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Abstract

We study extensions of description logics from the widely
used £L family with operators that make it possible to speak
about different levels of abstraction. We analyze the com-
putational complexity of reasoning and show that often, this
complexity is significantly lower than in the corresponding
extension of the more expressive description logic ALC. By
slightly varying the semantics, we also obtain a case that ad-
mits reasoning in polynomial time.

1 Introduction

Knowledge representation with ontologies often involves
concepts that are situated at different levels of abstraction or,
equivalently, at different levels of granularity. For example,
the widely known medical ontology SNOMED CT contains
the concepts Arm, Hand, Finger, Phalanx, Osteocyte, and
Mitochondrion which may reasonably be viewed as all be-
longing to different, increasingly more fine-grained levels of
abstraction. Existing ontology languages, however, do not
provide any explicit support for representing and interrelat-
ing different abstraction levels.

Recently, this shortcoming has led to the proposal of a
scheme for extending description logics (DLs) with opera-
tors that make it possible to explicitly speak about different
abstraction levels and their interaction (Lutz and Schulze
2023). The main features of this scheme are as follows.
Each of the (finitely many) abstraction levels is associated
with a classical DL interpretation. A refinement function
associates objects on more coarse-grained levels with an en-
semble of objects on more fine-grained levels. Such an en-
semble is simply a tuple of objects that the refined object
decomposes into. This may for instance be in the sense of
mereological parts, but the scheme is by no means restricted
to mereology.

Operators based on conjunctive queries (CQs) make it
possible to describe how objects relate to their refining en-
sembles. These operators come in two flavours. A refine-
ment operator expresses that every object of a certain kind
refines into a certain kind of ensemble. For example, the
statement

Lo:qa refines Lq:Aircraft,
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Figure 1: The complexity of satisfiability in abstraction DLs.
where g denotes the conjunctive query

qa = Fuselage(z1) A Wings(z2) A Stabilizer(zs) A
carries(xa, x1) A carries(z1, T3),

expresses that every instance of Aircraft on the more coarse-
grained abstraction level L; decomposes into an ensemble of
three objects on the more fine-grained level Lo, as described
by ga. Conversely, an abstraction operator expresses that
for every ensemble of a certain kind, there is an object that
refines into it. Reusing the query g4 from above, for exam-
ple, it would be reasonable to also state

Lq:Aircraft abstracts Lo:ga

expressing that every ensemble that consists of a fuselage, a
set of wings, and a stabilizer, related as stated by ¢4, forms
an aircraft. While the operators illustrated above speak
about concepts such as Aircraft that are refined or abstracted,
there are analogous operators also for roles (that is, binary
relations) such as carries.

The DLs with abstraction and refinement proposed
in (Lutz and Schulze 2023) are based on the expressive de-
scription logics ALC and ALCZ. In this paper, we replace
ALC with important members of the ££ family of descrip-
tion logics, in particular with the eponymous ££ and its ex-
tension £LH, with role hierarchies and range restrictions.
These DLs play an important role in practice for at least
three reasons. First, they are among very few description
logics that admit reasoning in polynomial time. Second,
a mild extension of £LH, was standardized by the W3C
as the EL profile of the widely used OWL 2 ontology lan-
guage (Motik ef al. 2009). And third, many prominent
large-scale ontologies such as SNOMED CT are formulated
in £LH, or mild extensions thereof.



Two guiding questions for our investigation are: (1) Are
the resulting DLs with abstraction and refinement computa-
tionally more well-behaved than those based on ALC? And
(2) Can we even identify useful cases where reasoning is
possible in polynomial time? We remark that polynomial
time cannot be expected in the presence of abstraction op-
erators because, whenever these operators are present, then
there is an obvious polynomial time reduction from the ho-
momorphism problem on directed graphs; this implies that
reasoning (concept satisfiability, to be precise) is at least
NP-hard. Refinement operators, however, do not preclude
polynomial time reasoning up-front.

We first prove that the extension £LH® of ELH, with
abstraction and refinement operators for both concepts and
roles still enjoys the existence of universal models (defined
in terms of homomorphisms). This is important because
the existence of universal models makes a crucial differ-
ence when designing algorithms, and in fact universal mod-
els underlie all important polynomial time reasoning algo-
rithms for description logics. To construct universal models,
we give a non-trivial chase procedure tailored specifically
to ELH2P. The algorithms behind our upper complexity
bounds then all rely on universal models.

Our findings on the complexity of satisfiability in € LH2
and various fragments thereof are summarized in Figure 1.
There, ‘cr’ stands for concept refinement operators, ‘ca’
for concept abstraction, and likewise for ‘rr” and ‘ra’ and
roles in place of concepts. We remark that subsumption and
(un)satisfiability can be reduced to one another in polyno-
mial time in all considered logics. All stated results are com-
pleteness results with the lower bounds holding already for
(the respective fragments of) £ £ and the upper bounds
applying to ELH2. The results shown in gray are from
(Lutz and Schulze 2023).

Full £L£H2* and ££2" turn out to be computationally
no more well-behaved than in the case where ALC is used
as the base logic: satisfiability is 2EXPTIME-complete in
both cases. This still holds when only role refinement is
admitted. The picture changes, however, in the important
case where only concept-based operators are used, but no
role-based ones. With only concept refinement, the com-
plexity reduces to CONP which we consider a significant
improvement as it enables the use of SAT solvers to decide
satisfiability. With both concept refinement and abstraction,
satisfiability is PSPACE-complete which is still significantly
lower than 2EXPTIME-completeness in the case where ALC
is used as the base logic.

To attain polynomial time, we change the semantics: in-
stead of tuples of objects, ensembles are now sets of objects.
While this has a subtle impact on modeling (see Example 4
in the paper), it is still a very reasonable semantics. Under
this semantics, we indeed achieve polynomial time reason-
ing when only concept and role refinement is admitted.

To comply with space restrictions, proof details are pro-
vided in the appendix.

Related Work. As already explained, we adopt the
framework of (Lutz and Schulze 2023). It is loosely related

to description logics of context (Klarman and Gutiérrez-
Basulto 2016) and to other multi-dimensional DLs (Wolter
and Zakharyaschev 1999). Granularity has also received
attention in foundational ontologies, see e.g. (Bittner and
Smith 2003). There are other approaches to combine de-
scription logic and abstraction/granularity, but from very dif-
ferent perspectives and in technically very different ways,
see for example (Calegari and Ciucci 2010; Cima et al.
2022; Glimm et al. 2017, Lisi and Mencar 2018).

2 Preliminaries

Fix countably infinite sets C and R of concept names and
role names. £L-concepts C, D take the form C, D ::= T |
A | C1D | 3r.C where A ranges over concept names and
r over role names. An ELH-ontology is a finite set O of
concept inclusion (Cls) C C D with C and D £ L-concepts,
role inclusions r T s with r; s € R, and range restrictions
T C Vr.C with r € R and C' an £L-concept. We say O
is an £ L-ontology if it contains no role inclusions and range
restrictions.

An interpretation is a pair Z = (A%, .7) with AT a non-
empty set (the domain) and -Z an interpretation function that
maps every concept name A € C to a set AL C AT and ev-
ery role name 7 € R to a binary relation 17 C A7 x AZ,
The interpretation function is extended to compound con-
cepts by setting TZ = AZ, (C; M)t = C¥ N C%, and
(Fr.C)t ={de AT |Je € CT : (d,e) € rf}. An inter-
pretation Z satisfies a concept inclusion C C D if C* C D*
and likewise for role inclusions; it satisfies a range restric-
tion T C Vr.C if (d, e) € r” implies e € CT. We say that Z
is a model of an ontology O if 7 satisfies all inclusions and
range restrictions in O. We write O = r C s if every model
of O satisfies 7 C s. One can decide whether O = r C sin
polynomial time by computing the reflexive-transitive clo-
sure of the role inclusions in O.

A conjunctive query (CQ) q(T) takes the form
q(Z) < ¢(z) with Z a tuple of variables and ¢ a conjunction
of concept atoms C(x) and role atoms r(x,y) where C'is a
(possibly compound) £ L-concept, r is a role name, and z, y
are variables from Z. We require that every variable from &
occurs in some atom of ¢, but may omit this atom in writing
in case it is T (z). We may write o € ¢ to indicate that o
is an atom in ¢. With var(q), we denote the variables in (.
The arity of q is the length of . We say that q is connected
if the undirected graph with node set var(q) and edge set
{{v,v'} | r(v,v") € g forany r € R} is. Note that CQs as
defined here do not admit quantified variables. The reason is
that admitting such variables results in DLs with abstraction
and refinement to become undecidable, even when based on
EL (Lutz and Schulze 2023). In examples, we shall often
write only (Z) in place of ¢(Z) < ¢(Z). We then choose a
variable naming scheme such as x1, 22, x3 that makes clear
the order of the variables in Z (and we then assume that there
are no repeated variables in T).

Let ¢(Z) be a CQ and Z an interpretation. A mapping
h .z — AT is a homomorphism from q to T if C(z) € ¢
implies h(z) € CT and r(z,y) € ¢ implies (h(z),h(y)) €
rT. A tuple d € (AT)I?l is an answer to q on T if there is a



homomorphism h from ¢ to Z with h(Z) = d. We use ¢(Z)
to denote the set of all answers to g on Z.

For any syntactic object O such as an ontology or a con-
cept, we use ||O|| to denote the size of O, that is, the number
of symbols needed to write O using a suitable alphabet.

3 DLs with Abstraction and Refinement

We extend ELH, to the DL £LH2 that supports abstrac-
tion and refinement, following (Lutz and Schulze 2023).
Fix a countable set A of abstraction levels. An ELH-
ontology is a finite set of statements of the following form:

e labeled concept inclusions C CTjp D, role inclusions
r C, s, and range restrictions T Cp, Vr, C,

* concept refinements L:q(T) refines I':C,

* concept abstractions L':C' abstracts L:q(T),
* role refinements L:q(Z, ) refines L':q.(x,y),
* role abstractions L':r abstracts L:q(Z, 7)

where L, L’ range over abstraction levels from A, C, D over
EL-concepts, r over role names, ¢ over conjunctive
queries, and ¢, over conjunctive queries of the form
Cy(x) Ar(z,y) A Ca(y). In concept and role abstractions,
we additionally require the CQ ¢ to be connected.

We also consider various fragments of ELH. With
5£Hib5 [cr,ca], for example, we mean the fragment of
ELHP that admits only concept refinement and concept
abstraction, but neither role refinement nor role abstraction
(which are identified by rr and ra). As in the base case, we
drop H if no role inclusions are admitted and likewise for -,
and range restrictions.

We next define the semantics of £L£H2", based on A-
interpretations that include one traditional DL interpreta-
tion for each abstraction level. Formally, an A-interpretation
takes the form Z = (Az, <, (Zr)LeAs, p), where

e A7 C A is the set of relevant abstraction levels;

* < C Az x Ay is such that the directed graph (A7, <) is
a tree;! intuitively, L < L’ means that L is less abstract
than L’ or, in other words, that the modeling granularity
of L is finer than that of L’;

* (Zr)Lea, is a collection of interpretations Zy,, one for
every L € Az, with pairwise disjoint domains; we use
L(d) to denote the unique L € Az with d € Az,

* p is the refinement function, a partial function that asso-
ciates pairs (d, L) € AT x Az such that L < L(d) with
an L-ensemble p(d, L), that is, with a non-empty tuple
over AZt. We want every object to participate in only
one ensemble and thus require that

(%) forall d € AT and L € Az, there is at most one e €
ATz such that d occurs in p(e, L(d)).

For readability, we may write pr,(d) in place of p(d, L).
An A-interpretation Z = (Az, <, (Zr)LeA;, p) satisfies

"Dropping this restriction results in undecidability (Lutz and
Schulze 2023).

* alabeled concept inclusion C' Ty D if 7}, satisfies C' C
D, and likewise for role inclusions and range restrictions;

s L:q(%) refines L":C'if L < L’ and for all d € CZz’, there
isan € € ¢(Zy) such that pr,(d) = €;

o L':C abstracts L:q(Z) if L < L’ and for all € € ¢(Zr.),
there is a d € CZz’ such that pr,(d) = &;

o L:q(Z,y) refines L':q.(x,y) if L < L’ and for all
(d1,d2) € g-(Zr/), there is an (€1, €2) € ¢(Zr) such that
pr(dy) = €1 and pr,(d2) = €2;

o L':r abstracts L:q(Z,y) if L < L' and for all (e1,é2) €
q(Zy), there is a (dy,ds) € 772’ such that pr(dy) = &;
and pr,(d2) = és.

An A-interpretation is a model of an £ LH2**-ontology if it
satisfies all inclusions, refinements, etc in it.

Example 1. We consider the domain of actions. Assume
that there is a MealPrep action that refines into subactions:
Lo:qyy refines Li:MealPrep where

gy = Buying(z1) A Cooking(z2) A precedes(z1, x2)

We might have budget-friendly meal preparation and buying
actions:

BudgetMealPrep C1, MealPrep
BudgetBuying Ty, Buying
BudgetBuying M 3bought.Expensive T, L

A budget-friendly meal preparation requires buying non-
expensive ingredients: Lo:qp refines L:BudgetMealPrep
where

qp (21, z2) = BudgetBuying(z1).

We are interested in two reasoning problems: concept sat-
isfiability and concept subsumption. Concept satisfiability
means to decide, given an ontology O, an £L-concept C,
and an abstraction level L € A, whether there is a model Z
of O such that CZ% £ (). We then say that C' is L-satisfiable
w.r.t. O and call Z an L-model of C and O.

For concept subsumption, we are given an ontology O,
two concepts C' and D, and an abstraction level L € A, and
are asked to decide whether CZ- C DZL in every model Z
of O. If this is the case we say that C' is L-subsumed by D
w.rt. O and write O =C Cp D.

We remark that the | -concept, interpreted as L7 = () in
every interpretation Z, can be expressed in ££2"[cr] at the
expense of introducing fresh symbols: a CI C' C;, | can be
simulated by

L':A(z) refines L:C' L':r(xq,x2) refines L:C

where A, r, and L are a fresh concept name, role name,
and abstraction level. This is because the two refinements
require ensembles of different length. W.l.0.g., we thus use
the L -concept whenever convenient.

Using L, (un)satisfiability and subsumption are easily in-
terreducible in polynomial time. In fact, it is not hard to see
that a concept C' is L-unsatisfiable w.r.t. an ontology O iff
C'is L-subsumed by some fresh concept name A w.r.t. O.
Conversely, C' is L-subsumed by D w.rt. O iff C is L-
unsatisfiable w.r.t. O U {C'M D C 1}. We thus state all our




results in terms of satisfiability and assume that it is under-
stood that (up to complementation) they also apply to sub-
sumption.

4 Upper Bounds

We prove upper complexity bounds for satisfiability in

ELH®. A 2EXPTIME upper bound for full £LH2
follows from the results in (Lutz and Schulze 2023).
We thus concentrate on the fragments £LH2*[cr] and

ELHS[cr, cal.
4.1 Simplifying Assumptions

We discuss some assumptions, all w.l.0.g., made throughout
Section 4. First, we assume that the input ontology O is in
normal form, meaning that:

1. all the CIs in O are of one of the following forms, where

A, Ay, ..., A,, B are concept names:
TCL A Ain---MmA,Cr B
A EL Ir.B dr.A EL B

2. all range restrictions and (concept and role) refinements
and abstractions contain only concept names, but no com-
pound concepts, also inside of CQs.

By introducing new concept and role names, any £LH2"
ontology O can be converted into an ontology O’ in nor-
mal form that is a conservative extension of O, i.e., every
model of O’ is also a model of O, and every model of O
can be extended to a model of O’ by appropriately choosing
the interpretations of the concept names that have been in-
troduced during the conversion. The conversion takes only
linear time, see for example (Baader et al. 2005). We fur-
ther assume that the concept Cy whose satisfiability is to be
decided is a concept name, thus not compound. Finally, we
assume that the abstraction level Ly for which satisfiability
is to be decided is the root of the tree G that is defined by
the abstractions and refinements in O. Let us make the latter
more precise.

We use A to denote the set of abstraction levels men-
tioned in O and < for the smallest relation on A »» such that
L <o L if O contains a concept refinement L:q(Z) refines
L’:C or a concept abstraction L":C' abstracts L:q(Z). The
abstraction graph of an ontology O is the directed graph

GO = (A(')a <(_91)'

Note that by the definition of the semantics, O being satisfi-
able implies that G is a tree.

Now assume that the abstraction level Lq for which sat-
isfiability is to be decided is not the root of G, but Ly, is.
Then G contains a path Lp = El, ey Ek = Ly and we
can extend O with concept refinements Ei+1i A(z) refines
Zi:A and fk: Co(z) refines Ek,le for 1 < i < k, with
A a fresh concept name, and decide L p-satisfiability of A
w.r.t. the extended ontology.

4.2 Universal Models and The Chase

A crucial property of description logics of the ££ family is
the existence of universal models, defined in terms of homo-
morphisms. In particular, universal models are at the basis
of all polynomial time algorithms for description logic rea-
soning that we are aware of. A fundamental observation that
underlies the design of our algorithms is that universal mod-
els also exist for ELH.

Let Z; = (Az,, =i, (Zr,i)LeAs,, pi) be an A-interpreta-
tion, for i € {1,2}. A function h: ATt — A2 is a ho-
momorphism from Z; to Zy if the following conditions are
satisfied, for all d, e € AT1:

L L(d) = L(h(d);
2. <1 € <9

3. d € AT implies h(d) € A%2 forall A € C;

4. (d,e) € rI* implies (h(d), h(e)) € r*2 forall r € R;
5. pi(d, L) = & implies p2(h(d), L) = h(€)

where h(€) is the tuple obtained from € by applying h
component-wise. Note that this implies Az, C Az,.

Let Cy be an £L-concept, O an SEHibs-ontology, and
Lo € A an abstraction level. A model Z of O with distin-
guished element d € CZ, where L(d) = Ly, is a univer-
sal Lg-model of Cy and O if the following holds: for every
model J of O and every e € 057 with L(e) = Lo, there
exists a homomorphism h from Z to J with h(d) = e. Our
aim is to show the following.

Lemma 1. Ler Cy be an EL-concept, O an ELH-
ontology, and Ly € A. If Cy is Lg-satisfiable w.r.t. O, then
there exists a universal Ly-model of Cy and O.

Lemma 1 is proved by a somewhat intricate chase proce-
dure. For technical reasons, this chase may construct struc-
tures that do not satisfy all the conditions required of A-
interpretations. The chase does thus not run directly in A-
interpretations, but rather on a weakening that we call inter-
pretation candidates.

Let K be a countably infinite set of constants. A fact is
an expression of the form A(a) or r(a,b) where A is a con-
cept name, 7 a role name, and a, b are constants. Homomor-
phisms from conjunctive queries to sets of facts are defined
in the expected way. An interpretation candidate is a triple
I = (F,p,~) where

e F'is a fact assignment, that is, a function that maps each
abstraction level L € Ap to a set of facts F'(L). We
use dom(F (L)) to denote the domain of F(L), that is,
dom(F(L)) = {a € K | aisusedinafactin F'(L)}.
We demand that the (L) have pairwise disjoint domains
and may write dom([”) to denote [, . o , dom(FL). We
further use L(a), for any @ € dom(F’), to denote the
unique L € Ay such that ¢ € dom(F'(L));

* pisarefinement function, that is, a partial function that as-
sociates pairs (a, L) € dom(F')x Ao such that L < L(a)
with an L-ensemble p(a, L), that is, with a non-empty tu-
ple over dom(F'(L));



* ~ is an equivalence relation on the set dom(F). If we
set a; ~ ag, we mean to set ~ = ~ U {(a1,a2)} and
add the smallest number of tuples such that ~ is again an
equivalence relation. We use [a] to denote the equivalence
class of a € dom(F) w.r.t. ~.

For readability we may write FJ, instead of F'(L) and
pr(a) instead of p(a, L). Note that p, in contrast to the re-
finement function in A-interpretations, allows elements to
be part of multiple ensembles.

