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Abstract

We investigate the problem whether two ALC ontologies are indistinguishable (or inseparable) by means of queries in
a given signature, which is fundamental for ontology engineering tasks such as ontology versioning, modularisation,
update, and forgetting. We consider both knowledge base (KB) and TBox inseparability. For KBs, we give model-
theoretic criteria in terms of (finite partial) homomorphisms and products and prove that this problem is undecidable
for conjunctive queries (CQs), but 2ExpTmME-complete for unions of CQs (UCQs). The same results hold if (U)CQs are
replaced by rooted (U)CQs, where every variable is connected to an answer variable. We also show that inseparability
by CQs is still undecidable if one KB is given in the lightweight DL &L and if no restrictions are imposed on the
signature of the CQs. We also consider the problem whether two ALC TBoxes give the same answers to any query
over any ABox in a given signature and show that, for CQs, this problem is undecidable, too. We then develop
model-theoretic criteria for HornALC TBoxes and show using tree automata that, in contrast, inseparability becomes
decidable and 2ExpTmME-complete, even ExpTmMe-complete when restricted to (unions of) rooted CQs.

Keywords: Description logic, knowledge base, conjunctive query, query inseparability, computational complexity,
tree automaton.

1. Introduction

In recent years, data access using description logic (DL) TBoxes has become one of the most important appli-
cations of DLs (see, e.g., [1} 2l 3] and references therein), where the underlying idea is to use a TBox to specify
semantics and background knowledge for the data (stored in an ABox) and thereby derive more complete answers to
queries. A major research effort has led to the development of efficient querying algorithms and tools for a number of
DLs ranging from DL-Lite [4} 5, 6] via more expressive Horn DLs such as HornALC [7, 18] to DLs with full Boolean
constructors including ALC and extensions such as SHIQ [9,[10].

While query answering with DLs is now well-developed, this is much less the case for reasoning services that
support ontology engineering when ontologies are used to query data. Important ontology engineering tasks include
ontology versioning [[L1} [12} [13| 14} [15], ontology modularisation [[16| [17} [18| [19} 20], ontology revision and up-
date [21} 22| [23| 24], and forgetting in ontologies [25} 26| 27, 28| 29/ 130, 31]. A fundamental reasoning problem in
all these tasks is to compare two ontologies. For example, in ontology versioning, the user is interested in comparing
two versions of an ontology and understanding the relevant difference between them. In ontology modularisation, the
relevant consequences of the full ontology should be preserved when it is replaced by a module. In ontology revision
and update, one typically minimises the relevant difference between the updated or revised ontology and the original
ontology while taking into account new knowledge. In ontology forgetting, one constructs a new ontology, which is
indistinguishable from the original ontology with respect to a signature of interest. The relevant consequences that
should be considered when comparing two ontologies depend on the application. In the context of querying data via
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ontologies, it is natural to consider the answers the ontologies give to queries. Then, in ontology versioning, the rele-
vant difference between two versions of an ontology is based on the queries that receive distinct answers with respect
to the ontology versions. In ontology modularisation, it is the answers to queries that should be preserved when a
module is extracted from an ontology. In ontology update or revision, the difference between the answers to queries
over the updated or revised ontology and the original one should be minimised when constructing update or revision
operators. Similarly, in forgetting, it is the answers to queries which should be preserved under appropriate forgetting
operators. Thus, in the context of query answering, the fundamental relationship between ontologies is not whether
they are logically equivalent (have the same models), but whether they give the same answers to any relevant query.
To illustrate, consider the following simple TBox

T = {Book C Jauthor.~Book}
saying that every book has an author who is not a book. Clearly, 7~ is not logically equivalent to the TBox
7" = {Book C Jauthor. T},

which only states that every book has an author. However, if one takes as the query language the popular classes of
conjunctive queries (CQs) or unions of CQs (UCQs), then no matter what the data is, every query will have the same
answers independently of whether one uses 7~ or 7. Intuitively, the reason is that the ‘positive’ information given by
7 coincides with the ‘positive’ information given by 7. If the main purpose of the ontology is answering UCQs, it
is thus more important to know that 7~ can be safely replaced by 7 without affecting the answers to UCQs than to
establish that 7~ and 7 are not logically equivalent.

In most ontology engineering applications for ontology-based data access, the relevant class Q of queries can be
further restricted to those given in a finite signature of relevant concept and role names. For example, to establish
that a subset M of an ontology O is a module of O, one should not require that M and O give the same answers to
all queries in Q, but only to those that are in the signature of M. Similarly, in the versioning context, often only the
answers to queries in @ given in a small signature containing a fraction of the concept and role names of the ontology
are relevant for the application, and so for the difference that should be presented to a user.

The resulting entailment problem can be formalised in two ways. Recall that, in DL, a knowledge base (KB)
K = (7, A) consists of a TBox 7 and an ABox A. Now, given a class Q of queries, KBs K and K, and a signature
Y of relevant concept and role names, we say that K 2-Q entails ¥, if the answers to any X-query in Q over K; are
contained in the answers to the same query over K. Further, K| and K, are £-Q inseparable if they -Q entail each
other. Since a KB includes an ABox, this notion of entailment is appropriate if the data is known while the ontology
engineering task is completed and does not change frequently. This is the case for many real-world ontologies, which
not only provide a conceptual model of the domain of interest, but also introduce the individuals relevant for the
domain and their properties. In addition to versioning, modularisation, revision, update, and forgetting, applications
of X-KB entailment and X-KB inseparability also include knowledge exchange [32, |33} 34], where a user wants to
transform a KB K given in a signature X, to a KB %K, in a new signature ¥, connected to X, using a mapping M,
also known as an ontology alignment or ontology matching [35]]. The condition that the target KB K, is a sound
and complete representation of K; under M with respect to the answers to a class Q of relevant queries can then be
formulated as the condition that K; U M and K are X,-Q inseparable [34]]. The following simple example illustrates
the notion of KB inseparability.

Example 1. Suppose we are given the KBs K = (77, A) and K, = (7>, A), where

T1 = {Lecturer C Vteaches.(Undergraduate || Graduate)}, T2 =0,
A = {Lecturer(a), teaches(a, b)}.

Then %K and %, are £-CQ inseparable, for any signature £. However, they are not X-UCQ inseparable for the signature
2 containing the concept names Undergraduate and Graduate. To see this, consider the 2-UCQ

q(x) = Undergraduate(x) V Graduate(x).

Clearly, b is an answer to g(x) over K, but not over K.



KB entailment and inseparability are appropriate if the data is known and does not change frequently. If, however,
the data is not known or tends to change, it is not KBs that should be compared, but TBoxes. Given a pair ® = (X, X;)
that specifies a relevant signature X; for ABoxes and a relevant signature X, for queries, we say that a TBox 7 ©-
Q entails a TBox T if, for every £;-ABox A, the KB (77, A) X,-Q entails (7,, A). TBoxes 77 and 7, are O-Q
inseparable if they ®-Q entail each other.

Example 2. Consider again the TBoxes 7 and 7, from Example E} Clearly, 77 and 75 are not (Zy,Z;)-UCQ
inseparable for £y = {Lecturer,teaches} and £; = {Undergraduate, Graduate} as we have seen a Xyp-ABox A for
which (77, A) and (7>, A) are not £;-UCQ inseparable. Notice, however, that 77 and 7 are both (X, Z()-UCQ and
(Z1,%1)-UCQ inseparable. On the other hand, it is not difficult to see that 77 and 7 are (X, £;)-CQ inseparable. The
situation changes drastically if the ABox can contain additional role names, for instance hasFriend. Indeed, suppose
Y, = Xy U X, U {hasFriend}. Then 77 and 7, are (%,, Z;)-CQ separable by the ABox A’ shown in the picture below
and the CQ
q'(x) = AyTz (teaches(x,y) A Undergraduate(y) A hasFriend(y, z) A Graduate(z))

since a is returned as an answer to ¢’(x) over (77, A’) but not over (77, A’). (This example is a variant of the well-
known [36, Example 4.2.5].)

Lecturer

teaches hasFriend
c

a d
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’ Graduate ’ .
. X): X >y >
A > o q'(x)
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In this paper, we investigate entailment and inseparability for KBs and TBoxes and for queries that are CQs or
UCQs. In practice, the majority of queries are rooted in the sense that every variable is connected to an answer
variable. We therefore also consider the classes of rooted CQs (rCQs) and UCQs (rtUCQs). So far, query entailment
and inseparability have been studied for Horn DL KBs [37], &L TBoxes [38] [15]], DL-Lite TBoxes [39]], and also for
OBDA specifications, that is, DL-Lite TBoxes with mappings [40]; for a recent survey see [41]]. No results are yet
available for non-Horn DLs (neither in the KB nor in the TBox case) and for expressive Horn DLs in the TBox case. In
particular, query entailment in non-Horn DLs has had the reputation of being a technically challenging problem. Here,
we make first steps towards understanding query entailment and inseparability in these cases. To begin with, we give
model-theoretic characterisations of these notions for ALC and HornALC in terms of (finite partial) homomorphisms
and products of interpretations. The obtained characterisations together with various types of automata are then used
to investigate the computational complexity of deciding query entailment and inseparability. Our main results on KB
and TBox inseparabilities are summarised in Tables[I]and 2} respectively:

Table 1: KB query inseparability.
Queries ALC and ALC ALC and EL

CQ and rCQ undecidable undecidable
UCQ and rUCQ | 2ExPTiME-complete | in 2ExpTIME

Table 2: TBox query inseparability.
Queries | ALC and ALC | ALC and EL | HornALC and Horn ALC
CQs undecidable undecidable 2ExpTiME-complete
rCQs undecidable undecidable ExpTiME-complete

Three of these results came as a real surprise to us. First, it turned out that CQ and rCQ inseparability between
ALC KBs is undecidable, even if one of the KBs is formulated in the lightweight DL &L and without any signature
restriction. This should be contrasted with the decidability of subsumption-based entailment between ALC TBoxes
[42] (and even theories in guarded fragments of FO [43]]) and of CQ entailment between Horn ALC KBs [37]. The
second surprising result is that inseparability between ALC KBs becomes decidable when CQs are replaced with
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UCQs or rUCQs. In fact, we show that inseparability is 2ExpTmME-complete for both UCQs and rUCQs. An even
more fine-grained picture is obtained by considering entailment instead of inseparability. It turns out that (r)CQ
entailment of Horn ALC KBs by ALC KBs coincides with (r)UCQ entailment of HornALC KBs by ALC KBs and
is 2ExpTmME-complete, but that in contrast (r)CQ entailment of ALC KBs by Horn ALC KBs is undecidable.

For ALC TBoxes, CQ and rCQ entailment as well as CQ and rCQ inseparability are undecidable as well.
We obtain decidability for Horn ALC TBoxes (where CQ und UCQ entailments coincide) using the fact that non-
entailment is always witnessed by tree-shaped ABoxes. As another surprise, CQ inseparability of Horn‘ALC TBoxes
is 2ExpTmME-complete while rCQ-entailment is only ExpTiMe-complete. This applies to CQ entailment and rCQ en-
tailment as well. This result should be contrasted with the &L case, where both problems are ExpTmMe-complete
[38]. Table[2]does not contain any results in the UCQ case, as the decidability of UCQ entailment and inseparability
between ALC TBoxes remains open.

We now discuss the structure and contributions of this paper in more detail. Section 2 defines the DLs we are
interested in, which range from &L to HornALC and ALC. It also introduces query answering for DL KBs and pro-
vides basic completeness results and homomorphism characterisations for query answering. Section 3 defines query
entailment and inseparability between DL KBs. It provides illustrating examples and characterises UCQ entailment
in terms of finite partial homomorphisms between models of KBs. To characterise CQ entailment, products of KB
models are also required. The difference between the characterisations will play a crucial role in our algorithmic
analysis of entailment. In some important cases later on in the paper, finite partial homomorphisms are replaced by
full homomorphisms using, for example, automata-theoretic techniques and, in particular, Rabin’s result that any tree
automaton that accepts some tree accepts already a regular tree. This move from finite partial homomorphisms to full
homomorphisms is non-trivial and crucial for our decision procedures.

In Section 4, we prove the undecidability of (r)CQ entailment of an ALC KB by an &L KB using a reduction of
an undecidable tiling problem. The direction is important, as we prove later that (r)CQ entailment of an &£ KB by an
ALC KB is decidable (in 2ExpTiME). We also prove undecidability of CQ inseparability between &L and ALC KBs.
The model-theoretic characterisation of (r)CQ entailment via products and finite homomorphisms is crucial for these
proofs. We then use a ‘hiding technique’ replacing concept names by complex concepts to extend the undecidability
results to the full signature. Thus, for example, even without any restriction on the signature it is undecidable whether
two ALC KBs are (r)CQ inseparable.

In Section 5, we first show that, in the (r)UCQ case, partial homomorphisms can be replaced by full homo-
morphisms in the model-theoretic characterisation of rUCQ entailment between ALC KBs if one considers regular
tree-shaped models of the KBs. This result is then used to encode the UCQ entailment problem into an emptiness
problem for two-way alternating parity automata on infinite trees (2APTAs). Using results from automata theory we
then obtain a 2ExpTmME upper bound for (r)UCQ entailment between ALC KBs and a characterisation of (r)UCQ
entailment with full homomorphisms that does not require the restriction to regular tree-shaped models. We prove
that the 2ExpTIME upper bound is tight by a reduction of the word problem for alternating Turing machines. Finally,
we show using the hiding technique that the 2ExpTiME lower bounds still hold without restrictions on the signature.

In Section 6, we introduce query entailment and inseparability between TBoxes and prove that the undecidability
results for (r)CQ entailment and (r)CQ inseparability can be lifted from KBs to TBoxes. In this case, however,
undecidability without any restrictions regarding the signatures remains open. In Section 7, we develop model-
theoretic criteria for (r)CQ entailment of HornALC TBoxes by ALC TBoxes. The crucial observation is that it
suffices to consider tree-shaped ABoxes when searching for counterexamples to (r)CQ entailment between TBoxes.
This allows us to use, in Section 8, automata on trees to decide (r)CQ entailment.

