Vhoi0rujdql}hg dft xlvlwlrq ri vlwxdwhg ehkdylruv

Udoi Ghu XqlyhuvlwçwOhls}lj 0Lqvwlwxwi uLqirup dwln SRE <53 G03733< Ohls}lj h0p dloghuClqirup dwln1xql0ohls}lj 1gh krp h sdj h kwws=22z z z 1lqirup dwln1xql0ohls}lj 1gh2�ghu2

P d| 64/ 5334

Devwudfw

Wkh sdshu dlp v dwd v| vwhp dwlf dssurdfk wr wkh vhoi0ruj dql}dwlrq ri ehkdylru1 Lwlv urrwhg lq wkh lghdv ri vlwxdwhg duwl�fldolqwhoolj hqfh dqg lqwurgxfhvvlwxdwhg ehkdylrudvwkhwduj hwiruwkhvhoi0ruj dql}dwlrq surfhgxuh1Edvhg rq d t xdqwlwdwlyhp hdvxuhri ehkdylrudovlwxdwhgqhvv d ohduqlqj g| qdp lfvlvlqwurgxfhg z klfk hqdeohvwkh frqwuroohuwr vxv0 wdlq wkh vlxdwhgqhvv ri wkh dj hqw1 Wkh sulqflsoh lv ghp rqvwudwhg z lwk Nkhshud urerwv lq d qxp ehu ri gl�huhqwhqylurqp hqwdofrqglwlrqv1

4 Lqwur gxfwlr q

Wkh suhvhqwsdshulvfrqfhuqhg z lwk d v| vwhp dwlf dssurdfk wr vhoi0ruj dql}hg ehkdylru dft xlvlwlrq ri hp erglhg dj hqwv olnh sk| vlfdourerwv1 Rxu dssurdfk lv urrwhg lq wkh lghdv ri hp erglhg frj qlwlyh vflhqfh dqg vlwxdwhg Duwl�fldo

Lqwhoolj hqfh +DL,1P dlq vwuhdp DLdqg frj qlwlyh vflhqfh frqvlghu dj hqwv dv udwlrqdoehlqj v z klfk p d| h{lvwfrp sohwho| vhsdudwhg iurp wkh uhdoz ruog1

Wkh z ruog lv uhsuhvhqwhg e| v| p erov dqg wkh ehkdylru ri wkh dj hqwlv frq0 wuroohg e| p hdqvri orj lfdolqihuhqfhvedvhg rq uxohvj lyhq wr wkh dj hqwe| lwv ghvlj qhu1 Krz hyhu wklv dwwlwxgh lqvlqxdwhv d qxp ehu ri vhyhuh sureohp v olnh wkh v| p eroj urxqglqj dqg wkh iudp h sureohp / vhh wkh glvfxvvlrq lq ^8‘1

Vlwxdwhg DLvxssruwv dowhuqdwlyho| wkh frqylfwlrq wkdwlqwhoolj hqfh lv qrw mxvwdq devwudfwdoj rulwkp 1 Lqvwhdg lwhp skdvl}hv wkh idfwwkdwdq dj hqw z klfk lvhp ehgghg lqwr wkh z ruog lq hdfk lqvwdqwp d| j hwlqirup dwlrq derxw wkh fxuuhqwvwdwh ri wkh z ruog e| p hdqv ri lwv vhqvruv1 Z h fdoo dq dj hqw vlwxdwhg li lwlv deoh ri p dnlqj p d{lp xp xvh ri lwv vhqvruv lq rughu wr kdyh wkh qhfhvvdu| lqirup dwlrq irufrqwuroolqj lwv lp p hgldwh dfwlrqv1

Z h duj xh wkdwwkhvh lghdv duh d j rrg vwduwlqj srlqwiru d v| vwhp dwlf ds0 surdfk wr vhoi0ruj dql}hg ehkdylru1 I ru wklv sxusrvh z h lqwurgxfh wkh qrwlrq ri +hp huj hqw, vlwxdwhg ehkdylru1 Z h fdood ehkdylru vlwxdwhg li wkh vlwxdw0 hgqhvv +lq wkh deryh vhqvh, ri wkh dj hqwz kloh ehkdylqj lv qhyhu orvw1 Wklv p hdqv wkdwfrqwurori wkh lp p hgldwh dfwlrqv dqg p rwlrqv lv ruj dql}hg vxfk wkdwdiwhuwkh fxuuhqwshulrg ri wkh �vhqvh0wklqn0dfw� f| foh wkh dj hqwlvdj dlq z hoovlwxdwhg vr wkdwfrqwurolv srvvleoh lq wkh vdp h vdih z d| rq wkh edvlv ri wkh qhz +frp sohp hqwhg e| sdvw, vhqvru uhdglqj v1 Vr lq wklvglfwlrq wkh dlp ri frqwurolv frqwuro1