Our chase procedure starts from the initial interpretation
candidate 1y = (F°,p° ~%) for Cy, Lo, and O where
Fg = {AT(aL)} forall L € Ap \ {Lo}, FBD = {Co(a,o)},
p¥ is empty, and ~0 is the identity. It then applies a set of
rules in a fair way, that is, every rule that is applicable will
eventually be applied. The chase may also abort and report
unsatisfiability of the input. We start by giving the rules that
treat inclusions and range restrictions:

R1 if Ai(a) € Fr,..., An(a) € Fr,and A M-~ M A, Cp
B € O, then add B(a) to Fr;

R2 ifa € dom(FL)and T Ty A € O, then add A(a) to Fp;

R3 if A(a) € Fr, A Cr 3Ir.B € O, then add r(a,b) and
B(b) to Fy, with b as a fresh constant;

R4 if r(a,b) € Fr, A(b) € Fr,and 3r.A T, B € O, then
add B(a) to FT..

R5 if r(a,b) € Fr andr Cf, s € O, then add s(a, b) to F;
b)

R6 if r(a,b) € Frand T Cf Vr.C € O, then add C(a) to
Fr;

Next up are the rules that pertain to concept refinements and
abstractions in @. We may use x € I to express that vari-
able x occurs in the tuple z. For a CQ ¢(z) and a tuple of
constants @ with |Z| = |a|, we use ¢(a) to denote the set
of facts obtained from ¢ by replacing in every atom the ¢-th
variable in T by the i-th constant in a, for 1 < i < |al.

R7 if A(a) € Fr, L':q(z) refines L: A € O, and pr(a)
is undefined, then set pr/(a) = a for a tuple @ of fresh
constants with |a| = |Z|;

R8 if A(a) € Fr, L':q(Z) refines L: A € O, pr:(a) is de-
fined, and |Z| = |pr/(a)|, then add ¢(pr/(a)) to Fp/; if
|Z| # |pr(a)], then return ‘unsatisfiable’;

R9 if h is a homomorphism from ¢ to Ff, for any concept
abstraction L': A abstracts L: ¢(Z) € O and there is no
a € dom(Fy/) with pr(a) = h(Z), then introduce a fresh
constant a and set py,(a) = h(Z);

R10 if h is a homomorphism from ¢ to F, for any concept
abstraction L': A abstracts L: ¢(Z) € O and there is an
a € dom(Fy/) with pr,(a) = h(Z), then add A(a) to F.

There are analogous rules for role refinement and role ab-
straction, given in the appendix. We also have rules that
concern overlapping ensembles. Intuitively, overlapping en-
sembles require the identification of elements, but we do not
want to do this in the chase itself to preserve monotonicity,
that is, rule applications should always extend the interpre-
tation candidate. We thus only record the necessary identifi-
cations in the ‘~’ component of interpretation candidates.

R15 if pr(a1) = &1, pr(az) = &y, there are by € &; and

by € € with by ~ by and |&1| # |€2], then return ‘unsat-
isfiable’;

R16 if there are by € pr(a1) and ba € pr(as) with by ~ ba,

then set a; ~ asg;

R17 if a1 ~ aq, pL(al) = é1, and pL(ag) = &y with |él| =

|€2|, then set €1 [i] ~ exfi] for 1 < ¢ < |e;];

R18 if a; ~ a9 and fact f € F contains constant a1, then

add to Fj, the fact obtained from f by replacing some
occurrence of a; with as.

R19 if a; ~ a2, pr(ay) is defined, and pr(az) is unde-

fined, then add to Fy, facts Av(by1),..., At (b,), with
bi,...,b, fresh constants and n = |pr(a1)|, and set
pr(az) = (b1,...,b,) (Where At is a fresh concept
name).

A chase sequence is a sequence of interpretation candi-
dates Iy, Iy,... such that Iy = (F°,p° ~0), I, is ob-
tained from I; by applying one of the rules defined above.
Every chase sequence I, I, ... gives rise to an interpreta-
tion candidate I* = (F*, p*,~*) in the limit, with F* =
U, Fi. p* = U, pi, and ~*= J, ~". We also call I* the
result of chasing Cy w.r.t. Ly and O. It can be shown that,
up to isomorphism, all fair chase sequences deliver the same
result.

The chase is sound and complete in the following sense.

Lemma 2. Let O be an SC’Hibs-ontology in normal form
whose abstraction graph G is a tree, Cy a concept name,
and Lq an abstraction level. The Lg-chase on Cy and O
does not abort if and only if Cy is Lg-satisfiable w.r.t. O.

In the proof of the ‘only if” direction of Lemma 2 (sound-
ness), we start from a non-aborting chase sequence that de-
livers aresult I* = (F™*, p*, ~*), and then construct from I'*
an Ly-model Z of Cy and O. Intuitively, we apply filtration
to make the equalities recorded in ~* real equalities. This is
achieved by setting Z = (Az, <, (Zr)Lea,, p) Where

A*t = {[a] | a € dom(FF)}

ATt ={[a] | A(d’) € F} and d’ € [a]}

{([a], [B]) | 7(a’,b") € F} and a’ € [a],b" € [b]}
({

J,
= {([al, ([ba] -+~ [bu])) | (@, (b -~ - b},)) € p7, with
a’ € [a],b; € [b;] for1 <i < n}.

rle
PL a

The remaining components Az and < are defined as Ao
and <, respectively. We show in the appendix that Z is not
only an Ly-model of Cjy and O, but even a universal such
model, thus proving Lemma 1.

43 ELHS[cr] in CONP

Our aim is to prove the following.

Theorem 1. Satisfiability in € LH2*[cr] is in CONP.

“Note that our rule R3 is oblivious in the sense that it may al-
ways add a fresh constant b even if there is already a b’ with 7(a, b')
and B(b') in Fr.



It suffices to find an NP algorithm for unsatisfiability. As-
sume that the concept name Cy, the £ £LH2"[cr]-ontology O,
and the abstraction level L are given as an input, that is, we
want to decide whether Cj is Lg-unsatisfiable w.r.t. O. If
the abstraction graph G of O is not a tree, we directly re-
turn ‘unsatisfiable’. Otherwise, the only remaining way in
which unsatisfiability may arise is that there are two refine-
ment statements that both apply to the same element of a
model, but require ensembles of different length.

Example 2. Consider the following ontology O:

C() E 37’.141
Ly: Ag(x) refines Lo: Ay
Ay C ds.Aj
Lo: B(x) refines Lq: As
Lo:r(x1, o) refines Ly: As

The reader may try to construct an Lo-model of Cy and O,
following the sequence of existential quantifications and re-
finements suggested by the order of the statements in O.

As suggested by Example 2, our algorithm guesses a se-
quence of existential quantifications and refinements that
lead to two ‘incompatible’ refinements. To make this pre-
cise, we need some preliminaries.

We use u to denote the universal role, that is, a fixed role
name that is always interpreted as uZ = AZ x AZ. An ABox
is a finite set of facts as defined in the previous section. An
interpretation Z satisfies a concept assertion C'(a) if a € CZ,
a role assertion 7(a, b) if (a,b) € rZ, and an ABox A if it
satisfies all concept and role assertions in it. For an ABox
A, an ELH -ontology O, and an £L-concept C, we write
A, O |= Ju.C if CT # () in every model Z of O that satis-
fies A. It is known that given A, O, and C, it can be decided
in polynomial time whether A, O | Ju.C (Krétzsch 2010).
Note that a conjunctive query can be viewed as an ABox in
an obvious way, by viewing variables as constants.

For a set of concept names S and L,/ € Ap, we use

ffL,(S) to denote the set of CQs ¢(Z) such that O con-
tains a concept refinement L’:q(Z) refines L:C with C € S.
We assume that the conjunctive queries ¢(Z) in concept re-
finements in O use canonical variable names, that is, the
variable with the left-most occurrence in T is x1, the vari-
able that occurs next is xo, etc.

For an abstraction level L € Ap, we use O, to denote
the £L7H -ontology that consists of all concept inclusions
C C Dsuchthat C Ty D € O, all role inclusions  C s
such that r £ s € O, and all range restrictions T C Vr.C
suchthat T Cy, Vr.C € O.

We are now ready to describe the algorithm. It guesses
a sequence S1, L1,...,Sy, L, where S1, ..., S, are sets of
concept names that occur in O and L, ..., L, are abstrac-
tion levels, n < |Ap|. It accepts if the following conditions
are satisfied, and rejects otherwise:

1. one of the following holds:
hd Ll = LO and OLl |: CQ ELl 3U<|_| Sl) or
A OLl }: T ELl 3u(|_| Sl);

2. forl <i<n:
AmOLi |=E|U.(|_| Si+1)

where A; is the union of all queries in fo Loy (9i)s

viewed as ABoxes.?

3. There are concept refinements L': ¢(Z) refines L: A € O
and L': ¢/(z') refines L: B € O such that A, B € S,, and
|Z| # ['].

Note that in Example 2, we have always interleaved a sin-

gle existential restriction with each refinement statement.

In general, however, there can be a more complex ‘£L-

derivation’ between two subsequent refinements, and we ab-

stract away from that by using the universal role.

Lemma 3. The algorithm accepts iff Cy is Lo-unsatisfiable
w.rt. O.

The proof of Lemma 3 crucially uses universal models as
produced by the chase procedure from Section 4.2.

Note that, by what was said above, Conditions 1 to 3 can
be checked in polynomial time. We have thus obtained an
NP algorithm, as desired.

4.4 ELHS[cr,ca] in PSPACE

We now add concept abstraction, that is, we move from
ELHP[cr] to ELH [cr, ca]. This makes a significant dif-
ference because now we can also pass information upwards
through the tree-shaped abstraction graph of the ontology, as
illustrated by the following example.

Example 3. Consider the following ontology O:
L;i:Aq(z) refines Ly:Cy Lo:As(z) refines Lo:Cy
A1 E Bl A2 E BQ
Lo:C1 abstracts L1: By () L:C5 abstracts Ly:Ba(x)
CincyC L

Cy is Lo-unsatisfiable w.r.t. O, but there is no (linear!) se-
quence of existential quantifications and refinements as in
Example 2.

We want to prove the following, which is substantially
more difficult than proving the CONP upper bound in the
previous section. In fact, we view the following as a main
result of this paper.

Theorem 2. Satisfiability in € LH[cr, ca] is in PSPACE.

Let a concept name Cp, an ELH *[cr, cal-ontology O,
and an abstraction level Ly € A be given as an input.
If the abstraction graph of O is not a tree, we immediately
return ‘unsatisfiable’.

Our algorithm has some resemblance with the standard
non-deterministic PSPACE algorithm for the satisfiability of
ALC concepts (without ontologies) that verifies the exis-
tence of a tree model of polynomial depth by traversing it
in a depth-first manner, always keeping only a single path
in memory (Baader et al. 2017). In our case, we want to
verify the existence of an A-interpretation Z that is an Lg-
model of Cjy and O. The tree that our algorithm traverses is

SHere we rely on canonical variable names.



(Az,<"1), which we can w.l.o.g. assume to be the abstrac-
tion graph of O (since universal models constructed by the
chase have this property).

We are, however, confronted with two challenges. First,
the ‘upwards’ nature of abstractions makes it difficult to tra-
verse the tree in a depth-first manner. We address this by a
suitable guessing strategy. And second, the interpretations
T, of a universal model, which correspond to the nodes of
the traversed tree, are infinite and thus cannot be guessed.
While infinite but regularly-shaped models can often be sub-
stituted by ‘compact’ finite models of polynomial size when
designing algorithms for plain ££ (Lutz et al. 2009), this is
no longer true in the presence of CQs. To address this, we
stick with infinite models Zy,, but represent them by com-
pact (finite!) interpretations that we call pseudo-models. We
then use a non-standard semantics for CQs on those compact
representations.

Pseudo-Models For the following, one should imagine the
interpretations Zy, to take the shape of an infinite tree whose
nodes are ensembles and domain elements that do not par-
ticipate in an ensemble. In a pseudo-model Z, intuitively we
identify ensembles / non-ensemble elements that are isomor-
phic, thus obtaining finiteness but losing the tree-shape.

Let ¢(Z) be a CQ and Z an £ L-interpretation (represent-
ing the pseudo-model). Recall that in Section 2, we had as-
sociated an undirected graph Gy with g. We assume that 7 is
equipped with a set of ensembles. Let h be a homomorphism
from ¢ to Z. We aim to identify a condition on h (‘tame-
ness’) that allows us to obtain from / a homomorphism into
the interpretation obtained by unraveling the pseudo-model
7 into an infinite tree-like interpretation.

We associate with h an equivalence relation ~, on var(q)
by setting x ~, y if G4 contains apathx = 2q,...,2, =¥y
such that A(z1), ..., h(z,) are all part of the same ensemble
in Z. Let G} 7 be the directed graph whose nodes are the
equivalence classes of ~j and which has an edge (c1, ¢3) if
there is an (1, z2) € ¢ with z1 € ¢; and z2 € co. A node
c of G, 7 is an ensemble node if there is an (equivalently:
for all) z € ¢ such that h(x) is part of an ensemble in Z. We
recommend to the reader to verify that all nodes that are not
ensemble nodes are singleton classes. We say that h is tame
if the following conditions are satisfied:

1. Gp,z is a tree, possibly with self-loops on ensemble
nodes;

2. for all edges (c1,c2) in G, 7, there are di,d2 € AT such
that for all r(z1,22) € g with 21 € ¢; and 25 € cq, We
have h(ﬁl) = d1 and h((lig) = d2 .

Condition 2 reflects the fact that the tree-like interpreta-
tions Zj, satisfy the following property: if d; is an element
in ensemble e;, for i« € {1,2}, and there is a role edge
(d1,d2) € rIr then d;, dg are unique with this property.

An answer d € q(Z) is tame if there is a tame homo-
morphism h from ¢(Z) to Z;, with h(Z) = d. An A-
interpretation Z being a pseudo-model of O is defined in the
same way as being a model of O except that in the semantics
of concept abstractions, answers to a CQ ¢ on an interpreta-
tion Zy, are replaced with tame answers.

A central observation underlying the subsequent algo-
rithm is that we can always find pseudo-models in which
each maximal connected component has size polynomial
in ||O||. Formally, a maximal connected component (MCC)
of an A-interpretation Z is an £ L-interpretation that can be
obtained as follows: choose an abstraction level L, then
choose a maximal subset A C AZr such that the follow-
ing undirected graph is connected:

(A, {{d,e} | (d,e) € r*= for some role name

or d, e in € for some L-ensemble ¢} );

and finally take the restriction of A% to domain A. In the
appendix, we prove the following.

Lemma 4. If C is Lo-satisfiable w.r.t. O, then there is an
Ly-pseudo-model T of Cy and O such that each MCC of T
has at most 2 - (||O|? + ||O||) elements.

Our proof of Lemma 4 is rather laborious. The reason is
that the structure of the universal models as constructed in
Section 4.2 turns out to be surprisingly hard (and, to us, ac-
tually infeasible) to analyze. This is mainly due to the appli-
cation of the filtration construction after chase termination.
To avoid such an analysis, we first introduce another, more
semantic construction of universal models. In this construc-
tion, we start from the universal models from Section 4.2
and ‘combine small pieces of them’ in a uniform, tree-like
way. The structure of the resulting universal models, which
we call uniform, is clear by definition. In particular, each
& L-interpretation 7y, is a tree of ensembles / non-ensemble
nodes, as described above. Starting from uniform universal
models, we can then carefully craft pseudo-models by se-
lecting ensembles and non-ensemble elements and ‘rerout-
ing’ role edges.

The Algorithm The aim of our algorithm is to verify the
existence of a pseudo-model of C'y and O, as per Lemma 4.
To represent MCCs of that pseudo-model, we use mosaics.
A mosaicis atuple M = (Z, L, E, ) that consists of

1. amodel Z of O, such that |AT| < 2 (]|O]|? + ||O|
2. an abstraction level L € Ap,

),

3. aset I of non-overlapping ensembles, that is, non-empty
tuples over AT that do not share elements, and
4. atuple € over AT withe € Eoré = ().
We may write IM for T, and likewise for LM, EM and &M
We further define a function
. Q;e\/}c} ;. that maps each d € A7 to the set of CQs
w1 (d) ={q | L':q(Z) refines L:A € O and d € AT};

. Tf‘v?fL, that maps each d € E to the set of concept names
T3, (d) = {A| L':A abstracts L:q(z) € O and d €
q(Z) is tame}.

Note that, as mosaics are equipped with an explicit set F of

ensembles, it is clear what we mean by a tame answer.

Our algorithm is now listed as Algorithm 1. In Line 3, we
guess a set X, of sets of concept names. This is related to
the first challenge mentioned above and the idea is that for



Algorithm 1 Algorithm for satisfiability in ££2"[cr,ca]

1: procedure & L[cr,cal-SAT(Cy, Lo)
2: forall L € Ap do

3: Guess a set X, € 22 of sets concept names
such that | Xz | < [|O]]? + ||O]|?
4: Guess a mosai%M such that
IM =Ly, CI" #£0,and eM = ()
5: R < RECURSE(M)
6: forall Le ApandT € X, do
7: Guess a mosaic M such that
LM = L, (MT)T" # 0, and eM = ()
8: R < R A RECURSE(M)
9: return R

10: procedure RECURSE(M = (Z,L, E,¢))
11:  forallde ATand L’ € Ap st. Q7 ,(d) # () do

12: Guess a mosaic M’ = (Z/, L', E', &)

13: if & ¢ ¢(Z') for some g € Q' |/ (d) ord ¢ A*
for some A € T25(¢’) then return false

14: RECURSE(M')

15: for all L':A abstracts L:g(Z) € O and all
tame answers d € ¢(Z) with d # € do

16: if d ¢ E then return false
17: GuessasetT’ € X/
18: if T5p%,(d) € T or d ¢ q(Z) for some

L’:q(Z) refines L:A € O with A € T” then
return false
19: return true

every set S € X, there must be an element on level L that
satisfies all concept names in S, and that (copies of) these
elements can be used to satisfy all abstractions that ever re-
quire a witness during the run of the algorithm. Intuitively,
the algorithm repeatedly guesses mosaics and makes recur-
sive calls to satisfy refinement statements from the ontology.
More precisely, it is the tuple € in the fourth component of
a mosaic M that, if not empty, is the ensemble which satis-
fies the refinement.

Lemma 5. The algorithm accepts iff Cy is Lg-satisfiable
w.rt. O.

It is easy to see that the recursion depth of the algorithm
is bounded by |A | and that only a polynomial amount of
space is consumed. Needless to say, we can eliminate non-
determinism by applying Savitch’s theorem.

5 Lower Bounds

We prove lower complexity bounds that match the upper
bounds presented in Section 4. We start with the following.

Theorem 3. Satisfiability is
1. CONP-hard in EL£2*[cr] and
2. PSPACE-hard in €L [cr, ca).

The proofs of Points 1 and 2 of Theorem 3 are closely
related. We start with Point 1, which is proved by reduction
from unsatisfiability in propositional logic.

Let ¢ be a propositional formula that uses variables
D1, ---,pn and only the junctors — and A. Let sub(p) be
the set of all subformulas of ¢. We construct an £ £ [cr]-
ontology O that uses the following concept and role names:

* Ty and Fy, for each ¢ € sub(¢y), to represent that
evaluates to true or false;

e P;and P;, fori € {1,...,n}, to represent assigning true
or false to p;.

The ontology O uses the abstraction levels Ly > - - > L.