In Section 8, we first prove an ExpTmme upper bound for rCQ entailment of HornALC TBoxes by ALC TBoxes
via an encoding into emptiness problems for a mix of two-way alternating Biichi automata and non-deterministic
top-down tree automata on finite trees (that represent tree-shaped ABoxes). As satisfiability of HornALC TBoxes
is ExpTive-hard already, this bound is tight. We then consider arbitrary (not necessarily rooted) CQs and extend the
previous encoding into emptiness problems for tree automata to this case, thereby obtaining a 2ExpTmME upper bound.
Here, it is non-trivial to show that this bound is tight. We use a reduction of alternating Turing machines to prove the
corresponding 2ExpTiME lower bound (also for CQ inseparability).

We conclude in Section 9 by discussing open problems. A small number of proofs that follow ideas presented
in the main paper are deferred to the appendix. An extended abstract with initial results that led to this paper was
presented at IJCAI 2016 [44].



Name Syntax Semantics

top concept T AT

bottom concept L 0

negation -C AT\ CT

conjunction cnbD cfnp?

disjunction cub ctup?

existential restriction | 3R.C {deAf|FeeCl(d,e)eR")
universal restriction YRC | {deAl|VYee AT ((d,e)e R - ecCl))

Table 3: Syntax and semantics of ALC.

2. Preliminaries

In DL, knowledge is represented by means of concepts and roles that are defined inductively starting from a
countably infinite set Ng of concept names and a countably-infinite set Ng of role names, and using a set of concept
and role constructors [45]]. Different sets of concept and role constructors give rise to different DLs.

We begin by introducing the description logic ALC. The concept constructors available in ALC are shown in
Table 3] where R is a role name and C, D are concepts. A concept built using these constructors is called an ALC-
concept. ALC does not have any role constructors. An ALC TBox is a finite set of ALC concept inclusions (CIs) of
the form C T D and ALC concept equivalences (CEs) C = D. (A CE C = D will be regarded as an abbreviation for
the two CIs C C D and D E C.) The size |7| of a TBox 7 is the number of occurrences of symbols in 7.

The semantics of TBoxes is given by interpretations I = (A?,-T), where the domain A’ is a non-empty set and
the interpretation function - maps each concept name A € Ng to a subset AZ of A, and each role name R € Ny to a
binary relation RY on A, The extension of -Z to arbitrary concepts is defined inductively as shown in the third column
of Table We say that an interpretation 7 satisfies a CI C € D if CY c D’ and that I is a model of a TBox 7 if I
satisfies all the CIs in 7. A TBox is consistent (or satisfiable) if it has a model. A concept C is satisfiable with respect
to T if there exists a model 7 of 7~ such that CY # 0. A concept C is subsumed by a concept D with respect to T~
(7T E C C D, in symbols) if every model I of 7 satisfies the CI C T D. For TBoxes 7 and 7, we write 7| = 7>
and say that 7 entails 7, if 7|  « for all @ € 7,. TBoxes 7 and 7, are logically equivalent if they have the same
models. This is the case if and only if 77 entails 75, and vice versa.

We next define two syntactic fragments of ALC for which query answering (see below) is tractable in data
complexity. The fragment of ALC obtained by disallowing the constructors L, =, LI and V is known as EL. Thus,
&L concepts are constructed using T, M and 3 only [46]. A more expressive fragment with tractable query answering
is Horn ALC. Following [47, 48], we say, inductively, that a concept C occurs positively in C itself and, if C occurs
positively (negatively) in C’, then

— C occurs positively (respectively, negatively) in C’ U D, C’ 1 D, 3R.C’,YR.C’, D E C’, and

— C occurs negatively (respectively, positively) in =C’ and C’ C D.

Now, we call an ALC TBox 7 Horn if no concept of the form C L D occurs positively in 7-, and no concept of the
form —C or YR.C occurs negatively in 7. In the DL Horn‘ ALC, only Horn TBoxes are allowed.

In DL, data is represented in the form of ABoxes. To introduce ABoxes, we fix a countably-infinite set N; of
individual names, which correspond to individual constants in first-order logic. An assertion is an expression of the
form A(a) or R(a, b), where A is a concept name, R a role name, and a, b individual names. An ABox A is a finite set
of assertions. We call the pair K = (7, A) of a TBox 7 in a DL £ and an ABox A an L knowledge base (KB, for
short). By ind(A) and ind(‘K), we denote the set of individual names in A and K, respectively.

To interpret ABoxes A, we consider interpretations J that map all individual names a € ind(A) to elements
a’ € A in such a way that a’ # b? if a # b (thus, we adopt the unique name assumption). It is to be noted that
we do not assume all the individual names from N, to be interpreted in 7. Sometimes, we make the standard name
assumption, that is, set al = a, for all the relevant a. Both assumptions are without loss of generality as it is well
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known, and easy to check, that in ALC the certain answers to (unions of) conjunctive queries, as defined below,
do not depend on the unique name assumption. We say that T satisfies assertions A(a) and R(a,b) if a’ € A’ and,
respectively, (a?,b’) € RY. It is a model of an ABox A if it satisfies all the assertions in A, and it is a model of a KB
K = (T, A) if itis a model of both 7~ and A. We say that K is consistent (or satisfiable) if it has a model. We apply
the TBox terminology introduced above to KBs as well. For example, KBs K and K, are logically equivalent if they
have the same models (or, equivalently, entail each other).

We next introduce query answering over KBs, starting with conjunctive queries [49, 50, 51]]. An afom takes the
form A(x) or R(x,y), where x,y are from a set of individual variables Ny, A is a concept name, and R a role name.
A conjunctive query (or CQ) is an expression of the form g(x) = Jy ¢(x,y), where x and y are disjoint sequences of
variables and ¢ is a conjunction of atoms that only contain variables from x U y—we (ab)use set-theoretic notation for
sequences where convenient. We often write A(x) € g and R(x,y) € q to indicate that A(x) and R(x,y) are conjuncts
of p. We call a CQ ¢g(x) = Ay ¢(x,y) rooted (or an rCQ) if every y € y is connected to some x € x by a path in
the undirected graph whose nodes are the variables in ¢ and edges are the pairs {u, v} with R(u,v) € ¢, for some R.
A union of CQs (UCQ) is a disjunction g(x) = \/; g;,(x) of CQs ¢g;(x) with the same answer variables x; it is rooted
(rUCQ) if all the g; are rooted. If the sequence x is empty, g(x) is called a Boolean CQ or UCQ. Observe that no
Boolean query is rooted.

Example 3. The CQ g(x1, x2) = dy; dy2(R(x1,¥1) A S (x2,¥2)) is an 1CQ but g(x1) = dxa Ay Ay2(R(x1,y1) A S (X2, y2))
is not an rCQ.

Given a UCQ g(x) = V,; g;(x) with x = xy,...,x; and a KB K, a sequence a = ay,...,a; of individual names
from K is called a certain answer to q(x) over K if, for every model I of K, there exist a CQ ¢; in ¢ and a map
(homomorphism) h of its variables to A such that h(x;) = a;.r ,for 1 < j <k, Az) € q; implies h(z) € AZ, and
R(z,7') € q; implies (h(z), h(z')) € R. If this is the case, we write K | g(a). For a Boolean UCQ ¢, we say that the
certain answer to g over K is ‘yes’ if K E ¢ and ‘no’ otherwise. CQ or UCQ answering means to decide—given a
CQ or UCQ ¢(x), a KB K and a tuple a from ind(KX)—whether K E q(a).

Example 4. To see that a is a certain answer to the CQ ¢’(x) over the KB K = (7, A’) from Example |2, we observe
that, by the axiom of 77, we have ¢ € Undergraduate’ or ¢ € Graduate® in any model 7 of K. In the former case,
the map h; with h;(x) = a, h1(y) = ¢ and h(z) = d is a homomorphism from ¢’ to 7, while in the latter one, s, with
ha(x) = a, ha(y) = b and hy(z) = c is such a homomorphism.

A signature, X, is a finite set of concept and role names. The signature sig(C) of a concept C is the set of concept
and role names that occur in C, and likewise for TBoxes 7, CIs C C D, assertions R(a,b) and A(a), ABoxes ‘A,
KBs K, UCQs ¢. Note that individual names are not in any signature and, in particular, not in the signature of an
assertion, ABox or KB. We are often interested in concepts, TBoxes, KBs, and ABoxes formulated using a specific
signature X, in which case we use the terms Z-concept, X-TBox, Z-KB, etc. When dealing with X-KBs, it mostly
suffices to consider X-interpretations I where X? = 0 for all concept and role names X ¢ X. A I-model of a KB
is a Z-interpretation that is a model of the KB. The X-reduct J of an interpretation 7 is obtained from 7 by setting
AT = A, AT = AT for all concept names A € X, R = R’ for all role names R € X, and A = RT = 0 for all
remaining concept names A and role names R.

To compute the certain answers to queries over a KB %, it is convenient to work with a ‘small” subset M of sig(%)-
models of K that is complete for K in the sense that, for any UCQ ¢(x) and any a C ind(K), we have K [ q(a) iff
I = q(a) for all 7 € M. We shall frequently use the following characterisation of complete sets of models based on
(partial) homomorphisms.

Suppose 7 and J are interpretations and ¥ a signature. A function i: AY — A7 is called a Z-homomorphism
ifue A’ implies h(u) € A7 and (u,v) € RY implies (h(u), h(v)) € RI, for all u,v € AL, X-concept names A, and
Y-role names R. If X is the set of all concept and role names, then £ is called simply a homomorphism. We say that
h preserves a set N of individual names if h(a’) = a7, for all a € N that are defined in 7. It is known from database
theory that homomorphisms characterise CQ-containment [52]]. To characterise completeness for KBs, we require
finite partial homomorphisms. An interpretation 7 is a subinterpretation of an interpretation J (induced by a set A) if
A=A ¢ AT, AT = AT N AL for all concept names A, RY = RI N (AL x A?) for all role names R, and the interpretation
a’ of an individual name a is defined exactly if @7 € A?, in which case a’ = @7. For a natural number n, we say that
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an interpretation 1 is nX-homomorphically embeddable into an interpretation J if, for any subinterpretation 7’ of 7
with JAT'| < n, there is a >-homomorphism from I’ to J. If Z is the set of all concept and role names, then we omit X
and speak about n-homomorphic embeddability. If we require all Z-homomorphisms to preserve a set N of individual
names, then we speak about nX-homomorphic embeddability preserving N.

Example 5. Let 7 and J be interpretations whose domain is the set N of natural numbers and, for any n,m € N,
we have (n,m) € R if m = n+ 1, and (n,m) € RY if n = m+ 1. Then, forall n > 0, I is n-homomorphically
embeddable into 7, but J is not homomorphically embeddable into J. Now, let al =0,a9 =m,and N = {a}. Then
7 is (m + 1)-homomorphically embeddable into J preserving N, but 1 is not (m + 2)-homomorphically embeddable
into J preserving N.

Proposition 6. A set M of sig(K)-models of an ALC KB K is complete for K iff, for any model J of K and any
n >0, there is I € M such that I is n-homomorphically embeddable into J preserving ind(K).

Proof. LetZ = sig(K) and let M be a class of Z-models of K. Suppose first that M is not complete for K. Then there
exist a UCQ ¢(x) and a tuple a from ind(%) such that K £ g(a) but I = g(a) for all 7 € M. Let J be a model of
XK such that J }£ g(a) and let n be the number of variables in g(x). For every 7 € M, there exists a subinterpretation
I’ of T with |A”| < nand I’  g(a). No such I’ is homomorphically embeddable into J preserving @, and so no
I € M is n-homomorphically embeddable into J preserving ind(%).

Conversely, suppose there exists a model J of K and n > 0 such that no 7 € M is n-homomorphically embeddable
into J preserving ind(K). Let ind(K) = {ay, ..., a;}. For every finite Z-interpretation J with domain {uy, ..., u,,} such
that m > k and a; = u; (1 < i < k), we define the canonical CQ q; by taking

grxr o) = eI\ A A A\ R xp).

w;€AT,Aex (uj,u;)€RT,REL

Then there exists a homomorphism from 7 to J preserving ind(K) iff J E gr(ay,...,a;). Now pick forany 7 € M a
subinterpretation 7’ of 7 with A”" 2 ind(K) and |A?" \ ind(%)| < n such that I’ is not homomorphically embeddable
into J preserving ind(K). Let g(xi,...,x) be the disjunction of all canonical CQs ¢.(xi,...,x;) determined by
these 7’. Then J ¥ q(ay,...,ar), and so K ¢ q(ay,...,ar),but I E gq(ay,...,a;), forall 7 € M. a

Observe that, in the characterisation of Proposition [6] one cannot replace n-homomorphic embeddability by ho-
momorphic embeddability as shown by the following example.

Example 7. Let K = ({T € dR.T},{A(a)}). Then the class M of all interpretations that consist of a finite R-chain
starting with A(a) and followed by an R-cycle (of arbitrary length) is complete for K. However, there is no homomor-
phism from any member of M into the model of K that consists of an infinite R-chain starting from A(a).

We call an interpretation I a ditree interpretation if the directed graph G defined by taking

Gr={de)l@de e | JRD

ReNg

is a directed tree and RY N S = 0, for any distinct role names R and S. I has outdegree n if G has outdegree
n. A model I of K = (7, A) is forest-shaped if I is the disjoint union of ditree interpretations 7, with root a,
for a € ind(A), extended with all R(a,b) € A. In this case, the outdegree of I is the maximum outdegree of the
interpretations 7, for a € ind(A). Denote by M?g the class of all forest-shaped sig(K)-models of K of outdegree
< |7|. The following completeness result is well known [53] (the first part is shown in the proof of Proposition E]):

Proposition 8. Ml}(” is complete for any ALC KB K. If K is a Horn‘ALC KB, then there is a single member Iy of
M,I;g that is complete for K.

The model 74 mentioned in Proposition|8]is constructed using the standard chase procedure and called the canon-
ical model of K. Proposition [§|can be strengthened further. Call a subinterpretation 7 of a ditree interpretation J a
rooted subinterpretation of J if there exists u € A7 such that the domain A” of I is the set of all ' € A7 for which
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there is a path ug, ..., u, € AT with ug = u, u, = ' and (u;, u;s) € R;r (i < n), for some role name R;. Call a ditree
interpretation J regular if it has, up to isomorphism, only finitely many rooted subinterpretations. A forest-shaped
model J of a KB K is regular if the ditree interpretations 7, a € ind(K), are regular. Denote by M;‘;g the class of all
regular forest-shaped sig(K)-models of K = (7, A) of outdegree bounded by |77].