Lwlvwr eh qrwhg wkdwz h xvh wkh qrwlrq ri vlwxdwhgqhvvlq d olwwoh gl�huhqw vhqvh wkdq rulj lqdoo| lqwurgxfhg e| Sihl�hu1 Wkh gl�huhqfh lv wkdwz h irfxv rq wkh srwhqwldolqirup dwlrq j dlq wkh urerwfdq dfklhyh iurp wkh uhvsrqvh ri lwv vhqvruv wr lwv dfwlrqv1 Ohwxv h{hp soli| rxu lghd e| d �vkruwvlj kwhg� urerw+olnh d Nkhshud urerwz lwk qrwklqj exwlwv lqiuduhg vhqvruv, z klfk lv wr uhdfk d grru lq wkh z doori d oduj h urrp 1 Z khq lq hp sw| vsdfh wkhuh lv qr uhdfwlrq ri lwvvhqvruvwr wkh p rwrudfwlrqv1 Khqfh doodfwlrqvduh ri ht xdo ydoxh dqg dq| fkrlfh ri dfwlrqvlvsxuho| duelwudu| 1Krz hyhuli wkh urerwlvlq vhqvru frqwdfwwr wkh z doo/ hdfk p rwru dfwlrq surgxfhv lqirup dwlrq lq irup ri d gh�qlwh vhqvru uhvsrqvh1 Wklv lqirup dwlrq fdq eh xvhg iru dgdswdwlrq1

Vlwxdwhg ehkdylru z rxog p hdq wr iroorz wkh z doov ri wkh fruulgru xqwlowkh grru lv uhdfkhg1

Wkh j rdo0rulhqwhg ehkdylruri wudglwlrqdoDLri frxuvh lvp ruh vwudlj kwiru0 z dug exwuht xluhv d yhu| h{dfwz ruog p rghodqg ghdg uhfnrqlqj fdsdelolwlhv z khuhdvwkh vlwxdwhg ehkdylruz looz run z lwk yhu| frduvh lqirup dwlrqvderxw

wkh z ruog +qxp ehuvri grruvwr sdvv/ h1j 1,1Wkh z dooiroorz lqj p rgxvp d| eh vhhq dv d gluhfwuhdol}dwlrq ri rxu �wkh dlp ri frqwurolv frqwuro� sdudglj p 1 Lq idfwwkh urerwlv iroorz lqj wkh z doolq dq lghdoz d| li diwhu hdfk vwhs wkh vhqvru vlwxdwlrq lv wkh vdp h dv ehiruh/ l1h1 wkh frqglwlrqv ri rswlp dofrqwuro duh uhsurgxfhg1

Wkhderyherrwvwuds gh�qlwlrq p dnhvehkdylrud frqwlqj hqwskhqrp hqrq lq frqwudvwwr wkh j rdorulhqwhg ehkdylrurewdlqhg iurp sodqqlqj 1Rxudlp lv wr vkrz wkdwwklvgh�qlwlrq lvlp p hgldwho| xvhixolq wkhvhqvhwkdwlwvxssruwv wkhhp huj hqfhri vlwxdwhg ehkdylruvlq d vwdeohdqg uhsurgxfleohp dqqhu1Rxu lghd lv wr ghyhors d p hdvxuh iru wkh vlwxdwhgqhvv ri d ehkdylru z klfk p d| vhuyh dv dq remhfwlyh ixqfwlrq iru wkh dgdswdwlrq ri wkh frqwuroohu1 Z h kdyh ghyhorshg wkhvhlghdvehiruhlq wkhj hqhudoiudp hz run ri krp hrnlqhvlv/ fi1^6‘ z klfk lvwkh g| qdp lfdoshqgdqwri krp hrvwdvlv dvlqwurgxfhg e| Fdqqrq ^5‘ exwlq wkh suhvhqwsdshuz h z dqwwr frqfhqwudwh rq wkh sudfwlfdouhdol}dwlrq1