When refining from L; to L;;1, we introduce two domain

elements that represent the two possible truth assignments

for variable p; 1. This is achieved by including in O the

following for 1 < ¢ < n:

Lz Pi(fL'l) /\Pi((ﬂg) refines Li,12 T. (l)

If desired, it is easy to make the query connected. To pre-
serve the truth assignments to variables on finer levels, we
addforl <i<nandi <j<n:

Lj+1:Pi(1:1) A PL‘(Z‘Q) refines LjiPZ‘ (2)
Lj_H:?i(zl) A FZ(IQ) refines Ljiﬁi (3)

This generates a binary tree of refinements of depth n, rep-
resenting all possible truth assignments at the leaves, that is,
by domain elements on level L,,. We evaluate ¢ on all these
truth assignments and generate an inconsistency if ¢ ever
evaluates to true:

P, Cr, T, and P; Cr, Iy, for1 <i<n @)

Ty Cr, Foypand Fy, Tp, T, for all 71 € sub(yp) (5)
and for all ) = 1 A 1o € sub(p):

Ty, MTy, Cr, Ty Fy, Cr, Fy Fy, Ep, Fy  (6)

and finally:
T,Cr, L. 7

Lemma 6. o is unsatisfiable iff T is Lg-satisfiable w.r.t. O.

Point 2 of Theorem 3 is proved by reduction from the va-
lidity of quantified Boolean formulas (QBFs) of the form
90 = Qup1 -+~ Qupap with Q; € {3,Y} and  a proposi-
tional formula that uses only the variables p; to p,, and the
junctors — and A (Arora and Barak 2009). We construct an
£L£2[cr, ca]-ontology O such that ¢ is valid if and only if
T is Lg-satisfiable w.r.t. O.

The construction of O may be viewed as an extension of
the construction from the previous reduction. In particular,
we use the same concept and role names, plus a concept
name F' and a role name s. We next give details. To con-
struct O, we reuse statements (1) to (6) from the previous
reduction, adding an s(z1, 22)-atom to the query in refine-
ments (1) to (3). As in the previous reduction, this generates
a full binary tree of refinements of depth n that represents
all truth assignments as domain elements on level L,,. We
next implement a bottom-up pass on this tree that evaluates
the quantifiers in ¢ using the concept name F'. We first add
to O:

F,Cyp, F. ®)



For each i € {1,...,n} with Q; = Vand j € {1,2}, we
further add the following concept abstraction:

L;_q: F abstracts L;: q(x1, x2) where 9)
q(z1,2) = F(x;) A s(x1,x2)
and for each ¢ € {1,...,n} with @Q; = 3, we add the con-
cept abstraction
L;_q: F abstracts L;: q(x1, z2) where (10)
q(x1,20) = F(x1) A Fx2) A s(x1,22)
Note that, as required and due to our use of the role name s,
the queries in these abstraction statements are connected.
This is in fact the only reason why s was introduced. Fi-
nally, we add the following CI, representing our wish that
o 1s valid:
FCp, L. (1)

Lemma 7. g is valid iff T is Lo-satisfiable w.r.t. O.
Finally, we prove the following.
Theorem 4. Satisfiability in £L£*[rr] is 2EXPTIME-hard.

This is achieved by reducing the word problem for expo-
nentially space-bounded alternating Turing machines. More
precisely, we adapt a reduction from (Lutz and Schulze
2023) used there to show that satisfiability in ALC**[rr] is
2EXPTIME-hard.

6 Getting To Polynomial Time

We now consider a semantic variation of ££H32[cr] that re-
duces the complexity of satisfiability from coNP to PTime.
This variation is obtained by letting L-ensembles be sets
rather than tuples, that is, dropping the order of elements
in the ensemble. Moreover, refinements are now interpreted
as a partial description of an ensemble, that is, the variables
in the CQ used in the refinement describe elements of the
ensemble that must exist, but other elements may exist as
well.

In more detail, the refinement function p is now a partial
function that associates every pair (d, L) € AT x Az such
that L < L(d) with a non-empty subset of AZZ called an L-
ensemble. We still require that every object participates in
at most one ensemble, that is, Property () from the original
definition of the semantics is still required to be satisfied.
The semantics of refinement statements is then as follows.
An A-interpretation Z = (Az, <, (Zr)rea,, p) satisfies a

* concept refinement L:q(Z) refines L":C if L, L' € Az
and for all d € C%v', there is an € € ¢(Zy) s.t. all ele-
ments of € are in pr,(d);

* role refinement L:q(Z,q) refines L':q.(x,y) if L, L €
A7 and for all (dl,dg) € q,«(IL/), there is an (él, ég) S
q(Zy) s.t. all elements of &; are in pr,(d;), for i € {1, 2}.

We call this semantics the set ensemble semantics. Note

that under this semantics, we can no longer simulate 1 by

concept refinement. We instead assume that L is explicitly
available as a concept constructor (to ensure that satisfiabil-
ity and subsumption are mutually reducible).

The following example illustrates the impact of switching

to set ensemble semantics which, we believe, is fairly mild

if the modeling discipline is adjusted in a suitable way.

Example 4. Consider the following ontology O:

SportsCar C Car
Ly:Engine(x1) A Body(z2) refines Lo:Car
Ly:TurboEngine(z1) A Body(z3) refines Lo:SportsCar

Under the standard semantics, every sports car refines into
an ensemble of exactly two elements, the first one both an
engine and a turbo engine, and the second one a body. Un-
der set ensemble semantics, a sports car may refine into an
ensemble of three elements: an engine, a turbo engine, and
a body. If we add the natural concept inclusion

TurboEngine C Engine,

then the turbo engine is also an engine and, arguably, the
difference between the two semantics becomes negligible.

We aim to prove the following.

Theorem 5. Under the set ensemble semantics, satisfiability
in L3 [cr, 1] is in PTime.

We prove Theorem 5 by providing a polynomial time re-
duction from L-satisfiability in £LH2[cr] to satisfiability
in ELHO,. |, the extension of £LH, with nominals and L.
More precisely, we assume a countably infinite set I of in-
dividuals and admit expressions {a}, with a € I, as con-
cepts. The semantics is given by {a}% = a for all interpre-
tations Z. It is known that satisfiability in ELHO,. | is in
PTime (Krotzsch 2010).

Let Cj be an £L-concept, O an £LH *[cr]-ontology in
normal form, and Ly € A, given as input. We assume
w.l.o.g. that no two CQs in (refinements in) O share a vari-
able. If Go is not a tree, we may directly return ‘unsat-
isfiable’. Otherwise, we construct in polynomial time an
ELHO,. | -ontology O'. Introduce a fresh role name 7, for
each role name r in O and each abstraction level L in O,
and an additional fresh role name u. We include in O’ the
following concept inclusions:

1. TC Ju.Lforall L € Ap;

2. LMAM---MA, CE Bforall A;1---MA, Cr BinO
(with Ay M---MA, =Tifn=0);
3. Ir,, AC Bforall3r. ACy Bin O;
4. LMAC 3r,.(LNB)forall ACy, Ir.Bin O;
5. for all L:q(Z) refines L:A in O:
e I/MAC Ju.(LNBM{a,}) whenever B(x) is an atom
in g;
e I'MAC Ju.(LM{az} M 3Irp.(L M {ay})) whenever
r(z,y) is an atom in ¢;
6. for all L:q(Z,y) refines L':g.(x,y) in O with ¢, =
Ar(z) Az, y) A Asx(y):
 AyM3rp,. Ay C Ju. (LN BM{a,}) whenever B(x) is
an atom in q;
e Ay M 3rp Ay T Ju(L N{ay} N 3sp.(L M A{ay,}))
whenever s(z,y) is an atom in g;
Moreover, O’ contains the following:

7. therole inclusion ry, T sy, for every role inclusionr Cp, s
in O;



8. the range restriction T C Vrp.C for every range restric-
tion T Ty Vr.C'in O.

Lemma 8. C is Lg-satisfiable w.r.t. O under set ensemble
semantics iff Co M Lg is satisfiable w.r.t. O’

This proves Theorem 5. An extension to the case that
includes concept or role abstractions is not easily possi-
ble. In fact, it is straightforward to prove the following by
a reduction from the homomorphism problems on directed
graphs (the semantics of concept abstractions is defined as
expected).

Theorem 6. Under the set ensemble semantics, satisfiability
is coNP-hard in € L?*[cr, ca).

We remark that exactly the same reduction as given in this
section also serves to reduce satisfiability in ALC[cr, 11]
under set ensemble semantics to satisfiability in ALCO, the
extension of ALC with nominals. The latter problem is EX-
PTIME-complete (Tobies 2001), which explains the entry for
ALC? under set ensemble semantics in Figure 1.

7 Conclusion

We have studied description logics of refinement and ab-
straction based on members of the ££ family. While, com-
pared to the ALC version, the computational complexity
does not drop for the full logic, we have identified nat-
ural fragments where it does. We leave the complexity
of other (less natural) fragments such as EE’Hf,bS [ca] and
ELH[ca, ra] as future work.

It would be interesting to consider DLs of abstraction and
refinement based on the extension £L£Z of £L with inverse
roles. Then already reasoning in the base logic is EXPTIME-
hard so we cannot expect any lower complexities. One might
also define ontology languages with abstraction and refine-
ment based on existential rules, see e.g. (Baget er al. 2011;
Cali ef al. 2010). It is then natural to extend the arity of
all relations by one position that represents the abstraction
level. Note, however, that since every object is required to
refine only into a single ensemble, it does not seem possible
to encode abstraction and refinement into existing (decid-
able) existential rule formalisms in a simple way.

Acknowledgments

The research reported in this paper has been supported by
the German Research Foundation DFG, as part of Col-
laborative Research Center (Sonderforschungsbereich) 1320
Project-ID 329551904 “EASE - Everyday Activity Science
and Engineering”, University of Bremen (http://www.ease-
crc.org/). The research was conducted in subproject “P02 -
Ontologies with Abstraction”.

This work is partly supported by BMBF (Federal Ministry
of Education and Research) in DAAD project 57616814
(SECAL, School of Embedded Composite Al) as part of the
program Konrad Zuse Schools of Excellence in Artificial In-
telligence.

References

Sanjeev Arora and Boaz Barak. Computational complexity:
a modern approach. Cambridge University Press, 2009.

Franz Baader, Sebastian Brandt, and Carsten Lutz. Pushing
the £L envelope. In Proc. of IJCAI, pages 364-369. Profes-
sional Book Center, 2005.

Franz Baader, Ian Horrocks, Carsten Lutz, and Ulrike Sat-
tler. An Introduction to Description Logic. Cambridge Uni-
versity Press, 2017.

Jean-Francois Baget, Marie-Laure Mugnier, Sebastian
Rudolph, and Michaél Thomazo. Walking the complexity
lines for generalized guarded existential rules. In Proc. of
IJCAI, pages 712-717. IICAI/AAAL 2011.

Thomas Bittner and Barry Smith. A theory of granular par-
titions. In Foundations of Geographic Information Science,
pages 117-149. Taylor & Francis, 2003.

Silvia Calegari and Davide Ciucci. Granular computing ap-
plied to ontologies. Int. J. Approx. Reason., 51(4):391-409,
2010.

Andrea Cali, Georg Gottlob, Thomas Lukasiewicz, Bruno
Marnette, and Andreas Pieris. Datalog+/-: A family of log-
ical knowledge representation and query languages for new
applications. In Proc. of LICS, pages 228-242. IEEE Com-
puter Society, 2010.

Ashok K Chandra, Dexter C Kozen, and Larry J Stockmeyer.
Alternation. Journal of the ACM (JACM), 28(1):114-133,
1981.

Gianluca Cima, Marco Console, Maurizio Lenzerini, and
Antonella Poggi. Monotone abstractions in ontology-based
data management. In Proc. of AAAI, pages 5556-5563.
AAAI Press, 2022.

Birte Glimm, Yevgeny Kazakov, and Trung-Kien Tran. On-
tology materialization by abstraction refinement in horn
SHOIF. In Proc. of AAAI, pages 1114-1120. AAAI Press,
2017.

Szymon Klarman and Victor Gutiérrez-Basulto. Description
logics of context. J. Log. Comput., 26(3):817-854, 2016.

Markus Krotzsch. Efficient inferencing for OWL EL. In
Proc. of JELIA, volume 6341 of LNCS, pages 234-246.
Springer, 2010.

Francesca A. Lisi and Corrado Mencar. A granular com-
puting method for OWL ontologies. Fundam. Informaticae,
159(1-2):147-174, 2018.

Carsten Lutz and Lukas Schulze. Description logics with

abstraction and refinement. In Proc. of KR, pages 492-501,
2023.

Carsten Lutz, David Toman, and Frank Wolter. Conjunc-
tive query answering in the description logic ££ using a re-
lational database system. In Proc. of IJCAI. AAAI Press,
2009.

Boris Motik, Bernardo Cuenca Grau, Ian Horrocks, Zhe Wu,
Achille Fokoue, and Carsten Lutz, editors. OWL 2 Web
Ontology Language Profiles (Second Edition). W3C Rec-
ommendation, 2009. Available at https://www.w3.org/TR/
owl2-profiles/.


https://secai.org/
https://www.w3.org/TR/owl2-profiles/
https://www.w3.org/TR/owl2-profiles/

Christos H Papadimitriou. Computational complexity. In
Encyclopedia of computer science, pages 260-265. 2003.
Stephan Tobies. Complexity results and practical algorithms
for logics in knowledge representation. PhD thesis, RWTH
Aachen University, Germany, 2001.

Frank Wolter and Michael Zakharyaschev. Multi-
dimensional description logics. In Proc. of IJCAI, pages
104-109. Morgan Kaufmann, 1999.



A Proofs for Section 4.2
A.1 Missing Rules

We list the chase rules that treat role refinement and role
abstraction, omitted in the main body of the paper:

R11 if h is a homomorphism from ¢, to F, for a role refine-

ment L':q(Z, §) refines L:q,.(x,y) in O then
* if pr/(h(x)) is undefined, then set py (h(z)) = a for a
tuple @ of fresh constants with |a| = |Z|;

s if pr/(h(y)) is undefined, then set pr (h(y)) = b for a
tuple b of fresh constants with |b] = |g];

R12 if h is a homomorphism from ¢, to Fy, for a role re-

finement L':q(Z,y) refines L:g.(z,y) in O, pr/ (h(z))
and pr/(h(y)) are defined, |Z| = |pr/(h(x))], and |g| =
|pr (h(y))], then add q(pr (h()), pr: (h(y))) to Fps if

)s
2| # oz (h())] or [g] # |pr (h(y))]. then return “un-
satisfiable’;

R13 if h is ahomomorphism from g to F, for a role abstraction

L’:r abstracts L:q(Z, ) in O then

* if there is no a € dom(Fy/) with pr(a) = h(Z), then
set pr,(a) = h(z) for a fresh constant a;

« if there is no b € dom(FL ) with p(b) = h(g), then
set pr,(b) = h(y) for a fresh constant b;

R14 if h is a homomorphism from ¢ to F, for any role ab-

straction L':r abstracts L:q(Z,7y) in O and there are
a,b € dom(Fyr) with py(a) = h(Z) and pr(b) = h(y),
then add r(a, b) to Fp.

Soundness. We prove the two directions of Lemma 2 sep-
arately, starting with soundness.

Lemma 9. Let O be an 5£7—libs-0ntology in normal form
whose abstraction graph G is a tree, Cy a concept name,
and Ly an abstraction level. If the Ly-chase on Cy and O
does not abort, then Cy is Lg-satisfiable w.r.t. O.

Let I* = (F™, p*, ~*) be the result of chasing Cj w.r.t.
Lo and O. To construct an Ly-model Z of Cy and O, define
T=(Az,<,(Zr)Lea,, p) where

AT = {[d] | a € dom(F})}

AIL :{[a] | A(d') € Ff and a’ € [a]}
={([a],[b]) | r(a’,V') € F} and @’ € [a], V' € [b]}
= {([a]>([b [+ [ba))) | (a', (¥ -+ 0,,) € pp, with

"€ [a],b; € [b;] for1 < i < n}.

The remaining components Az and < are defined as Ao
and <o), respectively. We remark that if O contains no ab-
straction statements, then the equivalence relation ~ in the
chase is just the identity function since rules R9, R10 and
R13 to R19 are never applicable. It follows that the filtration
step is not needed; in other words, the result Z of filtrating
I* is simply I* viewed as an interpretation.
We first verify that 7 is actually an A-interpretation.

Lemma 10. 7 is an A-interpretation.

Proof. We need to show the following:

1. The directed graph (A7, <) is a tree.
Clear by definition of Z.

2. pis a partial function.
Assume that ([a], (b1, ., b)), ([a), (fea) - [ene])
are in p. Then there are a1, as € [a] such that pL(al) =
(01,...,0,), phlaz) = (ch,....ch), b ~ b for 1 <
i < n,and ¢, ~ ¢ forl < i < m. By R15 and

since the Chase does not abort, we have n = m. By
R17, we have b, ~ ¢} for 1 < i < n. Consequently,
([b1],---,[bn]) = ([c1], - - -, [em]), as required.

3. No element in p is part of two distinct ensembles.

Assume that py,([a1]) = ([b1], ..., [bn]) and pL([ag]) =
[ck]. Then there are a} € [a;]

([Cl]v R [CmD with [bﬁ] =

and a}, € [ag] such that p5 (a}) = (b), ..., b)), p}(ah) =
(cyenscy), by ~ byforl < i < n,and ¢, ~ ¢ for
1<i<m. From [be] = [ck], we obtain b}, ~ c}.. Conse-

quently, R16 yields a; ~ ag, thus [a1] = [ag] as required.
a

It remains to show the following.
Lemma 11. Z is an Ly-model of Cy and O.

Proof. The first interpretation candidate in any chase
sequence contains the fact Cy(ap) on level Ly, and thus

Co(ap) € F}. By construction of Z and since Cj is a con-
cept name, this implies [ag] € Cy™°.

What remains to be shown is that all inclusions, range
restrictions, abstractions and refinements of O are satisfied.

We first observe that the following is implied by R18.

Claim 1. Forany L € Ap:

1. if A(a) € F} and a ~ d/, then A(a') € F};

2. ifr(a,b) € Ff,a~ad',and b ~ ¥/, then r(a’, V") € F}.

We now consider inclusions and range restrictions:

e if [a] € ATr and T C; A € O, then by definition of Z
we have a € dom(F7}). R2 then implies A(a) € F} and
thus [a] € AL by definition of Z;

e iffa) € (A1M---MA,) T and A1
then by definition of Z there are ai,...,a, € [a] with
Aq(ar),...,Ay(ay,) € Ff. Point 1 of Claim 1 now im-
plies Ai(a),...,An(a) € Ff. With R1 we get B(a) €
F} and the definition of Z lets us obtain [a] € BL;

s if [a] € ATt and A T, 3r.B € O, then by definition of
T thereis aa’ € [a] with A(a’) € F;. Point 1 of Claim 1
now implies A(a) € F}. With R3 we get B(b),r(a,b) €
F} for some constant b € dom(Fr,). The definition of 7
lets us obtain ([a], [b]) € rI- and [b] € BZL, as required;

e if [a] € (3r.A)%t and Ir.A T, B € O, then by the
semantics there is a [b] € AZL with ([a], [b]) € 7%L. By
definition of Z there are o’ € [a] and ' € [b] such that
r(a’,b') € F. Point 1 of Claim 1 yields A(V') € Fj.
From R4 we get B(a') € F}. From the definition of Z we
obtain [a] € BZL, as required.

o if ([a],[b]) € I and 7 T s € O, then by Claim 1
r(a,b) € Fr. RS5 then implies s(a,b) € Fy, and thus
([a], [b]) € s*t by definition of Z;

|_|An EL B € O:



e if ([a], [b]) € r’E and T Cp Vr.C' € O, then by Claim 1
r(a,b) € Fr. R6 then implies C(b) € FJ, and thus [b] €
622 by definition of Z;

Next up are the refinement and abstraction statements. Let
Fr, be a set of facts of level L and ¢(Z) a CQ. Similar to
normal interpretations, we call a tuple e an answer to g on
F'p,, if there is a homomorphism A from ¢ to F, with h(Z) =
€. We also use ¢(F7) to denote the set of answers to ¢ on
Fr.

First an intermediary claim.

