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MODEL THEORY

σ = (Rel, ar) signature

Rel = {R1, . . . ,Rm} relation symbols

ar : Rel→ N arity function

Ex. labela(·) labelb(·) edge(·, ·)

A = (A, I) σ-structure

A finite universe

I(R) ⊆ Aar(R) interpretation
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MSO(σ) Logic

β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

Propositional formulas Prop

P ::= xi | yi | P ∨ P | P ∧ P
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CLASSICAL FEFERMAN-VAUGHT THEOREM

Given

signature σ β ∈ MSO(σ)

there exist

n ≥ 1 β̄1, β̄2 ∈ MSO(σ)n P ∈ Prop

such that for all A, B

A tB |= β iff true = P(x1, . . . , xn, y1, . . . , yn)

with

xi = true iff β1
i |= A and yi = true iff β2

i |= B
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WEIGHTED LOGICS AND EXPRESSIONS

(S ,+, ·,0,1) semiring

wMSO(σ, S) Logic

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

JϕK : Str(σ)→ S

JβK(A) ∈ {0,1} J
⊕

x .ϕK(A) =
∑

a∈AJϕK(A, x 7→ a)

Example (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K = number of edges
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WEIGHTED LOGICS AND EXPRESSIONS

Expressions Expn(S)

E ::= xi | yi | E ⊕ E | E ⊗ E

〈〈E 〉〉 : Sn × Sn → S

〈〈xi 〉〉(s̄, t̄) = si
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WEIGHTED FEFERMAN-VAUGHT THEOREM

JϕK(A tB) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| ⊗ |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

⊗
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)⊗ (x2 ⊕ y2)

restriction
⊗

x .ψ necessary

“better” coproducts: translation schemes
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RESTRICTION

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

Decomposition

JϕK(A tB) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1 (N0,+, ·, 0, 1)⊗
x .
⊗

y .1 (N0 ∪ {−∞},max,+,−∞, 0)⊗
x .
⊗

y .1 (N0 ∪ {∞},min,+,∞, 0)
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RESTRICTION: (N0 ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(A tB) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B)) ∀A,B

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
gi,1
1 ⊗ . . .⊗ x

gi,n
n ⊗ y

hi,1
1 ⊗ . . .⊗ y

hi,n
n

)
wlog

ali = (Jϕ̄1
1K(Sl))gi,1 ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gi,n

bmi = (Jϕ̄2
1K(Sm))hi,1 ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hi,n

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl tSm) =
k

min
i=1

ali + bmi
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RESTRICTION: (N0 ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl tSm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
gi,1
1 ⊗ . . .⊗ x

gi,n
n ⊗ y

hi,1
1 ⊗ . . .⊗ y

hi,n
n

)
wlog
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min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = aljlm + bmjlm
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= (λ+ µ)2 − 2(λ− l)(µ−m)
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1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2

< (λ+ µ)2
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finitely many colors not sufficient

1 color

2× 2 matrix

1 1

1 1

2 colors

9× 9 matrix

5 times same color on
counter diagonal
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finitely many colors not sufficient

1 color

2× 2 matrix

1 1

1 1

2 colors

9× 9 matrix

5 times same color on
counter diagonal
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? ? ? ? ?

? ? ? ? ?
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finitely many colors not sufficient

1 color

2× 2 matrix

1 1

1 1

2 colors

9× 9 matrix

5 times same color on
counter diagonal

? ? ? ? ?

? ? ? ? ?

? ? ? ? ?

? ? ? ? ?

? ? ? ? ?

2

2

2

2

2

1 1 1 1

1 1 1

1 1

1
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RESTRICTION: (N0 ∪ {∞},MIN,+,∞, 0)

if solution exists for

J
⊗

x .
⊗

y .1K(Sl tSm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

⇒ solution for

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

⇒ solution for coloring problem
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RESTRICTION: (N0 ∪ {∞},MIN,+,∞, 0)

if solution exists for

J
⊗

x .
⊗

y .1K(Sl tSm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

⇒ solution for

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

⇒ solution for coloring problem
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TRANSLATION SCHEMES