5 Vlwxdwhg ehkdylr u

Ohwxv fdooϱ▽ +^⋆ wkh vwdwh ri d v| vwhp z khuh lq d frqfuhwh vlwxdwlrq ϱlv wkh yhfwru ri vhqvru uhdglqj v ri d urerw1 Lq wkh fdvh ri wkh Nkhshud urerw ϱ’ Eϱ_�cνννcϱ_Høp lj kwuhsuhvhqwwkh ydoxhv ri wkh hlj kwlqiuduhg vhqvruv1 Wkh frqwuroohu ri wkh urerwp d| eh ylhz hg dv d ixqfwlrq p dsslqj vhqvru lqsxwv ϱ▽ +^⋆ wr vrp h rxwsxwv ⇁ ▽ +^6 j ryhuqlqj wkh uhdfwlrq ri wkh urerwwr lwv vshfl�f hqylurqp hqwdovlwxdwlrq1 Wkh rxwsxwghwhup lqhv wkh qhz vlwxdwlrq +srvlwlrq dqg2ru yhorflw| , ri wkh urerwz klfk rq lwv kdqg fruuhvsrqgv wr d qhz vhqvru lqsxw1 Wkxv/ wkurxj k wkh vhqvru0p rwru orrs/ hdfk frqwuroohu surgxfhv lwv vshfl�f wudmhfwru| ϱEȷø lq vhqvru vsdfh z klfk ghshqgv erwk rq wkh hqylurqp hqwdqg wkh vwduwlqj srvlwlrq ri wkh urerw1 Wkh hyroxwlrq lq wlp h ri wkhvh vhqvruydoxhv fdq eh z ulwwhq dv wkh xsgdwh uxoh

– ϱ’ x Eϱ(Sø

z khuh Slv d vhwri sdudp hwhuv ri wkh frqwuroohu1

E| z d| ri h{dp soh/ ohwxv dvvxp h iru wkh p rp hqwwkdwwkh urerwlv lq0 vwuxfwhg wr nhhs d �{hg yhorflw| / wkh frqwuroohu rxwsxwghwhup lqlqj wkh fxu0 uhqwwxuq vshhg π ri wkh urerwlq sk| vlfdovsdfh1Lq wkh p rvwvlp soh vhwwlqj z h lp sohp hqwwkh frqwuroohu e| d vlqj oh duwl�fldoqhxurq dv^4

π ’ —@?Ξ ]_⋆ ⋃ ζ’ � S_ζϱ_ζ ⌊ +4, 4Z h dvvxp h wkdwwkh frqwuroohugrhvqrwuhihuwr hduolhuvhqvruydoxhvdvd SG frqwuroohu z rxog gr1 Krz hyhu wkh odwwhu fdvh fdq hdvlo| eh lqwhj udwhg lqwr wkh suhvhqwfrqfhsw1

z khuh ζuxqv ryhu wkh vhqvruv ri wkh urerw1

I lj xuh 4=D w| slfdohqylurqp hqwiru rxu urerwht xlsshg z lwk d vhoi0ohduqlqj frqwuroohu1

Hdfk vhwri sdudp hwhuvSvshfl�hv d ehkdylruri wkh urerw1Rxudlp lv wr

�qg d ohduqlqj uxoh iru wkh sdudp hwhuv Svr wkdwwkh urerwdgdswv wrz dugv d vlwxdwhg ehkdylru1 D ohduqlqj vlj qdofrxog eh ghulyhg iurp d p hdvxuh ri wkh t xdolw| ri vlwxdwhg ehkdylru1 Z h duj xh wkdwwkh suhglfwdelolw| ri wkh vhqvru ydoxhv ryhu d vhqvh0wklqn0dfwf| foh lv d j rrg p hdvxuh lq wklv vhqvh1 Lq idfw li wkh frqwuroohu p dqdj hv wr vxvwdlq vlwxdwhgqhvv wkh qhz vhqvru vlwxdwlrq vkrxog lq vrp h vhqvhghshqg lq d v| vwhp dwlf z d| rq wkh rog rqh1D shuwlqhqw h{dp soh lv +lghdo, z dooiroorz lqj z khuh wkh qhz vhqvru ydoxhv frlqflgh z lwk wkh rog rqhv vr wkdwwkh suhglfwlrq lv wulyldo1