Claim 2. Let ([a1],...,[an]) € ¢(Z1). Choose any a} €
[a1],...,al, € [ay]. Then (daf,...,a)) € q(F}).

r '

Proof of claim. Let A(x;) be a concept atom in ¢q. Then
[a;] € ATt. By definition of Z, there is an b; € [a;] such that
A(b;) € Ff. By Point 1 of Claim 1 and since a] ~ b;, we
have A(a}) € F}, as required. For role atoms r(x;, ;) € ¢,
we can argue similarly based on Point 2 of Claim 1. This
finishes the proof the claim.

Now we are ready to prove that abstractions and refine-
ments are satisfied.

o Assume that [a] € AL and there is a concept refinement
L’: q(Z) refines L: A in O. Then by definition of Z, there
is an ¢’ € [a] with A(a’) € F}. R7 then implies that
p3 (a’) is defined and R8 that p} (a’) € ¢(F7},). Hence
pL([a]) is defined by definition of py, and py,([a]) € ¢(ZL)
by definition of AZ- and rZ-.

 Assume that ([a1], ..., [a,]) is an answer to ¢ on Z;, and
there is a concept abstraction L': A abstracts L: ¢(Z) in
O. By Claim 2, we have (ai,...,a,) € q(F;). R9
guarantees that there is an ¢ € dom(F7,) with p} (a) =
(ai,...,a,) and R10 that A(a) € F},. Hence [a] € ATt
and pr([a]) = ([a1],- . -, [an]), by definition of Z.

* Assume that ([a1], [a2]) € ¢-(Zr/) and there is a role re-
finement L':q(Z, y) refines L:g.(x,y) in O. By Claim 2,
we have (a1,a2) € ¢-(F}/). RI11 guarantees that
P (a1) = a; and pj (az) = ag are defined and R12 that
(a1,a2) € q(F7). Hence pr([a1]) and pr([a1]) are de-
fined and an answer to ¢ on Z,, by definition of Z.

* Assume that ([a1],...,[an], [b1,--,b6m]) € q(Zr) and
there is a role abstraction L':r abstracts L:q(Z,%) in
O with |Z| = n and |g| = m. By Claim 2, we have
(@1, ... an,b1,...,by) € q(F}). R13 guarantees that
o3 (a) = (a1,...,ay) and p} (b) = (b1,...,by,) are de-
fined for some constants a,b € dom(F},) and R14 that
r(a,b) € F},. Hence pr,([a]) and pr,([b]) are defined and
([a], [b]) € r*r’, by definition of Z.

a

Completeness. We want to show the following.

Lemma 12. Let O be an £ EHibs-ontology in normal form
whose abstraction graph G is a tree, Cy a concept name,
and Lg an abstraction level. If Cy is Ly-satisfiable w.r.t. O,
then the chase does not abort.

We start with defining the notion of a homomorphism
from an interpretation candidate to an A-interpretation.

These homomorphisms are very similar to the ones from A-
interpretation to A-interpretation defined in the main part of
the paper.

Let I = (F, p,~) be an interpretation candidate. We use
A to denote all the abstraction levels for which F' is de-
fined and <7 for the smallest relation such that L <; L’ if
pL(a) = band L(a) =L . LetZ = (AI, =, (IL)LEA 7p/)
be an A-interpretation. A function h: dom(F) — A* isa
homomorphism from I to Z if the following conditions are
satisfied for all L € Ay:

1. < C<;

A(a) € Fy, implies h(a) € ATt forall A € C;

A~ (a) € Fy, implies h(a) € ATE;

r(a,b) € Fr implies (h(a), h(b)) € rZt forall r € R;
pr(a) = bimplies g1, (h(a)) = h(5);

ay ~ ay implies h(a1) = h(ag).

AN T i

We now show an intermediary lemma that captures the
most notable property of the chase, that is, the result of the
chase can be found inside any model that satisfies the given
concept.

Lemma 13. Let Iy, I1,... be a (finite or infinite) non-
aborting chase sequence. Then for every Lo-model T of Cy
and O and every i > 0, there is a homomorphism from I;
tox.

Proof. Let Iy, I1,... and Z be as in the lemma. Fur-
ther, let I; = (F%p',~%) forall i > 0 and Z =
(Az,=<,(Zr)LeA, p). We prove by induction on  that for
every ¢ > 0 there is a homomorphism h; from /; to Z.

For the induction start, we can define a homomorphism hg
from Iy to Z by simply mapping the only constant ay from
dom(FP ) to an element d € C**o and for all other L €
Ao\ {Lo} mapping the only constant ay, from dom(F} ) to
any d € ATz,

For ¢ > 0 assume that h; is a homomorphism from I; to Z.
We have to show that there is a homomorphism h;;; from
I;+1 to Z. We do a case analysis according to the rule that
was applied to obtain [, from I;:

e for R1, R2, R4 to R6, R8, R10, R12, R14, and R16 to R18
set h;11 = h;. Using the definition of homomorphisms
it is straightforward to see that if any choice of elements
satisfies the preconditions of any of these rules in [;, then
the h;-image of these elements satisfies the same condi-
tions in Z. Using the fact that Z is a model of O, we then
get that h; 4 is a homomorphism from I;; to Z.

* R3. Assume that the rule is applied to fact A(a) € F¢
and CI A T, 3r.B € O. Let b be the constant introduced
by the rule application. We have h;(a) € AZ. Since 7
is a model of O, there is thus a (h;(a),d) € r*t with
d € BTt Set hi+1 =h; ¥ {(b, d)}

* R7. Assume that the rule is applied to fact A(a) € F} and
concept refinement L': ¢(Z) refines L: A € O. Further-
more, let ay,...,a, be the fresh constants generated by
the rule application and let h;(a) = d. We have d € AZL.
Since 7 is a model of O, pr/(d) must be defined and an



answer to g on Zy,. We set i1 = h; W {(a;,d;) | 1 <
i < n} where pr,(d) = (dy,...,dp).

* R9. Assume that the rule is applied to the concept abstrac-
tion L': A abstracts L: ¢(Z) € O and homomorphism h’
from ¢ to F'i. Leta € dom(F},) be the fresh constant in-
troduced by this application, implying p”l( ) = R(Z).
By the definition of homomorphisms, h; (h’ (z)) is a ho-
momorphism from ¢ to Zr,. Thus € = h;(h/(Z)) is an
answer to ¢ on Zy,. Since 7 is a model of O, there is
thus an element d € AT with p(d) = e. We set
hiv1 = hi &{(a,d)}.

* R11. Assume that the rule is applied to a tuple (a,b) €
q-(F!) that is an answer to ¢, on F} for a role re-
finement L':q(Z,y) refines L:g.(x,y) in O. Let
@1y...,0n,01,...,b, be the fresh constants generated
by the rule application, implying pit! (a) = (a1, ..., an)
and pit*(b) = (by,...,by). Furthermore let h;(a) = d
and h;(b) = e. By definition of homomorphisms, we have
(d,e) € ¢-(Zr). Since T is a model of O, pr:(d) and
pr(e) have to be defined. We set h; 11 = h; W {(a;,d;) |
L <i<npu{(be) |1 <i< m}wherepr(d) =
(di,...,dn)and pr(e) = (e1,...,em).

* R13. Assume that the rule is applied to the role abstrac-
tion L":r abstracts L:¢(Z, ) in O and homomorphism h’
from g to Fi. Let a,b € dom(F7},) be the fresh constants
introduced by this application, implying p;™ (a) = /()
and piT'(b) = h/(y). Furthermore let @ = h'(7,7),
|Z| = n and |g| = m. By the deﬁnition of homo-
morphisms, h;(a@) € ¢(Zp). Since Z is a model of O,
there are thus elements d,e € AL with (d,e) € rf,
pr(d) = (d1,...,d,),and pr(e) = (e1,...,em). Weset
hiv1 =h; & {(a,d)} (] {(b, 6)}

* R15. Cannot be used to produce I, 1 as it only aborts.

* R19. Assume that the rule is applied to constants
a1 and ag. Then pr(aq) is defined, say pr(a;) =
(c1,...,¢n). Let by, ..., by, be the fresh constants intro-
duced by the rule application. We set h;1(b;) = hi(c;)
forl <i<n.

It is straightforward to verify that this definition of ;1 sat-
isfies all six conditions of homomorphisms. a

Now we return to proving Lemma 12 by proving its con-
trapositive which is captured by the following lemma.

Lemma 14. If the chase aborts and returns ‘unsatisfiable’,
then there is no Lo-model I of Cy and O.

Proof. Let I; = (F", p',~") be the interpretation candi-
date such that in the construction of I,;; the chase aborts
and returns ‘unsatisfiable’. Assume to the contrary of
what we have to show that there exists an Lg-model 7 =
(Az,<,(Zr)reAs,p) of Cp and O. Then by Lemma 13
there is a homomorphism % from I; to Z. We make a case
distinction according to the rule that makes the chase abort:

* R8. Then there are A(a) € F} and concept refinement
L':q(z) refines L: A € O such that p%,(a) is defined
and |Z| # |p%,(a)|. Definition of homomorphisms then

implies that h(a) € AL and |pL(h(a))| = |pt. (a)| #
|z|. This is a contradiction to Z being a model of O.

e R12. Then there are (a,b) € g.(F}) for a role re-
finement L':q(Z,y) refines L:g.(x,y) in O such that
|Z| # |p%,(a)| or |y| # |p%,(b)|. Let us assume that
|Z| # |p%,(a)|. By definition of homomorphisms, we
have (h(a), h(b)) € ¢,(Zr) and |pr: (h(a))| = |p(a)l
and hence also |py,(h(a))| # |=|. This is a contradiction
to Z being a model of O. The case of |y # |p%, (b)] is
analogous.

* R15. Then there are a1, ay such that p' (a;) = & and
pi(az) = & with |e1| # |é2| and there are by € e,
and by € ey such that by ~ by. By definition of ho-
momorphisms, we then have pr(h(a1)) = h(€1) and
pr(h(a1)) = h(éz), which in particular implies |h(e1 )| #
|h(€2)| and thus h(ey) # h(€z). The definition of homo-
morphisms also yields h(b1) = h(bz). This contradicts
the fact that 7 has no overlapping ensembles.

|

A.2 Proof of Lemma 1

We prove the existence of universal models for £ E’Hibs by
using the chase defined in the previous section. More con-
cretely we want to prove Lemma 1 which we repeat here for
the reader’s convenience.

Lemma 1. Let Cy be an EL-concept, O an EﬁHibs-
ontology, and Lo € A. If Cy is Lg-satisfiable w.r.t. O, then
there exists a universal Ly-model of Cy and O.

Proof. Since (Y is Lg-satisfiable w.r.t. O, by Lemma 14
the chase of Cy w.r.t. Ly and O does not abort. Conse-
quently, the result [* = (F™, p*, ~*) of the chase exists.
Let 7/ be an Lg-model of Cy and @. By Lemma 13, there
are homomorphisms h; from I; to Z’, for all ¢ > 0. Clearly,
h :=U,>( hi is a homomorphism from I* to Z'.

As part of the soundness proof above, we had constructed
from I* an Lo-model Z = (Az,<,(Zr)reas,p) of Co
and O. We prove that 7 is in fact the desired universal
model. For the reader’s convenience, we recall that

ATt = {[a] | a € dom(F})}
A% = {Ja] | A(&) € Fi and o’ € ]

e ={([a],[0]) | r(a’,V') € Ff and a’ € [a], b € [b]}
pr = {([a], [br] - -~ [bn]) | (a, B - - B],) € p, and
a’ € [a],b; € [bi]}

Due to rule R18, the following properties are satisfied:
1. if [a] € ATZ, then A(a’) € F} forall @’ € [a];

2. if ([a], [b]) € r*=, then r(a/, V') € F} forall a’ € [a] and
b e [b].

Moreover, we observe the following.

Claim. If py, ([a]) = ([b1], - - ., [bk]), then for all &’ € [a] we
have pj (a’) = (b7, ...,0)) with b} € [b;] for 1 <i < k.

Proof of claim. Let pr([a]) = ([b1], ..., [bx]) and @’ € [a].



By construction of Z, there then exist @ € [a] and b; €
[b1],...,br € [bg] such that p% (@) = (by,...,bx). Due
to rule R19, also pj (a') is defined. Due to R15 and since
the chase is not aborting, the tuple p} (a’) also has length
k. Let p} (a') = (b},...,0)). Rule R17 yields b; ~ b, for
1 <4 < k and thus the claim is proved.

We define the desired homomorphism A from Z to Z’ by
traversing the tree (Az,<"!) in a top-down fashion. This
boils down to choosing, for each [a] € AZ, an a’ € [a] and
setting h([a]) = h(a').

We start at the root Lg. For each [a] € AZto, choose an
arbitrary a € [a] and set h([a]) = h(a).

Now assume that level L’ of the tree was already treated
and that L < L'. Consider any [a] € AZr' with pr,([a])
defined. Let pr.([a]) = ([b1],--.,[bk]) and h([a]) = h(a’).
By the claim, there are b] € [b1],...,b), € [bx] such that
pi(a') = (by,...,0}). Set h([bi]) = ﬁ(b;) forl <i <k.
Note that this is well-defined since every element of AZ-
can occur in at most one ensemble. For every [b] € AL that
does not occur in any ensemble, choose an arbitrary b € [b]
and set h([b]) = h(D).

It is straightforward to see that & is a homomorphism from
7 to Z'. In fact, h must satisfy the six conditions from the
definition of homomorphisms from interpretation candidates
to interpretations, and together with Point 1 and Point 2 from
above, these conditions imply the five conditions that h must
satisfy to be a homomorphism from Z to 7. a

B Proofs for Section 4.3

In this section we prove that the NP algorithm for checking
unsatisfiability in £L£H2%[cr] as presented in Section 4.3 is
correct.

We start with some observations about the chase. A max-
imal connected component (MCC) of a set of facts F is a
maximal subset £/ C F such that the undirected graph

(dom(E),{{d,e} | r(d,e) € E for some role name r})

is connected. An MCC of an interpretation candidate [ =
(F,p,~)is an MCC of F. An L-ensemble in F is any tuple
€ such that for some a € dom(F’), we have pr(a) = é.

Let Iy,I1,...,I; be a chase sequence w.r.t. an
£ LH2P[cr]-ontology in normal form with I = (F?, p?, ~%)
for 1 < ¢ < k. An easy analysis of the chase rule reveals that
there are three types of MCCs in F*:

1. the MCC in Ffo that contains Cp(ao);

2. MCCsin FF, with L € Ao\ {Lo}, that contain At (ar);
3. MCCs that are introduced by an R7 application.

Note in particular that since there are no abstractions and
no role refinements in the ontology, Rules R9 to R19 of
the chase are never applicable and thus the only rule that
can introduce a new MCC is R7. MCCs of Type 1 and 2
do not contain any ensembles and MCCs of Type 3 con-
tain a single ensemble, that is, there is a unique a such

that p¥(a) = (by,...,b,) with all (equivalently: some) of
b1, ..., by, in the MCC. We call a the origin of the MCC.
For a set of facts F and an a € dom(F'), we use CNp(a)
to denote the set CNp(a) = {A | A(a) € F}. Itis not
difficult to show that Lemma 13 implies the following.

Lemma 15.

1. If K is an MCC of Type I and a € dom(K), then Or, =
Co ELO E|U(|_| CNK(G)),‘

2. If K is an MCC of Type 2 on level L and a € dom(K),
then Op, =T Cr Ju.(l 1CNg(a));

3. If K is an MCC of Type 3 on level L and with origin
a € dom(F¥,) and b € dom(K), then

.A, OL ': HU([—' CNK(b))

where A is the union of all queries in Q% ; (CNpx (a)),
k) L’
viewed as ABoxes.

Now we are ready to prove Lemma 3 which we repeat
here for the reader’s convenience.

Lemma 3. The algorithm accepts iff Cy is Lo-unsatisfiable
w.r.t. O.

Proof. “=". Assume that the algorithm accepts and that,
to the contrary of what we need to show, there is an Lg-
model Z of Cy and O.

Condition 1 of the NP algorithm and Z being a model of
Cy and O imply that Z contains an element d; with d; €

Slle. Condition 2 implies that for each ¢ € {1,...,n —

1}, there is an element d; € AZz: with d; € SZ-ILi. By
Condition 3 and Z being a model of O, d,, would have to
refine to two tuples of distinct arities which is impossible in
A-interpretations. We have thus obtained a contradiction.

“<”. Assume that Cj is Lg-unsatisfiable w.r.t. O. We
can assume that the abstraction graph of O is a tree since
otherwise our NP algorithm accepts right away. Since Cj
is unsatisfiable, Lemma 9 implies that the L-chase on C
and O aborts and returns ‘unsatisfiable’. Assume that the
chase sequence constructed until abortion is Iy, I1,..., Ik,
and that I = (F%, p', ~") for 1 < i < k.

We guide our algorithm into accepting by identifying a
suitable sequence St, L1, ..., Sn, L, to be guessed. Since
O does not contain any abstractions or role refinements,
Rules R9 to R19 of the chase will never be applied and thus
the only rule application that can make the chase abort is R8.
Let a,, be the element for which R8 aborted (called ‘a’ in the
formulation of R8). We set

Sn={A] Alan) € F[]/C(an)}

and L,, = L(a,). To define the remaining sequence, we
work our way backwards through the chase.

If a,, is in an MCC of Type 1 or 2, then by Lemma 15,
Condition 1 of our NP algorithm is satisfied and we are
done. If a,, is in an MCC of Type 3, then let a,,—; be the
origin of that MCC. We set S,—1 = {A | A(an—1) €
Ff(an,l)} and L,,_; = L(a,—1). By Lemma 15, Condi-
tion 2 of our algorithm is satisfied. Now we repeat this pro-
cedure of determining .S; and L; which results in a sequence



of at most linearly many S; and L;, at most one per abstrac-
tion level in O. This sequence will always reach an MCC
of Type 1 or 2 and thus satisfying Condition 1, since on the
root level of A all MCCs are of Type 1 or 2.

It is easy to verify that all three conditions of our NP al-
gorithm are satisfied by this sequence of S; and L; and thus
it accepts, as required. a

C Proofs for Section 4.4

The main purpose of this section is to prove Lemma 5, that
is, the correctness of our algorithm. We repeat the lemma
here for the reader’s convenience.

Lemma 5. The algorithm accepts iff Cy is Lg-satisfiable
w.rt. O.

To prove the completeness (“if””) part of the lemma, we
first show that if Cj is Lg-satisfiable w.r.t. O, then there is
a pseudo-model of Cy and O in which the maximally con-
nected components are of size polynomial in ||O]|.

C.1 Uniform Universal Models

It turns out that the universal models used in the proof of
Lemma 1, being obtained from a filtration of the chase, are
very hard to analyze. To avoid such an analysis, we resort to
a different, ‘semantic’ definition of universal models. These
are constructed by starting from the universal models whose
existence is guaranteed by Lemma 1 and then ‘piecing them
together’ in a very uniform, tree-like way.

Let Cy be an € L-concept, O an £LH2 *[cr, ca]-ontology,
and Ly € A such that Cy is Lg-satisfiable w.r.t. O. We
aim to construct a certain, highly uniformized universal Lg-
model Z of Cy and O.

Let Z be an A-interpretation. With an L-ensemble in Z,
we mean any tuple & over A such that pf (d) = & for some
d € A”. For a tuple € of elements over AZ, for some L, we
use Z|; to denote the £ L-interpretation that is obtained from
T, by restricting the domain to the elements of . In what
follows, ¢ shall either be an ensemble or a single element
that is not part of any ensemble.

For every £L-concept C and L € A such that C is
L-satisfiable w.r.t. O, Lemma 1 allows us to fix a universal
L-model Uc 1, of C' and O with distinguished element d¢ ..
With e¢ 1., we denote the unique ensemble in /¢, that con-
tains d¢ 1, if existent, and the trivial tuple (d¢, 1) otherwise.
As a shortcut, we use Z¢ 1, to denote the £L-interpretation
Ue, L,

éc,r*

We construct a sequence of A-interpretations along with
alist O 4 of abstraction obligations. Start with the following
A-interpretation Z:

e forall L € Ap andforC = Cyif L = Lgand C = T
otherwise, 7y, is Z¢ 1,

o pt is empty;

e AT = Ap and < = <op.

