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MAX-PLUS AUTOMATA

Weights in R ∪ {−∞}

q0 q1 q2 q3 q4 q5 q6
a a b a b a

Weight of run:

initial weight + transition weights + final weight

Weight of word:

maximum over all runs

0 0

a | 1

b | 0

a | 0

b | 0

a | 0

b | 1
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MAX-PLUS AUTOMATA: AMBIGUITY

one “initial state”
sequential / deterministic no two valid p

a−→ q1, p
a−→ q2

Run(w) = {Runs r on w with weight(r) 6= −∞}

unambiguous |Run(w)| ≤ 1

Sequentiality problem
Given A Is there determ A′ with JAK = JA′K?

decidable on words for unamb A [Mohri]
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SEQUENTIALITY PROBLEM: A DETERMINIZABLE?

A max-plus automaton p, q states

p, q rivals iff ∃ words u, v :

u−→ p
v |x−−→ p

u−→ q
v |y−−→ q x 6= y

p

0 0

q

0

00

a | 0

a | 0

a | 1

a | 1

u = ε v = aa

JAK(w) = |w | odd  0 |w | even  |w |

THM [MOHRI] A unamb ⇒ A determinizable ↔ no rivals in A
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FINITE SEQUENTIALITY
Finite Sequentiality problem
Given A Is JAK = maxni=1 JAiK for some determ Ai?

decidable on words for unamb A [Bala, Koniński]

DEF for rivals p, q : word f fork iff p
f−→ p p

f−→ q

THM [BALA, KONIŃSKI] A unamb ⇒ JAK finitely sequential ↔ no forks
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THM [BALA, KONIŃSKI] A unamb ⇒ JAK finitely sequential ↔ no forks
4



FINITE SEQUENTIALITY
Finite Sequentiality problem
Given A Is JAK = maxni=1 JAiK for some determ Ai?

decidable on words for unamb A [Bala, Koniński]
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unambiguous |Run(w)| ≤ 1

finitely ambiguous |Run(w)| ≤ M

Finite Sequentiality problem
Given A Is JAK = maxni=1 JAiK for some determ Ai?

p0 q 0
a | 0

a | 0

b | 1 b | −1
u = a

v = b

f = a

0 0

a | 2

b | 2

not finitely sequential

THM [KLIMANN ET AL.] A fin amb ⇒ JAK = maxni=1 JUiK for unamb Ui

THM [BALA] A fin amb ⇒ JAK fin seq ↔
∃C∀w∃i : |JAK(w)− JUiK(w)| ≤ C

no fork p
f−→ q in run of Ui on w
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a

a

b b

c

b

pε

p1

p11 p12

p2

p21

weight of run =

transition weights + final weight

(p11, p12, a, p1)

determinism: bottom-up

Finite Sequentiality: JAK = maxni=1 JAiK for some determ Ai?

rivals

fork split

p

v

p

u

q

v

q

u

p

f

p

q

f

p

q

s

p

x 6= y
NEW THM

A fin amb ⇒ JAK fin seq ↔
∃C∀t∃i : |JAK(t)− JUiK(t)| ≤ C

no fork, no split in run of Ui on t
A fin amb ⇒ JAK = maxni=1 JUiK for unamb Ui

6
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