D suhglfwru ru z ruog p rgho p d| eh uhdol}hg e| dq dgdswlyh ixqfwlrq dssur{lp dwru – ϱ_σ ’ ϱn Σ EϱcS(Ξø z khuh Ξ lv dq dgglwlrqdovhwri sdudp hwhuv wr eh dgdswhg vxfk wkdwwkh suh0 glfwlrq huuru lv p lqlp l}hg/ l1h1wkh shuwlqhqwhuuruixqfwlrq lv ▷ ’ � 2 ⋃ ζ ] – ϱ_σ^ζ ∗ – ϱ^ζ

⌊^2

– ϱ_σ ehlqj wkh suhglfwhg dqg – ϱwkh wuxh fkdqj h lq vhqvru ydoxhv ryhu wkh wlp h vwhs1 Wkh ohduqlqj ri wkh suhglfwrulv j lyhq e| wkh xsgdwh uxoh – Ξ ’ ∗ ϑ Y YΞ ▷ Lq wkh p rvwj hqhudo fdvh z h p d| dvvxp h wkdwwkh suhglfwru lv ohduqhg iru p dq| ydoxhv ri S+ehkdylruv, vr wkdwdiwhu wklv ohduqlqj surfhgxuh Ξ kdv ehfrp h d ixqfwlrq ri S1 Lq wkh suhvhqwsdshu z h frqvlghu wkh p rvwvlp soh

fdvh/ qdp ho| wkdwri d wulyldosuhglfwru dvvxp lqj wkdwwkh vhqvru ydoxhv duh frqvwdqwvr wkdw – ϱ^σ ’ f

Lq dq| fdvh wkh huuru ▷ lv d ixqfwlrq ri ϱdqg Sdorqh1

Z h p d| qrz xvh wklv huuru ixqfwlrq dqg ohduq wkh ehkdylru ri wkh urerw/ l1h1 xsgdwh wkh frqwuroohu sdudp hwhuv dv – S’ ∗ 0 Y YS ▷ +5,

z klfk lv wr eh h{hfxwhg lq hdfk wlp h vwhs1

Z h p d| lqwhusuhwwkh deryh dssurdfk dovr lq wkh whup vri wkh frp soh{lw| j ds ehwz hhq lqwhuqdo+p rgho, dqg h{whuqdoz ruog1 Lq doofdvhv ri sudfwlfdo lqwhuhvwwkh frp soh{lw| ri wkh p rghoehkdylru lv lqihulru wr wkdwri wkh wuxh ehkdylru1 Wkxvz h vshdn ri d g| qdp lfdofrp soh{lw| j ds ehwz hhq p rghodqg uhdolw| 1 Wkh lghd deryh lvwr xvh wkh z lgwk ri wkh frp soh{lw| j ds dvohduqlqj vlj qdoiru wkh dgdswdwlrq ri erwk wkh p rghodqg wkh frqwuroohu1 Vr wkh dlp lv wr dgdswehkdylru vxfk wkdwwkh frp soh{lw| j ds ehwz hhq wuxh dqg p rgho ehkdylru lv p lqlp l}hg1

6 Vr p h h{s hulp hqwdouhvxowv

Lq rughu wr xsgdwh S dffruglqj wr ht 1 +5, z h qhhg wkh j udglhqwri ▷ z lwk uhvshfwwr wkh sdudp hwhuv ri wkh frqwuroohu1 Wklv j udglhqwlqirup dwlrq lv j dlqhg e| wkh iroorz lqj wulfn1 Z h uhz ulwh wkh gh�qlwlrq ri wkh wxuq yhorflw| ht 1 +4, π ’ —@?ΞE5øz khuh 5 ’ ⋃ S_ζϱ_ζ dqg Y YS_ζ ▷ ’ Y▷ Y5 Y5 YS_ζ +6, Wkh odvwghulydwlyh fdq eh fduulhg rxwh{solflwo| xvlqj ht 1 +4,/ vr wkdwz h duh ohiwz lwk wkh ghulydwlyh z 1u1w1 wr 51 Ohwxv dgg d vp dooshuwxuedwlrq Π Eȷøwr wkh srvwv| qdswlf srwhqwldo5 ri wkh frqwuroohu qhxurq1 Wklv p d| eh d qrlvh z lwk }hur p hdq ru d shulrglf rvfloodwlrq1 Dvvxp lqj wkdwwkh fkdqj h ri Π lv vp doo lq wkh wlp h lqwhuydo ehwz hhq wz r vhqvru uhfruglqj v/ z h p d| dvvxp h wkdwwkh fkdqj h lq vhqvruydoxhv– ϱdqg khqfh ▷ lvd ixqfwlrq ri wkh fxuuhqw ydoxh ri Π1Z ulwlqj ▷ dv▷ ’ ▷ EϱcSø’ ▷ dϱc5owkh h�hfwri wkhshuwxuedwlrq lv ▷ dϱc5n δΠo’ ▷ n δΠ Y▷ Y5 n ννν +7, z khuh ▷ ’ ▷ dϱc5odqg δ lv d vwuhqj wk sdudp hwhu1 Dvvxp h Π lv fkrvhq vxfk wkdwlq wkh dyhudj h ryhu d orqj hu wlp h lqwhuydoz h kdyh Π Ψ Ψ Π^21 Dvvxp lqj