Proposition 9. M;?g is complete for any ALC KB K.

Proof. Suppose K is an ALC KB and K £ g(a), for some UCQ g(x). As shown in [53]], there exists a consistent
KBK = @', A)withT’ 2T, A 2 A, and ind(A") = ind(A) such that 7 £ gq(a), for every model 7 of K’
(called a spoiler for g and K in [53]] and constructed by carefully analyzing all possible homomorphism from ¢ to
models of K and ‘spoiling’ all of them by suitable KB extensions). We construct a regular model J” of K" as follows.
Let 7’ be a model of K’. We may assume that 7’ does not use the constructor Yr.C. Denote by cl(7) the set of
subconcepts of concepts in 7 closed under single negation. For d € A?', the 7”-type of d in I’, denoted tfr/, ), is
defined as ¢,(d) = {C € cl(T”) | d € CT'}. A subset t C cl(7”) is a T'-type if t = t.,(d), for some model T of T~
and d € AT. We denote the set of all 7”-types by type(7”). Let t,t’ € type(7”). For AR.C € t, we say that ¢’ is an
3R.C-witness for t if C € ¢’ and the concept [ 1¢£ 11 3R.([ 1¢’) is satisfiable with respect to 7. Denote by succag.c(t)
the set of all 3R.C-witnesses for ¢£. Now choose, for any 7’-type ¢ and JR.C such that succag c(¢) # 0, a single type
sar.c(t) € succar.c(t). We construct the model J” of K” as follows. The domain A7 is the set of words

athl o 'Rntna

where a € ind(X") and, for ¢y = t[,(a) and i < n, ti.y = sag,,.c(t;) for some AR,,.C € t;. SetaRt, ---Ryt, € AT
ifn =0and A € tg_/,(a) orn > 0and A € ¢,. Finally, set (aR ¢, ---R,t,,bS 1t ---S,t,) € RY iffn =m = 0and
R(a,b) e AorO<m=n+1,S, =Rand aRt;---t, = bSt]---t . One can easily show that J” is a regular
model of K’. Hence J"’ £ q(a). The outdegree of ' is bounded by |7”| but possibly not by |77], and so it remains
to modify J” in such a way that its outdegree is bounded by |77|. To this end, we remove from J” all R-successors
(together with the subtrees they root) aRt, - -- R,t,Rt of all aRt,---R,t, € A such that ¢t # sagc(t,) for any
AR.C € cl(7"). By the construction, the resulting interpretation . is still regular, it is a model of K (since 7" 2 7),

its outdegree is bounded by 77|, and J [ q(a) since I I~ q(a). a

Example 10. Consider the KB K = (7, A) with 7 = {A U BC dR.(A U B)} and A = {A(a)}. The following class of
regular models 7 is complete for K. The domain of 7 is the natural numbers with al =0eAl,(, e RYif j=i+1,
for all natural numbers i and j, and there are k,n,m > 0 such that AT and BY are mutually disjoint, cover the initial
segment {1,...,k} and, on the remainder {k + 1,. ..}, they are interpreted by alternating between n consecutive nodes
in A” and m consecutive nodes in BY. Then T is regular since the number of non-isomorphic rooted subinterpretations
of 7 with root r > k is < n+m (the number of non-isomorphic rooted subinterpretations of 7 with root r < k is clearly
bounded by k + 1).

In the undecidability proofs of Section[d] we do not use the full expressive power of ALC but work with a small
fragment denoted ELU 5. An ELU ;s TBox T consists of Cls of the form

- ACC,
- ACCUD,

where A is a concept name and C, D are EL-concepts. Given an EL U,y KB K = (7, A), we construct by induction
a (possibly infinite) labelled forest £ with a labelling function £. For each a € ind(A), a is the root of a tree in © with
A € {(a) iff A(a) € A. Suppose now that o~ is a node in O and A € £(0). If A C C is an axiom of 7 and C ¢ £(0),
then we add C to (o). If A C C U D is an axiom of 7 and neither C € £(o) nor D € £(0), then we add to £(o) either
C or D (but not both); in this case, we call o an or-node. If C 1 D € {(0), then we add both C and D to (o) provided
that they are not there yet. Finally, if AR.C € £(0") and the constructed part of the tree does not contain a node of the
form o - wag ¢, then we add o - wag ¢ as an R-successor of o and set £(o - wagc) = {C}. Now we define a minimal
model T = (A”, 1) of K by taking A’ to be the set of nodes in 9, a’ = a for a € ind(A), R’ to be the R-relation in O
together with (a, b) such that R(a, b) € A, and Al ={oe A |Act)},for every concept name A. It follows from
the construction that 7 is a model of K.



Lemma 11. For any ELU s KB K, the set My of its minimal models is complete for K.

Proof. By Proposition [6] it suffices to show that, for every model J of %, there is a minimal model 7 that is ho-
momorphically embeddable into J preserving ind(%). Suppose a model J of K is given. We can now inductively
construct a set A, a labelling function £ defining a minimal model 7, and a homomorphism /4 from 7 to J such that
h(o) € C7, for each C € €(c) and o € A. The model . is used as a guide. For instance, let o € A such that h(o) is
set. Suppose that A € £(0), AC CLU Disan axiomin 7, and C ¢ {(0), D ¢ {(o). Since J is a model of ), it must be
the case that 4(c")7 € CJ or h(o)7 € DJ. In the former case, we add C to £(¢), in the latter case, we add D to £(o).
Suppose further that o - w3g ¢ is in A and h(o - wag ) is not set. Since J is a model of K and by inductive assumption
h(o) € (AR.C)Y, there exists d € AJ such that (h(o),d) € RY and d € C7. So we set h(o- - wagc) = d.

Now we take the minimal model 7 = (A, -¥), where - is defined according to the labelling function £. By the
construction of A and the fact that 7 is minimal, we obtain that / is indeed a homomorphism from 7 to 7. 4

3. Model-Theoretic Criteria for Query Entailment and Inseparability between Knowledge Bases

In this section, we first define the central notions of query entailment and inseparability between KBs for CQs and
UCQs as well as their restrictions to rooted queries. Then we give model-theoretic characterisations of these notions
based on products of interpretations and (partial) homomorphisms.

Definition 12. Let K and K, be consistent KBs, X a signature, and Q one of CQ, rCQ, UCQ or rUCQ. We say that
K1 T-Q-entails I, if K E q(a) implies a C ind(K;) and K E g(a), for all Z-Q ¢(x) and all tuples a in ind(%;). We
say that K and %K, are £-Q inseparable if they Z-Q entail each other. If X is the set of all concept and role names, we
say ‘full signature Q-entails’ or ‘full signature Q-inseparable’.

As larger classes of queries separate more KBs, X-UCQ inseparability implies all other inseparabilities and X-
CQ inseparability implies Z-rCQ inseparability. The following example shows that, in general, no other implications
between the different notions of inseparability hold for ALC.

Example 13. Suppose 79 = 0, 7; = {E T AU B} and Xy = {A,B,E}. Let Ay = {E(a)}, Ko = (79, Ap), and
K = (T4, Ap). Then Ky and K are Zp-CQ inseparable (and so also Zy-rCQ inseparable) but not Zo-rUCQ inseparable
(and so also not Zy-UCQ inseparable). The former claim can be proved using the model-theoretic criterion given in
Theorembelow, and the latter one follows from K = q(a) and Ky ¥ g(a), for g(x) = A(x) V B(x).

Now, let Xy = {E,B}, 71 = 0,and 7| = {E C JR.B}. Let A; = {E(a)}, K1 = (71, A1), and K| = (7], Ay). Then
K and K] are Z;-rtUCQ inseparable (and so also X;-rCQ inseparable) but not Z;-CQ inseparable. The former claim
can be proved using the model-theoretic criterion of Theorem 17| and the latter one follows from the observation that
K| E JxB(x) but K ¥ AxB(x).

The situation changes for HornALC KBs. The following can be easily proved by observing (using Proposition 8]
that the certain answers to a UCQ over a Horn ALC KB %K coincide with the certain answers to its disjuncts over K:

Proposition 14. Let K be an ALC KB and K, a Horn‘ALC KB. Then Ky X-UCQ entails ¥, iff K Z-CQ entails
I. The same holds for rUCQ and rCQ.

Now we give model-theoretic criteria of X-query entailment between KBs. Asusual in model theory [54} page 405],
we define the product [ T of a family 7 = {7, | i € I} of interpretations by taking

AT = (fil UAI’WieIf(i)eAL'},

iel

AL = (f|Vielf()e Al
R = {(f.9) | Vi € I(f(i),g(i)) € R"),
al? = £, where f,(i) = a’ foralliel.

Proposition 15 ([34]). For any CQ q(x) and any tuple a of individual names, [ I E q(a) iff I E q(a) forall T € 1.



Example 16. The KB K = (77, A’) from Examplehas two minimal models: 7 that agrees with A’ on a, b, d and
has ¢ € UndergraduateI 2, and 7, that also agrees with ‘A’ on a, b, d but has c € Graduate®™ (cf. Example lé__ll) By
Lemmal|l 1] the set 7 = {I, 75} is complete for K. The picture belowﬂ shows the ‘interesting’ part of [] Z. Clearly,
[17 E ¢'(a), where ¢’ is the CQ from Example 2] It follows that K [ ¢’(a).

Lecturer Undergraduate

teaches Graduate hasFriend Lecturer teaches hasFriend
a > C > a > C >
Il : ) A Graduate ]‘2: ) 1y Graduate
N A < N
A & <, §¥
73 \{\04' > \‘NOf
b b
Undergraduate Undergraduate
. Lecturer
Jfa
teaches teach/ N
I1z: Undergraduate f} - > f. (c,b) (b,c) Undergraduate
hasFriend
l hasFriend hasFriend hasFriend
Graduate [y d,c) (¢,d) Graduate

We characterise Z-query entailment in terms of products and nX-homomorphic embeddability. To also capture
rooted queries, we first introduce the corresponding refinement of Z-homomorphic and, respectively, nX-homomorphic
embeddability. A X-path p from u to v in an interpretation I is a sequence uo, ..., u, € A’ such that ug = u, u, = v,
and there are Ry, ..., R,_1 € X with (u;, u;11) € R;T, for0 <i < n. ForaKB K = (7, A) and model J of K, we say that
u € Al is Z-connected to A in I if there exist a € ind(%) and a Z-path from a’ to u in I. The subinterpretation 7"
of 7 induced by the set of all u € A’ that are Z-connected to A in I is called the Z-component of I with respect to
K. Let 7| be a model of K and 7, a model of K. We say that 1, is con-Z-homomorphically embeddable into I if
the X-component 75" of I, with respect to K; is Z-homomorphically embeddable into 7'; and we say that 1 is con-
nZ-homomorphically embeddable into I if the X-component 75" of I, with respect to K3 is nZ-homomorphically
embeddable into J ;.

Theorem 17. Let K and K, be ALC KBs, X a signature, and let M; = {1 ; | j € I;} be complete for K, i = 1,2.

(1) K 2-UCQ entails K, iff, for any n > 0 and I, € M, there exists I, € M, that is nX-homomorphically
embeddable into 1| preserving ind(7,).

(2) K\ 2-rUCQ entails I, iff, for any n > 0 and I'| € M,, there exists 1, € M, that is con-nX-homomorphically
embeddable into I | preserving ind(%).

(3) K\ Z-CQ entails I, iff [| M, is nE-homomorphically embeddable into |1 M preserving ind(K3) for any n > 0.

4) K Z-rCQ entails I, iff [IM, is con-nX-homomorphically embeddable into TIM, preserving ind(%,) for any
n> 0.

Proof. (1) Suppose K, E q(a) but K| I q(a), for a 2-UCQ ¢ and a in ind(K;). Let n be the number of variables
in q. Take 7| € M, such that 7| {£ g(a). Then no 7, € M, is nZ-homomorphically embeddable into 7| preserving
ind(K>) since this would imply 7, £ g(a). Conversely, suppose 7| € M, is such that, for some n > 0, no 7, € M,
is nX-homomorphically embeddable into 7 preserving ind(X;). Fix such an n > 0 and take for every 7, € M,
a subinterpretation 77, of I, with domain of size < n such that I’ is not X-homomorphically embeddable into 7,
preserving ind(K;). Recall from the proof of Proposition @ that we can regard the Z-reduct of any such I, as a
2-CQ (with the answer variables corresponding to the ABox individuals). The disjunction of all these CQs (up to
isomorphisms) is entailed by %, but not by K. The proof of (2) is similar.

(3) Suppose K, E gq(a) but K| ¢ q(a), for a 2-CQ ¢ and a in ind(K;). By Proposition [I1M; E q(a) but
1M, I~ q(a). Let n be the number of variables in g. Then [[M, is not nZ-homomorphically embeddable into [ M,

I As usual in model theory, we write (b, ¢) for f with f: 1 = band f: 2 — ¢, and similarly for (c, b), (¢, d) and (d, ¢).
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preserving ind(K3) since this would imply [[M, = ¢q(a). Conversely, suppose that, for some n > 0, [[M, is not
nZ-homomorphically embeddable into [ [ M; preserving ind(‘K;). Let I be the subinterpretation of [ M, with domain
of size < n which cannot be -homomorphically embedded in []M, preserving ind(7G) N {a | al™: € AT}. We can
regard the -reduct of 7 as a £-CQ which is entailed by %> but not by K; (by Proposition [I5). The proof of (4) is
similar. d

Example [/| can be used to show that, in Theorem nZ-homomorphic embeddability cannot be replaced by Z-
homomorphic embeddability. In Section [5] however, we show that in some cases we can find characterisations with
full Z-homomorphisms and use them to present decision procedures for entailment.

If both M; are finite and contain only finite interpretations, then Theorem |17| provides a decision procedure for
KB entailment. This applies, for example, to KBs with acyclic classical TBoxes [45]], and to KBs for which the chase
terminates [55]].

