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MAX-PLUS AUTOMATA

Weights in R ∪ {−∞}
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Weight of run:
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MAX-PLUS AUTOMATA: AMBIGUITY

Run(w) = {Runs r on w with weight(r) 6= −∞}

one “initial state”
sequential / deterministic no two valid p

a−→ q1, p
a−→ q2

unambiguous |Run(w)| ≤ 1

finitely ambiguous |Run(w)| ≤ M

polynomially ambiguous |Run(w)| ≤ P(|w |)
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THREE DECISION PROBLEMS

unambiguous |Run(w)| ≤ 1

finitely ambiguous |Run(w)| ≤ M

polynomially ambiguous |Run(w)| ≤ P(|w |)

Equivalence problem
Given A1,A2 Is JA1K(w) = JA2K(w) for all w?

Unambiguity problem
Given A Is there unamb A′ with JAK = JA′K?

Sequentiality problem
Given A Is there determ A′ with JAK = JA′K?

Finite Sequentiality problem

Given A Is JAK =
n

max
i=1

JAiK for some determ Ai?

319%
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THREE DECISION PROBLEMS

Decidability for max-plus automata on words

Equivalence Unambiguity Sequentiality Fin Seq

fin-amb yes yes yes yes

poly-amb no yes yes ?

general no ? ? ?
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TREE AUTOMATA

Decidability for max-plus automata on (ranked) trees

Equivalence Unambiguity Sequentiality Fin Seq

fin-amb yes yes yes unamb

poly-amb no ? ? ?

general no ? ? ?

a
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pε
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p2

p21

weight of run =

transition weights + final weight

(p11, p12, a, p1)
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EQUIVALENCE PROBLEM - PARIKH’S THEOREM

J ⊆ Nn
0 called linear iff ∃v̄ ∈ Nn

0,V ∈ Nn×k
0

J = v̄ + V · Nk
0

semilinear iff finite union of linear sets

Let Σ = {a1, . . . , an} alphabet

Parikh vector of w ∈ Σ∗ P(w) = (|w |a1 , . . . , |w |an)

Parikh image of L ⊆ Σ∗ P(L) = {P(w) | w ∈ L}

Parikh’s Theorem L context-free =⇒ P(L) semilinear
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Parikh’s Theorem L context-free =⇒ P(L) semilinear

tree automaton A transitions = {d1, . . . , dn}

Parikh vector of run P(r) = (|r |d1 , . . . , |r |dn)

Parikh image of A P(A) = {P(r) | r valid run of A}

a

a

b b

c

b

pε

p1

p11 p12

p2

p21

∃ context-free grammar G

P(A) = P(L(G ))

semilinear

(p11, p12, a, p1)
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We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1175%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1176%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1178%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1180%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1182%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1184%



We show: A1,A2 max-plus tree automata, A1 fin-amb

=⇒ A1 ≥ A2 decidable

We can ensure: |RunA1(t)| ∈ {0,M} for all t

Let RunA1(t) = {r1, . . . , rM} rM+1 ∈ RunA2(t)

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} ⊆ RM+1

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

Construct A over RM+1
max with O = {wt(r) | r run of A}

O = W · P(A) matrix W

1186%



We show: A1 fin-amb =⇒ A1 ≥ A2 decidable

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} = W · P(A)

P(A) semilinear ⇒ P(A) =
⋃l

i=1 v̄i + Vi · Nk
0

⇒ O =
⋃l

i=1 Wv̄i + WVi · Nk
0

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

 decidable for set w̄ + W · Nk
0

w̄ = (w1, . . . ,wM+1) W1, . . . ,WM+1 rows of W

find

solution X̄ ∈ Nk
0

w1 + W1 · X̄ < wM+1 + WM+1 · X̄
...

...

wM + WM · X̄ < wM+1 + WM+1 · X̄

1388%
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P(A) semilinear ⇒ P(A) =
⋃l

i=1 v̄i + Vi · Nk
0

⇒ O =
⋃l

i=1 Wv̄i + WVi · Nk
0

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

 decidable for set w̄ + W · Nk
0

w̄ = (w1, . . . ,wM+1) W1, . . . ,WM+1 rows of W

find

solution X̄ ∈ Nk
0

w1 + W1 · X̄ < wM+1 + WM+1 · X̄
...

...

wM + WM · X̄ < wM+1 + WM+1 · X̄

1398%



We show: A1 fin-amb =⇒ A1 ≥ A2 decidable

O = {(wt1, . . . ,wtM ,wtM+1) | t tree} = W · P(A)

P(A) semilinear ⇒ P(A) =
⋃l

i=1 v̄i + Vi · Nk
0

⇒ O =
⋃l

i=1 Wv̄i + WVi · Nk
0

not A1 ≥ A2 iff vi < vM+1 ∀i for some v̄ ∈ O

 decidable for set w̄ + W · Nk
0

w̄ = (w1, . . . ,wM+1) W1, . . . ,WM+1 rows of W

find

solution X̄ ∈ Nk
0

w1 + W1 · X̄ < wM+1 + WM+1 · X̄
...

...

wM + WM · X̄ < wM+1 + WM+1 · X̄

13100%