Regarding O 4, we start with an empty list and then do the

following, for all L € A and for C = Cy if L = Ly and
C = T otherwise:

* if dc,r is part of an ensemble € in Uc , append
(C,L,e,e)to O4.

We may use d¢,. r,, the distinguished element of Uc, 1,
also as the distinguished element of Z. For easier reference,
we denote it with dz.

For a role name » € R and abstraction level L € Ap,
we use R, o, to denote the set of role names R, o, = {s |
O E r Cy, s}. Similarly, we use C. o, to denote the con-
cept Cro, =[{A| T Cp Vs.A € Oands € R, 0, }

Now apply the following rules in a fair way:

1. ifd € AT, AC; Ir.B € O, and there isno e € (BT
Cy.0, )t with (d,e) € sTt forall s € R, 0, , then do
the following:

(@) let D = BNCy,p,. Use an isomorphism ¢ to re-
name the elements of Zp ; to fresh elements, add
the resulting interpretation to Z;, and extend s* with
(d,e(dp,p)) forall s € R, 0, ;

(b) if dp, is part of an ensemble e in Up r, append
(D, L,e,u(€)) to Oy;

2. ifd € ATr, € = [CNg, (d), P9 (dey) = @ is de-
fined and p%,(d) is undefined, then

(a) use an isomorphism ¢ to rename the elements of

(Ue,L)|e to fresh elements and disjointly add the re-
sulting interpretation to Zy/;

(b) set p,(d) = u(é);

3. if (C, L,e,&) is the first tuple on the list O4, then re-
move it; if pLLlC'L(f) =g [HYor(f)y = L/, and D =
['1CNy. ., (f), then do the following:

(a) use an isomorphism ¢ to rename the elements of Zp 1,

to fresh elements and disjointly add the resulting inter-
pretation to Zy;

(b) set pf(u(dp.1/)) =€
(c) if dD,L/iis part of an ensemble f in Up,r/, append
(D, L', f,u(f)) to Oa.
Intuitively, Rule 1 deals with existential restrictions, Rule 2
with refinements, and Rule 3 with abstractions.

First, we prove that Z is universal, and then that it is in-
deed an Ly-model of Cy and O.
ILD

Lemma 16. Let J be a model of O with dy € Cy™°.
Then there is a homomorphism h from I to J such that
h(dz) = dp.

Proof. Let Z°,7',... be the sequence of A-
interpretations encountered during the construction of Z. We
show that for each ¢ > 0, there is a homomorphism h; from
T to J with h;(dz:) = do. The desired homomorphism h
is then | J,~ hs-

For Z°, we start with an empty homomorphism hq and ex-
tend it as follows:

* since IEO = Z¢,,1,, there must be a homomorphism A
from Z9 to Ji, with h(dz) = do by universality of
Ucy,L,- We add h to ho;



o for the other levels L € Ap \ {Lo}, we have 70 = I+ 1,
which again implies that there must be a homomorphism
h from IE to Jr, by universality of Ut 1. We add h to hg.

For i > 0 assume that h; is a homomorphism from Z°
to J. We have to show that there is a homomorphism 5,41
from Z¢*! to J. We start with h;;; = h; and do a case
analysis on the rule that was applied to obtain Z°** from Z:

e incase of Rule 1, letd € AZr and A C; Ir.B € O be

the element and CI it was applied on. By the IH, h;(d) €
AL and since J is a model of O, there is an ¢/ € DIt
with D = (BN C,p,) and (h;(d),e’) € s/ for all
s € RT’@L.
Thus for the isomorphic (with isomorphism ¢) copy of
Zp.1, added to Z.™ in Rule 1a, we set h;1(t(dp 1)) =
¢’ and are clearly able to extend h;. 1 to the (possibly) re-
maining elements in the copy of Zp 1, by the universality
of Up,1;

* in case of Rule 2, let d € AT+ and C = [ 1CNz, (d) be
the element and concept it was applied on. By the IH,
hi(d) € C7* and universality of Uc, 1, implies that there
is a homomorphism h from Uc 1, to J with h(dc ) =
hi(d). Since Rule 2 was applied, pz}j,c’L (dc,,) = @ must
be defined which implies that p7, (h;(d)) = h(e) is de-
fined as well, by definition of homomorphisms.

Let ¢ be the isomorphism used in Part a of Rule 2. We can
thus extend h;41 by setting h;11(c(€)) = h(e).

* in case of Rule 3, let (C, L,€,é') € O 4 be the tuple that

it was applied on. Further, let plzc'L (f) =e, LMor(f) =
L',and D = ['1CNy, . (f).
By the construction of O4, we get that d¢ 1, is part of €
in Uc, .. Remember that &’ is an isomorphic copy of € by
some isomorphism ¢. Let d = h;(:(d¢c,)). By the IH, we
then have d € C7% and by universality of Uc ,, there is a
homomorphism 4 from Uc 1, to J with h(dc 1) = d. The
definition of homomorphisms then implies that d is part of
the ensemble h(¢). We must also have py (h(f)) = h(€)
and h(f) € DIv'.
Let ¢/ be the isomorphism used in Rule 3 to create a copy
of Zp, . We extend h;y1 by setting h;41(¢'(dp,r)) =
h(f). It is straightforward to see that we can extend h;11
to (possibly) remaining elements in Zp ;- by universality
of Z/{D L

0

In the following we often talk about isomorphic copies
of elements or ensembles so let us define what isomorphism
means in this context. Let Z and Z’ be two A-interpretations,
and ¢ and & tuples of n elements over AL and AZr re-
spectively. We call € and &’ isomorphic w.r.t. Z and 77, if
eli] — é'[i] for 1 <4 < n is an isomorphism from 7|5 to
T} |er. We call two elements d € AT and e € A" isomor-
phic w.r.t. to their interpretations, if (d) in Z and (e) in Z’
are isomorphic. We use € ~7 ¢’ to denote that € and €’ are
isomorphic in Z and similar for d ~7 d’.

Note that this definition of isomorphisms implies that if a
tuple € in some interpretation 7 is an answer to some CQ g,

then any tuple € isomorphic to € in some interpretation Z’
is also an answer to q.

Lemma 17. Z is an Ly-model of Cy and O.

Proof. For readability we will add o to the lower index
of elements or tuples from universal models, intuitively de-
noting them as the ‘original’ elements, while Z consists of
copies of these elements. It is straightforward to see that

COI 0 =£ () by the construction of Z.

To prove that Z is a model of O, let us first consider the
concept inclusions in . Note that in the construction of Z,
every element d € A7 is introduced as an isomorphic copy
of some element f € Uc ; where Uc r, is a universal L-
model of C' and O. This clearly implies that all CIs of the
foom T Cp A€ Oand A1 11---M A, Cp Be O are
satisfied for d. Similarly, CIs of the form A Ty 3r.B € O
are satisfied by the fair application of Rule 1.

For CIs of the form 3r.A T, B € O, consider an element
d € (3r.A)*r. By the semantics there is an e € ATL with
(d,e) € r*t. First, let us consider the case that d and e
are part of the same ensemble in Z. The construction of 7
implies that every L-ensemble in Z is an isomorphic copy
of an L-ensemble in a model Z’ of @ which immediately
implies d € BZt, as required.

Now assume that d and e are not part of the same en-
semble. Hence (d,e) € r% must have been introduced by
an application of Rule 1. This implies d € A’ for some
A’ Cp Ir.B’ € O such that e is an isomorphic copy of
dp:.1, by some isomorphism ¢. By construction of Z, this
dps,;, must then also satisfy dp/ , € AYs' .1 since it is iso-
morphic to e.

Let J = Uc,, and d, € A7 be the universal model
and element such that d was introduced as an isomorphic
copy of d,. Since d, is part of a model of O, there is an
e, with (do,e,) € 7t and e, € B'7r. Universality of
dp 1, implies that e, € A7L. Finally, J being a model of
O implies d, € Bt and since d is an isomorphic copy of
do, we getd € B as required.

It is straightforward to see that all role inclusions and
range restrictions of O are satisfied in any (Uc,1)|e. . » since
it is part of a model of O. We always add isomorphic copies
of such interpretations in the rules, which implies that any
roles introduced by such a copy still satisfy all role inclu-
sions and range restrictions.

That roles introduced by a Rule 1 application also satisfy
role inclusions and range restrictions immediately follows
from the definition fo C , and R, o, .

Now we are ready to prove that refinement and abstraction
statements are satisfied.

* Assume that d € AZE and there is a concept refinement
L':q(Z) refines L: A € O.
If p%,(d) = & was set by a Rule 3 application, then there
is a universal model Uc. 1, with ¥ (d,) = &, and with d
an isomorphic copy of d,, and € an isomorphic copy of é,.
Since Uc 1, is a model of O, this implies that €, and thus
also € are an answer to g on their respective interpretation.
Otherwise, let C = [ 1CNz, (d). Since Uc 1, is a model

of O, it is straightforward to see that pLL{,C’L (de,n) = éo



is defined and €&, is an answer to ¢ on U, 1. Now the fair
application of Rule 2 implies that p%,(d) = u(€,) with ¢
some isomorphism and thus ¢(é,) is an answer to g on Z,
as required.

e Assume that € is an answer to a CQ ¢ on Zy, for some
concept abstraction L': A abstracts L:q(Z) € O. We
differentiate between three cases. The ensemble e might
coincide with an ensemble in Z, it might partially overlap
with an ensemble in Z, or it might not share any constants
at all with an ensemble in Z. We will prove that only the
first case can occur and the other two lead to a contradic-
tion.

Case 1: € (properly!) overlaps with an ensemble in Z.

Then Condition 5 of homomorphisms and Lemma 16
would imply overlapping ensembles in every model of O,
contradicting the Lg-satisfiability of Cyy w.r.t. O.

Case 2: ¢ coincides with an L-ensemble in Z.

Then by the construction of Z, there are two cases. Either
€ was introduced by Rule 2 or € was part of a tuple in O 4
in the construction of 7.

If e was introduced by an application of Rule 2 for an
element d € A% and C = [ 1CNz,, (d), then let 7 =
Up, 1, be the universal model such that d was introduced
as an isomorphic copy of some d, € C7r’. By the rule
application pzf,c’L (dc,1) = &, is defined. Universality of
Uc. 1, then implies that p/ (d,) = f is defined and that f
is an answer to g on 7.

Now J being a model of O implies d, € A7’ and finally
d being an isomorphic copy of d, implies d € A%, as
required.

Otherwise, there must have been a Rule 3 application on
atuple (C,L,€,,€) € Oa. Let J = U, be the uni-
versal L-model of C' and O. The Rule 3 application on
this tuple sets pZ (d) = & with d an isomorphic copy of
an d, € A7’ such that pf(do) = é,. Recall that by the
construction of Z, e is an isomorphic copy of é,, which
implies that €, is an answer to g on 7. Since J is a model
of O, we then obtain d, € A7’ and due to d being an iso-
morphic copy of d,, it follows that d € A%’ as required.

Case 3: € does not share a constant with any L-ensemble
inZ.

We call an element of an A-interpretation free if it is not
part of any ensemble. Note that Rules 1 and 3 may intro-
duce free elements, and also the initial step may. An easy
analysis of the construction of Z shows that

(%) if some element d € AT was introduced as an isomor-
phic copy of an element d,, from an interpretation Uc. 1.,
then d being free implies that d,, is free.

We next observe that any tuple f of free and connected
elements in AZ forms a tree T = (V, E) with

V ={d|d e A% is part of f}
E={(d,e) €V x V| (d,e) € r'* for some r € R}.

This is the case since roles outside of ensembles are only
introduced by Rule 1 which always introduces a fresh el-
ement as an endpoint.

Since CQs in abstraction statements are connected and the
elements in € are all free, these elements must form a tree
T=(V,E).

Claim. Let dr € V be the root of T" and J = Uc y,
the universal model such that dr was introduced as an

isomorphic copy of d¢, 1. Then there is a homomorphism
h from IL|V to Jr, with h(dR) = dC,L~

Proof of the claim. We define h step by step, traversing T’
from the root to the leaves. We start with setting h(dr) =
dc,r, which is a (partial) homomorphism since dg is an
isomorphic copy of d¢ 1.

Now assume that h(d) is already defined and (d, e) € E.
Since e was introduced by a Rule 1 application, there is
an A Ty, 3r.B € O withd € A% and (d,e) € sT*- for
all s € R, o, such that e is an isomorphic copy of d¢ r,
with C = (BN C,,). We have h(d) € A7t and J
being a model of O implies that there is an f € C7L with
(hi(d), f) € s7t forall s € R, 0,. We set h(e) = f.
This finishes the proof of the claim.

By the claim, there is a homomorphism A from Zy |y to
Jr with h(dr) = dc¢ 1. Hence h(€) is an answer to g on
Uc,1, with d¢ 1, part of that answer. By (x), this contra-
dicts our assumption that dp is free.

a

This concludes the proof that Z is a uniformized univer-
sal model. What follows is some further analysis of the
structure of Z which allows us to confirm the concrete upper
bound used in Line 3 of the algorithm (size of the Xr).

We call an ensemble € in Z an abstraction ensemble
if there was a Rule 3 application that set pZ(f, L) = d
for some f. Otherwise, we call € a refinement ensem-
ble. Intuitively, we will show that there are only polyno-
mially many abstraction ensembles that are pairwise non-
isomorphic. Additionally, if two abstraction ensembles e
and f are isomorphic in Z, then they abstract to two ele-
ments that satisfy the same concept names in Z.

A difficulty that arises when trying to prove the second
point is the following. Let & be an ensemble in 7 that is a
copy of éc , and f an ensemble in 7 that is a copy of fp 1,
with & ~7 fand C # D. What we would need to show now
is that in Uc, 1, and Up 1, the ensembles éc , and fp 1, ab-
stract to elements that satisfy the same concept names. This
implies analyzing how the chase constructs these models, in-
cluding the filtration step. As we already pointed out in the
main part of the paper, this is rather complex. Thus instead
we will inspect the construction of Z, in particular the set of
abstraction obligations.

Recall that 7 was constructed by the union of a sequence
of interpretations Z°, Z*, . .. and with each of them a list of
abstraction obligations 0%, O}, ....* Let 0% = ;5,04

“In the algorithm we use only O 4 but we can easily define 0
to be the O 4 used for I*.



be the union of all abstraction obligations encountered dur-
ing the construction of Z. Recall that a tuple 6 € O4 with
o = (C,L,e, f) consists of a concept C, abstraction level
L, tuple e that the distinguished element of U 1, is part of
and isomorphic copy f of that tuple in Z. We may use C° to
denote the concept C of o and L° to denote the level L of o.

Note that a simple analysis of Z implies that for every
tuple (C, L, e, f) € O%, Rule 3 sets pZ(d) = f for some
d € AT. Hence the set of all abstraction ensembles in Z is
exactly the set of all ensembles f with (C, L, ¢, f) € O%.
We say a tuple 6 € O7 was introduced by some Rule :
application, if 6 € O, 0 ¢ 034_1, and 77 was obtained
from Z7~! by a Rule 7 application. Note that there can be no
duplicate tuples introduced to O since the last component
in 0 is always constructed using fresh elements.

An easy analysis of the construction of Z reveals the fol-
lowing.

Lemma 18. For every tuple (C, L, ¢, &) ever added to O%,
€ is the ensemble in Uc 1, that contains dc.; and € is an
isomorphic copy of e in Iy.

Intuitively, this means that C' and L uniquely determine
the ensemble € and up to isomorphism also &. We can thus
classify these tuples by just the concept and level, which
helps to give an upper bound on the number of such concepts
per level.

Lemma 19. Ler L € Ap and S;, = {C | (C,L,e,&) €
O%}. Then [Sp| < |O||* + ||O]].

Proof. For every level L € Ao, let d(L) denote the num-
ber of descendants of L in G (not including L). The fol-
lowing is easy to see.

Claim 1. Let L € A be alevel with d(L) = n such that L
has the children L1, ..., L,, in Go. Then

d(L) = m + id(Li).
=1

We next prove the following central claim.

Claim 2 For any level L € A, if d(L) < n, then |SL| <
(n+1)- (O] + 1).

Proof of claim. We do an induction on 7n.

Base case: n = 0. Assume that there is alevel L € Ap
with d(L) = 0. Thus L has no child in Gp. By construction
of Z, it is clear that the abstraction graph (Z, <~!) of Z is
a subgraph of Gp. Thus L is also a leaf abstraction level
in (Z,<~!). Then all tuples 6 € O% with L° = L must
be introduced by Rule 1 applications plus one entry for the
initial Z1 7, or Z¢, 1. It cannot be that Rule 3 introduces
such a o since there is no abstraction level that elements of
L refine to. For every tuple 6 € O% with L° = L that is
introduced by Rule 1, it is clear by definition of Rule 1, that
C° depends only on some CI of the form A C Jr.B in O.
Since there are of course at most ||O|| such ClIs in O, we
obtain an upper bound of |Sy| < ||O|| 4+ 1 which proves the
IH forn = 0.

Induction step: n = 1. Assume that the IH holds for
n =1 — 1. We want to prove that it is then also satisfied for

n =i. Let L € Ap be such that d(L) < 4. If d(L) < 4,
then we can apply the IH to obtain S| < i-(]|O]|+1) and
are done. Hence let us assume that d(L) = i. Let us also
assume that L has children L1, ..., L,, in Go.

We want to find an upper bound on the size of Sy, so let
us again consider how tuples 6 € O% with L° = L are
introduced to O%. For the same reasons as in the base case,
there can be at most ||O|| 4 1 concepts in Sy, that come from
tuples in O introduced by Rule 1 and the initial tuple in O%
for level L.

In contrast to the base case, there can now also be tuples
0 € O% with L° = L that have been introduced by a Rule 3
application on some tuple &’ € O% with L% = L; for some
i € {1,...,m}. Let k be the number of concepts C' € S,
such that there is such a tuple 0 with C° = C. It is clear that
|SL] < ||O]| + 1 4 k and thus it remains to analyze k.

If Rule 3 is applied on a tuple (C, L;,é,&') € O% and
introduces a tuple (D, L, f, f') to O%, then D depends only
on C'and L. Recall that Sy, is the set of concepts C' such
that there is a tuple & € O% with C° = C and L% = L;.
In the worst case (upper bound) each of these tuples (for
each of the children of L) induces a Rule 3 application that
generates a tuple with a fresh concept for level L. Thus k£ <
>t Sr,. This is the starting point of the following chain
of inequalities.

k< iSm (1)
<2 (@) + Do) +1) @)
= (0]l + 1) - Z(d(u) +1) 3)
= (10| +1)- (m+ > (d(Ls))) ©))

=1
= ([0]] +1) - (m +d(L) — m) (5)
< (O] +1)-i (6)

From 1 to 2 we use the IH on Sy,,. From 4 to 5 we apply
Claim 1 on the sum. From 5 to 6, we apply the assumption
that d(L) < i since we are in the case that n = 7. We obtain:

1SLI <O/ + 1+
<O+ 1+ (O]l +1) -4
= (0] +1)- (@ +1)

which finishes the induction step for n = ¢ and concludes
the proof of the claim.

We have d(L) < |Ap| < ||O]| for all L € Ap. Thus
Claim 2 implies |Sz.| < ||O]| - (||O]| + 1) forall L € Ao,
as required. d

We call an element d € AT an abstraction element if
p%(d) = & and é is an abstraction ensemble in Z. Recall that
in the PSPACE algorithm we guess (in Line 3) a set of sets
of concept names that represent these abstraction elements.



Now we are ready to prove the upper bound for the size of
those sets.

Lemma 20. Forall L € Ap, the set
Yy, = {CNz(d) | d € ATE and d is abstraction element}

satisfies |Y1| < [|O]]® + [|O]|2.