4. Undecidability of (r)CQ-Entailment and Inseparability for ALC KBs

The aim of this section is to show that CQ and rCQ-entailment and inseparability for ALC KBs are undecidable.
We begin by proving that it is undecidable whether an ££ KB Z-CQ entails an ALC KB. A straightforward modifi-
cation of the KBs constructed in that proof is then used to prove that £-CQ inseparability between EL and ALC KBs
is undecidable as well. It is to be noted that, as shown in Section [5] both £-UCQ and Z-rUCQ entailments between
ALC KBs are decidable, which means, by Proposition[T4] that checking whether an ALC KB Z-(r)CQ entails an EL
KB is decidable. We then consider rooted CQs and prove that Z-rCQ entailment and inseparability between EL and
ALC KBs are still undecidable. (In fact, the undecidability proof for rCQs implies the undecidability results for CQs,
but is somewhat trickier.) The signature X used in these undecidability proofs is a proper subset of the signatures of
the KBs involved. In the final part of this section, we prove that one can modify the KBs in such a way that all the
results stated above hold for full signature CQ and rCQ entailment and inseparability.

4.1. Undecidability of CQ-entailment and inseparability with respect to a signature

Our undecidability proofs are by reduction of the undecidable rectangle tiling problem: given a finite set T of tile
types T with four colours up(T), down(T), left(T) and right(T), a tile type I € ¥, and two colours W (for wall) and C
(for ceiling), decide whether there exist N, M € N such that the N X M grid can be tiled using ¥ in such a way that
left(T) = right(T") if (i, j) is covered by a tile of type T and (i + 1, j) is covered by a tile of type 7/, and 1 < i < N,
1 < j< M;up(T) =down(T") if (i, j) is covered by a tile of type T and (i, j + 1) is covered by a tile of type 7', and
1 <i<N,1<j< M,;(1,1)is covered by a tile of type I; every (N, i), for i < M, is covered by a tile of type T with
right(T) = W; and every (i, M), for i < N, is covered by a tile of type T with up(T) = C. (The reader can easily show
that this problem is undecidable by reduction of the halting problem for Turing machines; cf. [56].) If an instance %
of the rectangle tiling problem has a positive solution, we say that T admits tiling.

Given such an instance ¥, we construct an &L TBox 7, IQ, an ALC TBox T3

cQ’
Ycq such that, for the KBs 7(le = (T, le’ Acq) and ‘K(%Q = (T(%Q, Acq), the following conditions are equivalent:

an ABox HAcq, and a signature

- ‘KCIQ Tco-CQ entails ‘KéQ;
— the instance T does not admit tiling.

The ABox Acq does not depend on ¥ and is defined by setting Acq = {A(a)}. The TBox 7 éQ uses a role name R to
encode a grid by putting one row of the grid after the other starting with the lower left corner of the grid. It also uses
the following concept names:

— T/, for each tile type T € T, to encode the first row of a tiling;

— Ty, for T € T and k = 0, 1,2, to encode intermediate rows, with three copies of each 7' € ¥ needed to ensure
the vertical matching conditions between rows;

_ T,i””, forT € € and k = 0, 1,2, to encode the last row;
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— Ty forTeTandk=0,1,2.

Of all these concept names, only the T}c are in the signature Xcq of the entailment problem we construct. Thus, the
Tfirst, T,f’“”, and T} are auxiliary concept names used to generate tilings, while the Ty make the tilings ‘visible’ to
relevant CQs.

The TBox TCZQ uses the concept names Start and End as markers for the start and end of a tiling. Both concept
names are in Xcq. To mark the end of rows, 7 CZQ employs the concept names Row; and RowZ“” ,fork =0,1,2, where
the RowZ"” indicate the last row. Similarly to the encoding of tile types above, the concept names Row; and RowZ‘”’ are
auxiliary concept names used to construct tilings. Three copies are needed to ensure the vertical matching condition.
In addition, we use a concept name Row € X¢q that marks the end of rows and is visible to separating CQs.

The role name R generating the grid is in Z¢q. An additional concept name A and role name P link the individual
a in Acq to the first row of the tiling. The encoding does not depend on whether A, P are in Z¢q, but it will be useful
later, when we consider full signature CQ-entailment, to include them in Z¢q.

Before writing up the axioms of TczQ, we explain how they generate all possible tilings. We ensure that if a point

x in a model I of 7((%() is in fk and right(T) = left(S), then x has an R-successor in §k. Thus, branches of I define

(possibly infinite) horizontal rows of tilings with €. If a branch contains a point y € T; with right(T) = W, then this
y can be the last point in the row, which is indicated by an R-successor z € Row of y. In turn, z has R-successors in
all Ekﬂ ymod 3 that can be possible beginnings of the next row of tiles. To coordinate the up and down colours between
the rows—which will be done by the CQs separating 7((le and ‘KéQ—we make every x € Ty, starting from the second

row, an instance of all §(k,1)m0d3 with down(T) = up(S). The row started by z € Row can be the last one in the tiling,
in which case we require that each of its tiles T has up(T) = C. After the point in Row indicating the end of the final
row, we add an R-successor in End for the end of tiling. The beginning of the first row is indicated by a P-successor
in Start of the ABox element a, after which we add an R-successor in "' for the given initial tile type I.

The TBox ’TgQ contains the following Cls, for k = 0, 1,2:

A C AP(Start 1 AR, )
T/t AR ST if right(T) = left(S) and T, S € T, )
T/ € 3R.(Start 1 Rowy),  if right(T) = W and T € X, 3)
T Ty, forTeg, 4
Rowy CT3IR.Ty, forT €%, %)
Ty C 3RS, if right(T) = left(S)and T, S € %, (6)
Tt T AR.RoW(s1ymod3,  if right(T) =W and T € %, (7
Tt C 3R ROW({, | moas»  if right(T) = Wand T € T, (8)
Row; E Row, 9
T, C Tk, forT € T, (10)
T C St iymoass if down(T) = up(S)and T,S €T, an
Row C3REnd u []| 3RTM, (12)
up(T)=C,TeT
T C AR.SM, i right(T) = lefu(S), up(S) = C and T, S € T, (13)
Th" C AR.(Row M AR.End),  if right(T) = W and T € T, (14)
Rowzal’ C Row, (15)
T C S 1ymoass  if down(T) = up(S)and T, S € . (16)

The KB TczQ is an ELU 3, KB, with (12)) being the only CIs with LI. Throughout the proof, we work with the set
Mq((%Q of minimal models of WéQ and use the notation introduced in the construction of minimal models. In figures,

V indicates an or-node. We now comment on the role of the CIs in TCZQ.
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Figure 1: The paths in the minimal models generated by the axioms of TéQ.

— The CIs (I)-() produce all possible first rows whose ends are indicated by points in Start and Row;; see
Fig.[I(a), where 7| denotes trees described below. The CI (@) ensures that the tiling of the first row is visible in
Ycq using the concept names Ty. Note that Row is visible in ¢q due to (9).

— The CIs (3)-(8) produce all possible intermediate rows starting with points in Rowy and ending by points in
halt halt

Row(+1ymod3 or Row(k +1)mod 3> S€€ Fig. b), where 7y is the tree with root in Rowy and 7,* the tree with root in
Row}“!" as described below. The CIs [@)—(TT) ensure that the tilings of the intermediate rows as well as Row are
visible in Z¢q. Note that, for each intermediate row, there exists k such that the current row is encoded using T}

and the matching previous row using ﬁk_l)modg.

— The Cls (T2)~(T4) produce all possible final rows starting with points in Row/“"". The role of the disjunction is
explained below; see Fig.[I]c). Finally, the axioms (I3)-(I6) make Row and the matching previous row visible
in Zcq. Note that the last row itself is not visible in Z¢q.

The existence of a tiling of some N x M grid for the given instance T can be checked by Boolean CQs ¢, forn > 1,
that require an R-path from Start to End going through T- or Row-points:

g, = Ix (Stari(xo) A N\ RCxi, xio) A\ Bixy) A End(xni1)),
i=0 i=1

where B; € {Row} U {T‘k |T €%, k=0,1,2}. The g, will serve as the separating Zco-CQs if T admits a tiling (in fact,
if ‘¥ admits a tiling of some N X M grid, then g, is a separating Zcq-CQ for n = (N + 1) X (M — 1)). We illustrate
the relationship between Mr](éQ and the CQs ¢, in Fig. |2t the lower part of the figure shows two interpretations, 7,
and 7,, from M7<§Q (we only mention the extensions of concept names in Xcq). The two interpretations coincide
up to the Row-point before the final row of the tiling. Then, because of the axiom (I2), they realise two alternative
continuations: one as described above, and the other one having just a single R-successor in End. In the picture,
we show a situation where row m coincides with the row depicted below row m + 1 (that satisfies the vertical tiling
conditions with row m + 1). For example, the first row Tp-- Tg’ I coincides with the row depicted below the second
row (after the second Start). This is no accident and is enforced by the query ¢, that is depicted in the upper part of the
figure. If ﬂ(éQ E g, then g, holds in both 7; and 7, and so there are homomorphisms 4;: q, — I, and h,: q, — I,.
As hy(x,—;) and h,(x,_;) are instances of B,_;, we have B,_; = T{VM’I in the figure, and so up(T"M~) = down(T"M).
By repeating this argument until x,, we see that the colours between horizontal rows match and the rows are of the
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Figure 2: The structure of the models 7; and 7, of K3, and homomorphisms #;: ¢, — Z; and h,: q, — I ,.

same length. Note that for this to work, we have to make both the P-successor of a and the first Row-point an instance
of Start. We now formalise the observations above by proving the following:

Lemma 18. The instance T admits a rectangle tiling iff there exists q,, such that ‘KéQ Eq,

Proof. (=) Suppose T tiles the N X M grid so that a tile of type T"/ € T covers (i, j). Let
block; = (Tl’j, R T,ﬁv’j,Row),

forj=1,...,M—1and k = (j— 1) mod3. Let g, be the CQ in which the B; follow the pattern
block;, block, ..., blocky_,

(thus,n = (N + 1) X (M — 1)). In view of Lemma we only need to prove that 7 | ¢, for each model 7 € Mq(gQ.
Take such an 7. We have to show that there is an R-path xy, ..., x,+; in Z such that xy € Start?, X; € B{ forl <i<n,
and x,,, € End”.

First, we construct an auxiliary R-path yy, ..., y,. We take yy € Start’ and y1 € I by (]D (I = TH1). Then we take
V€ (Tg’l)], LIV E (Tév’l)] by ([@). We now have right(T!) = W. By (@), we obtain yy.; € Row’ nStart’. By @),

yn+1 € Row] C Row’. We proceed in this way, starting with (), till the moment we construct y,_; € (TIZV’M 1 with

right(TNM=1) = W, for which we use () and (IE]) to obtain y, € RowZ"” C Row’, for some k. Note that 77 C EI
by (10), for a tile type T

By (12), two cases are possible now:

Case I: there is y such that (y,,y) € Rf and y € End”. Then we take xo = V0« v s Xn = Yy Xl = Y-

Case 2: there is z; such that (y,,z1) € R” and z; € (T}“")!, where T = T and up(T) = C. We then use (T3)

and find a sequence 2»,...,zy,u,v such that z; € (T7")?, where T = T*, u € Row’ and v € End’. So we take

X0 = YN+l Xn-N-l = Voo XaoN = D Xml T 2N and x, = u,x,+; = v. Note that, by (TT) and (T6), we have
i,j\T i, j—1

(T ) C(T(k l)m0d3) .

(&) Let g, be such that ‘KéQ E gq,. Then I E g, for each I € M'K§Q- Consider all the pairwise distinct pairs
(Z,h) such that I € M7<5Q and % is a homomorphism from ¢, to 7. Note that /(q,) contains an or-node o, (which is
an instance of RowZ“”, for some k). We call (7, k) and h left if h(x,+1) = 0 - Wag.gua, and right otherwise. It is not
hard to see that there exist a left (74, ;) and a right (Z,, h,) with o, = o7, (if this is not the case, we can construct
S M(](‘(%Q with 7 £ q, by choosing at every or-node o the left (right) branch if there is no left (respectively, right)
homomorphism # from g, such that h(x,) = o).

Take (£, by) and (£, h,) such that o, = 07, = o and use them to construct the required tiling. Let o = awp - - - w,
We have h(x,+1) = 0 - Wag gng and hy(x,) = o. Let h(x,4+1) = OV| - - Vyi2, wWhich is an instance of End (see Fig. |Z|)
Then h,(x,) = vy -+ - Viuy1, Which is an instance of Row.
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Suppose vy, = wag prar (other ks are treated analogously). By (T4, right(T) = W; by (13), up(T) = C. Suppose
Wy-1 = wags,. Then k = 1. By (), right(S) = W. By considering the atom B,_;(x,-;) in g,, we obtain that both
awq - - wy_1 and vy - - - v, are instances of B,_;. By (I0) and @]) B, | = §1 and down(T) = up(S).

Suppose v,,—; = Wag - By (13), right(U) = left(T) and up(U) = C. Suppose w,—2 = warg,- By (6), we have
right(Q) = left(S). By considering B,_>(x,—2) in g,, we obtain that both awy - - - w,_, and ov; - - - v,,—1 are instances of
B,—>. By (10) and (16), B,—> = 01 and down(U) = up(Q).

We proceed in the same way until we reach o and awy - - - w,_y_1, for N = m, both of which are instances of
B,-n-1 = Row. Thus, we have tiled the two last rows of the grid. We proceed further and tile the whole N x M grid,
where M =n/(N +1) + 1. a

Next, we define the EL-KB 7<C1Q = (TCIQ, Acq)- Let Zy = {Row} U {’fk | T € T,k =0,1,2}, and let TéQ contain
the following ClIs:

AC3APD, a7
DC3ARD N ARIRE N |—| X M Start, (18)
XeX
ECARE N |_| X M End. (19)
XeXy

As ‘KC'Q is an £L-KB, it has a canonical model 7. 7<C1Q:

A p Start,Xy,D R Start, Xy, D R Start, Zo, D

: ; : S

Note that the vertical R-successors of the Start-points are not instances of any concept name, and so ‘KCIQ does not

satisfy any CQ g¢,,. Now let ¢ = Sig(?(éQ). We show that ‘KéQ E ¢q implies ‘KéQ E g, for every Xcq-CQ ¢ without a
subquery of the form g¢,,.

Lemma 19. HMW(%Q is nXcg-homomorphically embeddable into IW([Q preserving {a}, foralln > 1, iﬁ’KéQ ¥ q,,, for
allm > 1.