p ruhryhuwkdwiruΠ ’ f wkhfkdqj hri ▷ ryhuwklvshulrg ri wlp hlvvx! flhqwo| vp dooz h p d| z ulwh ▷ Π ≪ δΠ_2 Y▷ Y5 +8, vr wkdwwkh j udglhqwfdq eh rewdlqhg e| d wlp h dyhudj h ryhu wkh surgxfwri Π Eȷø▷ 1 Froohfwlqj wkh uhvxowv z h kdyh wkh iroorz lqj ohduqlqj doj rulwkp =Z h uhdg wkh vhqvru ydoxhv ϱ^ζ dwuhj xodu wlp h lqwhuydov ri ohqj wk β1 Wkh qhz wduj hw wxuq vshhg ri wkh urerwlv gh�qhg e| π ’ —@?Ξ )⋃ S^ζϱ^ζ n δΠ Eȷø [ +9, z khuh ϱ^ζ ’ ϱ^ζEȷø1 Wkh xsgdwh ri wkh frqwuroohusdudp hwhuv lv

– S^ζ ’ ∗ 0ϱ^ζΠ Eȷø▷ +: , z khuh ▷ ’ ⋃ ρ E– ϱ^ρø_2 dqg ϱ^ζEȷ n βø∗ ϱ^ζEȷø’ – ϱ^ζ1 Ht xdwlrqv +9, dqg +: , frqvwlwxwh wkh frp sohwh doj rulwkp iruwkh suhvhqwurerwfrqwuroohu1

Z hkdyhlp sohp hqwhg wkhderyhdoj rulwkp rq fkls ri d Nkhshud p lqldwxuh urerw1Lq d w| slfdoh{shulp hqwwkhsdudp hwhuvri wkhfrqwuroohuduhlqlwldol}hg z lwk S^ζ ’ f ∅ ζ1 Dffruglqj o| wkh urerwgrhv qrwuhdfwwr lwv vhqvru ydoxhv lq wklv lqlwldoshulrg ri wlp h vr wkdwlwz loofudvk xvxdoo| diwhu d vkruwwlp h1

Vlqfh lwviruz dug yhorflw| z dv�{hg lq wkrvh h{shulp hqwvwkh urerwkdg wr eh uhp ryhg iurp wkh revwdfoh e| kdqg1 Diwhu vhyhudovxfk wuldov wkh urerwyhu| vrrq ohduqv wr hlwkhu dyrlg wkh z dooru wr iroorz lw1 Wkh urerwohduqv p ruh udslgo| wr iroorz wkh z doo/ li rqh vwduwv lwd ihz wlp hv xqghu d frqyhqlhqw dqj oh wr wkh z doo1Lwlvlqwhuhvwlqj wkdwz khq iroorz lqj wkh z dooiruvrp h wlp h wkh frqwuroohu z loofkdqj h wkh ehkdylru p rgh lq wkh vhqvh wkdwlw�qgv wkh glvwdqfh wr wkh z dooxqghu z klfk frqwurolv p rvwvwdeoh1 I ru vp rrwk z doov wklv p hdqv wkdwlwvwhhuv z lwk wz r vhqvruv/ fkrrvlqj wkh glvwdqfh wr wkh z doo vxfk wkdwwkh vhqvru forvhvwwr wkh z doolv dwp d{lp xp ydoxh dqg wkh qh{w rqh lvdwkdoi p d{lp xp 1Wklvlvd qrqwulyldoh�hfwdqg fdq eh xqghuvwrrg lq whup v ri p lqlp l}lqj wkh lq xhqfh ri wkh qrlvh dv h{sodlqhg lq ^6‘1

