. We claim that for every w € 3¢,
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we have a surjection 7: Accy (w) — Accq(w), and that for every ' € Accy (w) the
weight-sequences associated to r’ and (1) are the same.

First, let 1/ = (d})i>0 with d} = (¢}, a, ¢/ 1,a") be an accepting run of A" on w.
Then for some F € F and g € F, the state (q, F, F) occurs infinitely often. By
construction of ¢’, this means that there exists ¢ > 0 such that for all 7 > 4, we have
m(q;) € F', and for every p € I, there are infinitely many j such that w(q;) = p.
Thus, In®(7(r')) = F and we have 7(1’') € Acca(w). It is also easy to see that the
weight-sequences of ' and 7 (r’) coincide.

Now let r = (d;)i>0 with d; = (¢;,a;,qi+1, %) be an accepting run of A on w and
F =In®(r). Then either all ¢; are in F, or there is an i > 0 with ¢; ¢ F and for all
Jj>1i,q; €F.

In the first case, we let ¢, = (qo, F,{qo}), otherwise we let qz- =gq; for j <
and ¢}, ; = (gi+1, I, {gi+1}). Then assuming that ¢; = (g;, F, R) for j > i is already
defined, we let ¢, = (gj+1, F, RU{gj+1}) if R C F, and otherwise if R = I’ we let
q}H = (¢j+1, F,{gj+1}). Then with d; = (qg,aj,qgﬂ,ai), the sequence ' = (d});>0
is an accepting run of A’ on w.

In conclusion, we have inf,cace ,, (w) Val(r') = inf,cpce , (w) Val(r) for all w € X%,
which means [A] = [A]. O

In the next lemma, we show that MC-recognizable series are closed under projec-
tions and their preimage. Given two alphabets 3 and I' and a mapping h: ¥ — T,
and thus a homomorphism h: ¥ — I'Y| we define for every S: ¥ — R U {—o00, o0}
the projection h(S): 'Y — R U {—o00, 00} by

h(S)(w) = inf{S(v) | h(v) = w}

for every w € T%. Moreover, if §: T — RU{—00, o0}, then we define h=1(S’) = S’oh,
ie, h"1(9): ¥ - RU{—o0c0,0}, w+ S'(h(w)).

Lemma 5.4. Let ¥ and I" be two alphabets, h: X — T be a mapping, and Val be an
w-valuation function.

(1) If S: ¢ — R U {—o0,00} is Val-MC-recognizable, then the projection
h(S): T - RU{—o00,00} is also Val-MC-recognizable.

(i) If S': T — R U {—o00,00} is Val-MC-recognizable, then h=1(S"): ¥“ — R U
{—00, 00} is also Val-MC-recognizable.

Proof. We apply an idea also used in [35].

[)] Let As = (Qs, %, Is, ds, Fs, ng, Val) be a Val-BMCA over ¥ with [Ag] = S.
We construct a new Val-BMCA A = (Q,T', 1,6, F,ng, Val) over I with [A] = h(S)
as follows.

e Q=Qsx%,I=1Igx{agp} for some fixed ag € 3, F = Fg x ¥, and

e ((p,a),b,(p/,d),u) €4 if and only if h(a") = b and (p,d’,p’,u) € Jg.
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Then 7 = ((qo, ao), b1, (q1,a1), @) ((q1, a1), b2, (g2, a2),@?) ... is a run of A on bybs ...
if and only if h(ajas...) = biby... and rs = (qo,a1,q1, ') (q1, az, g2, @) ... is a run
of Ag on ajas .... Moreover, r is accepting if and only if gy € Ig, at least one g € Fg
appears infinitely often in the first component of the states, and the conditions (3),
(4), and (5) concerning the counters are satisfied, i.e., if and only if rg is accepting.
By construction, we have Val(r) = Val(rg), and therefore [A] = h([Ag]).

Let Ags = (Qgr, T, Iss, 057, Fgr,ngs, Val) be a Val-BMCA over I' with [Ag] =
S’. Then we let A = (Qg, X, Ig, 0, Fgr,ng, Val) be a Val-BMCA over ¥ with
(p,a,q,u) € ¢ if and only if (p, h(a),q,u) € dg/. It is easy to see that A recognizes
h=1(S") = S o h. O

For two series S7,S2: X% — RU {—00, 00}, the minimum min(Sy, S2) of S; and
So is defined pointwise, i.e.,

min(S1, S2)(w) = min{Sy(w), S2(w)}.

As the next lemma shows, taking the minimum of MC-recognizable series preserves
recognizability.

Lemma 5.5. For a given w-valuation function Val, the Val-MC-recognizable series
are closed under minimum.

Proof. We show this using the usual union construction for automata: for two BMCA
.Al = (Ql; Z, Il, (51, Fl, ni, Val) and .AQ = (QQ, 2, IQ, (52, FQ, no, Val) with diSjOiIlt state
spaces, the BMCA (@ U Q2,%, I} U Iz, 01 U b2, F1 U Fy, max{ny, na}, Val) recognizes
min([A;], [Az])). Here, we implicitly fill every tuple of weights @ of a transition from
01 U 62 with 0’s if it does not have max{ni,ns} entries. O

Let L C ¥¥ and S: ¥“ — RU{—00,00}. The intersection of L and S is the
series LN S: X¥ — RU{—00,00} defined for w € £ by

S(w) fwelL
LN S(w) = (w) ]

00 otherwise.
As the next lemma shows, intersecting an w-recognizable language with an MC-
recognizable series preserves MC-recognizability.

Lemma 5.6. Let Val be an w-valuation function, let L C X be w-recognizable, and
let S: X% — RU {—o00,00} be Val-MC-recognizable. Then L NS is also Val-MC-
recognizable.

Proof. The proof is similar to the standard product construction to show that
recognizable languages are closed under intersection. Let A = (Q, X, qo, d, F) be an
NMA with £,(A) = L and A" = (Q', %, I', ', F',n, Val) an MMCA with [A] = S.
We construct a new MMCA A" = (Q",%,1”,6",F",n,Val) with [A"] = LN S
as follows. We let Q" = Q x Q', I" = {qo} x I, and we let m1: Q" — @ and
ma: Q" — @ be the projections. Then we let F” € F” iff both w1 (F") € F and
mo(Q") € F'. The set of transitions ¢" C Q" x X x Q" x (Z U {s,t})™ is defined by
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((p,0),a,(q,q),u) € 8" iff (p,a,q) € and (p',a,q’,u) € §’. Then for every infinite
word w € X, there is an obvious bijection between the pairs of accepting runs
(r,r") € Accy(w) X Accy (w) and the runs 7’ € Accyv(w), and under this bijection
we have Val(r”) = Val(r’). Thus for every word w € L we have [A"](w) = S(w), as
Accq(w) # (0. For w ¢ L we have Acc4(w) = () and therefore [A"](w) = cc. O

5.3 Monitor MSO logic

In this section, we develop a logic which captures exactly the MC-recognizable series.
We first want to give a motivation for the quantifiers and restrictions we use in our
logic. We are looking for a logic which is expressively equivalent to automata with
monitor counters. It is clear that we need a valuation quantifier in order to model
the valuation done by the automata. The question is which types of formulas should
be allowed in the scope of the valuation quantifier. From [30], it follows that allowing
only almost Boolean formulas (see below) is too weak. We would only describe Muller
automata over valuation monoids, and these are strictly weaker than automata with
monitor counters [20].