Proof. (=) Suppose ‘KéQ E ¢,, for some m. Then HM{K'éQ E ¢q,,- By assumption, HM{K‘éQ is mXcq-homomorphically
embeddable into 1 o preserving {a}, and so we have 1. %, E ¢,,, which is clearly impossible because none of the
paths of .J. o contains the full sequence of symbols mentioned in g,,,.

(<) Suppose ‘KéQ ¥ ¢, for all m. Then [] M(KéQ ¥ q,, for all m. Take any subinterpretation of HngQ
whose domain contains n elements. Recall from the proof of Proposition@ that we can regard the Xcq-reduct of this
subinterpretation as a Boolean Xcq-CQ, and so denote it by g. Without loss of generality we can assume that g is
connected; clearly, ¢ is tree-shaped. We know that there is no Xcqg-homomorphism from g, into g for any m; in
particular, g does not have a subquery of the form ¢,,. We have to show that 1. R Eq.

If ¢ contains A or P, then they appear at the root of g or, respectively, in the first edge of ¢. By the structure of K5,
the product HM,K(%Q does not contain a path from A to End, so g does not contain End and, therefore, can be mapped

into J Ky In what follows, we assume that g does not contain A and P (note that D and E also do not occur in ¢q).
If g does not contain Start atoms or g does not contain End atoms, then clearly, 1 o Eq.

Suppose ¢ contains both Start and End atoms. If there exists an R-path from a Start node to an End node in ¢
then, by the structure of ‘KéQ, the End node is a leaf of q (as End nodes are always leaves in the models from M‘KéQ)
and the Start node is the root of ¢ (as there are minimal models 7; and 7, in Fig.[2] in which the first Starf node has
no R-predecessor). Since g does not contain a subquery of the form ¢,,, this R-path should contain variables with the
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Figure 3: A query that contains both Start and End atoms must have variables with empty concept labels.

empty Xcq-concept label, in which case g can be mapped into . o by sending the root of ¢ to the P-successor of
a and the rest of the query so as to map a variable with the empty Xcq-concept label to the vertical R-successor of a
Start node.

Now, suppose that g does not contain a (directed) path from a Start node to an End node. Then the Start node is
not the root of g. We denote by ¢, the subtree of g generated by this node (see Fig.3), and by gp,, the path from
the root yo of g to the End node. By the structure of ‘KéQ shown in Fig. a), the projection of yp onto every minimal

model of ‘KéQ is of the form § - wag 7. We prove that g, must have at least one intermediate node with the empty
Ycq-concept label. Indeed, suppose to the contrary that each intermediate variable x in q,; appears in an atom of the
form B(x), for B € {Tk | k =0,1,2} U{Row}. Since ‘KéQ E qg,q it follows that there is some & such that the distance
between two neighbour Row nodes in qp,, is k. Let 7; and 7, be the minimal models that satisfy (I2) by picking
the first and the second disjunct, respectively, and identical, otherwise (see Fig. . Suppose that 7 satisfies qg,; by
mapping yo to o of the form 6 - wag e and 7, satisfies qp,, by mapping yo to o, of the form o - - - wag 7. Then
the distance between o; and o, is k. Let ¢ be the distance from yy to the first Row node y,. If # < k, then y, should be
mapped to o that is a predecessor of o, in 1; or o, itself. However, such a map is not possible as the Zcg-label of
o’ does not contain Row (only a concept of the form To), and we get a contradiction. In the case ¢ > k, the argument
is similar; one needs to observe that the structure of 7<éQ (in particular, (ED, (]Z]), @)) makes it impossible to map
Y0, - - - » ¥ onto the common part of 7; and I, in such a way that h,(y;) = h;(y;)o with |o| = k. Thus, we conclude that q
can be homomorphically mapped to 7. K1y 3 follows: yo goes to awspp, g, to the infinite path of Start nodes, and
qE,q SO as to map a variable with the empty Xcq-concept label to the vertical successor of a Start node. d

As an immediate consequence of Lemmas[I8]and[T9]and the characterisation of 2-CQ-entailment given in Theo-
rem|[17](3), we obtain:

Theorem 20. The problem whether an &L KB Z-CQ entails an ALC KB is undecidable.
We now modify the KBs constructed in the proof of Theorem 20]to show undecidability of £-CQ-inseparability.
Theorem 21. X-CQ inseparability between EL and ALC KBs is undecidable.
Proof. We set K, = 7((%Q v ‘KéQ and show that the following conditions are equivalent:
@)) 7(éQ 2cq-CQ entails WéQ;

2) ‘KCIQ and K; are Zcq-CQ inseparable.

Let 1. N be the canonical model of ‘K(]:Q and Mq(éQ the set of minimal models of WgQ. One can easily show that the
following set My, is complete for K;:

M7(2 = {IL‘HI:](([Q |I€M7((2‘Q },
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Figure 4: The structure of models 7; and 7, of K5, and homomorphisms 4;: g, = Z; and h,: q,, — I,.

where 7 W 1 o is the interpretation that results from merging the roots a of 7 and 7. Ky Now, the implication
(2) = (1) is trivial. For the converse direction, suppose ‘KCIQ Yco-CQ entails ‘KéQ. It follows that %, Xcq-CQ entails
WéQ. So it remains to show that ‘7(éQ 2co-CQ entails K. Suppose this is not the case and there is a Xco-CQ ¢ such
that K, F ¢ and ‘K(':Q ¥ q. We can assume g to be a smallest connected CQ with this property; in particular, no
proper sub-CQ of g separates WéQ and K. Now, we cannot have WgQ = g because this would contradict the fact that
‘KC'Q 2co-CQ entails V(éQ. Then 7(éQ B g, and so there is T € My, such that 7 [ ¢. On the other hand, we have
Twlr o E q. Take a homomorphism h: ¢ - 7 W I Ky As g is connected, J [~ q and 1. o £ q, there is a variable
x in q such that h(x) = a. For every variable x with h(x) = a, we remove Jdx from the prefix of ¢ if any. Denote by
g’ the maximal sub-CQ of ¢ such that i(q’) C I (more precisely, S(y) € q is in ¢’ iff h(y) C A?). Clearly, ¢’ Sq
and K, = ¢q’. Denote by ¢’ the complement of ¢’ to g. Obviously, h(q”) € I Ko Now, we either have ‘KéQ Eq
or ‘KéQ = q’. The latter case contradicts the choice of ¢ because ¢’ is a proper sub-CQ of ¢g. Thus, 7(C1Q E ¢, and
so there is a homomorphism /’': ¢’ — 1. Ky with ’(x) = a, for every free variable x. Define a map g: ¢ — 7. o by

taking g(v) = I/ (y) if y is in ¢’ and g(y) = h(y) otherwise. The map g is a homomorphism because all the variables that
occur in both ¢’ and ¢” are free and must be mapped by g to a. Therefore, 7. o E ¢, which is a contradiction. a

Observe that our undecidability proof does not work for UCQs as the UCQ composed of the two disjunctive
branches shown in Fig. 2] (for non-trivial instances) distinguishes between the KBs independently of the existence of
a tiling. In Section@ we show that, for UCQs, entailment is decidable.

4.2. Undecidability of rCQ-entailment and inseparability with respect to a signature X
It is not difficult to see that the KBs ‘KC'Q and ‘KéQ constructed in the undecidability proof for CQ-entailment

cannot be used to prove undecidability of rCQ-entailment. In fact, V(CIQ 2cq-rCQ entails 7(2Q, for any instance of the
rectangle tiling problem. We now sketch how the KBs defined above can be modified to show that rCQ-entailment
and inseparability are indeed undecidable. Detailed proofs are given in the appendix.

Theorem 22. (i) The problem whether an EL KB 2-rCQ entails an ALC KB is undecidable.
(ii) Z-rCQ inseparability between EL and ALC KBs is undecidable.

Proof. For (i), we do not use the role name P but add R(a, a) and Row(a) to the ABox {A(a)}. The CQs g, are modified
by adding a conjunct R(y, xp) with answer variable y to ¢,,. In more detail, suppose that an instance ¥ of the rectangle
tiling problem is given. Let

Acq = {R(a,a), Row(a), A@)} U (To(a) | T € T), (20)
let 7 ¢, contain the CIs G)—~(T6) of T, as well as
A T 3AR.(Row N AR.1y), 1)
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and let ‘KfCQ (T rCQ, Aicq). Note that the loop R(a, a) in Acq plays roughly the same role as the path between two
Start-points in the previous construction (see Fig. [2). The existence of a tiling can now be checked by the rCQs

;) = Ax (RO, x0) A [\ (R(x; Xia1) A Bilx) A End(x.1)),
i=0

where B; € {Row} U {T,< | T € %,k =0,1,2}, for which we have an analogue of Lemmafor ‘K Q" The structure
of the two h0m0m0rph1sms is shown in Fig. @ Note that the CQ encodes the first row two times. Now, we take
=( rCQ"?{rCQ) where TrCQ contains the following CIs (recall that we set £y = {Row}U {Tk |T €%, k=0,1,2)}):

AC3AR.D N AR3R.E, (22)
DCARD rn ARARE N |—| X, (23)
XeXy
EC3IREN [|X N End. 24)
Xex,

The canonical model 7y  of K., is shown below:
CQ

A, Row 7:0 R Eo,D R Zo,D R Zo,D

(ORI

We set Xicq = Sig(K CQ) Again, one can show Lemma.for 7(ch and 7(ch The proof of (if) is similar to the
non-rooted case and given in the appendix. d

4.3. Undecidability of (r)CQ-entailment and inseparability for full signature

The KBs used in the undecidability proofs above trivially do not X-CQ-entail each other for the full signature X.
For example, the answer to the CQ Jy3z (P(a, y) AR(y, z) A I™(2)) is ‘yes’ over WéQ and ‘no’ over 7(C1Q. To establish
undecidability results for separating CQs with arbitrary symbols, we modify the KBs constructed above. We fol-
low [57] and replace the non-X-symbols by complex ALC-concepts that, in contrast to concept names, cannot occur
in CQs. Let I" be a set of concept names. For any B € I, let Zg be a fresh concept name and let Rp and S 3 be fresh
role names. The abstraction of B is the ALC-concept

Hp = VR3S p.~Zs.

The I-abstraction C'" of a (possibly compound) concept C is obtained from C by replacing every B € ' with Hj.
The I-abstraction T of a TBox 7 is obtained from 7~ by replacing all concepts in 7~ with their I'-abstractions. We
associate with I" an auxiliary TBox

77 = {TC3ReT, TCASpZp| BT}

and call 71" U 7“3 the enriched T'-abstraction of 7 for I'. In what follows, we are going to replace TBoxes 7~ with
their enriched I'- abstractlons We say that a TBox 7~ admits trivial models if any interpretation I with X = 0, for any
concept or role name X, is a model of 7". The TBoxes used in the undecidability proofs above admit trivial models.

Theorem 23. Suppose K| = (71, A) and K, = (T2, A) are ALC KBs and X a signature such that sig(A) C %,
I' = sig(71 U 73) \ T contains no role names, and T1 and T, admit trivial models. Let ‘Kl.TF = (‘i'l.Tr U ‘7}3, A), for
i = 1,2. Then the following conditions are equivalent:
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(1) K Z-(r)CQ entails K5,
2) ‘KlTF full signature (r)CQ entails ‘KZTF.

Proof. We start by defining the T-abstraction T™" and the T-instantiation T\ of an interpretation 7. The latter is
defined in the same way as I except that BY Y = Hp” forall BeT. Itis straightforward to show the following.

Fact 1. For all ALC concepts D over the signature sig(%; U K>) and all d € A?, we have d € D Tiffd e (D™ . In
particular, if 7 is a model of KTF, then 7' is a model of %, for i = 1, 2.

We now define the interpretation Z™". The domain A?" of 7T is the set of words w = dv, - - - v, such that d € AL
and v; € {Rg, S5, Sp | BeT), where v; # Spifeither (i) i > 2 or (i) i =2 and d ¢ B or v| # Rg. Then

A" = AL, for all concept names A € sig(K; U¥K,) \ T

B = 0, for all concept names B € I;
ZBITI- = Zgz? U{w | tail(w) = S}, for all concept names B € T';
s7" = §Z. forall role names S ¢ (R, Sp | B e T}:
RBITr = RgY U{(w,wRg) | wRp € AITF}, for all concept names B € T
Sl = ST U{w,wSg) | wSg e ATy U {(w,wSg) | wSg e A"}, for all concept names B € T.

By the construction of 7', we have Hp’ " = B, for all concept names B € I. For the interpretation 7 below
consisting of two elements d; and d» with d; € B? and d, € (=B)? and I = {B}, the '-abstraction 7" can be depicted
as follows, where the grey points ® correspond to the words of the form wS z:

I 7T
B -B d 1 dz

di e e d
R

Fdne Rii X h {}\ ok RB/&/%

Fact 2. For all ALC concepts D over the signature sig(%; U %) and all d € AZ, we have d € (D™)!" iff d € D”.
Moreover, if T is a model of %;, then 7' is a model of ‘Kl.Tr Jfori=1,2.

Proof of Fact 2. For the ‘moreover’-part, observe that, for C C D € 7; and d € AZ, we have that d € (C')?" implies
d € (D) by the first part of Fact 2. For d € A7" \ AL, observe that d ¢ Hén forany BeT,d ¢ A”" and any
concept name A € sig(K; U K>), and (d,d’) ¢ R™" for any d’ and role name R € sig(K; U K3). Thus,if CT D € 7;
and d € CI" then it follows from the condition that 7 admits trivial models that d € D " Thus 7™T is a model of
7'iTF. Since 7™ is a model of 7 by construction, it follows that 7™ is a model of ‘7:.TF UT7.

We collect further basic properties of the interpretations 7' and 7'!'. In the formulation and proofs of Facts 3-6
below, the homomorphisms are always constructed in such a way that individual names are preserved. For simplicity,
we do not state this explicitly.

Fact 3. Let I,J be interpretations and n > 0. If T is n-homomorphically embeddable into J, then 7™ is n-
homomorphically embeddable into J .

