
Weighted Tree Automata
Ambiguity and Logics

Erik Paul

November 10, 2015



Trees

(Γ, rk) ranked alphabet

pos(t) positions

lexicographic order

a

a

b b

c

b

ε

1

11 12

2

21



Trees

(Γ, rk) ranked alphabet

pos(t) positions

lexicographic order

a

a

b b

c

b

ε

1

11 12

2

21



Trees

(Γ, rk) ranked alphabet

pos(t) positions

lexicographic order

a

a

b b

c

b

ε

1

11 12

2

21



Weighted Tree Automata

(K ,⊕,�, 0, 1) commutative semiring

A = (Q, Γ, µ, ν) automaton

µ : (p1, . . . , pm, a, p) 7→ κ transition weights

ν : p 7→ κ final weights



Weighted Tree Automata

(K ,⊕,�, 0, 1) commutative semiring

A = (Q, Γ, µ, ν) automaton

µ : (p1, . . . , pm, a, p) 7→ κ transition weights

ν : p 7→ κ final weights



Weighted Tree Automata

(K ,⊕,�, 0, 1) commutative semiring

A = (Q, Γ, µ, ν) automaton

µ : (p1, . . . , pm, a, p) 7→ κ transition weights

ν : p 7→ κ final weights



Weighted Tree Automata

(K ,⊕,�, 0, 1) commutative semiring

A = (Q, Γ, µ, ν) automaton

µ : (p1, . . . , pm, a, p) 7→ κ transition weights

ν : p 7→ κ final weights



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Runs

r : pos(t)→ Q run

Run(t)
µ( transitions ) 6= 0
ν( root ) 6= 0

wt(r) ν( root )�
∏
µ( transitions )

JAK(t) =
∑

r wt(r) tree series

a

a

b b

c

b

(p11, p12, a, p1)

(b, p21)

pε

p1

p11 p12

p2

p21



Logics
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ϕ ::= labela(x) | edgei (x , y) | x ∈ X | ¬ϕ | ϕ ∧ ψ | ∃x .ϕ | ∃X .ϕ
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JϕK = 1L(ϕ)

JΣx .labela(x)K : t 7→ |t|a

Theorem (Droste/Gastin/Vogler)

Weighted Tree Automata = restricted QMSO
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Finite Ambiguity
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JAK = JA1K ⊕ . . . ⊕ JAnK

Finitely Ambiguous

Unambiguous
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d1 d2

|tn| = 2n + 1

|R(tn)| ≥ 1
2n

2|R(tn)| = n + 1
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Polynomial Ambiguity: JAK = JA1K⊕ . . .⊕ JAnK

Theorem

A std + deg(A) = k

� ∃transitions d1 . . . dk ∃C
∀t ∀~w : |Run(t; ~w , ~d)| ≤ C ∧ ∀r ∀i : di ∈ r

Run(t;w1 . . .wk , d1 . . . dk) di at wi

Q = {p0, p1, p2, q}P(x) = x2

d1 d2

|tn| = 2n + 1

|R(tn)| ≥ 1
2n
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