σ, τ signatures

Φ = (φU , (φR)R∈Rel(τ)) σ-τ -translation scheme

φU , φR ∈ MSO(σ) {z} = Free(φU )

{z1, . . . , zar(R)} = Free(φR)

A = (A, I) σ-structure

τ -structure Φ∗(A)

U = {a ∈ A | (A, z → a) |= φU} universe

R 7→ {ā ∈ Uar(R) | (A, z̄ → ā) |= φR} interpretation
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TRANSLATION SCHEMES

σ, τ signatures

Φ = (φU , (φR)R∈Rel(τ)) σ-τ -translation scheme

φU , φR ∈ MSO(σ) {z} = Free(φU )

{z1, . . . , zar(R)} = Free(φR)

A = (A, I) σ-structure
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TRANSLATION SCHEMES

Example 1

σ succ(·, ·)

τ <(·, ·)

φU true

φ< ∃X .(z1 ∈ X ∧ z2 ∈ X ∧ . . .
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TRANSLATION SCHEMES

Example 2 - Subtree

σ = τ edge(·, ·),marked(·)

T = (T , I) directed rooted tree

r

φedge edge(z1, z2)

φU ∃x .(marked(x) ∧ x ≤ z)

Φ∗(T) subtree at marked
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TRANSLATION SCHEMES

Given

signatures σ, τ semiring S ζ ∈ wMSO(τ,S)

σ-τ -translation scheme Φ

there exists

ϕ ∈ wMSO(σ, S)

such that for all σ-structures A

JζK(Φ∗(A)) = JϕK(A)

R(x1, . . . , xn) φR(x1, . . . , xn) ∃x . . . ∃x .(φU (x) ∧ . . .
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TRANSLATION SCHEMES AND FEFERMAN-VAUGHT

JζK(Φ∗(A tB)) = JϕK(A tB)

= 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example σ = τ = edge(·, ·), labela(·), labelb(·)

b a
a

b
T1 b

a a

b b
T2

Φ

ζ = ∃x .∃y .(edge(x , y) ∧ labela(x) ∧ labelb(y))

ϕ1 = (ζ,∃x .(leaf(x) ∧ labela(x)))

ϕ2 = (ζ,∃y .(root(y) ∧ labelb(y)))
E = x1 ∨ y1 ∨ (x2 ∧ y2)
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1896%



TRANSLATION SCHEMES AND FEFERMAN-VAUGHT

JζK(Φ∗(A tB)) = JϕK(A tB)

= 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example σ = τ = edge(·, ·), labela(·), labelb(·)

b a
a

b
T1 b

a a

b b
T2

Φ

ζ = ∃x .∃y .(edge(x , y) ∧ labela(x) ∧ labelb(y))

ϕ1 = (ζ,∃x .(leaf(x) ∧ labela(x)))

ϕ2 = (ζ,∃y .(root(y) ∧ labelb(y)))
E = x1 ∨ y1 ∨ (x2 ∧ y2)

1897%



TRANSLATION SCHEMES AND FEFERMAN-VAUGHT

JζK(Φ∗(A tB)) = JϕK(A tB)

= 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example σ = τ = edge(·, ·), labela(·), labelb(·)

b a
a

b
T1 b

a a

b b
T2

Φ

ζ = ∃x .∃y .(edge(x , y) ∧ labela(x) ∧ labelb(y))

ϕ1 = (ζ,∃x .(leaf(x) ∧ labela(x)))

ϕ2 = (ζ,∃y .(root(y) ∧ labelb(y)))
E = x1 ∨ y1 ∨ (x2 ∧ y2)

1898%



TRANSLATION SCHEMES AND FEFERMAN-VAUGHT

JζK(Φ∗(A tB)) = JϕK(A tB)

= 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example σ = τ = edge(·, ·), labela(·), labelb(·)

b a
a

b
T1 b

a a

b b
T2

Φ

ζ = ∃x .∃y .(edge(x , y) ∧ labela(x) ∧ labelb(y))

ϕ1 = (ζ,∃x .(leaf(x) ∧ labela(x)))

ϕ2 = (ζ,∃y .(root(y) ∧ labelb(y)))
E = x1 ∨ y1 ∨ (x2 ∧ y2)

18100%