We therefore have to allow at least some other quantifier in the scope of the
valuation quantifier. Taking into account the automaton model we want to describe,
this should be a sum quantifier. Most weighted logics [27, 32} [30] [45] [74, 26] use
quantifiers that act unconditionally on the whole input, i.e., on the whole word, tree,
or picture. However, in Lemma [5.11| we will see that in our case, an unrestricted sum
quantifier is too powerful.

The intention of the sum quantifier as we define it here is to have a sum quantifier
which acts on infinite words, but still computes only finite sums on a given word. The
computation of the sum quantifier depends on a first order variable z and a second
order variable X provided to it. The variable X serves as a “list” of start and stop
positions, and the variable z indicates where the summation on the infinite word
should take place. Simply put, the sum is evaluated to 1 if x does not point to a
position in X or there is no successor of x in X. Otherwise, if y is x’s successor in X,
the sum is taken from x + 1 to y — 1.

Intuitively, each sum quantifier corresponds to a counter. In a run of an automaton
with monitor counters, not more than one counter can be started at each letter of the
given word. Therefore, we use Boolean formulas to choose which counter to use. We
combine these choices between counters into so-called z-summing formulas, where x
is the first order variable provided to each sum quantifier in the formula.

Let ¥ be an alphabet and let 0 = ({P, | a € ¥} U {<}, ar,) be the signature of a
word over X as described in Example In the following, we identify every infinite
word w € X% with its corresponding o-structure tv, also as described in Example [2.1]
Furthermore, as o is uniquely determined by X, we denote the set MSO(o) simply
by MSO(X) and say that a formula 5 € MSO(X) is a Boolean or an MSO formula
over Y. Let V be a countable set of first and second order variables and Val an
w-valuation function. We define a three step logic over ¥ and Val according to the
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following grammars.

Yu=k[B7¢:9
=187 G | D™ o
pu=pF7¢:p|min(p,¢) |inf z.@ | inf X.p | Valz.(,

where § € MSO(X), z,y € V are first order variables, X € V is a second order
variable, a € X, and k € Z. The formulas ¢ are called almost Boolean formulas,
the formulas (; x-summing formulas, and the formulas ¢ monitor MSO (mMSO)
formulas. We denote the sets of almost Boolean and x-summing formulas over ¥ by
mMS0#P°°(%) and mMSO* (%), respectively, and the set of monitor MSO formulas
over ¥ and Val by mMSO(X, Val).

Note that while almost Boolean formulas as defined here differ in notation from the
way we defined almost Boolean formulas in Section the semantics of the formulas
from mMSO*°°(2) as we will define them in fact coincide with the semantics of
the formulas from wMSO® (g, Z) as defined in Section .

We remark that within an z-summing formula, the first order variable provided
to each sum quantifier is always x. This restriction is not imposed on the second
order quantifiers, i.e., 57 @x,X y.aby EBI’Z Y19 is an x-summing formula, but
87 @x’X TRVI @Z’Z y.1)9 is neither an z-summing nor a z-summing formula. Also
note that the z-summing formulas are only auxiliary formulas, see Remark [5.7] later
on.

The notions of free variables and sentences are defined as for MSO formulas, with
the addition that the operators inf and Val also bind variables and that in @x’X Yy,
the variable y is bound.

For the rest of this chapter, we will always assume that V denotes a finite set of first
and second order variables. Let w = agpa; ... € X*. We encode (V, w)-assignments p
as usual with an extended alphabet ¥y = ¥ x {0,1}: to a pair (w, p), we associate
the word (ag, po)(a1, p1) ... € 35, where

1 if X is a first order variable and i = p(X)
pi(X) =<1 if X is a second order variable and i € p(X)

0 otherwise

for ¢ € N. An infinite word (ag, po)(a1, p1) - .. over Xy is called valid if and only if for
every first order variable the respective row in the {0, 1}Y-coordinate contains exactly
one 1. In this case, we denote this word by (w, p), where w is the projection to ¥ and
p is the (V, w)-assignment we obtain from the p; by reversing the above association.
In particular, p is then always a total mapping. It is not difficult to see that the set

Ny = {(w,p) € % | (w, p) is valid}

is w-recognizable. Let 3 € MSO(X) be an MSO formula. We will write X5 for Ypyee(s)
and Ng for Npee(s). We recall the fundamental Biichi theorem [16], namely that
whenever Free() C V, the language

Ly(B) = {(w,p) € Ny | (w, p) |= B}
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defined by 3 over Xy, is w-recognizable. We abbreviate £(8) = Lyee(g)(8). Conversely,
every w-recognizable language L C X% is definable by an MSO sentence f, i.e.,
L=c(p)

Next, we define the semantics of mMSO. Let Val be an w-valuation function. For
an almost Boolean, z-summing, or monitor MSO formula 7, we define the semantics
[nlv(w, p) of n under the (V,w)-assignment p as follows: if (w, p) is not valid, then
[n]v(w, p) = co; otherwise the semantics are defined as follows.

[[k]]V(wa P) =k

18741« olly(w, p) = {WW“}’P) if (w, p) = B

o]y (w, p) otherwise
min{j€p(X)|i>p(z)} -1

@ .yt p) — {2 T (00l =) T p(a) € pX) and

i=p(z)+1 {GepX)1j>pl)}#0
1 otherwise.
[min(e1, p2)lv(w, p) = min{[e1]v(w, p), [e2]v(w, p) }
[inf z.¢]y(w, p) = Ziglg[[@]]w{x} (w, plz — 1])
[inf X.o]y(w, p) = }gg[[w]]vU{X}(w,p[X — 1)
[Valz.C:]v(w, p) = Val(([C]vuge) (w, plz — ]))ien)

We write [n] for [[n]}pree(n).
Remark 5.7. From the semantics defined here it is clear that every z-summing sentence
(. is semantically equivalent to 1. In this sense, the x-summing formulas constitute no
meaningful fragment of our logic, and are only auxiliary formulas for the construction
of monitor MSO formulas.

In Lemma [5.12] we will see that the first order variable x is necessarily also
the variable which is quantified by Val, i.e., allowing formulas like Val z.(, leads to
formulas which are not MC-recognizable.

Note also that for every valid (w, p), we have [Valz.1]y(w, p) = co. By abuse of
notation, we can thus define the abbreviation co = Valz.1.

Remark 5.8. The condition used in the definition of the sum quantifier is definable
by the MSO formula

notLast(z, X) =2z € X AJy.(y € X Az < y),
where x < y is an abbreviation for z < y A =(y < x). We can therefore also write
[B y4]v(w,p)
- {Z?izgfﬁx"m(f”1u¢uvu{y}<w, ply = i)) if (w, p) [= notLast(x, X)

1 otherwise.

If we define an unrestricted sum quantifier @ y.v by

(D -]y (w, p) = {zieNWHVU{y} (w, ply — 1]) if this sum converges

otherwise,
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we can write our restricted sum quantifier as

[B y4lv(w,p)
= [notLast(z, X) ?@Py.(z <yAVz.((r < zANz2<y) > —z€ X)?9:0): 1]p(w, p).

Example 5.9. Consider Exampleagain, i.e., the alphabet ¥ = {demand, restock}
with the w-valuation function Val = CES. Then the formula

= inf X. <Vz.(z € X <> Prestock(2)) 7 Val . @I’X y.1: oo)

describes the average number of demands between two restocks. We recall that oo is
simply an abbreviation for the formula Valz.1. As in Example [5.1], if we take INF
or SUP for the valuation function, the formula above describes the lowest or highest
demand ever encountered.

We have the following fundamental lemma which intuitively states that the
semantics and recognizability of a formula depend only on the variables occurring in
it.

Lemma 5.10 (Consistency Lemma). Let ¢ € mMSO(X, Val) and let V be a finite
set of variables with V O Free(y).