Proof. Let d,d’" € A’ be abstraction elements. Then
there are tuples 4 = (C,L’,¢é,&') and 6, = (C,L", f, )
in O%, such that p%,(d) = & and p%,(d') = f’. We show
thatif L’ = L”, then CNz(d) = CNz(d').

We have p%,(d) = & and p%,(d') = f’, and this must
have been set by applications of Rule 3. An analysis of
this rule shows that then there must be f, f’ such that
pzz,c”‘(f) = ¢ and pLL{,c‘L(f’) = f. By Lemma 18, we have
€ = f and thus also f = f’. Again considering the defini-
tion of Rule 3, we must have CNz(d) = CNz(d') as desired.

To |Y7|, it thus suffices to count the number of distinct
pairs (C, L) in tuples (C, L, ¢€,&) ever added to O, and
this is bounded from above by ||O|| - (||O||? + ||O]|) due to
Lemma 19. a

For an abstraction ensemble €, we call an element d € e
the origin of e, if there is a role edge (f,d) € rZr@ such
that f is not part of é. The construction of Z implies that
there is at most one origin per abstraction ensemble.

As outlined in the main part of the paper, we want to con-
struct pseudo-models with MCCs of polynomial size by us-
ing a uniformized universal model. In the following section,
we have to prove that tame matches of abstraction CQs to
such a pseudo-model imply a match to a standard model.
We next prove an intermediary lemma that helps with this.

Intuitively, if an abstraction ensemble has an origin o, then
the concept names that o satisfies determine the whole en-
semble that o is part of.

Lemma 21. Let d be an abstraction ensemble in Ly, for
some L € Ao, and d the origin of d. If CNz(d) = CNz(e)
for some e € ATL, then e is part of an ensemble € such that
there is a homomorphism h from | ; to |z with h(d) = e.

Proof. Since d is an abstraction ensemble, there was an
application of Rule 3 that sets p” (f, L) = d for some f. Say
that this application has processed the tuple (C, L, g, d). By
Lemma 18, g is the ensemble of U 1, that contains d¢, 1, and
d is an isomorphic copy thereof. Moreover, the construction
of Z ensures that the origin d of d is a copy of d¢ 1, and
C =[S for some S C CNz(d). To see this, note that if
(C,L,g,d) was added to O initially or by Rule 3, then no
element of d has a role predecessor outside of d, and thus
d has no origin. This is because roles outside of ensem-
bles are only introduced by Rule 1 applications, and Rule 1
always introduces fresh elements as role successors. Thus
(C,L,g,d) was added to O% by Rule 1 and an easy analysis
of this rule shows that d is a copy of d¢ 1, and C = [].S for
some S C CNz(d).

By the universality of Uc 1, there is a homomorphism A
from Uc 1, to T with h(dc 1) = e. Since g is an ensemble
in Uc, 1, there is a g such that pc:L (g, L) = g for some
g. By Point 5 of the definition of homomorphisms, we have

pr(h(g),L) = h(g). From h(dc,) = e and dc 1, being
part of g, we know that e is part of the ensemble & = h(g).
Points 3 and 4 of the definition of homomorphisms (be-
tween A-interpretations) yields the desired homomorphism
(between & L-interpretations) from Z| 7 to Z|z. 0

C.2 Pseudo-Models with Small Component Size
The aim of this section is to prove:

Lemma 4. If Cy is Lg-satisfiable w.r.t. O, then there is an
Ly-pseudo-model T of Cy and O such that each MCC of T
has at most 2 - (||O||* + ||O||) elements.

Let U be the uniform universal Lo-model of Cy and O

with dyy € Cg{ “o We construct a sequence of A-
interpretations Z°, 7', . . .. The A-interpretation that we are
interested in is then obtained as the limit of the sequence
AN AN

The construction of Z° Z', ... is such that for all i > 0
and all L € Ao, we have AZL C AUz,

We start with some preliminaries. For every tuple of ele-
ments é over AYZ | for some L € Ay, we use S (&) to denote
a smallest subset of AU~ that satisfies the following proper-
ties:

1. all elements of € are in S(é);

2. if e € S(€) and there is a C1 A C; Ir.B € O such
that the MCC of AYL that contains e has elements d,erp
such that (d, e, p) € Yc, e, p € BYL, there is no en-
semble in U/ that contains both d and e, g, and e, p is
the element satisfying the fewest concept names in addi-
tion to the other conditions, then choose such an ¢, p and
include it in S(€);

3. if d € S(e) is part of the ensemble &’ in U/, then include
in S(e) all elements of &'.

For every element e € S(€), introduce a fresh element ef
and set ST(e) := {ef | e € S(e)}.

For every L € Ao and tuple of elements € over AYL, we
define an £ L-interpretation [Jz. This proceeds in two steps.
In the first step, we set

AJe = S(e) U St(e)
ATe = {e,el | e € AY2 N S(e)}
r7e = {(d,e), (d',et) | (d,e) € M N (S(e) x S(€))}.

In the second step, we further extend rJe as follows, for
each role name r. Consider every element d € S(€) and
Cl ALy 3r.B € Osuchthatd € A7\ (3r.B)7. Then
d € AYt and since Uy, is a model of O, there is a (d, e) €
rYc with e € BY~ . There is no ensemble in ¢/ that contains
both d and e, as then we would have e € S(€), implying
(d,e) € r7¢ and e € B7¢, contradicting d ¢ (Ir.B)7e. It
follows that an element e, g was chosen in Step 2 above and
we can set

575 =57 U{(d.el p),(d", e,p)} forall s € R0, .

It is easy to verify that every € L-interpretation 7 is a model
of Or. Note that we use the copies d of elements d to avoid



adding edges to ensembles in the second step that do not
exist in Uy,.

We now construct the interpretation Z°. Set pZ° to be
empty, AZ0 = Ap and <%0 = <. It remains to populate
the £ L-interpretations Z9, for all L € Ap. Let L € Ap.
We choose an initial element dj, € AYC and then set Z9 =
T S(dz)- To make precise the choice of dr, recall that we
have built ¢/ by starting with U, = Z¢ ;, where C' = Cj if
L = Ly and C = T otherwise. Further, recall that Z¢ . is
a restriction of the universal model U¢ ;, with distinguished
element d¢ 1. We choose dy, to be d¢ 1, (and consequently
dp = dy if L = Ly).

The rest of the sequence of A-interpretations Z°, 7', ...
is obtained by repeatedly satisfying abstraction and refine-
ment statements in O, guided by U, each time adding an
MCC in essentially the same way as described above. This
is done in a fair way, that is, we do not defer the satisfaction
of any abstraction and refinement statement forever so that
in the A-interpretation Z obtained in the limit of Z%, Z%, .. .,
all abstractions and refinements are satisfied. We now give
details.

There are two rules for obtaining Z'*! from Z° and
we assume that they are applied in a fair way to obtain
the sequence Z°,Z',.... For a tuple of elements & =
(e1,...,en), we may write &' to denote (el, ..., el).

Rule 1. Choose a d € AZ" such that o (d) = & and p? (d)
is undefined.

Consider the £ L-interpretation [Jz. Using the construc-
tion and structure of & and Z* and our choice of initial el-
ements, it can be verified that none of the elements of ATz
occur in A" 5

Now define Z**+! to be Z*¢, modified as follows:

« pf " (d)=cand p] " (dF) = e;

* Tt is the disjoint union of Z} and 7.

Rule 2. Choose a tuple € over Azi, for some L € Ao, such
that p%(d) = & and there is no d’ such that p7 (d') = é.
Consider the £ L-interpretation 7. It can be verified that
none of the elements of A7 occur in AZ". Now define 7'+
to be Z*, modified as follows:
i1 _ i1 _
s pE (d) =ceand pt " (d) =e';
e Tt is the disjoint union of Z} and 7.
The following lemma is a straightforward implication of the
construction of Z.
Lemma 22. 7 has the following properties:
1. AT C {d,d" | de AY};
2. CNz(d) = CNz(d") = CNy/(d) for all d € A%;
3. pi(d) = p(d) and pp(d') = p{(d) forall L € Ao
and d € NZ;
3And even if they did, we could easily deal with this issue by

renaming elements; we thus refrain from analyzing this in great
depth.

4. T|z and Iz are isomorphic to Ulg, for all ensembles &
inZ.

Now we prove that 7 is in fact the desired pseudo-model.
Recall that for tameness, we need to consider the graph G, 1
for a homomorphism A from some CQ ¢ to Z. For readabil-
ity, we often index h with the interpretation it maps to (for
example h7) and will in such cases omit the Z from the lower
index of G, 7.

Lemma 23. 7 is a Ly-pseudo-model of Cy and O.

0

Proof. We have C(?LO # 0 and thus also C;™° # (. In
the construction of Z, we already argued that each of the 7z,
with € a tuple over AYL is a model of @;. Hence it is easy
to verify that 7 satisfies all concept inclusions, role inclu-
sions, and range restrictions in 0. What remains to show is
that concept refinements and abstractions are also satisfied.
For simplicity, we consider only the elements of A that are
also elements of A, but not their ~T—companions. For the
latter, all arguments are identical.

Assume that d € AZL and there is a concept refinement
L':q(z) refines L: A in O. Lemma 22 implies d € AYr
and since U is a model of O, pY,(d) = & is defined and &
is an answer to g on Y. The construction of Z then implies
that either Rule 1 or Rule 2 set p%,(d) = & and Lemma 22
implies that € is an answer to g on Z, as required.

Assume that € is a tame (w.r.t. Op) answer to a CQ ¢(Z)
on Z7, for some concept abstraction L': A abstracts L: ¢(Z)
in O. Let hz be the tame homomorphism with hz(Z) = e.

We differentiate between three cases. The ensemble e
might coincide with an ensemble in Z, it might not share
any constants at all with an ensemble in Z, or it might par-
tially overlap with an ensemble in Z. We will show that only
the first case occurs and satisfies the concept abstraction, the
other two lead to a contradiction.

e Case 1: € coincides with an existing L-ensemble in Z.
Then by the construction of Z, Rule 1 or Rule 2 have set
pE(d) = é for some d € AZ. For both rule applications,
this implies p% (d) = €. By Lemma 22, € is an answer to
g on Uy, and since { is a model of O we obtain d € AYz’ .
Lemma 22 then implies d € A%z’ as required.

* Case 2: e consists of only free elements in Zy. By def-
inition of tameness, G, is then a tree and each node is
a singleton class. Hence we assume for simplicity that
the nodes are the variables themselves (instead of equiva-
lence classes containing one variable). Let x z be the root
of G1,,. We argue that there is a homomorphism h;, from
q to Uy, with hu(.IR) = hz(l‘R).
First, we prove a claim about the existence of roles in I/
that are similar to roles that span across ensembles in Z.
It will be helpful here and in the next case.

Claim 1. Let e, ¢’ € ATt be two elements and S = {r |
(e,e’) € rIr} the set of role names that go from e to
e¢'. If e and ¢’ are not part of the same L-ensemble in Z,
then for any f € AYL with CNz(e) = CNy(f), there is
an f' € AYt such that (f, f') € v for all r € S and
CNI(EI) = CNu(f/)

Proof of the claim. By construction of Z, there is a tuple



€ of elements such that e,e’ € AJ¢. Since e and e’ are
not part of the same ensemble in Z, ¢/ must have been
introduced by Property 2 in the construction of Jz (also
in the case where e = ¢’). Consequently, there is a CI
ALC, Ir.B € Osuchthate € ATt r € Sande' = e, 5
with e, p the distinguished element chosen for 7 and B in
Je.

All edges in S must have then been set in the second step
of the construction of [Jz. This implies S = R, o, . What
remains is to find an f/ such that CNz(e’) = CNy(f’).
For this, we need to argue that ¢’ is ‘universal’.

We call an element d € AT concept-name-universal for a
concept C, abstraction level L and ontology O, if in any
model J of O and element e € C2, we have CNz(d) C
CN(e). Note that we do not use the standard universality
definition here, since Z might contain reflexive edges. In
the following we prove that e’ is concept-name-universal
for BMCyr0,,L,and O.

By Lemma 22, we have e € AY~_ It is relatively straight-
forward to see that there cannot be an r-successor g of e
in Uy, that satisfies B and is part of the same ensemble
as e. If there were such a g, then Property 3 of S(&) and
the definition of J; would have introduced (e, g) € r’-
instead of (e, e’) € rZz.

But since Uy, is a model of O, there still must be an r-
succesor € of e that satisfies BMC,. o, (and is thus not part
of the same ensemble as e). The construction (uniformity)
of U then implies that € is universal for BMC, o, and L.
Property 2 of S(€) indicates that we choose as e, g an
element satisfying the fewest concept names (in addition
to the other conditions). Since we just showed that there
is an element that satisfies the necessary conditions for
Property 2 and is also universal for B N C'. o, , L, and
O, we obtain concept-name-universality of e, p for B 1
Cr.o0,,L,and O.

Remember that for proving the claim, we need to prove
that there exists an f’ € AYL such that (f, f') € s¥* for
all s € S'and CNz(e’) = CNy/(f”). This has now become
straightforward. First, CNz(e) = CNy/(f) implies that
f € AYz . Then, U being a model of O implies that there
is an r-successor f' of f that satisfies D = B C,. 0,
(we showed that A Ty dr.B € ). The construction
of U implies that f is universal for D and L, and we al-
ready proved that ¢’ = e, g is concept-name universal for
D, L, and O. Hence CNz(e’) = CNy(f’). And finally
since S = R, p,, U being a model of O implies that
(f, f") € s¥= for all s € S. This finishes the proof of the
claim.

Now let us get back to defining the homomorphism hy,
from ¢ to Uy,. We define it step by step, traversing Gy,
from the root zp to its leaves while also proving that for
all z € var(q), we have CNz(hz(z)) = CNy(hy(z)).
We set hy(xr) = hz(xg). This is a partial homomor-
phism, since by Lemma 22, they satisfy the same concept
names and by tameness there are no reflexive atoms in q.
It is trivial to show that CNz(hz(zgr)) = CNy (hy(zR)).
Now assume that hy(z) is already defined,

CNz(hz(z)) = CNy(hy(z)), (z,y) an edge in G}, and
hy(y) is undefined. Then we can directly use Claim 1
on hz(x),hz(y), S = {r | (hz(z),hz(y)) € 1}, and
hy(z) to define hy(y). Hence we obtain a homomor-
phism hy; from q to Uy,.

Obtaining hy, is, however, a contradiction to U/ being a
model of @. By assumption hz(zgr) was free, making
hy(Z) free by construction of Z and hence contradicting
U being a model of O. Thus we have proven that € cannot
consist of only free elements in Z.

Case 3: e partially overlap with an least one ensemble in
Z. This means that € contains at least one element that
is part of an ensemble and another element that is free or
part of another ensemble.

Recall that we call an ensemble € in U/ an abstraction en-
semble if it was introduced by a Rule 3 application. Oth-
erwise, we call € a refinement ensemble. Let cy be the
root of G,

We define hy, step by step, traversing G, from its root
cr to its leaves while also proving that for all z € var(g),
we have CNz(hz(z)) = CNy(hy(z)). Start by setting
hu(z) = hz(z) for all x € cp. Lemma 22 implies that
this is a partial homomorphism. It is trivial to show that
CNz(hz(z)) = CNy/(hy(z)) forall z € cpg.

Now assume that (¢, c2) is an edge in G}, hy(z1) is
already defined for all 1 € c¢; and hy is undefined for
the elements in cy. Let 1 € ¢; and x5 € ¢y be variables
such that r(z1, z2) € q.

The construction of &/ implies that either hz(z2) is free or
it is the origin of an abstraction ensemble in Z. Let C' =
CNz(hz(x2))and S = {r | (hz(z1), hz(x2)) € rTr}.
Applying Claim 1 on hz(x1), hz(x3), S, and hy(x1) lets
us obtain an f’ € AYL such that (hy (1), f') € s¥* for
all s € S and CNz(hz(x2)) = CNy(f'). Hence setting
hu(z2) = f' is a partial homomorphism. If hz(xz) is
free, then we are done.

Otherwise, hz(z2) is the origin of an abstraction ensem-
ble f in Z. The construction of G}, implies that all
hz(xh) with zf, € o are then part of f. By Lemma 22,
hz(z2) is then also the origin of an abstraction ensemble
f’ in U that is isomorphic to f. Hence we can extend hy,
to the variables in ¢, by applying Lemma 21 on [’ as d,
hz(x2) as d, and hy(z2) as e respectively.

Condition 2 of tameness ensures that there are no role-
atoms in q that go from variables in ¢ to ¢ but map to
different elements than hz(z1) and hz(x2).

We have thus obtained a homomorphism hy, from ¢ to Uy,
What remains to prove is that this contradicts / being a
model of O. We do this by proving that h;, spans across
multiple ensembles in U.

By construction, h;; overlaps with the ensemble of the
elements in cg. Our assumption was that hz(Z) spans
across multiple ensembles and hence G}, contains at
least two nodes. Let ¢ be a successor of cg and r(z,y) €
q with z € cr and y € c the role atom that exists by
definition of G,,. Also let e = hz(z) and ¢’ = hz(y).



By construction of Z, the element ¢’ must satisfy some
concept name B not satisfied by any r-successor of e that
is part of the L-ensemble of e. Lemma 22 then implies
that hy,(z) does not have an r-successor that is part of
the same ensemble and satisfies B. Hence hy,(y) must be
part of a different ensemble (including no ensemble at all)
than hy, (). This contradicts U being a model of O.

a

We analyze the size of Z componentwise since our algo-
rithm guesses these components in the form of mosaics.

Lemma 24. Each MCC in T has at most 2 - (||O||> +||O|])
elements.

Proof. By construction of Z, for every MCC . of Z there
is an ensemble ¢ in Z such that A C S(e), with S(e) de-
fined as in the construction of J. The ensemble € may con-
tain at most ||O|| elements. S(d) might introduce an element
er g for every role name r and concept name B that appear
in O. Each of these e, p might also be part of an ensemble.
This results in adding at most ||O]| - ||O|| elements. for a
total of [|O||? + ||O|| elements. Finally, we also introduce
-T copies of each of these elements hence doubling the total
number. a

Now we are ready to prove the correctness of our PSPACE
algorithm.

C.3 Soundness

Assume that the algorithm returned ‘true’. We need to prove
that there is an Lg-model Z of Cy and O.

We construct Z in two steps. First, we define an unravel-
ing of individual mosaics and then we add the refinements
and abstractions to these unravelings. Let M = (Z, L, E, €)
be a mosaic. We use ET to denote E extended with all
length one tuples (d) such that d € A7 is not part of any
ensemble in I/. Note that € € E unless ¢ is the empty tuple.
A path in M is a sequence

p = €1dara falo dsrsfaes - dpry frex

where k > landforl1 < i < k,&; € ET, d; is an element
in €;_1, f; is an element in €;, and each r; is a role name
such that the following conditions are satisfied:

1. (dz,fz) S ’f‘iIfOI‘l <i<k;

2. if éi = éj+1, then éz’ §é FE.

The last condition ensures that we do not unravel edges in-
side of ensembles. We cannot generally demand &; # €;1
because reflexive loops of non-ensemble elements must be
unraveled. We use headE(p) to denote the ensemble &; and

likewise for tailE(p) and €. Now the unraveling of M at a
tuple d € E is the interpretation 7 defined by setting

AT

{(p,d) | p path in M with headE(p) = d

and d € tailE(p)}

A7 = {(p,d) | d e A%}

r7 = {(p,d),(p,e) | (d,e) € rt and tailE(p) € E}U
{0 )./ £)) | = pdf for some 2},

The condition tailE(p) € E is there to prevent reflexive
loops of non-ensemble elements to be included.

Let M be the set of all mosaics that our algorithm guessed
during its successful run.

Lemma 25. Any unraveling J of a mosaic M € M at some
tuple is a model of O .