Proof of Fact 3. Suppose n > 0 and I is n-homomorphically embeddable into J. Let 7’ be a subinterpretation of 71"
with |AZ'| < n. For the subinterpretation 7’ of I induced by Ay = A’ N AT, there exists a homomorphism /g from
I" to J. We extend hg to a homomorphism 4 from I’ to J ™ inductively as follows. Suppose d € AT \ AL and h(d)
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has not yet been defined, but there is no Rp or S p-predecessor of d in T T for which h(d) has not been defined. We
distinguish three cases (which are mutually exclusive by the construction of 7). If (i) h(d’) has been defined for an
Rg-predecessor d’ of d in I, then choose an Rg-successor e of i(d’) in J'' and set h(d) = e. Observe that such an
Rp-successor exists by the construction of J° T If (ii) h(d’) has been defined for an S p-predecessor d’ of d in I’, then
choose an S g-successor e of A(d’) in J ™ such that e € ZBjTr and set h(d) = e. Again such an S g-successor exists by
the construction of . (iii) There does not exist any Rp or S g-predecessor of d in J’ for which & has been defined.
In this case, choose h(d) arbitrarily in J'T such that if d € Zg?", then h(d) € Zg7" . Such a d exists since Zg7" # 0.
The resulting map is a homomorphism from 7’ to J .

Fact 4. Let T be a model of K, for K € {%;,%K>}. Then (7)™ is homomorphically embeddable into 7.

Proof of Fact 4. Let hy be the identity mapping from I to T (observe that A”" = AZ). One can now extend Ay to a
homomorphism % from (Z*")™ to T in the same way as in the construction of / in the proof of Fact 3 above.

Fact 5. Let K € {K, ). If M is complete for K, then {I™" | T € M} is complete for K.

Proof of Fact 5. Suppose J is a model of K™''. By Proposition@ it suffices to show that, for any n > 0, thereis 7 € M
such that 7™ is n-homomorphically embeddable into J. Fix n > 0 and consider the interpretation J*'. By Fact 1,
JY is a model of K and so there exists a model 7 of K such that I is n-homomorphically embeddable into .
But then, by Fact 3, 7™ is n-homomorphically embeddable into (F*")™ which, by Fact 4, itself is homomorphically
embeddable into 7. Thus, 7™ is n-homomorphically embeddable into J. By Fact 2, 7™ is a model of K.

Fact 6. Let M; be families of interpretations with XY = 0, for all 7 € M; and all concept and role names X with
X ¢ sig(‘K;), i = 1,2. Then the following conditions are equivalent:

(a) [] M, is nZ-homomorphically embeddable into [ M, for all n > 0O;
(b) [I{I™ | T € M} is n-homomorphically embeddable into [[{Z™" | T € M}, for all n > 0.

Proof of Fact 6. Suppose M| ={I;|ie€l}and M, ={J; | je J}.
Assume first that (a) holds and let J is a subinterpretation of ]‘[{j}r | j € J} with [A] < n. We have to

construct a homomorphism from J to [[{1 iTF | i € I}. There is a Z-homomorphism /g from the subinterpretation J”
of [T M, induced by AT n AlIM: to [T M,. By definition, /g is a homomorphism from the subinterpretation J” of
H{j}r | j € J}induced by AT N AlIM: o TT{ZT" | i € I} (the only difference between J” and " is that BT" = 0 for
all B € I'). Following the proof of Fact 3, one can now expand %y to a homomorphism / from J to [[{Z ZTF |iel}.
Conversely, assume that (b) holds and assume that J is a subinterpretation of [[ M, with |AT| < n. We have to
construct a £-homomorphism from J to [ M;. There is a X-homomorphism A from the subinterpretation J” of
T ]Tr | j € J}induced by A to [T{T l_TF | i € I}. To obtain from Ay the required X-homomorphism /4, we have to

re-define ho(d) for any d with ho(d) € AT 1€l \ ATIM1Consider such a d. Observe that ho(d) ¢ B 1€} for any
concept name B € ¥ and ho(d) is not in the range or domain of any R Iliel) for any role name R € X. But then, since
hg is a X-homomorphism, d ¢ B for any concept name B € X and d is not in the range or domain of R7 for any role
name R € X. Thus, we can choose A(d) arbitrarily in Al and obtain the required X-homomorphism.

For CQs, Theorem 23] now follows directly from Theorem [I7](3) and Facts 5 and 6. Note that we can consider
sets M; of interpretations that are complete for %; such that X? = @, for all 7 € M; and all concept and role names X
with X ¢ sig(K;), i = 1,2. For rCQs, we use Theorem(4). a

Now, to prove undecidability of full signature (r)CQ entailment and inseparability, we apply Theorem 23]to the

KBs constructed in the proofs of Theorems and Note that the KBs (‘KéQ)TF with T = sig(?(ClQ U WéQ) \Zco
and (V(IAICQ)Tr with T = sig(?(rlcQ u 7(r2CQ) \ Z,cq are still EL-KBs since g = sig(?(ClQ) and X,cq = sig(?(rICQ).

Theorem 24. (i) The problem whether an EL KB full signature-(r)CQ entails an ALC KB is undecidable.
(i) Full signature-(r)CQ inseparability between EL and ALC KBs is undecidable.
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5. Decidability of (r)UCQ-Entailment and Inseparability for ALC KBs

We show that, in sharp contrast to the case of (r)CQs, Z-(r)UCQ-entailment and inseparability of ALC KBs are
decidable and 2ExpTmME-complete. We start by proving a new model-theoretic criterion for Z-(r)UCQ entailment
that replaces finite partial X-homomorphisms by X-homomorphisms and uses the class of regular forest-shaped mod-
els for the entailing KB K and the class of forest-shaped models for the entailed KB K,. We then encode this
characterisation into an emptiness problem for two-way alternating parity automata on infinite trees (2APTAs) by
constructing a 2APTA that accepts (representations of) forest-shaped models of the entailing KB into which there is
no XZ-homomorphism from any forest-shaped model of the entailed KB. Rabin’s result that such an automaton accepts
a regular model iff it accepts any model will then yield the desired 2ExpTmME upper bound for (r)UCQ-entailment.
Matching lower bounds are proved by a reduction of the word problem for exponentially space bounded alternating
Turing machines. Finally, we show that the same tight complexity bounds still hold in the full signature case.

5.1. Model-theoretic characterisation of (r)UCQ-entailment based on regular models

We show that finite partial homomorphisms can be replaced by homomorphisms in the characterisation of Z-
(r)UCQ entailment between ALC-KBs given in Theorem [I7]if one considers regular forest-shaped models of the
entailing KB K and forest-shaped models of the entailed KB K. Recall that, by Proposition @ the class M* of
regular forest-shaped models of outdegree < |77 is complete for any ALC-KB K = (7, A). We also show that if X
contains all role names in the entailed KB, then X-rUCQ entailment coincides with Z-UCQ entailment. This allows
us to transfer our 2ExpTME lower bound from the non-rooted to the rooted case.

Theorem 25. Let ‘K and K> be ALC-KBs and X a signature.

(1) K Z-UCQ entails K, iff, forany I € M‘;?f’ there exists 1, € M';gz that is Z-homomorphically embeddable into
I preserving ind(%3).

(2) K Z-rUCQ entails K, iff, for any I € Mﬁ;f there exists 1, € Mlq’gz that is con-X-homomorphically embeddable
into I preserving ind(%5).

Proof. We only prove (1) as the proof of (2) is similar. The direction (<) follows from Theorem (17| and the facts
that M ;‘é’ and MI;?2 are complete for K and K, respectively (Propositions |8/ and EI) To show (=), suppose that K

2-UCQ entails K5 and let 7, € M;:’ We construct 7, € Mf,’gz and a £-homomorphism % from 7, to 7 preserving
ind(%>). By Theorem|[17](1) and Propositions[§|and[9] we have

(*) for any n > 0, there exists a model J € Mggz that is nX-homomorphically embeddable into 7 preserving ind(%).

Denote by <, the subinterpretation of an interpretation J € M’;?z induced by the domain elements of J connected
to ABox individuals in ind(%;) by paths of role names (possibly not in X) of length < n. A (X, n)-homomorphism h
Sfrom g to I\ preserving ind(K>) is a Z-homomorphism preserving ind(X;) whose domain is a finite subinterpretation
of J that contains J|<,. Let &, be the class of pairs (J,h) with J € Mf]’g and A a (Z, n)-homomorphism from J to
7. By (%), all &, are non-empty. We may assume that for (7, h), (J, f) € U0 2. if I|<, and <, are isomorphic
then J\<, = J|<n, for all n > 0. We define classes @, C (U5, Em, 1 > 0, with @g 2 @ 2 -- - such that the following
conditions hold:

(@ 0,NE, #0forallm > n;
(b) I<n = J|<n and hi<, = fi<, for all (7, h), (T, f) € O, (here and below, h<, denotes the restriction of & to 1 |<,).

Let ®g be the set of all pairs (J, k) such that (J, h) € Ey. Our assumptions imply that ®, has the properties (a) and
(b) because h(a”) = a’ holds for every Z-homomorphism /4 preserving ind(%) and all ABox individuals a € ind(%).
Suppose now that ®, is defined and satisfies (a) and (b). Define an equivalence relation ~ on ®, N (U,ysn+1 Em) by
setting (£, h) ~ (I, f) if T\<ps1 = J<ne1 and, for all x € AJ=+1\ Adin | the following holds: A(x) and f(x) are always
roots of isomorphic ditree subinterpretations of 7 and if, in addition, either 4(x) € ind(K;) or f(x) € ind(K}), or there
is a y € AJi= such that x is an R-successor of y in J\<n+1, for some role name R € X, then A(x) = f(x). By the finite
outdegree and regularity of 7, the properties (a) and (b) of ®,, and the finite outdegree of all J such that (7, &) € &,,
the number of equivalence classes for ~ is finite. Hence there exists an equivalence class O satisfying (a). Clearly, we
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can modify the (X, n)-homomorphisms 4, f in the pairs (7, h), (', f) € ® in such a way that h(x) = f(x) holds for all
x € AJi=w1 \ AT= while preserving the remaining properties of ®. The resulting set of pairs satisfies (a) and (b).
We define an interpretation 7, as the union of all <, such that there exists (J, /) € ©,,n > 0:

AT = U{Mswah(j,h)e@n B
n=0

A = U {AT= | Ah (J, h) € ©, }, for all concept names A;

n=0

R

U {RT= | 3 (T, h) € ©, }, for all role names R.

n>0

Using Conditions (a) and (b) and the fact that the sequence @p, Oy, - - - is decreasing, it is straightforward to show that
I, e Ml;é’z . Define a function 4 from J; to 7 by setting

h=|JUha 137 T € 0,).

n=0

It follows from Condition (b) that /4 is well defined. It is readily checked that % is a Z-homomorphism from 7, to 7
preserving ind(%;). a

Lemma 26. Let K| and K, be ALC-KBs and X a signature containing all role names in sig(%K,). Then K £-UCQ
entails ¥, iff K Z-rUCQ entails K.

Proof. Suppose K; Z-rUCQ entails K. By Theorem it suffices to prove that, for any 7, € M;?l” , there exists
I, e Mf;("2 that is Z-homomorphically embeddable into 7 preserving ind(%3). By Theorem we know that, for any
I e M;f , there exists 7, € M% that is con-X-homomorphically embeddable into 7 preserving ind(,). Moreover,

as X contains the role names in sig(%), we may assume that every u € A2 is Z-connected to the ABox A of K». But
then 7, is con-Z-homomorphically embeddable into 7 preserving ind(K3) iff it is Z-homomorphically embeddable
into 7 preserving ind(K3), as required. a

5.2. 2ExPTiME upper bound for (r)UCQ-entailment with respect to signature X

We use the model-theoretic criterion of Theorem [25] to prove a 2ExpTiME upper bound for (r)UCQ-entailment
between ALC-KBs with respect to a signature . We focus on the non-rooted case and then discuss the modifications
required for the rooted one. Let K, K, be ALC-KBs and X a signature. We aim to check if there is a model 1 € M;?f

into which no model 7, € Mz(”l is Z-homomorphically embeddable. In the following, we construct an automaton 2{
that accepts (a suitable representation of) the desired models 7. It then remains to check whether the language L(2()
accepted by 2( is non-empty. Note that £(2() contains also non-regular models, but a well-known result by Rabin [58]]
implies that, if £(2() is non-empty, then it contains a regular model, which is sufficient for our purposes.

We use two-way alternating parity automata on infinite trees (2APTAs) and encode forest-shaped interpretations
as labeled trees to make them inputs to 2APTAs. Let IN denote the positive integers. A tree is a non-empty (possibly
infinite) set T C IN* closed under prefixes. The node ¢ is the root of T. As a convention, for x € N*, we take x - 0 = x
and (x-i) - —1 = x. Note that £ - —1 is undefined. We say that T is m-ary if, for every x € T, the set {i | x- i € T} is of
cardinality exactly m. Without loss of generality, we assume that all nodes in an m-ary tree are from {1, ..., m}".

We use [m] to denote the set {—1,0,...,m} and, for any set X, let B*(X) denote the set of all positive Boolean
formulas over X, i.e., formulas built using conjunction and disjunction over the elements of X used as propositional
variables, and where the special formulas true and false are allowed as well. For an alphabet I, a I'-labeled tree is a
pair (T, L), where T is atree and L : T — I a node labelling function.

Definition 27. A two-way alternating parity automaton (2APTA) on infinite m-ary trees is a tuple A = (Q, T, 8, o, ¢),
where Q is a finite set of states, I a finite alphabet, 6: Q X I' = B*(tran(2l)) the transition function with the set of
transitions tran(2l) = [m] X Q, qo € Q the initial state, and ¢ : Q — N is the acceptance condition.
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Intuitively, a transition (7, g) with i > 0 means that a copy of the automaton in state g is sent to the i-th successor
of the current node. Similarly, (0, g) means that the automaton stays at the current node and switches to state ¢, and
(-1, g) indicates moving to the predecessor of the current node.

Definition 28. A run of a2APTA 2 = (Q,T, 6, qo, ¢) on an infinite I'-labeled tree (7, L) is a T X Q-labeled tree (T, r)
such that the following conditions are satisfied:
- r(e) = (&,90);
—ify e T, r(y) = (x,9), and 6(gq, L(x)) = ¢, then there is a (possibly empty) set O = {(c1,41),---,(Cn,qn)} C
tran(Xl) such that Q satisfies ¢ and, for 1 < i < n, x-¢; is anode in T, and there is a y - i € T, such that

r(y-i)=(x-ciq).