(7’) For every valid (wa 10) S Zo\j we have [[SDHV(w>p) = [[SO]] (wnOrFree(go))'
(i) [¢] is Val-MC-recognizable if and only if [¢]y is Val-MC-recognizable.

Proof. This can be shown by induction on ¢ using the same ideas as in [27]. We
first show that the statement also holds for Boolean, almost Boolean, and xz-summing
formulas.

Let 8 be of the form P,(x), = < y, or z € X where x and y are first order
variables and X is a second order variable. Then for every valid (w, p) € 3%, with
V D Free(f), it is immediate from the definition of satisfaction that (w, p) = g if and

only if (w7 erree(ﬂ)> ): B.
Next, assume that § = -4’ with ' € MSO(X) and let (w, p) € X% be valid. Then

since V D Free() = Free(8’), we have by induction that

(w,p) E B <= not (w,p) E 5
<= not (U) :0 Free(8 ) ): ﬂ
— (w pl Free(S) ) ): B.

Now assume that 3 = 31 V B2 with 1,82 € MSO(X) and let (w,p) € 3 be
valid. Then since V D Free(f) D Free(51) and V D Free(3) 2 Free(f2), we have by
induction that

(w,p) E B = B or (w,p) | Be
Free(B1) ) F p1 or (’UJ pl Free(f2) ) F B2
Free(B) ) ): B or (U) pl Free(3 ) ): B2

Free(,B)) ): B.

= = =

1111
TTEE
T = T « T«



122 CHAPTER 5. MONITOR LOGICS

For the first order existential quantifier, assume that 8 = 3z.8" with 8/ € MSO(X)
and let (w, p) € X% be valid. By definition, we have

(w,p) E B < (w,plz —i]) E B for some i € N.
Due to V D Free(3), we have
VU {x} 2 Free(8) U {z} D Free(8') U {z} D Free(3).
By applying the induction hypothesis twice, we thus have for every ¢ € N that

(w,plx = 1)) E B = (w,plz = | lpee(s)) E B
— (waerree(B’)[x - Z]) ': ﬁ/-

It follows that (w,p) E B <= (W, plmee(s)) F B For the the second order
existential quantifier, we can proceed in the same way.

Next, we address almost Boolean formulas. For ¢ = k with k € Z, the statement
is clear. For v = 24y : ¢y with § € MSO(X) and v1,%s € mMSO*P°°(%), let
(w, p) € X%, be valid. Then since V O Free(v)) 2 Free(v1), V 2 Free(¢)) 2 Free(vz),
and V D Free(y)) D Free(3), we have by induction that

w. o) — 4 [rlv(w,p) i (w,p) 1= 5
hver) {[[7/’2]]\/(10,,0) otherwise

_ [[wl]](wa erree(v,Zzl)) if (w7 erree(ﬁ)) ): B
[[d}?]] (’U), p rF‘ree(ng)) otherwise
_ [[¢1]]Free(¢) (’UJ, errco(v,ZJ)) if (wa errcc(w)) ’: B
[[wZ]]Free(w) (wv P rF‘ree(dJ)) otherwise
= [[QM] (wa erree(l,lJ))‘
For z-summing formulas, we proceed as follows. For ( = 1, the statement is
clear. For ( = 87 (1 : (e with 8 € MSO(X) and (3,{, € mMSO*(X), we can
proceed in the same way as for almost Boolean formulas. Assume that ¢ = @x,X Y.

with ¢ € mMSO*P°°(%) and let (w,p) € =% be valid. We have V D Free(¢) =
Free(y) \ {y} U {z, X}. In particular, we have

VU {y} D Free(¢) U{y} = Free(y)) U{y,z, X} D Free(v).

Thus, we see by induction that for every ¢ € N, we have

[Wlv(w, ply = i]) = [¥](w, ply = @]l ree(w))
= [¥]Eree(c)utyr (Ws PlEvee() [V — 1)

from which the statement follows.

Finally, we consider monitor MSO formulas. For formulas of the form 37 ¢ : p2
with 1, p2 € mMSO(X, Val), we proceed in the same way as for almost Boolean
formulas. For ¢ = min(¢1,¢2) with 1,2 € mMSO(X, Val), let (w,p) € X5, be
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valid. Then since V D Free(y) 2O Free(p1) and V 2 Free(¢) D Free(ps), we see by
induction that

[e]v(w, p) = min{[e:]v(w, p), [2]v(w, p)}
= min{[1](w, plrvee(pr)): [92] (W, PlEree(py))
= min{[¢1] Free(e) (Ws PlEree(p))s [P2] Free(p) (Ws Pl rec(p))
= [l (w; plEree(y))-
For ¢ = Valz.¢ with ¢ € mMSO?®(X), let (w, p) € X5 be valid. Since V 2O Free(yp),

we have
VU {x} D Free(yp) U {z} D Free(¢) U {x} D Free(().

Thus, we see by induction that

(<] (w, plz = i] Tevee(c)))ien)
[[C]] Free(p)U{z} (w7 P rFree(ap) [LL‘ - z]))lEN)
w, p [F‘ree(cp))'

The cases where ¢ = inf z.¢’ or ¢ = inf X.¢' with ¢’ € mMSO(X, Val) are proved in
the same way.

Consider the homomorphism h: 3§, — 3¢ defined by (w, p) = (w0, plpree(y))-
If [elly is Val-MC-recognizable, then by Lemma [5.4(1), the series [¢] = h([¢]y) is
also Val-MC-recognizable.

Conversely, let [¢] be Val-MC-recognizable and let Ny be the language of all
words (w, p) where p is a valid (V, w)-assignment. Ny is an w-recognizable language.
We have [¢]y = Ny N h~1([¢]) because of (i)l Due to Lemma and Lemma
Ny N h=Y([¢]) is Val-MC-recognizable. O

In the following lemma, we show that the use of an unrestricted sum quantifier
leads to series which are not MC-recognizable.

Lemma 5.11. Consider the unrestricted sum quantifier from Remark[5.§

2 ien¥lvogyy (w, ply — i]) if this sum converges
[Dy-lv(w, p) = {Oo

otherwise,
the w-valuation function Val defined by

00 . .
Yoicozi if this sum converges

Val((z)iz0) = {

s otherwise,
and the alphabet ¥ = {a,b}. Then for the almost Boolean formula

Yp=y<axAVz(2<x— P,(2))?7—-1:0,
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the formula
¢ =Valz. Py
is not Val-MC-recognizable.
Proof. Let w = agay ... € X, then for i € N we have

—(Z—I—l) ifaozalz...:a,-:a

0 otherwise.

[DB v v](z) (w, [r —i]) = {

By the Gauf summation formula, ¢ hence describes the series

__ m(m+1) if w=a™bw' for some w’ € ¥
_ 2

The idea is now that with only finitely many transitions, and therefore only finitely
many different weights, this quadratic growth cannot be realized if only transitions up
to the first b in each word influence the weight of the runs. But once the automaton
has read this first b, it cannot distinguish between the words anymore. Under
appropriate assumptions, we can therefore combine runs from different words to
obtain a contradiction.

Assume there was a BMCA A = (Q,X%, 1,6, F,n,Val) with [A] = [¢]. We
consider the special words w,, = a™ba”. For m > 0 and r € Acc4(wy,), we have
Val(r) € ZU {oco} and Val(r) > [¢](wp,). Therefore, there must be a minimal run in
Acca(wm), i.e., r € Acca(wp,) with [¢](wn) = Val(r).