Proof. Let M € M with M = (Z,L, E,é&) be such a
mosaic. By definition of mosaics, Z is a model of Op. What
remains to be proved is that the same holds for 7. We first
consider the different forms of Cls that any element d € A7
has to satisfy:

e it is straightforward to see that CIs of the form T Cp
AeQand A1 M....,MA, Cp A € O are satisfied, by
definition of 7 and the fact that Z is a model of O ;

e if (p,d) € A7t and A Cp Ir.B € O, then there is an
e € BTt and (d,e) € r*t by T being a model of O
If both d and e are part of the same ensemble in F, then
((p,d), (p,e)) € 7 and (p,e) € BY by definition of 7.

If d = e and d is not part of an ensemble in F, then
((p, d), (pdrd(d), d)) € r7 and (pdrd(d),d) € B” by
definition of J.

If d and e are not part of the same ensemble in £ and
d # e, thenlet f € E* be the tuple with e in f. Again
the definition of 7 implies that ((p, d), (pdref,e)) € r7
and (pdref,e) € BY, as required;

s if (p,d) € (3r.A) and 3r.A T B € O, then by seman-
tics, there is an (p’,e) € A7 with ((p,d), (p',e)) € 7.
The definition of 7 and paths then imply that (d, e) € rt
and e € AZ. Since 7 is a model of Op, we have d € BZ
and thus (p, d) € B7, as required.

What remains to be proved is that role inclusions and range
restrictions are satisfied. Let ((p, d), (p/, f)) € 7. By defi-
nition of 7, there are two cases. If p = p/, then (d, f) € rZ.
Since Z is a model of O, it is then easy to see that any role
inclusion and range restriction with regards to r is satisfied
inJ.

Otherwise, we have p’ = pdr fé for some ¢ € E+. The
definition of paths implies that (d, f) € rZ and clearly any
role inclusion and range restriction is again satisfied. a

Next, we show that for homomorphisms of connected
CQs into the unraveling, we can find tame homomorphisms
that match into the pseudo-model.

Lemma 26. Let J be the unraveling of any M € M at
some tuple and with M = (Z, L, E, €). For every connected
CQ q and homomorphism h gy from q to J, there is a tame
homomorphism hz from q to L.

Proof. For all z € var(q) and h7(z) = (p,d), we set
hz(x) = d. The definition of J implies that if (p,d) €
A7, then d € AT and that if ((p,d), (p',e)) € r7, then
(d,e) € rZ. Thus hz is an answer to g on Z.

What remains to be proved is that hz is tame. We first
prove that h s is tame and then use this to show that Az
must be tame as well. Note, however, that currently J is
not equipped with a set of ensembles. Hence let &7 be the



set of ensembles of 7, defined by

EJ = {((pa dl)a"'v(pad'n)) | (p7 dz) € AJ forl S ? S n
and (dy,...,d,) € E}.

Let us consider the directed graph G}, ,, 7 as defined in
the main part of the paper. We must show that Conditions 1
and 2 of tameness are satisfied. For Condition 1, we have
to show that G, 7 is a tree, possibly with self-loops on
ensemble nodes.

By assumption, q is connected which implies that G, ;| 7
is connected. Now take any edge (ci,cz) in Gy, 7 with
¢1 # co. Then ¢ contains an atom 7(x1, x2) with 21 € ¢;
and 5 € ¢, and we have (hy(21),hs(z2)) € 7. By
construction of G, 7, ¢1 # c2 implies that hz(z1) and
h(z2) are not part of the same ensemble in 7. Conse-
quently, if hy(x1) = (p1,d1) and h7(x2) = (p2,d2), then
p1 # pe. From (h7(x1),h7(z2)) € r7 and the definition
of J we obtain that ps is a longer path than p;. Clearly, this
property precludes the existence of cycles in Gy, 7.

Regarding self-loops, consider any edge (¢, c) in Gy, 7.
We have to show that c is an ensemble node. Assume that
it is not. As mentioned in the main part of the paper, then
¢ = {z} is a singleton. Thus ¢ contains an atom r(z, ) with
x € c. We have (h7 (), hz(z)) € r7. By definition of 7,
this implies that h 7 (z) = (p, d) with tailE(p) € E. But this
means that ¢ is an ensemble node, which is a contradiction.

Now for Condition 2. Let (ci, c2) be an edge in Gy, 7.
Then there are ensembles e;,es € E 4 such that for all
x € ¢;, we have hy(x) € g, for i € {1,2}. By defi-
nition of E 7, there are thus paths p;,ps such that for all
x € ¢, hgy(x) is of the form (p;,d) for some d and for
i € {1,2}. Since (c1, c2) is an edge in G}, ,, 7, ¢ must con-
tain an atom r(x1,x2) with 1 € ¢; and 29 € co. Thus
po has the form pidrfeé. To see that Condition 2 is satis-
fied, take any r(x1,z2) € g with 1 € ¢; and zo € co.
Then 7(h7(z1), hs(x2)) € r7 and by definition of J we
must have h7(z1) = (p1,d) and h7(z2) = (p2, f). Con-
sequently d; = d and d» = f are the elements required to
witness Condition 2.

At this point, we have shown that h s is tame and now
prove that also hz is. To show that Condition 1 is sat-
isfied, it suffices to prove that G,z = G, 5. For
this, in turn, it is enough to show that x ~j, y if and
only if  ~y, y for all z,y € var(q). Assume that
x ~p, y. Then G4 contains a path x = 21,...,2, = ¥
such that hz(z1),...,hz(z,) are all part of the same en-
semble in E. Now consider h7(z1),...,hs(z,) and recall
that ¢ contains an atom r;(z;,z;41) for 1 < i < n. We
have (hy(z),h7(ziv1)) € r{. If hy(z) = (p,d) and
hg(zit1) = (', d'), then the definition of r{ yields p = p':
otherwise p’ takes the form pdr fé and Condition 2 of the
definition of paths ensures that tailE(p) # e. This con-
tradicts the assumption that hz(z;) and hz(z;11) are part
of the same ensemble in F, since by definition of paths,
d € tailE(p) and d’ € e. By definition of E7, p = p/
implies that h 7 (z;) and h 7 (z;4+1) are in the same ensemble
in E 7 and by transitivity so are all of h7(z1), ..., h7(zn).
Consequently, x ~p, y.

The converse direction is similar but simpler, using the
definition of E ;.

Now for Condition 2. Take any edge (ci,cz2) in G, 7
and let (py,d;) and (pg,ds) be the elements of A7 which
witness that Conditions 2 is satisfied. Then for the edge
(c1,¢2) in G, 7 we can take d; and dy as witnesses. |

In the following, we only need one specific unraveling for
each mosaic M € M, depending on the part of the algo-
rithm in which M was guessed:

 if M was guessed in Line 4, we choose d € C’gM and
unravel at (d);

 if M was guessed in Line 7 for some 7' € X, then we
choose d € ([] T)IM and unravel at (d);

* if M was guessed in Line 13, then we unravel at eM.

Note that each M € M is guessed at only one of these
places: mosaics guessed at Line 4 have level Ly while the
mosaics guessed at Line 7 have a level L # Lg; moreover,
eM is the empty tuple for mosaics guessed at Lines 4 and 7,
but not for mosaics guessed at Line 13. When we speak
about the unraveling of a mosaic M € M, we mean the
unraveling at the tuple defined above.

We use the unraveled mosaics to construct an Ly-model
Z of Cy and O. More precisely, we construct a sequence
of A-interpretations Z°, Z', 72, . .. in which more and more
concept abstractions and refinements from O are satisfied.
The desired model Z is obtained in the limit. Along with the
sequence Z°, T, ..., we define mappings My, M1, ... and
Wo, w1, ... such that M; associates with every d € A%i a
mosaic M;(d) € M and w; associates with every d € AZi

an element w(d) € AT For the sake of readability,
we treat the functions from the sequence My, My,... as a
single function M with growing domain, and likewise for
wo, w1, - ... Additionally we may write M (d) or w(d) to
mean M (d) = M iff M (d) = M for all d € d and likewise
for w.

Now for constructing Z, we start with defining Z° by tak-
ing, for every L € A, the interpretation Z? to be the dis-
joint union of the unravelings of all mosaics M € M with
LM = L. The refinement function p of Z° is empty. We set
M(d) = M if d is an element of the unraveling of M and
w(d) = e if the element d in the unraveling of M originated
from the element e € AZ" , that is, if d has the form (p, e).

In the following we might use p; ' (d) to denote the d €
AT with pr(d) = d. Note that inversing p returns a dis-
tinct value or is undefined since we make sure that it is an
injective function.

To obtain Z°**, we start from Z? and apply the following
two rules (in all possible ways):

RLIfd € A%:, Q%f ) 1 (w(d)) # 0, and pr/(d) is unde-
fined, then, for the mosaic M’ that our algorithm guesses
for this choice of M = M(d), d, and L’ in Line 12, do
the following:

1. add a disjoint copy J of the unraveling of M’ to Z/;



2. set pr(d) to be the tuple € over J with w(e) = &M’ 6
For all elements d € A7, set M (d) = M’ and w(d) = e
if d is a copy of an element f in the unraveling of M’ such
that f that originated from e € AT

R2Ifd € T, T30, | (w(d) # 0, w(d) # &M@, and

pzl(d_) is undefined, then, for the set of concept names
T" that our algorithm chooses for this choice of M =
M(d), d, and L' in Line 17, and for the mosaic M’ that
our algorithm guesses for the choice of L = L' and T =
T’ in Line 7, do the following:
1. add a disjoint copy J of the unraveling of M/ "toZrs;
2. set pr(d) = d with d € A7 the element such that the
unraveling of M’ unravels at w(d).
For all elements d € A7, set M(d) = M’ and w(d) = e
if d is a copy of an element f in the unraveling of M’ such
that f that originated from e € AZ" .
In the limit of this sequence of interpretations, we ob-
tain the A-interpretation Z* = |J;.,Z; where the union
J = (Ao, =, (JL)Leay, p") of two A-interpretations Z =
(A07 = (IL)LGonp) and 7' = ((A(97 =< (I}J)LGAOHDI))
is defined as:
AT = ATr U AT
AT = ATy ATL,
R7 = R%v U R™1;
pp(d) =& if pr(d) = eorpp(d) =e
with the added condition that if both py,(d) and p} (d) are
defined, then pr(d) = p’.(d). Our chase satisfies this con-
dition since the rules only apply to elements where p was
undefined.
Lemma 27. % is an A-interpretation.
Proof. We need to show the following:
1. The directed graph (A7, <) is a tree.
Clear by definition of Z*.
2. pis a partial function. Both R1 and R2 only define p for
elements for which it was undefined previously.
3. No element in p is part of two distinct ensembles.
First, we argue that if € is an L-ensemble in Z*, then
w(é) € EM(®), When we achieve this we are done, since
overlapping ensembles are of course from the same mo-
saic M and the definition of mosaics does not allow for
overlapping ensembles in £

Now assume that pr,(d) = e. By the construction of Z*,
it was either R1 or R2 that set pr,(d). R1 specifies that
w(e) = &M’ for the mosaic M’ € M with M (&) = M.
The definition of mosaics then implies & " e EM' s
required.

If R2 set pr(d) = ¢, then let M be the mosaic with
M(e) = M and f the tuple over ZM with w(e) = f.
Since 13¢5, (w(€)) # 0., Line 16 in the algorithm imme-
diately implies f € E.

’ . .
®Note that & is preserved by the unraveling

a

What remains for proving the soundness is to show that
T* is indeed the desired model.

Lemma 28. 7* is an Ly-model of Cy and O.

Proof. All concept inclusions, role inclusions, and range
restrictions in O are satisfied because of Lemma 25 and the
fact that we only add disjoint copies of unraveled mosaics in
the construction of Z*.

Let d € ATz be an element such that there is a concept re-
finement L': ¢(Z) refines L: A € O. Then Q'er(d)’L, (d)#0
and thus either R1 or R2 must have defined p,(d) in the con-
struction of Z*. If py,(d) = € was set by some R1 (resp. R2)
application, then Line 13 (resp. Line 18) in the algorithm
implies that € is an answer to q.

Let h : T — e be a homomorphism from g to Zy, for some
concept abstraction L': A abstracts L:¢(Z) in O. Lemma 26
implies that there is then also a tame homomorphism A’ from
q to M(e). Hence T]"f/';fé)’y(w(é)) # () and now there are
two cases.

Case 1: w(é) = e (@), By the definition of our algorithm
we then know that M (é) and € were guessed in Line 12
to satisfy some refinement statements and hence R1 defined
pr (€). Line 13 together with the definition of unravelings
then guarantees that p; (€) satisfies A.

Case 2: w(e) # eM(©). This implies R2 defined p; (€).
Line 18 together with the definition of unravelings then guar-
antees that p; (€) satisfies A.

. . I ..
What remains to be shown is that C;™° # . This is
straightforward to see since our algorithm guesses a mosaic

M with C’gM # () in Line 4, and the unraveling of that
mosaic is of course part of Z*. a

C.4 Completeness

Assume that C is Lg-satisfiable w.r.t. 0. We prove that
our algorithm accepts by showing how to take the non-
deterministic choices towards a successful run. Recall that
these choices are as follows: the algorithm guesses sets of
concept names X, in Line 3, mosaics in Lines 4, 7, and 12,
andaT’ € X, in Line 17.

Since C is Lg-satisfiable w.r.t. O, by Lemma 4 there is
an Ly-pseudo-model Z of Cjy and O. We use Z to guide the
non-deterministic choices of the algorithm.

e For Line 3, recall that that 7 is constructed out of a uni-
versal model U/ that satisfies Lemma 20. This lemma pro-
vides us a set Y7, of sets of concept names for the abstrac-
tion elements of level L. It also gives the upper bound of
Y] < [|O|2+]|O]|? and thus we use Y7, as X, in the al-
gorithm. This bound then also holds for Z by Lemma 22.

* For Line 4, choose an MCC J of Zp,, with C’UIL” # () and
such that J does not contain a refinement ensemble. A
straightforward analysis of the construction of Z implies
that such an MCC exists. By Lemma 24, any MCC we
choose contains at most 2 - (||O]|> + ||O||) elements and
hence it is straightforward to convert 7 to a mosaic M:



Recall that A is the domain of mosaics. Let J " be an
isomorphic copy of 7 such that A7 C A by some iso-
morphism +: A — A7’ We define M as follows:
M = (J’, Lo,{c(e) | eis L-ensemble in Z|ps},());

e For Line 7, let L € Ap and T' € X, be the abstrac-
tion level and set of elements chosen in Line 6. We
choose an MCC 7 of Zy, with ([]T)%r # @ which ex-
ists by definition of X;. Let .: A7 — AY’ be an iso-
morphism to an isomorphic copy J' of J, as before.
We then convert J to a mosaic M = (J’',L,{c(e) |
€is L-ensemble in Z|as }, ());

e For Line 12, let M, d € AIM, and L' € Ap be the mo-

saic, element, and abstraction level chosen in Lines 10 and
11. Let ¢ be the isomorphism that was used to construct
IM from some MCC of Z.
Line 11 implies that Qff /,(d) # § and hence
pE,(171(d)) = € is defined since Z is a pseudo-model
of O. Let J be the MCC containing & and J’ the iso-
morphic copy of J by some isomorphism ¢’. Note that
€ is the one and only refinement ensemble in J. We
then convert this to a mosaic M = (J', L, {/(f) |
fis L-ensemble in Z|p7 }, V' (€));

* For Line 17, let M, L':A abstracts L:q(z) € O, and d
be the mosaic, concept abstraction, and tame answer to
q on Z chosen in Lines 10 and 15. Let ¢ be the isomor-
phism that was used to construct ZM from some MCC of
Z. Since Z is a pseudo-model of O, p%(d) = +71(d) is
defined such that d € AZr’.

What remains to be shown is that ¢ ~1(d) is an abstraction
ensemble in Z, since then we can choose a T € Y, with
CNz(d) = T, by Lemma 20. This is trivial since our
choice of mosaics implies that if . ~*(d) were a refinement
ensemble, then e = d and the check d # € in Line 15
ensures that this cannot be the case.

What remains to be shown is our algorithm does not re-
turn false in Lines 13, 16 or 18. Since Z is a pseudo-model,
concept refinements and concept abstractions are of course
satisfied (w.r.t. to tame answers). Hence our choice of mo-
saics implies that Line 13 does not return false, since we
choose the MCC that satisfies the concept refinement of d
and convert it to a mosaic. Line 16 is similar in that ev-
ery tame answer d to a CQ of a concept abstraction must be
an abstraction ensemble in Z, and hence d € EM by our
choice of mosaics. For Line 18, Z being a pseudo-model
implies that there must be an abstraction element d for the
abstraction ensemble d satisfying all the concept refinement
and concept abstraction statements. We chose as 7" the set
of concept names satisfied by d in Z and thus Line 18 does
also not return false.

D Proofs for Section 5

In this section we will give more details on the proof of The-
orem 3 and Theorem 4. Let us first consider Theorem 3
which we repeat there for the reader’s convenience.

Theorem 3. Satisfiability is

1. CONP-hard in EL£2%[cr] and
2. PSPACE-hard in EL£2%[cr, cal.

In the main part of the paper we presented a reduction
from unsatisfiability in propositional logic to satisfiability in

£L£7[cr] which resulted in Lemma 6 and proves the first
point of the theorem. Let us first present a proof of this
lemma.

Lemma 6. o is unsatisfiable iff T is Lg-satisfiable w.r.t. O.

Proof. “=". Assume that ¢ is unsatisfiable. Recall that
 contains the variables py, . .., p,. We use words of length
m < n over the alphabet {0, 1} to represent valuations for
the first m of these variables. For a word w € {0,1}" and
i < m, we use wli] to denote the i-th symbol in w. Define
an AR-interpretation Z = (Az, <, (Zr)rea,,p) of O with
AI:{Lz | 1 §i§n}and-<:{(Li,Li+1) ‘ 1 <1<
n}, and with Z,, and py,, defined as follows, for 0 < i < n:

ATt = {d,, | w e {0,1}'};

P = {dl, | wlj] =1} for 1 < j < i;

P = {d, | wlj] = 0} for 1 < j <i;
pri, (dl) = (dif), dihY) forall @) € AT,

On abstraction level L,,, we additionally set

TiLn, ={d} | w = ¢} for all ¢ € sub(y);
F"an = {dy | w £ ¢} forall ¢ € sub(y).

It is straightforward to see that this satisfies the Refine-
ments (1) to (3) in O and thus T is Lg satisfiable w.r.t. O.
“«<". Assume that T is L satisfiable w.r.t. O. Take any
valuation w for . We have to show that w [~ ¢. Due to
Refinements (1) to (3) in O, we find a d € AZL» such that
d e Pan if and only if w[i] = 1,for1 < i < n. Asa
consequence of CIs (4) to (6) in O, d € TfL” if and only if
w =, for all ¢ € sub(y). It now follows from CI (7) in O
that w [~ ¢, as required. a

Next, we give the proof for Point 2 of Theorem 3 which
was captured by Lemma 7 in the main part of the paper.
Lemma 7. g is valid iff T is Lg-satisfiable w.r.t. O.

Proof. “=". Assume that ( is valid. We need to con-
struct a model Z of @. We start with an interpretation Z
constructed as in the proof of Lemma 6 and extend it as fol-
lows. We add the following to Z for 1 < ¢ < n:

s™i = {(diyo, dipy) | w € {0,171}

It is clear that the Statements (1) to (6) of O are now satis-
fied. Statement (7) is not part of O and for CI (8) we add the
following to Z:

Fren = {dy, | w £ ¢}

For the Abstractions (9) and (10) we add the following to Z
foreachi € {0,...,n—1}if Q;, = V:

Fru = {dl, | difi € F™ i or difit € F™hin}



and for 7 € {0,...,n — 1} with Q; = 3 we add the follow-
ing:

FToi = {d) | dif} € F™hvr and di) € FPrav ),
It is straightforward to see that d. ¢ F and thus T is Lg-
satisfiable w.r.t. O.