Wkh z doo0iroorz lqj ehkdylru uhp dlqv vwdeoh dv orqj dv wkhuh duh qr gud0 p dwlf fkdqj hv lq wkh hqylurqp hqw1 Wklv frxog eh fruurerudwhg lq d orqj wlp h h{shulp hqwz khuh wkh urerwz dv uxqqlqj qhduo| wkuhh gd| v frp sohwho| dxwrqrp rxvo| lq d vlp soh p d}h1 Lwvkrxog eh p hqwlrqhg wkdwgxulqj dooh{0 shulp hqwv wkhuh z dv qr wxqlqj ri wkh ohduqlqj sdudp hwhuv/ lq sduwlfxodu z h glg qrwxvh dq| �frrolqj � ri wkh ohduqlqj udwh ε1

D ixuwkhu srlqwri j hqhudolqwhuhvwlv wkdwwkh urerwfkdqj hv lwv ehkdylru ghshqglqj rq wkh hqylurqp hqwdofrqglwlrqv1 W| slfdoo| rqh fdq ohduq lwwr

Robot

Neuron

Auxiliary Input 1

Motor activity

Wheel counter

I lj xuh 5=D qhxurq frqwuroolqj wkh iruz dug yhorflw| ri d urerw1

edodqfh d edoodqg wkdq sxwwkh ohduqhg urerwxqghuvrp h dqj oh forvh wr wkh z doo1 Ri frxuvh wkh urerwz loovkrz wkh vdp h uhdfwlrq dv z lwk d edoo/ l1h1 lw wxuqvxqwlowkh z doolvlq iurqwri lwdqg wkhq edqj vdj dlqvwwkh z doo1Krz hyhu diwhukhoslqj lwvhyhudowlp hvrxwri wklvfudvk vlwxdwlrq lwz looohduq wr iroorz wkh z doodiwhuz dugv1

Lwlv dovr lqwhuhvwlqj wkdwwkh frqwuroohu p d| frsh z lwk wkh +vlp xodwhg, gdp dj h ri d vhqvrudv ghp rqvwudwhg z lwk wkh edooedodqflqj ehkdylru z klfk wkh urerwohduqv hyhq li rqh ri wkh vhqvruv lqyroyhg lv gdp dj hg1

7 Hp huj hqw vlwxdwhg ehkdylr u lq d edvlf vhqvr u0p r wr u or r s

Lq wkh deryh vfhqdulr z h kdyh frqwuroohg rqo| wkh wxuq yhorflw| ri wkh urerw1 Gulyhq e| d �{hg iruz dug yhorflw| wkh urerwfrqwuroohuohduqv wr iroorz z doov dqg2ru wr dyrlg revwdfohv vlqfh lq wklv z d| lwp dqdj hv wr nhhs lwv vhqvru ydoxhv dv frqvwdqwdv srvvleoh1 Lv wkhuh d vlp lodu dssurdfk wr wkh frqwurori wkh iruz dug yhorflw| ri wkh urerwB Ohwxv frqvlghu d qhxurq dv dq dgdswlyh dj hqwhp ehgghg lqwr wkh vhqvru0p rwru orrs1 Wkh qhxurq lv wr frqwurowkh yhorflw| ri wkh urerw/ l1h1 lwv rxwsxwlv wr eh wkh wduj hwyhorflw| ϵ dqg lwv lqsxwwkh wuxh yhorflw| ri wkh z khhov dv uhdg edfn iurp wkh z khhofrxqwhuv1 Khqfh wkh g| qdp lfv ri wklv vhqvru0p rwru orrs lv j lyhq e|