For a minimal run r = (d;);>0 of A on wy, with d; = (¢, ai, gi+1, @), we define
the counter pattern CP(r) and the effective weights EW=(r) and EW>(r) of r as
follows. Intuitively, the counter pattern tells us for each counter whether it is active
or not at the letter b of w,,. For j € {1,...,n}, we let k; = 1 if there is an i < m
such that ué = s and for all ¢/ with ¢ < i < m we have ué-, € Z. Otherwise we let
k;j = 0. Then we define CP(r) = (k1,...,k,) € {0,1}". The effective weights will be
partial computations of Val(r) on a™b on the one hand and on a* on the other hand.
For j € {1,...,n}, we let

min({m}u{k>iluy T =t})

m
i D S,

i=0 i =il
u;:s
min{k>iluft!=¢ -/ .
> Zmt1 Zi’:i{+1 " }“;‘ ifkj =0
B> — uy=s .
J o min{k22|uj+1:t} & min{k2m|u?+1:t} i
Zz’zlm+1 Zi/:i+1 uj + Zi’:erl uj if kj =1
ul=s

J

The empty sum is simply defined as 0. We let EW=(r) = 377, Ef and EW~(r) =
> i—1 E7. We have

Val(r) = EWS(r) + EW” (r).
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Now for every m > 0, let 7, = (d*)i>0 be a minimal run of A on w,,. We consider
the pairs p,, = (CP(ry,),d;). Since there are only finitely many different such pairs,
namely not more than 2" - |d|, there must be such a pair p and a subsequence (ry,, )k>0
of (rm)m>0 with p,,, = p for all £ > 0.

Now let M > 0 such that all weights occurring in ¢ are in [—M, M]. Then we

have
IEWS=(ry,)| < nM(m + 1).
For the special index my > 1, we choose k sufficiently large to ensure that

1 1
—nM(mp +1) — ml(mzl +1) > _mk(m; ) +nM(my +1).

This is possible since if we treat the right hand side of this inequality as a polynomial
in my, the leading coefficient of this polynomial is negative, thus the polynomial
tends to minus infinity for & — oo. We know that

EW=(rpy,) <nM(mi +1)
EWS(ry,,) > —nM(myg +1).

If we had

1
EW (1) > —nM(my + 1) — ml(m;”

then we would have

Val(ry,, ) = EWS(rp, ) + EW” (1)
mq (m1 + 1)

> —nM(mg+1) —nM(m;+1) — 5

1
> _mk(m; + )7

which is a contradiction to the choice of 7,,, as minimal. We therefore have

mi(mg +1
W) B 1) < D)
We now consider the sequence of transitions r = dj™ ... dm}dzerleiJrZ ...and

claim that it is an accepting run of A on wy,,. The first state is initial as ry,, is an
accepting run and the transitions are well matched since dp;! = d;ik, which are also
the only b-transitions of these runs. Since 7, is an accepting run, it is clear that the
Biichi acceptance condition is fulfilled and infinitely often some counter is activated.
Finally, that the starts and stops form well matched pairs follows from the fact that

CP(rm,) = CP(rm,).
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To conclude, we have

[Al(wm,) < Val(r)
=EWS(r) + EW”(r)
= EW=(rp,) + EW ()
mi(my + 1)
2
= [[90]] (wml)'

Obviously, the behavior of A does not coincide with the semantics of ¢, which is a
contradiction to the choice of A. O

< -

The next lemma shows that in order to ensure MC-recognizability, the first
order variable x provided to the sum quantifier is necessarily the variable which Val
quantifies.

Lemma 5.12. Consider the w-valuation function Val defined by

L f0<zp=21=20=

Val((2i)iz0) = {20

—1 otherwise.
and the alphabet ¥ = {a}. We define the abbreviation
(y=zxz+1l)=<yA-(y<z)AVz.(z <zVy<z).
Then for the Boolean formula
B(X) =Vri1Vee.((r1 € X Nza =21+ 1) = (22 € X)),
the formula
= inf X.inf 2. (ﬂ(X) ?Valz. @ y.1: oo)

s not Val-MC-recognizable.
Proof. For i € N and I C N we have

[D7F y 1l xy (@, [z = i, X — I]) =
1 if i ¢ I or for all j > i we have j ¢ I
min{j >i|j+1€l}—i otherwise

and therefore

[Valz. @ y.1] 1 xy (0%, [z = i, X — 1)) =
00 if i ¢ I or for all j > i we have j ¢ I
-1 ifielandi+1el
(min{j >i|j+1€I}—4)"! otherwise.
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We obtain
[B(X)? Valz. >~ y.1: 0]z x3(a*, [z =i, X = I]) =

00 if i ¢ I or for all j > i we have j ¢ |
or j,j7+ 1€ I for some j >0
(min{j >i|j+1€I}—4)"! otherwise,

in particular [¢](a®) > 0. For m > 2 and the special choices I = {0,m + 1} and
¢ = 0, we obtain

[B(X)? Valz. ™~ y.1: o]z, xy(as [z = i, X = 1)) = %
and therefore [¢](a*) = inf{m~! | m > 2} = 0.

For a BMCA A realizing this series, the weight-sequence associated to each run
has to be constant, and there must be a sequence of runs such that this constant
grows arbitrarily large. We exploit the latter fact to show that there must be a run
whose associated weight-sequence is not constant, which leads to the contradiction
[Al(a®) = —1.

Assume there was a BMCA A = (Q,%, 1,9, F,n,Val) with [A] = [¢]. Let
r € Acca(a”) and let (z;);>0 be the associated weight-sequence. Clearly, we must
have Val(r) > 0 and therefore 0 < zp = 21 = 29 = ..., i.e, Val(r) = ;' > 0.
Since inf,epce 4 (av) Val(r) = 0, there must be a sequence (77,)m>1 in Accq(a”) with
Val(ry,) < L. We write ry,, = (d")i>0.

Now similarly to the proof of Lemma [5.11] we associate to each m > 1 and ¢ > 0
a quantifier pattern CP,,(i) = (k1,...,kn) € {0,1}", which tells us whether in run
rm at transition ¢, a counter j € {1,...,n} is active or not. More precisely, k; is
1 if for some i’ < i counter j is started at i’ but not terminated on the positions
{¢'+1,...,i}, and 0 otherwise.

For each m > 1, let N,, > 0 such that in run r,,, at least one counter was
terminated before reading the N,,-th letter of a*. For every ¢ € {0,1}" and d € §,
let M(d,c) = {m > 1| there exists i > Ny, with d]" = d and CP,,(i) = ¢}. We have
Ua,epesxqo1yn M(d, ¢) = Ny, and since § x {0,1}" is a finite set, at least one M (d, ¢
must be infinite.

Consider such an infinite M (d, ¢). Let my € M(d,¢), let iy > Ny, with d"* =d
and CPy,, (i1) = ¢ and let 1 = Val(ry,,). Since M(d,¢) is infinite, there is mqy €
M(d,c) with my' < e;. Then we have Val(rp,) < my' < g1 = Val(ry,). Let
ig > Np, with d?;g = d and CP,,(i2) = ¢ and let £9 = Val(r,,). We know that the
associated weight-sequence of r,,, is constantly 6;1 and that of r,, is constantly e, L

Now consider the sequence of transitions r = dg™ ... d; " di>% 1 d}’3, . . ., we claim
that r is an accepting run of A on a“ and that Val(r) = —1. The first state is
initial as 7y, is an accepting run and the transitions are well matched as d:-';“ = d:-;”.
That the Biichi acceptance condition is fulfilled and infinitely often some counter is
activated is clear as r,, is an accepting run. Finally, that the starts and stops form
well matched pairs follows from the fact that CPyy,, (i1) = CPpy, (i2).