We say that (T, r) is accepting if in all infinite paths y,y, - - - of T, min({c(q) | r(y;) = (x, g) for infinitely many i}) is
even. An infinite [-labeled tree (7, L) is accepted by 2l if there is an accepting run of 2 on (7, L). We use L(2) to
denote the set of all infinite ['-labeled trees accepted by 2.

We require the following results from automata theory:

Theorem 29 ([58. 59])).
1. Given a 2APTA 2, one can construct in polynomial time a 2APTA 5 with L(*8) = L().

2. Given a constant number of 2APTAs 2, ..., 2., one can construct in polynomial time a 2APTA 2 such that
L) = LA N--- N LA

3. Emptiness of 2APTAs can be decided in time single exponential in the number of states.

4. For any 2APTA A, L) # 0 implies that L(2) contains a regular tree.

Now, let I' be the alphabet with symbols from the set
{root, empty} U (ind(%;) x 2CNTD)y U (RN(T7) x 26NTD),

where CN(7;) (respectively, RN(77)) denotes the set of concept (respectively, role) names in 7;. We represent forest-

shaped models of 77 as m-ary I'-labeled trees, with m = max(|77], [ind(X})|). The root node labeled with root is not

used in the representation. Each ABox individual is represented by a successor of the root labeled with a symbol

from ind(%}) x 2°N7D: non-ABox elements are represented by nodes deeper in the tree labeled with a symbol from

RN(77) x 2°NTD | The label empty is used for padding to make sure that every tree node has exactly m successors.
We call a I'-labeled tree proper if it satisfies the following conditions:

the root is labeled with root;

for every a € ind(A,), there is exactly one successor of the root that is labeled with a symbol from {a} x 2CN(TD),
all of the remaining successors of the root are labeled with empty;

— all other nodes are labeled with a symbol from RN(77) x 2°N7) or with empty;

— if a node is labeled with empty, then so are all of its successors.

A proper I'-labeled tree (T, L) represents the following interpretation 7 (7 1)

Alan =ind(A) U {x € T | |x] > 1 and L(x) # empty},
Afen ={q|Axe T L(x) = (a, t) withA e U {x e T | L(x) = (R, t) with A € ¢},
RIav ={(a,b) | R(a,b) € A} U

{(a,ij)1ijeT, L) = (a,t1), and L(ij) = (R, t2)} U

{(x,xi) | xi e T, L(x) = (S, t), and L(xi) = (R, t3)}.

Note that 7 (7 1) is a forest-shaped interpretation of outdegree at most |77| that satisfies all required conditions to qualify
as a forest-shaped model of 7 except that it need not satisfy 7. In addition, the interpretation J (7 1) is regular iff the
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tree (7, L) is regular (has, up to isomorphisms, only finitely many rooted subtrees). Conversely, every model 7 € M;’gl
can be represented as a proper m-ary ['-labeled tree. Note that the assertions from A; are not explicitly represented in
(T, L), but readded in the construction of 7z z).

The required 2APTA 2 is assembled from the following three automata:
— a2APTA 2 that accepts an m-ary I'-labeled tree iff it is proper;
— a2APTA 2, that accepts a proper m-ary I'-labeled tree (T, L) iff 771 is a model of 77;

— a 2APTA 2, that accepts a proper m-ary I'-labeled tree (7, L) iff there is a model 7, € M’;gz that is X-
homomorphically embeddable into 7 1 1 preserving ind(%2).

The following result shows that we would achieve our goal once we have constructed 2y, 2, and 2, and then define
2L in such a way that £(2() = L(2p) N L&) N L(RAy).

Lemma 30. The following conditions are equivalent:
(1) L&) N LA N L) =0,

(2) for each model 1, € Ml;gl , there exists a model T, € Ml}g that is -homomorphically embeddable into I,
preserving ind(%K3), _

(3) for each regular model I € M};é’l , there exists a model I, € Mggz that is Z-homomorphically embeddable into
I preserving ind(%3),

@) K Z-UCQ-entails ;.

Proof. (1) & (2) follows from the properties of 2y, 2A;, 2As; (1) & (3) follows from the properties of 2y, A, 2A,, and
Rabin’s Theorem [58]]; and (3) & (4) is Theorem a

The construction of 2 is trivial and left to the reader. The construction of 2, is quite standard [51]]. Let Cy, be
the negation normal form (NNF) of the concept

1 (~CuD)
CEDeT,

and let cl(Cy, ) denote the set of subconcepts of Cq,, closed under single negation. Now, the 2APTA A, = (Q,T, 8, qo, ¢)
is defined by setting

0 =1{490,91.90} U 1¢““, 4. 4", ¢ | a € ind(A)), C € cl(Cr,), R € RN(T7)}

and defining the transition function ¢ as follows:

8(q0, 000) = [\ (i 1), 8(g°C  (x, U)) = (0.4%) A (0.4,
= m 8, (x, U)) = (0,¢4) v (0,¢),
8(q1,0) = ((0,40) v (0,45 ) A N\ G, m
1 ’ Al 1 8(q*C, root) = \/ (1, 4*),
AR.C " . R . C b,C i=1
5@, @, U) = \/ (.Y A GgDVv N (1,479, 8¢, (a, U)) = (0,¢C),
i=1 R(a,b)eA,;

S(g*, (x, U)) =true, if A € U,
(g™, (x, U)) =true, ifA ¢ U,
8(q%, (R, U)) = true,

5q"™, @ U) = \(Ggo) Vg™ Vi gDA -\ (1.4,
-l §(g7R,(S,U)) = true, if R # S,

R(a,b)eA,

5(q™C. (8. 1) = \/ (G- ¢") A (. g)), 8(qo, empty) = true,
i=1
5" (5. U)) = /m\((i, oV (™) Y (). 5(q.0) = false, forall other g € Q, € €T.

i=1
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Here x in the labels (x, U) stands for an individual a or for a role name S, and ¢ in the second transition is any label
from I'. The acceptance condition c is trivial (c(q) = 0 for all g € Q). It is standard to show that 2(; accepts the desired
tree language.

To construct 2, we use the notation introduced in the proof of Proposition[9] Note that the set type(7>) of 7>-
types can be computed in time single exponential in |K3|. A completion of K, is a function 7: ind(Ay) — type(77)
such that, for any a € ind(A,), the KB

v | tca, Aav | ey

aeind(Ay),Cer(a) aeind(A,)

is consistent, where A, is a fresh concept name for each a € ind(A,). Denote by compl(%?) the set of all completions
of K,; it can be computed in time single exponential in |%;].

We now construct the 2APTA 2,. It is easy to see that if there is an assertion R(a,b) € A, \ A; with R € Z,
then no model of %K, is Z-homomorphically embeddable into a forest-shaped model of K preserving ind(%;). In
this case, we choose 2l so that it accepts the empty language. Suppose there is no such assertion. It is easy to
see that any model 7, of K such that some a € ind(%;) \ ind(%) occurs in S¥2, for some symbol S € X, is not
2-homomorphically embeddable into a forest-shaped model of K preserving ind(K;). For this reason, we should
only consider completions of K such that, for all a € ind(%) \ ind(K}), 7(a) contains no X-concept names and no
existential restrictions IR.C with R € Z. We use compl, (%) to denote the set of all such completions. We define the
2APTA 2, = (Q,T, 6, qo, ) by setting

0 ={qo} Ulg™, g, f' | a € ind(A,), t € type(T2), R € RN(T2) N T}

and defining the transition function ¢ as follows:

\V A \m/o', g,

tecomply (K3>) a€ind(A)Nind(A;) i=1

AV Q(i,q’“w VG W) IV AN VAR (%

6(qo, root)

6(g*!, (a, U))

HR Cet sesuccagpc(t) i=1 R(a,b)eA,; Hlleeécza sesuccag.c(t)
m
. R,
sg@tson = N\ Ve AN o,
AR.Cet sesuccagrc(t) i=1 AR.Cet sesuccagc(t)
ReX R¢X

where the last two transitions are subject to the conditions that every X-concept name in ¢ is also in U,

S(f', (v, U))

©0.9") v \/ GOV (=1, 1,
i=1

\/ G,

i=1

\/G.q™,

i=1

6(q,0) = false, forallotherge Qand (€T,

6(ft, root)

5(g™*, root)

where v is an individual a or a role name S. Note that the states f* are used to find non-deterministically the homo-
morphic image of Z-disconnected successors in the tree. Finally, we set c¢(q) = 0 for g € {go, ¢**, ¢*} and c(f*) = 1.

Lemma 31. (7, L) € L(2,) iff there is a model I, € M}"’ such that I is X-homomorphically embeddable into I (r 1)
preserving ind(%3).
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Proof. (=) Given an accepting run (7, r) for (T, L), we can construct a model 7, € M';?z and a X-homomorphism £
from 7, to Jz). Intuitively, the type ¢ of a in I is given by the child y, of £ in T, with r(y,) = (x4, ¢*"), and the
tree-shaped part of 7, is defined inductively as follows. If an element d of 7, has type ¢ and y; € T,, then for each
JR.C € t such that R € £, d has an R-successor d’ whose type § € sucCag ¢(¢) is determined by a child y, of y, in 7,
with r(ys) = (x4, ¢"*), for some v. Moreover, for each AR.C € ¢ such that R ¢ Z, d has an R-successor d’ whose type
§ € sucCagc(¢) is determined by the descendants yy,...,y,, Vo of ygin T\, n > 1, with r(y;) = (x;, f*), 1 <i < n, and
r(ya) = (x4, q"*) for some v. The homomorphism £ is defined by taking the identity on individual names, and setting
h(d) = aif r(yg) = (x4,9%"), and h(d) = x4 if r(y4) = (x4, ™). Observe that due to the accepting condition for which
c(f") = 1, the automaton cannot remain forever in the states f?, and so has to eventually find the homomorphic image
of X-disconnected successors in the tree.

(<) Suppose there is a model 7, € Mf;gz such that 7, is Z-homomorphically embeddable into 77, preserving
ind(K3). It is straightforward to construct an accepting run for (7, L) by using 7, as a guide. a

The constructed automaton 2 has only single exponentially many states. Thus, by Theorem checking its
emptiness can be done in 2ExPTIME.

Theorem 32. The problem whether an ALC KB Z-UCQ entails an ALC KB is decidable in 2EXPTIME.

We now briefly discuss the modifications needed in the automata construction to obtain the same upper bound for
2-rUCQ entailment. In the rooted case, we modify the automaton 2, in such way that it does not attempt to construct
a X-homomorphism when reaching Z-disconnected successors. Thus, the set Q of states of 2, does not contain f?,
and the transition function is simplified accordingly. In particular, in the definition of the transitions 6(g™, (x, U)), for
x € {a, S}, the second set of conjunctions for AR.C € ¢t and R ¢ X is omitted.

Theorem 33. The problem whether an ALC KB Z-rUCQ entails an ALC KB is decidable in 2EXPTIME.

Our characterisation of 2-(r)UCQ entailment using automata also allows us to formulate Theorem without the
restriction to regular interpretations. For UCQs, this is a consequence of Lemma [30] and, for rUCQs, one can prove
an analogous lemma.

Theorem 34. Let ‘K; and K> be ALC KBs and X a signature.

(1) K Z-UCQ entails I iff, for any I, € M’;g] , there exists 1, € Mlq’g that is Z-homomorphically embeddable into
I preserving ind(%5).

(2) K Z-rUCQ entails K, iff, for any I'| € Mf;?l, there exists I, € Mggz that is con-X-homomorphically embeddable
into 1| preserving ind(%3).

5.3. 2ExpTiME lower bound for (r)UCQ-entailment and inseparability with respect to a signature

We first show a 2ExpTmvE lower bound for Z-UCQ entailment between ALC KBs by giving a polynomial reduc-
tion of the word problem for exponentially space bounded alternating Turing machines. Using Lemma 26| we obtain
the same lower bound for rtUCQs. We then modify the KBs from the entailment case to obtain 2ExpTimME lower bounds
for Z-(r)UCQ inseparability.

An alternating Turing machine (ATM) is a quintuple of the form M = (Q,I,T, go, A), where the set of states
0 = 039 Qy W{g,} W {q,} consists of existential states in Q3, universal states in Qy, an accepting state q,, and a
rejecting state q,; I'y is the input alphabet and I' 2 T'; the work alphabet containing a blank symbol [; gy € Q3 U Qy
is the starting state; and the transition relation A is of the form

A C (O\{ga, g ) XT X O XTI x{-1,+1}.

We write A(g, o) to denote {(¢’,0”,m) | (q,0,q ,0’,m) € A} and assume without loss of generality that every set
A(g, o) contains exactly two elements. A configuration of M is a word wgw’ with w,w’ € I'" and ¢ € Q. The
intended meaning is that the tape contains the word ww’, the machine is in state ¢, and the head is on the symbol just
after w. The successor configurations of a configuration wgw’ are defined in the usual way in terms of the transition
relation A. A halting configuration is of the form wgw’ with ¢ € {q,, g,}. A configuration wgw’ is accepting if it is a
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halting configuration and ¢ = g, or g € Qy and all of its successor configurations are accepting or g € Q7 and there
is an accepting successor configuration. M accepts input w if the initial configuration qow is accepting. There is an
exponentially space bounded ATM M whose word problem is 2ExpTiME-hard.

Theorem 35. The problem whether an ALC KB K Z-(r)UCQ entails an ALC KB K, is 2ExpTIME-hard.

Proof. We only consider the non-rooted case; the rooted case follows using Lemma [26| since the signature X in our
proof contains all the role names used in the entailed KB K,. The proof is by reduction of the word problem for
exponentially space bounded ATMs. Let M = (Q,T,T, go,A) be such an ATM. We may assume without loss of
generality that

the length of every (path in a) computation of M on w € I';" is bounded by 2%";

— all the configurations wgw’ in such computations satisfy [ww’| < 2", see [60];
— M never attempts to move left of the tape cell on which the head was located in the initial configuration;

— the two transitions contained in A(g, o) are ordered and use dy(g, o) and 6;(g, o) to denote the first and second
transition in A(g, o), respectively;

— the existential and universal states strictly alternate: any transition from an existential state leads to a universal
state, and vice versa;

— qo € Q13
— any run of M on every input stops either in g, or g,.