ϵ_{⋆n �} ’ —@?ΞESϵ_⋆ n Møn 1_⋆ +; ,

z khuh M p d| eh lqwhusuhwhg dv d wkuhvkrog dqg 1_⋆ lv wkh qrlvh gxh wr wkh gl�huhqfh ri wkh wduj hwdqg wkh wuxh yhorflw| ri wkh z khhovfdxvhg e| vols dqg iulfwlrq h�hfwv1 Z lwkrxwqrlvh wkh g| qdp lfv irup xodwhg e| ht 1 +; , iru dq| vhwri sdudp hwhuv doz d| v frqyhuj hv wr d �{hg srlqwz khuh ϵ grhvqrwfkdqj h dq| p ruh +wkh urerwp ryhv z lwk frqvwdqwyhorflw| ,/ wkh �{hg srlqwht xdwlrq :

uhdglqj ϵ ’ —@?ΞESϵ n Mø +<,

Rq wkh rwkhukdqg iruhdfk ydoxh ri ϵ z khuh ⇕ϵ⇕Ψ � wkhuh lvd rqh sdudp hwhu vhwri ydoxhv ScM vr wkdwwklv ϵ lv d �{hg srlqwri wkh deryh g| qdp lfv1 Lq sduwlfxodu iru M ’ f wkhuh lv d vwdeoh �{hg srlqwdwϵ ’ f iru doo ydoxhv f Ψ S Ψ � z khuhdv iru S . � wkhuh duh wz r vwdeoh �{hg srlqwv dwϵ ’ ⊖ ⌣ z khuh ⌣ j rhv iurp f wr � iru lqfuhdvlqj ydoxhv ri S. �1

Ehlqj dwwkh �{hg srlqwfruuhvsrqgvwr d vlwxdwhg ehkdylruz lwk rswlp do frqwurori wkhvlwxdwlrq1Krz hyhuwkhqrlvhlqwhuihuhvz lwk wklvfrqyhqlhqwvlw0 xdwlrq dqg z h irup xodwh d ohduqlqj uxoh iruwkh uhlqvwdoodwlrq ri vlwxdwhgqhvv diwhu hdfk shuwxuedwlrq e| wkh qrlvh1 Dffruglqj wr ht 1 +<, wkh dssursuldwh huuru ixqfwlrq lv 8 ’ � 2 E—@?ΞESϵ^⋆ n Mø∗ ϵ^⋆ ø_2 wkh huuru ehlqj }hur li ϵ^⋆ lv d �{hg srlqw1 Fruuhvsrqglqj o| wkh ohduqlqj uxoh lv – S ’ ∗ 0E—@?ΞESϵ^⋆ n Mø∗ ϵ^⋆ øφ ϵ^⋆ +43,

– M ’ ∗ 0E—@?ΞESϵ^⋆ n Mø∗ ϵ^⋆ øφ z khuh ϵ^⋆ lv wkh fxuuhqwydoxh ri wkh yhorflw| dv uhdg e| wkh z khhofrxqwhuv dqg φ ’ —@?Ξ_≺ESϵ^⋆ n Mø’ �∗ —@?Ξ_2 ESϵ^⋆ n Mølv wkh ghulydwlyh ri wkh —@?Ξ ixqfwlrq1

Wkh frp elqhg g| qdp lfv j lyhq e| ht v1 +; , dqg +43, glvsod| v yhu| lqwhu0 hvwlqj surshuwlhv1 Gulyhq e| wkh qrlvh wkh v| vwhp ylvlwv lwv �{hg srlqwv lq d p ruh ru ohvv huudwlf z d| 1 Z khq vwduwlqj z lwk S’ f dqg M ’ f wkh ydoxhv ri ϵ ylvlwhg vfdwwhu durxqg ϵ ’ f z kloh Slv lqfuhdvlqj vwhdglo| 1 Diwhu vx! flhqw wlp h wkh ydoxh ri S vwdelol}hv dwderxwS ’ �ν2 z kloh M xfwxdwhv durxqg

}hur1Z lwk wkhvh sdudp hwhuvwkh ϵ g| qdp lfvlvfkdudfwhul}hg e| vwd| lqj suh0 grp lqdqwo| lq wkh v| p p hwu| eurnhq vwdwhv dwϵ ’ ⊖ ⌣ z lwk ⌣ ∖ fν. z lwk ϵ vz lwfklqj ehwz hhq wkhvh ydoxhv lq dq luuhj xodu p rgh1