To see that Val(r) = —1, note that iy > Ny, , i.e., there is at least one counter in r
which is started at a position /1 < i and also terminated before position 1. Therefore,
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for the weight-sequence (z;);>0 associated to r, we have z;, = 61_1. Furthermore,
there must also be a counter that is started at a position ly > 42 in 7,,, which means
Zly—inti, = Eq . Since g9 < €1, (2)i>0 is not constant and therefore Val(r) = —1. Tt
follows that [A](a®) = —1, which is a contradiction to the choice of A. O

5.4 Equivalence

In this section, we want to show that the MC-recognizable series coincide with the
series definable by monitor MSO formulas from our logic. In Lemma[5.14] we show
how a given MMCA can be described by a monitor MSO formula. To show that
every series definable by a monitor MSO formula is also MC-recognizable, we show by
induction on the structure of the formula how to construct an MMCA whose behavior
coincides with the semantics of the formula. We first formulate our main theorem.

Theorem 5.13. Let X be an alphabet and Val an w-valuation function. A series
S: ¥ -5 RU{—00,00} is Val-MC-recognizable if and only if there exists a monitor
MSO sentence ¢ € mMSO(X, Val) with [p] = S.

In the following lemma, we show the first direction, namely how to obtain a
formula for a given MMCA.

Lemma 5.14. For every Val-MMCA A over X, there exists a sentence ¢ €
mMSO(X, Val) with [A] = [¢].

Proof. For first order variables z and y and second order variables Xy, ..., X} we
define the MSO formulas

first(z) =Vyx <y
(z<y)=z<yA-(y<a)
(y=zxz+1l)=z<yAVz(z<zVy<z)
k
partition(X1, ..., X;) = Va. \/ xeX; A /\ -(z € Xj)
i=1 j#i

Now let A = (Q,%, 1,9, F,n,Val) be an n-MMCA. For every (p,a,q,u) € 0

we choose a second order variable X(,,,5) and with k = |0| we fix a bijection
v:{1,...,k} = 0. Fori e {1,... k} we write X; for X,(; and X for (X1,..., Xp).
Furthermore, we fix second order variables Y7, ...,Y, and write Y for (Yr,...,Y,).

For j € {1,...,n} and * € {s,t} we abbreviate

(%(33) =x) = \/ T € Xpaq,a)
(p,a,q,u)€8
U =%
Intuitively, we use the variables X to encode runs, i.e., by assigning the transition
v(7) to every position in X;. The variables Y are used to mark the starts and stops

of the counters in the run X. In the following, we define the MSO formula muller(X)
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which checks that X encodes a run of A satisfying the Muller acceptance condition,
and the MSO formula accept(X) which checks that X encodes an accepting run. The
MSO formula accept*(X,Y’) asserts that the positions in Y conform to the starts
and stops of the counters in X. The precise formulas are as follows.

matched(X) = /\ Va. (z € Xpaga) = Palz)) A
(p.a,q,2)€8

V. Vy. (y =r+1— \/ ( \/ (* € X(p.aqa) N
(

QEQ p7a7qvﬂ)v(qza/7p/7ﬁ/)€6
ye X(q,a/,p’,ﬂ’))
muller(X) = partition(X) A matched(X) A

. (ﬁrst(:r) A \/ x € X(p,mq,u)) A

(p,a,q,u)€ES
pel
\/ (Eix.Vy.x <y— (( \/ ye X(p7a,q7U)> A
FeF (p,a,q,u)€S
qeF
/\ Jz. (y <zA \/ z € X(p’mq,u))))
qEF (p,a Q7i)€§
accept(X) = muller(X) A Vz.3y.(z \/

/n\ w.(((uj(x) — ) = Ely.(l‘ <yAuly) =tA
= Val(z < 2 A2 < y) = =(uy(2) = 8)) )A
((uj(x) —t) > Ely.(y <@ Au(y) = s A
Valy <z Az <) = —(u(z) = t)))))

n

accept™(X,Y) = accept(X /\ (€Y < (u;(x) = s Vu(z) =t)).

For (p,a,q,u) € 6 and j € {1,...,n}, we let wt;(p,a,q,u) = u; if u; € Z, and
wt;(p, a,q,u) = 0 otherwise. Then for i € {1,...,k—2} and j € {1 .,n} we define
inductively

wz L= (5 € Xeoy 7wj(o(k — 1) wty (0(k))
= (ve X7 wh (i) vl
Cm— 1

)7@" Y] 1 G ).
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Then with
¢ = inf X.inf Y.(accept™(X,Y) ? Val 2.( : 00),

we have [A] = [¢]. The formula ¢ evaluates to the weight for counter j of the
transition at position y, i.e., it is wt;(v(¢)) iff y is in X;. The formula (; evaluates
to the output of the counter started at position z in the run encoded by X. More
precisely, (1 evaluates to @x’yj y.iﬁ{ if counter j is started at position x, and to 1 if
no counter is started at x. Finally, the formula ¢ takes the infimum over the weights
of all runs X, in the sense that assignments to X and Y only influence the value of
¢ if X encodes an accepting run and Y mirrors its counter starts and stops. O

The remainder of this section is dedicated to showing the converse, namely, that
for every monitor MSO formula there exists an MMCA whose behavior coincides
with the semantics of the formula. Let ¥ be an alphabet and Val an w-valuation
function. We proceed by induction. For the base case, we show that for an z-summing
formula ¢ € mMSO”*(X), the semantics of Valx.¢ is Val-MC-recognizable. For the
inductive part, we show that if we have mMSO formulas ¢1, 2 € mMSO(X, Val)
whose semantics are Val-MC-recognizable and an MSO formula 8 € MSO(X), then
the semantics of 87 o1 : @2, min(p1, v2), inf 2.1, and inf X.¢; are all recognizable.
We will actually show the base case last, as it has the most involved proof. We begin
with the Val-MC-recognizability of 8 7 ;1 : ¢a.

Lemma 5.15. Let f € MSO(X) be an MSO formula and @1, p2 € mMSO(X, Val)
such that [e1] and [p2] are Val-MC-recognizable. Then with ¢ = 87 @1 : @2, the
series ] is also Val-MC-recognizable.

Proof. Let V = Free(yp). Then we have Free(yp1) € V and Free(p2) C V and hence
by Lemma [e1]y and [p2]ly are Val-MC-recognizable. Due to Free(3) C V, the
classical Biichi theorem tells us that both £y(8) and Ly(—f) are w-recognizable.

Hence by Lemma [5.5| and Lemma ] = min(Ly(B) N [e1]v, Lyv(=8) N [p2]y) is
also Val-MC-recognizable. O

Next, we show that for two mMSO formulas ¢; and 2 whose semantics are
Val-MC-recognizable, the semantics of min(¢1, p2) is also Val-MC-recognizable.

Lemma 5.16. Let p1, 02 € mMSO(X, Val) be such that 1] and [p2] are Val-MC-
recognizable. Then with ¢ = min(p1, @2), the series [¢] is also Val-MC-recognizable.

Proof. Let V = Free(p1) U Free(¢2), then by Lemma [e1]y and [eo]y are
Val-MC-recognizable. Hence by Lemmal[5.5] [¢] = min([¢1]v, [p2]v) is also Val-MC-
recognizable. O

For the last step of the inductive part, we show that for an mMSO formula ¢
whose semantics is Val-MC-recognizable, the semantics of inf z.¢ and inf X.p are
also Val-MC-recognizable.