“&”. Assume that T is Lg-satisfiable w.r.t. O. We want
to prove that g is valid. By assumption, there is a model
T of O. To prove that ¢ is valid, we construct a boolean
circuit. (Papadimitriou 2003) Let T = (V, E,¥) be this
boolean circuit with V' the set of nodes, F the set of edges
and £: V — {0,1} a labeling function that assigns a truth
value to each node.

Choose any element d € AZ~o as the root. We now ob-
tain a full binary tree of depth 2™ by taking the maximally
connected component of d, viewing the refinement function
as an edge relation and domain elements as nodes. Assume
w.l.o.g. that the names of the elements reflect their position
in the tree (the root is £ and has children 0 and 1 and so on).
Then our circuit 7' can be defined as follows:

V={w|we{0,1}}for0<i<n
E = {(w,w0), (w,wl) |w e {0,1}} for0 <i<n
¢={(w,1) | w €V and w §ZFIL\w\}U

{(w,0) |]w € Vandw € FIL\w\},

As part of the proof for previous reduction we have shown
that there is a input gate w (leaf node in the tree) correspond-

ing to each valuation of ¢, and that w € Tg briffw | .
Due to the CI (8) and the Abstractions (9) and (10), the inner
gates in 1" get assigned the correct truth value (correspond-
ing to the quantifiers in ). Finally, the CI (11) implies that
¢(¢) = 1 which proves that ¢y is valid. Q

Now we will prove Theorem 4 which we repeat here for
the reader’s convenience.

Theorem 4. Satisfiability in £L£*[rr] is 2EXPTIME-hard.

This proof is a slight variation of the one for the
2EXPTIME-lower bound of ALC**[rr] presented in (Lutz
and Schulze 2023). The main difference is that since we are
in ££ we do not have disjunction or V-quantification avail-
able. Hence we always have to add ‘inverse’-roles for any
role we introduce so that we can use them to simulate V-
concepts.

For the definition of ATMs used in the reduction, we refer
to (Lutz and Schulze 2023). Only note here that our ATMs
have a one-side infinite tape and a dedicated accepting state
g, and rejecting state g,, no successor configuration if its
state is g, or ¢, and exactly two successor configurations
otherwise.

It is well-known that there is an exponentially space-
bounded alternating Turing machine (ATM) that decides a
2EXPTIME-complete problem and on any input w makes at
most 2/ steps (Chandra et al. 1981).

Let M = (Q,%,T', g0, A) be a concrete such ATM with
Q = Q34 Qv W{qa,qr}. We may assume w.l.o.g that M
never attempts to move left when the head is positioned on

the left-most tape cell. Let w = 01 - - 05, € £* be an input
for M. We want to construct an ALC?*[rr]-ontology O and
choose a concept name S and abstraction level L, such that
S is Ly-satisfiable w.r.t. O iff w € L(M). Apart from S,
which indicates the starting configuration, we use the fol-
lowing concept names:

e A,, foreach o € T, to represent tape content;
» A, foreach ¢ € @, to represent state and head position;

* Byomforge Q,0 e, M € {L, R}, serving to choose
a transition;

e H_, H_ indicating whether a tape cell is to the right or
left of the head.

plus some auxiliary concept names whose purpose shall be
obvious. We use the role name ¢ for next tape cell ¢, co
for successor configurations, and ¢, ¢, and % as inverses of
c1,co and t.

The ontology O uses the abstraction levels A =
{L1,...,Ly}with L;y; < L;fori € {1,...,n—1}. While
we are interested in L;-satisfiability of .S, the computation
of M is simulated on level L,,. We start with generating an
infinite computation tree on level L1:

S ELl 301.N|_|E|CQ.N N ELI 3C1.N|_|362.N.

In the generated tree, each configuration is represented by
a single object. On levels Lo, ..., L,, we generate similar
trees where, however, configurations are represented by ¢-
paths. The length of these paths doubles with every level
and each node on a path is connected via c; to the corre-
sponding node in the path that represents the first successor
configuration, and likewise for co and the second successor
configuration. This is illustrated in Figure 3 where for sim-
plicity we only show a first successor configuration and three
abstraction levels.

To generate this kind of structure, we introduce the fol-
lowing role refinements for 0 <4 < nand j € {1,2}:

Lit1:q1(Z,7) refines L;: t(x,y)
Lit1:q2(Z,y) refines L;: cj(x,y)

for T = 2122, Y = Y192, and

1 (Z,9) =t(z1,22) At(T2,91) A

t(z2, 1) A t(y1, v2) A (Y2, y1)
t(z1,22) At(Y1, y2) Acj(zr,y1) A cj(z2, y2)A
t(z2, x1) At(y2,y1) ACj(y1, 1) A cj(y2, 72)

These two types of refinement statements are depicted in
Figure 2, where we for simplicity only show the refinement
for the first successor configuration. Note that whenever we
refine to a role ¢ or ¢;, we also add ¢ and ¢; as the inverse of
t and c;.

To make more precise what we want to achieve, let the
m-computation tree, for m > 0, be the interpretation Z,,
with
ATm = {cg, e} - {1,...,m}

tIm = {(wi,wj) | w € {co,c1}*, 1 <i<m,j=i+1}

c%’” = {(wj,we;j) | w € {cg,c1}*,1 <5 <m,ie{0,1}}

t(y1, y2)A

q2(§75 g)



Figure 2: Two types of refinement statements. Dotted lines indicate
refinement.

Figure 3: Example interpretation. Edge labels t,¢ indicate that
there is a t-edge pointing left and a t-edge pointing right, see Fig-
ure 2. Same for ¢y, c1-edges.

for ¢ € {1,2}. It can be shown that for any model Z of

the ALC"[rr]-ontology O constructed so far and for all i €
{1,...,n}, we must find a (homomorphic image of a) 2i-
computation tree in the interpretation Zy,. This crucially
relies on the fact that ensembles cannot overlap. In Figure 3,
for example, the role refinements for ¢ and ¢; both apply on
level Lo, and for attaining the structure displayed on level L3
it is crucial that in these applications each object on level Lo
refines into the same ensemble on level L3.

On level L,,, we thus find a 2" -computation tree which we
use to represent the computation of M on input w. To start,
the concept name S is copied down from the root of the 1-
computation tree on level L; to that of the 2"-computation
tree on level L,,. To achieve this, we add the following role
refinement to O for0 < i < n, T = x122 and § = y1ys:

L;11:q(Z,9) refines L;: S(z) A c1(x,y) where
q(z,7) = S(@1) A T(z2) A T(y1) A T(y2).
We next describe the initial configuration:
SCr, Ag MNAgs
3t.SCp, Agy
Jt. Ay, Cr, Ao,

E&\"/40'77,71 ELn AUn
Ao, B, An
Jt.Ag CyL, Ag

We add the transitions for successor configurations by first
adding marker concepts:
361.(Aq M AU) Cr, Bqua/’M/
362.(14(1 I Ao') ELn Bq”,a”,M”
forall ¢ € Q and o € T such that A(q,0) = {(¢’, o', M'),
(q// O,/l M//)}.
Next, we implement the correct configuration by using
these marker concepts:
Bq,cr,M ELTL Acr
Jt.By o Cr, Aq
H.Byor Cr, Ag
forallg € Q, 0 € T, and M € {L,R}. Next, we want

to evaluate the existential and universal states of the ATM.
First, we mark configurations that are rejecting:

AQT E Orej

Now we propagate computation results through the compu-
tation tree. For existential states, one of the successor states
has to be accepting:

Aq M Hcl.Crej I ECQ.Crej Cr, Crej

for all ¢ € Q3. For universal states, both successor states
have to be accepting:

Aq r E|Cl-C’rej EL" C’rej

Aq r 302-C’rej Cr C’rej

n

for all ¢ € Qv. Lastly, we have to prohibit illegal configura-
tions or changes in the configuration. We mark cells that are
not under the head:

A, Cp, H. 3t.A,Cp, H_
3t.H.Cp, H. Jt.H_Cp, H_
for all ¢ € @. Cells not under the head do not change:

36.(H.MA,) Cp, A,
36,.(H.MA,) Cr, A,

for all o € X. State, content of tape, and head position must
be unique:

AqﬂAql ELnJ— Aal_lAa’ ELHJ-
H., HAq ELn 1 HHﬂAq ELn 1

forall g,¢' € Q and 0,0’ € T withq # ¢ and ¢ # o’'.
Finally, we want an accepting computation:

S C'rej ELn L

This finishes the construction of O and it is not hard to verify
the following.

Lemma 29. S is Lq-satisfiable w.r.t. O iffw € L(M).



E Proofs for Section 6

We want to prove Lemma 8 which we repeat here for the
reader’s convenience.

Lemma 8. C is Lg-satisfiable w.r.t. O under set ensemble
semantics iff Co M Lg is satisfiable w.r.t. O'.

Soundness (“="). We prove the two directions of Lemma 8
separately starting with soundness.

Assume that Cj is Lg-satisfiable w.r.t. O under set en-
semble semantics. We want to show that Cy M Lg is then
satisfiable w.r.t. @' (with O as defined in the main part
of the paper). By our assumption, there is an Lg-model
Z = (Az,<,(Zr)Leas,p) of Cp and O. We will use it
to construct a model Z’ of Cy M Lg and O'.

Wart. O, we call a CQ ¢ an L-CQ if q is part of a con-
cept refinement L:q(Z) refines L’:A in O or role refinement
L:q(z,y) refines L":q,(x,y) in O that refine to level L. We
further call q active, if ATt # () in the case that g is from
the concept refinement or q,.(Zy/) # 0 if ¢ is from the role
refinement.

When constructing a model for (', by semantics we can
ignore nominals that are part of a CI, where the left side
is never satisfied. Hence we use ANom(O’) = {a, |
x € var(q) and ¢ is an active L-CQ for some L} to denote
the active nominals.

We define a function f: AT U ANom(Q’) — AZ, that
maps AZ and the active nominals in O’ to elements in A
as follows:

s f(d) =d, foralld € AT;

« for all concept refinements L:q() refines L': A in O with
q being active, choose an d € AZz’. Then pr(d) = é is
defined, since 7 is a model of O. We set f(a,,) = €]i] for
all z; € 737

* for all role refinements L:q(Z, §) refines L':q,(z,y) in O
with ¢ being active, choose d, d’ € AL’ such that  +— d
and y — d’ is an answer to ¢,. Then pr(d) = € and
pr(d") = & are defined, since Z is a model of O. We set
flaz,) = €[i] for all x; € Z and f(a,,) = €'[¢] for all
Yi €Y.

Intuitively, nominals represent the variables of a CQ, and we

map active nominals to an answer of that CQ in Z. Note that

f is a function since we assumed that the variables in all

CQs have distinct names.

Now we define our model Z’ of O.

AT = ANom(0') U AT

L¥ ={d| f(d) € AT}

u = AT x AT

AT = {d| f(d) € ATru@}

17 ={(d,e) | (f(d), fle)) € rPr} forall L € Ao

Lemma 30. 7' is a model of Cy M Ly and O'.

"Recall that we always assume a naming scheme of
T1,x2,...,T, for the variables in T

Proof. 7 being an Ly-model of Cy and O implies that
there is an element dy € C’oI 0. The definition of Z’ then
yields do € (Co M Lo)T'. Next, we go through the CIs of
O’

e It is straightforward to see that the T C Ju.L is satisfied

for any L since u works like a universal role in Z';

« let there be an element d € (HT’L.A)I/ and LM3r; . AC B
in /. Semantics imply that there is an e € AT and
(d,e) € rZ. The definition of 7' implies that then
(f(d), f(e)) € Tt and f(e) € ATt and consequently
fld) € (3r.A)r. If LM 3Irp. A C B in O then
Ir.A Cr B in O by construction of O'. Since Z is a
model of @, we hence obtain f(d) € BZ*. Thus d € BY
by definition of Z’, as required.

A similar argument can be made for CIs of the form L I
Ain---NA,Cp Band LMACy, Jrr. (LN B), as well
as role inclusions and range restrictions.

« let there be an element d € (L'MAZ") for a concept refine-
ment L:q(7) refines L’:A in O. Hence f(d) € AZL by
definition of Z'. Since Z is a model of O, pr(f(d)) = &
is defined and an answer to g on Z7,.

Assume that there is a concept atom B(z) € ¢ for some
z € z. Then for every answer e to ¢ on Z by some
homomorphism h, we have h(x) € BZL. The defini-
tion of f(-) then implies that f(a,) € BTt and thus
a, € (LM B)T, as required for Cls of the form L' M A C
Fu.(LN BMN{a}).

Recall that f(-) chooses for each active L-CQ ¢ one an-
swer to that CQ on Z and then maps the nominals cor-
responding to the variables of the CQ to that answer.
Hence if r(z,y) € ¢, then (a,,a,) € rZ. It is then
straightforward to see that CIs of the form L' T A C
Fu.(L M {ag} N 3ry. (LM {ay})) are satisfied.

* let there be an element d € (A M E'TL/.AQ)I/ for a role
refinement L:q(Z, ) refines L':q.(x,y) in O with ¢, =
Ay (z)Ar(z,y)AAs(y). By semantics, there is an e € AZ’
and (d,e) € r%,. Hence (f(d), f(e)) € 7% and f(e) €
Ag L by definition of Z’. Now we can argue in the same
way as for concept refinements that CIs of the form A; M
Irps. A2 C Ju.(LMNBM{a,}) for concept atoms B(z) €
gand CIs A;M3rp . Ay C Ju.(LM{ag}M3sp.(LM{ay}))
for role atoms 7(x,y) € ¢ in O are satisfied.

a

Completeness (“<”). For the other direction assume that

Co M Ly is satisfiable w.r.t. O’. We want to show that then
Cy is L satisfiable w.r.t. O. By our assumption, there is a
model Z’ of Cy M Ly and O'. We will use it to construct an
Lg-model Z of Cy and O.

Recall that the nominals in O’ represent an answer to L-
CQs of a refinement statement. For example, for a con-
cept refinement L:q(Z) refines L':A, we have the nom-
inals a, for all x € Z. When constructing a model of
O, this poses a slight difficulty. If there are multiple ele-
ments d, e € AT’ then we use the same nominals to satisfy



the CIs in O’ regarding concept refinements (for example
L'MAC Ju.(LNBM{ay})) for d and for e.

If we were to naively construct Z from Z’ by just copying
the elements and setting the refinements in the obvious way,
we would thus violate the condition that each element is part
of at most one ensemble. Hence we use unraveling to define
7.

For a CQ ¢ and level L € Ap, we use ¢g[L] to denote
the CQ obtained from ¢ by replacing every role atom r(z, y)
with 1, (z,y) for all role names r € R.. This will be helpful
when considering matches of ¢ in models of O’.

A pathin T’ is a sequence:

where k > 1,andfor 1 <i < k,d; € AT andfor1 <i <
k, d; and d;; satisfy one of the following conditions:
1. (di,diy1) € rE forsomer € Rand L € Ao, or
2. there is a concept refinement L:q(Z) refines L":A in O
with d; € A% and dit1 = a, withx € Z, or
3. there is a role refinement L:q(Z, ) refines L":q,(x,y) in
O and homomorphism A from ¢, [L'] to Z’ such that one
of the following holds:
* h(z) =d;and d; 1 = a, withz € T or
* h(y) =d; and d;11 = a, with y € 3.
For a path p, we use t(p) to denote the last element (tail)
of p. We can now define Z.

ATt = {(p,L) | p pathin 7’ and t(p) € L'}
AT ={(p, L) | t(p) € AT}

(
(
rfe = {((p, L), @', 1)) | (t(p), t(p)) € rf
pr((p, L)) ={(p/, L") | p" = pd and

t(p) and d satisfy Condition 2 or 3 of paths}

Lemma 31. 7 is an A-interpretation.
Proof. We need to show the following:

1. The directed graph (Az, <) is a tree. The definition of
p and paths implies that if (A7, <) were not a tree, then
G is also not a tree. This is a contradiction, since then
O’ would be unsatisfiable as explicitly stated in our re-
duction.

2. pis apartial function. Clear by definition of Z.

3. No element in p is part of two distinct ensembles.
Follows from (A7, <~1) being a tree and the definition
of p.

a

Lemma 32. 7 is an Ly-model of Cy and O.

Proof. The first set of CIs introduced to O ensures that
for each L € A, there is an element d € LI/, and hence
(d,L) € ATt by construction of Z, making it non-empty.
Additionally, since there is an element dg € (Cp M LO)I,,
we have (dy, Lo) € Zp,, as required.

Next, let us consider the ClIs, role inclusions and range
restrictions in O (recall that O is normalized).

* let there be an element (p, L) € (A1 M-+ M A,)** and
AyM---MA, Ep Bin Q. The construction of Z implies
that t(p) € (A, M ---M A,)% and t(p) € LT. By CI 2
in O', we then obtain ¢(p) € BZ'. And then again by
construction of Z we have (p, L) € BZL, as required;

This also proves the case for CIs of the form T T A in
0.

o let there be an (p,L) € (Ir.A)*L and Ir.A C;, B
in O. Semantics imply that there is an (p/,L) € AZr
with ((p, L), (p/, L)) € rIt. The construction of Z then
implies that #(p) € (L M 3ry.A)Y. Hence we have
t(p) € BT by CI 3 and hence (p, L) € BZ*, as required;

* let there be an element (p, L) € A7t and A T, Ir.B. By
construction of Z, we have t(p) € (L1 A)Z. CI 4 then
implies that there is an d € (LMB)Z with ((p), d) € r¥ .
Hence (pd,L) € B*t and ((p,L),(pd, L)) € 7, as
required;

* it is straightforward to see that any role inclusion is sat-
isfied by our construction of Z and Point 7 in the con-

struction of (O and analogously for range restrictions and
Point 8 in the construction of O'.

Now, we consider the refinement statements in O:

s let (p, L') € ATz’ be an element such that there is a con-

cept refinement L: (%) refines L': A in O. As always let
I = a1 -2, Thent(p) € (L' AT, Itis easy to
see that then Point 5 in the construction of O’ implies that
Qg -G, is an answer to g[L] on Z’ and that a,, € L%
forl <i¢<n.
Condition 2 of paths ensures that, for 1 < ¢ < n, pay,
is a path and consequently (pa,,, L) € AZt. The defini-
tion of p then implies that {(pa,,, L), ..., (pas,,L)} C
pr((p, L"), as required;

o let ((p1,L)(p2, L)) € ¢-(Zr/) for a role refinement
L:q(z,7) refines L':q,(x,y) in O. The proof follows the
same structure as with concept refinements.

Letx =21 ---xpand y =y - - - Y. The definition of 7
implies that then (t(p1)t(p2)) € q-[L'](Z'). Tt is easy to
see that then Point 6 in the construction of O’ implies that
Qg - g, Gy, - - - Gy, is an answer to ¢[L] on 7' and that
Uz, Oy, € L¥ for1<i<nandl<j<m.

By Condition 3 of paths, we obtain that for 1 <
t < n, piag, is a path and for 1 < 5 < m,
paay, is a path. Consequently (piay,,L) € A*:
and (paay,,L) € ATL. The definition of p then im-
plies that {(plaml ) L)7 EEEE (plamnvL)} C ,DL((ph L/))

and {(pZG’yl ) L)7 R (p2aym?L)} < PL((p27 L/))’ as re-
quired.

Q

This finishes the completeness direction and thus we are
done proving Lemma 8.



	Introduction
	Preliminaries
	DLs with Abstraction and Refinement
	Upper Bounds
	Simplifying Assumptions
	Universal Models and The Chase
	ELHr^abs[cr] in coNP
	ELHr^abs[cr, ca] in PSpace

	Lower Bounds
	Getting To Polynomial Time
	Conclusion
	Proofs for Section 4.2
	Missing Rules
	Proof of Lemma 1

	Proofs for Section 4.3
	Proofs for Section 4.4
	Uniform Universal Models
	Pseudo-Models with Small Component Size
	Soundness
	Completeness

	Proofs for Section 5
	Proofs for Section 6