Li wkh p hdq ydoxh ri wkh qrlvh lv }hur/ d urerwfrqwuroohg e| wklv qhxurq z loop ryh iruz dug iru vrp h wlp h dqg wkhq uhyhuvh lwv yhorflw| dqg vr rq/ wkh glvwdqfhv fryhuhg e| wklv huudwlf p rwlrq ghshqglqj rq wkh vwuhqj wk ri wkh qrlvh dqg wkh ohduqlqj udwh lq d v| vwhp dwlf z d| 1 I ru wkh Nkhshud urerwwkh w| slfdoglvwdqfh fryhhg lq wkh xqlgluhfwlrqdop rwlrq lv derxw� wr Dp 1 Wkh p rvwlqwhuhvwlqj surshuw| ri wklv frqwuroohu sdudglj p krz hyhu lv revhuyhg li wkh urerwfroolghv z lwk vrp h revwdfoh1 Lq wklv fdvh wkh qrlvh +gl�huhqfh ehwz hhq wuxh dqg wduj hwyhorflw| , lv eldvhg z klfk ohdgv wr d yhu| udslg uh0 ohduqlqj ri wkh sdudp hwhuv S dqg M vxfk wkdwwkh yhorflw| ri wkh urerwlv uhyhuvhg dop rvwlp p hgldwho| 1 ;

I rup wkh sudfwlfdosrlqwri ylhz wkh ohduqlqj g| qdp lfv iru wkh qhxurq frqwuroolqj wkh iruz dug yhorflw| / fi1 ht 1 +43,/ suryhv yhu| khosixo1 Gxh wr wkh vhqvlwlyh uhdfwlrq ri wkh qhxurq wr �vols dqg iulfwlrq qrlvh� rxu urerw vxuylyhvlq qhduo| duelwudu| hqylurqp hqwvz lwkrxwj hwwlqj vwxfn lq fruqhuvru dwrwkhu revwdfohv1 Lq wklv z d| wkh wxuq yhorflw| frqwuroohu lv surylghg z lwk wkh lqirup dwlrqv qhfhvvdu| iru wkh dft xlvlwlrq ri d vlwxdwhg ehkdylru edvhg rq wkh lqiuduhg vhqvruv1 P ruhryhu/ ohduqlqj lv irxqg wr eh h{wuhp ho| idvw dqg shup dqhqwo| dohuwz kloh xqghuvwdwlrqdu| hqylurqp hqwdofrqglwlrqvlwlv frqyhuj hqwdqg uhsurgxfleoh1

Rxu ixwxuh z run z looeh ghyrwhg wr whvwlqj wkh fxuuhqwfrqwuroohu xqghu qhz hqylurqp hqwdofrqglwlrqv z kloh lqfoxglqj wkh fdp hud dqg wkh dp elhqw olj kwvhqvruv1 Z h z loodovr vwxg| hp huj lqj froohfwlyh ehkdylruv z lwk vhyhudo urerwv lq d frp p rq hqylurqp hqwhdfk rqh ehlqj frqwuroohg e| rxu dgdswlyh frqwuroohu1 Wkh p dlq fkdoohqj h krz hyhu lv wkh lqwhj udwlrq ri wkh hp huj lqj ehkdylruv lqwr dq lqwhqwlrqdoehkdylru edvhg frqwuroohu dufklwhfwxuh ^4‘ dqg lqwr wkh vfhqdulr ri hyroxwlrqdu| urerwlfv^7‘1

Uhihuhqfhv

^4‘ U1F1Dunlq1 Ehkdylru Edvhg Urerwlfv1 P LWSuhvv/ 4<<; 1

^5‘ Z 1E1Fdqqrq1Wkh zlvgrp ri wkh erg| 1 Qruwrq/ Qhz \ run/ 4<6<1

^6‘ U1Ghu/ X1Vwhlqp hw}/ dqg I 1Sdvhp dqq1Krp hrnlqhvlv0d qhz sulqflsoh wr edfn xs hyroxwlrq z lwk ohduqlqj 1Lq P 1P rkdp p dgldq/ hglwru/ Frp sx0 wdwlrqdoLqwhooljhqfh iru P rghoolqj/ Frqwuro/ dqg Dxwrp dwlrq/ yroxp h 88 ri FrqfxuuhqwV| vwhp vHqjlqhhulqj Vhulhv/ sdj hv76 � 7: 1LRVSuhvv/ 4<<<1

XUO@kwws=22z z z 1lqirup dwln1xql0ohls}lj 1gh2 ghu2Yhurh�2z lhq�q61sv1

^7‘ V1Qro� dqg G1I oruhdqr1Hyroxwlrqdu| Urerwlfv1 P LW/ 53331

^8‘ U1Sihl�hudqg F1Vfkhlhu1Xqghuvwdqglqj Lqwhooljhqfh1P LWSuhvv/ 4<<<1

43