Lemma 5.17. Let ¢ € mMSO(X, Val) such that [¢] is Val-MC-recognizable. Then
the series [inf x.¢] and [inf X.¢] are also Val-MC-recognizable.
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Proof. We show the lemma for inf z.¢. The proof for inf X.¢ is similar. Let V =
Free(inf z.¢), then x ¢ V. We consider the homomorphism
which erases the z-row. Then for every valid (w, p) € X5, we have that

[inf 2.6y (w, p) = inf{[elyue) (w, plz — i) | = 0} = A[elvogey) (w, ).

As Free(p) € VU {z}, Lemma [5.10 shows that [¢]yyqsy is Val-MC-recognizable and
therefore by Lemma5.4(1)} the series [inf z.¢]y = h([¢]vu(sy) is Val-MC-recognizable
as well. ]

Before we turn to the proof of the base case, we prove two technical lemmata for
almost Boolean and z-summing formulas.

Lemma 5.18. Let 1y € mMSO*P°°Y(2) be an almost Boolean formula and V D
Free(v). Then there exist MSO formulas Bi,...,08, € MSO(X) and weights

Z1,...,2n € L such that Free(y) = Ui, Free(8:), Nv = U Lv(Bi), fori # j
we have Ly(B;) N Ly(Bj) = 0, and for (w, p) € Ny we have [¢]y(w, p) = z; if and

only if (w, p) € Ly(Bi).

Proof. For ¢ = k with k € Z, we choose n =1, f1 = true, and z; = k.
For ¢ = 871 112 we assume that the lemma is true for ¢y with Bil), e ,ﬁ,(Lll) and
z{l), e ,27(111) and for vy with ﬂg), e ,5,(122) and ziz), e ,zg). Then for ¢ we let n =

n1 + ng and choose B1, ..., Bnytn, and z1,. .., Zn, 1n, as follows. For i € {1,...,n1},
we let 8; = B A @‘(1) and z; = z§1), and for ¢ € {1,...,n2}, we let B, 1; = 26 A ﬁl@)
and zp,4; = zi(2). O]

Lemma 5.19. Let ( € mMSO*(X) be an z-summing formula and V O Free(().
Then there exist MSO formulas By, ..., Bn € MSO(X) and formulas (1, ... ,(, with
G = %Yy, where ¥; is almost Boolean, such that Free(¢) = Ui, Free(B;) U
Free((;), for i # j we have Ly(B;) N Ly(B;) = 0, for (w,p) € Ny we have
[CIv(w, p) = [G]v(w, p) if and only if (w,p) € Lv(B;i), and if (w,p) & Uiy Lv(Bi)

then [CJy(w, p) = 1. We may assume the variables Y; to be pairwise distinct.

Proof. We proceed like in the proof of Lemma [5.18, For ( = 1 we choose n = 0, i.e.,
there are no formulas . For { = @x’X y.1, we choose 81 = true and (; = (.

For ¢ = B7(] : ¢}, we assume that the lemma is true for ¢] with Bgl), e T(Lll) and
dl), ey T(Lll) and for ¢} with 552), . ,57(122) and C£2), ey cfé) Then for { we let n =
n1 + ng and choose B, ..., Bny4n, and (1, ..., Cpy4+n, as follows. For i € {1,...,n1}
we let B; = BABY and ¢ = ¢!V, and for i € {1,...,ny} we let By, s = =B A B

d _ 2
an Cnl-‘rl Cl .
Now in case that for some ¢ # j we have Y; =Y}, we replace 3; and 3; by one

formula 5" = 8; V 8; and we replace ¢; and ¢; by (' = DY y.(8; 7 i - ;). O

We now turn to the proof of the base case of our induction.
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Theorem 5.20. Let ( € mMSO*(X) be an xz-summing formula. Then [Valz.C] is
Val-MC-recognizable.

Proof. We adapt and expand ideas from [27], [32]. Let (1,...,08, and (i,...,(, be
the formulas we can find for ¢ according to Lemma We write (; = @‘BYz Y.

Then for each i € {1,...,n}, let Bi1,...,Bin, and z1, ..., zin, be the formulas and
weights we can find for ; according to Lemma [5.18

The proof idea is as follows. For V = Free(Val x.¢), the mapping [Val z.(] assigns
values to words from ¥). Consider a valid (w, p) € X%. We can interpret each ¢; as
a counter which is stopped and then restarted at the k-th letter of w depending on
whether (w, p[z — k]) satisfies 3;. As our automata cannot stop and start a single
counter at the same time, each counter ¢ will correspond to two counters ¢ and ¢’ in
the automaton we construct. The computations of counter ¢ depend on 1, ..., Bin,-
We extend the alphabet ¥y by adding two entries for each counter to each letter in
Yly. The entries for counter ¢ can contain an s to indicate the start of the counter, a
t to indicate a stop, a number j € {1,...,n;} to indicate that the counter is active
and should add z;; to its current value, or the new symbol L to indicate that the
counter is inactive. Let ¥y be this new alphabet. We show that we can define an
w-recognizable language L over ¥y, which for every word has all information about
the counter operations encoded in the word. For example, if (w, p[x — k]) = 3;, then
in the word (w, p,v) € f]%j corresponding to (w, p), the entry for counter ¢ in the k-th
letter should contain an s. Then if (w, plx = k,y — k + 1]) |= Bij, the i-entry of the
k + 1-th letter should contain a j. The precise formulation is involved and will be
formalized in the sequel.

When we have shown that the language L is w-recognizable, we can construct a
Muller automaton A which recognizes L. Turning A into an MMCA and applying a
projection, we finally obtain the recognizability of [Valz.C].

In the following, we present the formal proof. If n = 0 then [(] = 1, i.e.,
[Valz.(] = oo, which is recognized by every BMCA without final states. Assume
n > 0 and let W = Free((), then according to Lemma we have

W = U Free(3;) U Free(¢;)

=1

= U Free(3;) U {z,Y;} U (Free(v;) \ {y}).
=1

In particular, we have W D {z,Y7,...,Y,} and for every i € {1,...,n}, we have
W D Free(3;). According to the classical Biichi theorem, we therefore know that
Lyw (i) is w-recognizable. This in turn means that there are MSO sentences S, over
the alphabet Xy with Ly (5;) = L(5)).

Let H = ({s,t, L,1,...,n1}x...x{s,t, L,1,...,n,})% where L is a new symbol.
An element h € H can be interpreted as a mapping with dom(h) = {1,...,2n} such
that for ¢ € {1,...,n} we have h(i), h(i +n) € {s,t, L,1,...,n;}. We now consider a
new alphabet 2y, = Sy x H. We represent letters from 3y as triples (a, g, h) where
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a€X,gec{0,1}" and h € H. Infinite words over Sy are represented as triples
(w, p,v) where (w, p) € 35}, and v: N — H.

We transform each ] in the following fashion. We obtain 3! from S/ by replacing
each atomic formula P, g)(2) in 8] by \/,yc gy Pla,g,n)(2). Then for every (w, p,v) € ¥,
we have (w, p,v) = B! if and only if (w, p) = Bi.

Now let V = W\ {x}. We transform 3/ into a formula 8/ (x) over the alphabet
Yy = Xy x H as follows. Each atomic subformula Plagn () in B! is replaced by
Py n)(2)ANe = zif g(x) = 1 and by Pg g n)(2)A-(z = 2) if g(x) = 0, where ¢’ is the
restriction of g to V, i.e., ¢’ = g[y,. Then 5/’ (x) has exactly one free variable, namely
x, as ] is asentence. Let k € Nand (w, p,v) € 3%. Then ((w, p,v), [z — k]) |= B (x)
if and only if (w, p[z — k], v) = 7.

Now let W' = WU {y}, then by Lemma we have

W' 2 {y} U | (Free(yi) \ {y})
=1

n n;

= {yyu [ U Free(s).

i=1j=1
With the same argumentation as above, we find MSO sentences B over the alphabet
Swr with Ly (Bi5) = L(B};). Again, we obtain from each f;; a sentence 3;; over
the alphabet Sy = Sy x H by replacing every atomic formula Pla,g) g ( ) in ,BU by

Vier Pla,gn) (2). Then for every (w,p,v) € Z%, we have (w, p,v) = ! Zj if and only
i (o) £ 81

Next, we obtain from ﬁ” a formula ﬁ’-;-’(a y) over the alphabet ¥y as follows.
Each atomic subformula Py 4 ) (2) in 3j; is replaced by

2)ANx=zANy=zif g(r) =1and g(y) =1

ANz =zA=(y=z)if g(z) =0and g(y) =1

¢ Pugmn@E)AN=(z=2)ANy=zif g(z) =1and g(y) =0

® Pugn(z)AN=(x=2)AN=(y =2)if g(x) =0 and g(y) =0

where ¢ is the restriction of g to V, i.e., ¢ = g[y. Note the change of roles of = and
y. Then B;7(x,y) has exactly two free variables, namely z and y, as f3}; is a sentence.
Let k,1 € N and (w,p,v) € 3. Then ((w,p,v), [z — k,y = 1]) | Bl (z,y) if and
only if (w, plx — I,y — k], v) = B}

Now recall that {Y1,...,Y,} C V. Fori € {1,...,n}, x € {s,t,1,...,n;}, and
i’ € {i,i+ n}, we define the abbreviations

Y;(Z) = \/ P(a,g,h) (Z)
(a’gvh)eiv
g(¥:)=1
(hi’ (2) = *) = \/ P(a,g,h)(z)

(a,9,h)ESy
h(i")=+
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even(z, X) =3Y.AZVe' (' e X AN’ <) = (2 €Y « -2’ € Z)) A
Vo' (@' eYvVva eZ)— (e Xna <x))A
Vz(z€Z =Ty (yeY ANy<z))A
Vy(yeY =3z (z€ ZNy<z))A
Yy Vya.(y1 €Y ANya €Y Ayp < y2)

= 3z(z€ZNy1<zAz<y2)) A
Vz1V20.((21 € Z N 29 € Z N2y < 29)
=y (yeY Nz <yAy< z)).

For every w € ¥, we have (w,[z — k,X — I|) | even(z,X) if and only if

{j € I| j <k} contains evenly many elements. In the following, we will also use the
formula notLast(z, X) defined in Remark Now fori € {1,...,n},j € {1,...,n;},
and i’ € {i,i+ n}, we define

pis(z) = (hi(z) = s)
(5”’( ) A 3X. (VZ.(Z € X < Yi(2)) AnotLast(z, X) A even(a:,X)))
Plitn)s(@) = (hign(z) = 5) &
( B (z) A 3X. (Vz.(z € X + Yi(2)) AnotLast(z, X) A —even(z, X)))
pin(z) = (hy(x) =1) &
Yi(z) A 3z. ((z < 2) A (ho(2) = 5) AVZ'.((Z' <zAYi(d)) = 2 < z)))
pivj(@) = (hy(z) = j) <
- (< 2) A h(y) = 5) A (@ < y) A (oly) = 1) A
vz (Yi() > (2 <y vy <2)) A B (w,y)

and finally
2n 2n n n;
o= (/\ Vx-%(fﬂ)) A (/\ Vrv-%t(ﬂﬁ)) A N\ Vz(035(2) A @iigny;(2))
i=1 =1 i=175=1

The formula ¢ is clearly a sentence over Sy. In the following lemma, we show that
L(p) is exactly the language over 3y, we described in the explanation at the beginning
of the proof.

Lemma 5.21. Let (w,p) € X% be valid, then there exists exactly one mapping
v: N — H such that (w, p,v) = ¢ and for this v we have the following. For all k € N,
either v(k)(i') # s for alli" € {1,...,2n} and [(Jyugzy(w, plz — k]) = 1, or we have
v(k)(i") = s for exactly one i’ € {1,...,2n} and with l = min{e > k | v(¢)(i') =t} we
have

-1

[CTvugey (w, plz = k) = > 2wy,

1=k+1
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where i € {1,...,n} is such thati" € {i,i+n}. In particular, {¢ > k | v(¢)(i') =t} 75
in the latter case. Furthermore, for this v and all | € N we have that if v(1)(i") =
for some i' € {1,...,2n}, then for some k <1 we have v(k)(i') = s.

Proof. Step 1: We show the uniqueness first, so let (w,p) € X5 be valid and
vi,v2: N — H such that (w, p,v1) E ¢ and (w, p,v2) E . Let k e N, i € {1,...,n},
and ¢’ € {i,i+n}. We then have five different cases: (1) v1(k)(i') = s with ¢/ <n, (2)
v1(k) (") = s with &' > n, (3) vi(k)(@') =t, (4) vi(k)(#) € N, and (5) v1(k)(i') = L
Assume the first case is true. Then we know that both ((w,p,v1),[x — k]) E
(hy(z) = s) and ((w, p,v1), [r — k]) | is(z), which implies

((wa p,’Ul), [l’ — k]) ':

B (x) A IX. (Vz.(z € X + Y;(2)) AnotLast(z, X) A even(z, X)) (5:4.1)
As we have ((w, p,v1), [z — k|) = B/ () if and only if (w, p[z — k]) = B;, the validity
of does not depend on v1. Hence, the formula in is also satisfied by
((w, p,v2), [z — k). Since ((w,p,v2), [z — k]) = @is(x), we therefore must have
((w, p,v2), [x — k]) E (hy(z) = s), ie., v1(k)(i") = va(k)(¢'). With similar reasoning,
cases (2), (3), and (4) yield the same result. For case (5) it then follows trivially that
vo(k)(i") # L is impossible.

Step 2: We now construct a mapping v: N — H with (w, p,v) E ¢. We assume
that v is initialized with L, i.e., v(k)(¢') = L for all k € N and ¢’ € {1,...,2n}, and
we will gradually redefine v. Let k € N and i € {1,...,n}. We define i = i if the set
{j € p(Y3) | 7 < k} contains evenly many elements, and i’ = i + n otherwise. If

((w, p,v), [z — K]) £ B (2) A 3X. (vZ.(z € X o Yi(2) A notLast(:c,X)), (5.4.2)

we redefine v(k)(i") = s. Note that the validity of does not depend on v.
Doing this for all k& and 4 clearly yields (w, p,v) = AF, V:c ©is(x).

Now let £k € N. Then for all i € {1,...,n} and i' € {i,i + n}, we redefine
v(k)(i') =tif

((w, p,v), [z = K]) =

Yi(z) A Eiz.((z <z) A (hir(z) =s) /\Vz’.((z’ <z AYi()) = 2 < z)) (5.4.3)

We see as follows that v(k)(i") was not redefined to s earlier. Let | = max{j €
p(Yi) | 7 < k}. Then we have by that v(l)(i') = s. We know that {j €
p(Y;) | 7 < k} contains evenly many elements if and only if {j € p(Y;) | j < I}
contains an odd number of elements. This shows that v(k) (i) and v(l)(i") cannot
both be s. Proceeding in the same way for all & € N, we obtain v such that

(w,p,0) = (N Yepis() ) A (A2 Vapul@))
Finally, for k e N, i € {1,...,n}, i/ € {i,i+n}, and j € {1,...,n;} with

((w, p,v), [z — K]) = 3y-ﬂy'.((y <) A (ha(y) = 8) Az <y ) A (ha () = 1) A

Vo (Yi2) = (2 Sy vy <2)) ABLGY)),
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we redefine v(k)(i") = j. Since clearly k ¢ p(Y;) in this case, v(k)(i") was surely not
redefined to s or ¢ earlier. In conclusion, we obtain (w, p,v) = ¢.

Step 3: Assume (w, p,v) = . First, assume that for some [ € Nand ¢’ € {1,...,2n}
we have v(l)(i') = t. Since ((w,p,v),[x — 1]) E @i(z), it easily follows that
v(k)(i") = s for some k < .

Now let k € N. We show that either v(k)(i') # s for all ' € {1,...,2n} and
[¢Tvugey (w, plz — k]) = 1, or we have v(k)(i") = s for some i € {1,...,n} and
i' € {i,i+n} and with | = min{c > k | v(¢)(i') = t} we have

-1
[CTvugey(w, plz = k) = D ziwy@)-
1=k+1

Step 3.1: According to the choice of Sy, ..., 5, and by Remark we know that
[¢lvugey (w, plz — k]) # 1 if and only if there exists i € {1,...,n} such that

(w, plx — k]) = Bi A notLast(z, Y;)

and in this case the index i is uniquely determined. We have (w,plz — k|) |
notLast(z,Y;) if and only if

((w, p,v), [z — k]) = IX. (Vz.(z € X + Yi(2)) A notLast(z, X)),

and by construction we have (w, p[z — k]) = 5; if and only if ((w, p,v), [z — k]) =
By (x). We thus have

((w, p,v), [z — k]) = B (x) A HX.(Vz.(z € X «Yi(2) A notLast(a:,X))

if and only if (w,p[lr — k]) = Bi A notLast(x,Y;). Since ((w,p,v),[z — k]) =
©is(T) A Q(ipn)s(), this is the case if and only if either v(k)(i) = s or v(k)(i+n) = s
holds, and both v(k)(i) = s and v(k)(i + n) = s can never hold.

In conclusion, for every k € N there is always at most one i’ € {1,...,2n} with
v(k) (i) = s, and furthermore [(Jyugay(w, plz — k]) # 1 if and only if v(k)(i') = s
for some 4'.

Step 3.2: Now assume [(Jyugz)(w,plr — k]) # 1 and let i € {1,...,n} and
i' € {i,i + n} with v(k)(i") = s as in Step 3.1. We know that

[Chvugay (w, plz — K]) = [Glvugay (w, plz — &)

= [®"" ytilvoiay (w, plz — K))
min{jep(Y;)|j>k}—-1

= > [Vilvugeyy (w, plz — k,y — 1]).
1=k+1

Let I = min{j € p(Y;) | j > k}. We show that [ = min{¢ > k| v(¢)(¢') = t}. We have

((w, p,v), [z = 1) =

Yi(z) A EIz.((Z <) A (hy(z) = s) AVZ’.((z’ <EAYi() = o < z)) (5.4.4)
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Due to (w, p,v) E pin(x), we obtain v(l)(i') = t. Now assume there was I’ with
k<l <landov(l')(i) =t, then ((w,p,v),[x = U']) E (hy(z) = t) and therefore
(5.4.4) above is also satisfied for I’. In particular, ((w,p,v), [z — U']) E Yi(z), but
I € p(Y;) is impossible by definition of 1.

Step 3.3: Now let ¢ with & < ¢ < [, we show that

Ziv(1) (i) = [[¢i]]Vu{m,y}(w7,0[$ — k,y — L])

By choice of 1, ..., Bin, there is exactly one j € {1,...,n;} with (w, plxr — k,y —
1) = Bij, which is equivalent to ((w, p,v), [z — ¢,y — k]) = Bj}(z,y). Due to Steps
3.1 and 3.2, we therefore see that ((w, p,v), [z — ¢]) models

3y3y’~((y <z) A (hat(y) = 8) A (z <y) A (har (V) = 1) A
vz (Yi(2) = (2 Sy vy <2) MG (.)),
which due to (w, p,v) = ¢y j(x) means that v(¢)(i') = j. We obtain
[W)iﬂvu{m,y} (w, plr — k,y —1]) = Rij = Ziv(L)(i')- O

Let A = (Q,%y,q,0,F) be a Muller automaton which accepts L(¢). We
construct the MMCA A = (Q, Yy, {qo0},0, F,2n,Val) by defining ¢ as follows. The
set 0 contains all transitions (p, (a, g, h), ¢, @) such that (1) (p, (a, g,h),q) € 6 and (2)
for all i € {1,...,n} and ¢ € {i,7i 4+ n} we have

s ifh(')=s

i@y =t

T 2 R =
0 ifh(i)=L.

By Lemma [5.21} we see that each transition starts at most one counter.
We show that now for every (w, p,v) € X5 we have
[Valz.C](w, p) if (w,p,v) = ¢
LA, p,0) = {OO

otherwise.

If (w, p,v) = ¢, then Acc ;(w, p,v) = () and thus by construction of § we also have
Accq(w, p,v) =0, ie., [A](w, p,v) = oo,

Conversely, assume (w, p,v) = . If Accq(w, p,v) =0, welet 7 € Acc z(w, p,v) be
an accepting run of A on (w, p,v). By supplying vectors @ to the transitions of 7 in the
obvious fashion, we obtain a run r of A on (w, p,v). It follows from Lemma that
the start and stop symbols s and ¢ for the counters appear in well-formed pairs. Thus,
r is accepting if and only if the set {k € N | v(k)(i') = s for some i’ € {1,...,2n}} is
infinite. Since Acc4(w, p,v) = ), the run r is not accepting, so we see by Lemma
that {k € N | [(lyugay (w, p[z — k]) # 1} is finite. Thus, we have [Val .¢](w, p) = oo.
It follows that [A](w, p,v) = [Valz.C](w, p).
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Finally, if (w,p,v) E ¢ and Accy(w, p,v) # 0, we let r € Accy(w,p,v), k €
N, and let (zj)j>0 be the weight-sequence associated to r. We show that z, =
[¢Tvugay (w, plz — K]). If 2, = 1, then by construction of § we have v(k)(i') # s for
all i/ € {1,...,2n}. By Lemmawe thus have [(Jyuz)(w, plr — k]) = 1 = 2. If
2, # 1, we must have v(k)(i') = s for some i € {1,...,n} and i’ € {i,i+ n} by the
definition of (z;);>0 and the definition of . Thus, with [ = min{s > k | v(¢)(¢') = t}
we have by Lemma and the definition of § that

-1
[[C]]Vu{x}(wv p[I - k]) = Z Ziv(L) (i) = k-
1=k+1

Therefore, we have Val(r) = Val((2;);>0) = [Valz.¢](w, p). Since r € Acca(w, p,v)
was arbitrary, it follows that [A](w, p,v) = Val(r) = [Valz.(](w, p).

To conclude, consider the projection h: Sy — Sy, (w, p,v) = (w, p). For every
valid (w, p) € X%, we know by Lemma that there exists exactly one mapping
v: N — H with (w, p,v) = ¢. Thus we have

h([AD(w, p) = inf{[A](w, p,v) | v: N = H}
= [Al(w, p,v) for the unique v with (w, p,v) = ¢
= [Valz.(](w, p),

so h([A]) = [Valz.¢] holds. By Lemma [5.4] h([A]) is Val-MC-recognizable. O

By combining Theorem and Lemmata and we obtain that
the semantics of every mMSO formula ¢ € mMSO(X, Val) is Val-MC-recognizable.

Together with Lemma [5.14] this concludes the proof of Theorem [5.13]
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