Let w € T'}/”* be an input to M. We construct ALC TBoxes 77 and 75 and a signature X such that M accepts w iff
there is a model 7| of K = (77, {A(a)}) such that no model of K, = (77, {A(a)}) is Z-homomorphically embeddable
into 7. In our construction, the models of K encode all possible sequences of configurations of M starting from the
initial one and forming a full binary tree. Hence, most of the models do not correspond to correct runs of M. The
branches of the models stop at the accepting and rejecting states. On the other hand, the models of K, encode all
possible local defects (such as invalid configurations or incorrect executions of the transition function), after the first
step of the machine, or after the second step, and so on, or detect valid (hence without local defects) but rejecting
runs. Then, if there exists a finite model 7| of K such that no model of K, is X-homomorphically embeddable into
T, preserving {a}, we have that 7| represents a valid accepting computation of M.

The signature X contains the following symbols:

— the concept name A;

— the concept names Ay, ..., A;—1 ,ZO, ...,A,_1 that serve as bits in the binary r@resentation of a number between
0 and 2" — 1, identifying the position of tape cells inside configurations (A, Ao represent the lowest bit);

the concept names A, for o € T;

the concept names A, -, foro € I'and g € Q;

— the concept names Xy, X; to distinguish the two successor configurations;

— the role names R, S; R is used to connect the successor configurations, whereas S is used to connect the root of
each configuration with symbols that occur in the cells of it.

Also, we make use of the following auxiliary symbols that are not in X:

— B, B:, By, B, Gi, G;, Gy, Gyo;Co, Cyp.foroel’,ge Q,and0<i<n-—1,
- L', D, for €€ {0,1}and0 <i<n-1,

trans>

Ko, K, Stop, Y, D, D, D confs Diranss Drjs D?_ej, Dj’ej, Counter,, form € {~1,0, +1}, E, Eg.
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Figure 5: The structure of the models of K.

TBox 7. Each model of K encodes a binary tree of configurations of M. Thus, 7 contains the axioms:

AC3R.Xo N K)M3AR.(X, N K),
(Xo U X;) M =Stop E AR.(Xo N K) N AR.(X; N K),
K C3S.(LY 1 Ay) M AS.(L) M Ap),
LEc3S(L) nAL)N3AS(L, MAy), for0<i<n-2, £€{0,1},
tc
L, ,cdA- = Ago)s

Ay MA,, C1, foro; # 0y,
Ag, MAgas C L,
Agoy MApe, EL, for(q,o1) # (q2,02),
A;CVS.A;, A CVYSA,
a§5".Ay, « C Stop, aS".Ay » C Stop,

where 35 ”.A is an abbreviation for the concept 45.3S. ... 3S.A (S occurs n times). The models of K look as in Fig.
where the grey triangles are the trees encoding configurations rooted at K except for the initial configuration. These
trees are binary trees of depth n, where each leaf represents a tape cell. For w = o - - - 0, the initial configuration is
encoded at a by the following 77-axioms:

A E3AS(L M Ay N Ko) M3S(Ly M Ag M Kp),
Ky C VS.Ky,
Kom(valy = 0)C Ay o,
Kor(valy =i)CA,,,forl<i<n-—1,
Kom(valy > n) C An,

where (valy = j) is the conjunction over A;, A; expressing the fact that the value of the A-counter is j, for j < 2" — 1.

TBox 75. Each model of % encodes (at least) one of four possible defects:

invalid configuration defect Dy

transition defect D,,,,; encoding errors in executing the transition function;

copying defect D,,,, encoding errors in copying a symbol not under the head;

arejecting run defect D,,;.

The first three defects are used to filter out sequences of configurations that do not correspond to valid runs of M.

These defects are ‘local’, and so they are connected to a via paths. Instead, the last defect is used to detect valid

rejecting runs of M, so itis ‘global’ and is represented by a tree. Thus, 7, contains the following axioms:
AC3IR.XonY)U3IR(X; M Y)u DI YCDUD, DNDEC 1,

rej’

YNDCIAR X, Y)UIR(X, 1Y), D C Deonr U Dirans U Doy
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We now describe each of the defects separately, using the following abbreviations:

pos? = (By L By) M-+ (By_; UB,_1),  symbol® = |_|r B,,  statef = || B,

%S qeQ, o€l

The abbreviations posG, SymbOIG and state® are defined analogously using concept names G, 5,-, Gy b and G
Invalid configuration defect. D, is the simplest ‘local’ defect that encodes incorrect configurations, that is, con-
figurations with at least two heads on the tape. It guesses the first position of the head, the symbol under it and the
state by means of the concepts pos? and state?, and similarly, it guesses the second position using the corresponding
concepts with the superscript G. This information is stored in the symbols transparent to X (B,, B, and G, G,).

D.ons E pos® M state® M AS".Ep M pos® M state® m3S".Eg M (valp # valg),

where (valg # valg) stands for (By I‘IEO) L(Gon Eo) U---U(B,—1 M G,_)U (G- E,,_l) and ensures that the position
encoded using B-symbols is different from the position encoded using G-symbols.

All the symbols B, and By, and G, and G, are propagated down the S -successors, and at the concepts E and Eg
they are copied into the Z-symbols A, and A,:

CVS.By, G,CVS.G,, EgNB,CA,, EGNG,CA,, forxe{0,....n-1}U{(qg,0),0|q€ Q,0 €T},

B,
B,CVS.B, G,;CVYS.G;,, EgnB;CA;, EGNG;CA,, forie{0,...,n—1}. (25)

A (partial) model of an invalid configuration defect is shown in Fig. [6{a), for n = 3.
Transition defect. Given a (correct) configuration, D, encodes defects in a following configuration coming from
an incorrect execution of the transition function. It is also a ‘local’ defect, but it operates on two consecutive config-

urations. It guesses the position of the head, the symbol under it and the state by means of the concepts pos® and
state®, and also guesses which of the two transitions is violated:

Diyans C pos® mstate? m3as".Ezn(°, 1L D!

trans rrans)'

Then, given the current state and the symbol under the head, the transition defect guesses the result of an incorrect
execution of the transition function. The defective value at the successor configuration is stored in symbols C,, while
the relative position of the defect is stored in Counter,,, form € {—1,0, +1}. Thus, for d,(q, o) = (q¢, 0¢, m¢), € € {0, 1},
my € {—1,+1}, we have

D! .. EAR(X N AS".Ep),
|_| }Cgr) U (Counter,,, 1N |_1(C(,/ u |_| Cy.o))
¢ o’'e

rel\{o, q'€0\qc}

trans

By, D! T (Countery
o

The position of the defect is passed/updated along the R-successor as follows:

Counteryy M By M By M---M By CYR.(By M By M---MBy), forn>kx>0,
Counter,; MBM By CTYR.B, forBe{B;,B;|n> j>k},
Counter_y M By M By M---M By CYR.(By M B M---MBy), forn>k>0, (26)
Counter_y MBM By CVYR.B, forBe€(B;,B;|n> j>kl
CounteryMBC VYR.B, forBe{B,B;|0<i<n-—1}.

The defect is copied via R as follows:
C,CVRB,, xe{(g,0),0|qeQ,0€eT} 227)

Then the symbols B, and EX_ that have been copied via R are propagated down the S -successors, and copied at Ep
into the X-symbols A, and A, using (Z3). A model of a transition defect is shown in Fig. Ekb), for n = 3 and
01(q1,01) = (g2, 02, +1).
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Xo, Dy, R Dy, R
Dwﬂf Diyans, D/]mru X1 D?Pj R qui S
° e——— o < R o
SAS Sl k Sl R O————»0 Dy Sl lS
X1, D :’ej k S l
5l i 11
o o N 1 o O
sf s s l s l o s l Agrars
<) o) ° ° s °
By.B1.Bo. By o, G2.G1,Go,Gyy oy By.B1.Bo,By o, B2.B1.Bo,Byyos o Agrary
A(Ir.rrz
(a) An invalid configuration defect. (b) A transition defect. (c) A rejecting run defect.

Figure 6: Models of defects.

Copying defect. Similarly to the transition defect, the copying defect concerns two consecutive configurations and
encodes errors in copying symbols that are not under the head. So it guesses a position of the head, a symbol under
it, and a state by means of the concepts pos® and state”, and a position different from the position of the head and a
symbol at this position by means of the concepts pos? and symbol?:

D,opy € pos® M state® M 3AS".Eg M pos® msymbol® m3S".E; M ARAS".Ep 1 (valp # valg).

Then it chooses a new (incorrect) symbol (possibly with a state) at the B-position in the subsequent configuration:

B, M D¢,py C Countery M |_| (Cy U |_| Cyo)-
o’ell, o'#+0 qeQ
Using (26) and (27), the incorrect value and its position are copied via R, and then propagated via the S -successors
and copied at Ep to A-symbols using (23).

Rejecting run defect. The rejecting run defect detects when M does not accept w. It is done by checking the negation
of the accepting condition. So this defect is a tree starting at A where every node at even distance from the root (D?ej)
has two successors (recall that gy € Q3), every node at odd distance from the root (Drvej) has one successor, and the
leaves are ‘labelled’ by rejecting states:

DH

rej

C 3R.(X; N (D},; U D)),
te{0,1}
\ E|

D}, CAR.(D,,; L Dy)),

rej

D, C LI AS" Ay o
oel’

A (partial) model of a rejecting defect is shown in Fig. [f[c).
Now we sketch a proof that M accepts w iff K does not Z-UCQ-entail %K.
(=) Suppose M accepts w. Then there is a model 7; of K such that

— it has no local defects, that is, it has only valid configurations, and at each step the transition function is executed
correctly and all symbols not affected by the head are copied correctly;

— it contains a subtree representing an accepting computation of M on w.

Note that the former means that 7 is finite as we assumed that any run of M on every input stops either in g, or g,.
So the models of K, that are infinite paths or trees not ‘realising’ any defect (such models never actually pick D or
D,; to satisfy disjunction) will not be X-homomorphically embeddable into 7. Moreover, the latter implies that the
models of K, encoding rejecting run defect will not be Z-homomorphically embeddable into 1 either. So no model
of K is Z-homomorphically embeddable into 7, and hence K does not -UCQ entail %;.

(<) Suppose K does not Z-UCQ entail K;. Then there exists a model 7| of K such that no model 1, of K; is
~-homomorphically embeddable into 7. It follows that:
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— parts of 7 in grey triangles (see Fig.|5) represent configurations with at most one head, because of the models
I, of K, that detect invalid configurations;

— for every non-final configuration in 7 as explained above and for each of its two successor configurations, there
are neither transition nor copying defects, because of the models of 7, that detect such defects;

— it is not the case that the tree of configurations represented by 7| witnesses that M does not accept w, because
of the models 1, that detect such cases.

We thus conclude that 7| contains a valid accepting computation. d
We now modify the KBs in the proof above to obtain the following:
Theorem 36. X-(r)UCQ inseparability between ALC KBs is 2ExpTIME-hard.

Proof. We only deal with the non-rooted case; the rooted case follows using Lemma[26] Consider the KBs K, i = 1,2,
and the signature X from the proof of Theorem We construct (in LocSpace) a KB K such that K X-UCQ entails
96, iff K and K’ are Z-UCQ inseparable. This provides us with the desired lower bound for Z-UCQ inseparability.
Let 77 be a copy of 7; in which all concept names X € sig(7;) \ {A} are replaced by fresh symbols X*, and let 77
be the extension of ’77 with X’ C X, for all concept names X € X \ {A}. We set K =T/ {A@}),i= 1,2, and let
Ky = (7] UT;,{A(@)}). Observe that K and K; are Z-UCQ inseparable, for i = 1,2. We prove that K; Z-UCQ
entails K, iff K| and K’ are £-UCQ inseparable. The implication (<) is straightforward.

Conversely, suppose K7 Z-UCQ entails /. Clearly, K’ Z-UCQ entails K7, and thus it remains to prove that K7
2-UCQ entails K. For i = 1,2, we consider the class M; of models I € Mf’,g, such that AT = {a}, if a € X fora
concept name X, then X € {D?ej/,A}, and X< = 0, for all concept names X ¢ sig(’K?). It follows from the construction
of K; that M; is complete for K. Let

M={T,wI1,|1;eM;i=1,2)},

where 7| W 1, is the interpretation that results from merging the root a of 7| and 7,. We first show that M is complete
for K. The interpretations I € M are models of K’ since, for all axioms C T D € 7, either ¢l c A\ {a)
or C € {D(r)ej',A, aS"Ag, -, AS" Ay -} and D is either a concept name or of the form JR.C” or 35.C’. To see that
M is complete for K7, let J be a model of K7 and n > 1. It suffices to show that there exists 7 € M that is n-
homomorphically embeddable into J preserving {a} (Proposition @ But since J is a model of K7, there are models
I; € M; such that 7; is n-homomorphically embeddable into J preserving {a}, i = 1,2 (Proposition @ By taking the
union of the two partial witness homomorphisms from 7; and 7,, one can show that 7| W 7, is n-homomorphically
embeddable into 7 preserving {a}, as required.

We now use Theorem [17[(1) to prove that K] X-UCQ entails K'. Let 71 € M; and n > 1. It suffices to find
J € M that is nZ-homomorphically embeddable into 1| preserving {a}. But since K] Z-UCQ-entails K, there exists
I, € M, such that T is n¥-homomorphically embeddable into 7| preserving {a}. By combining nX-homomorphisms
from 7, with the identity mapping from 7, it is now straightforward to show that the model 7| W 7, € M is nX-
homomorphically embeddable into 7| preserving {a}, as required. d

The following theorem summarises the results obtained so far.
Theorem 37. Z-(r)UCQ inseparability and Z-(r)UCQ-entailment between ALC KBs are both 2ExpTME-complete.

5.4. (r)UCQ-entailment and inseparability with full signature

We extend the 2ExpTmME lower bound from X-(r)UCQ entailment and inseparability to full signature (r)UCQ
entailment and inseparability. To this end we prove a UCQ-variant of Theorem 23}

Theorem 38. Let K| = (71, A) and K = (T2, A) be ALC KBs and X a signature such that Sig(A) C X and
I' = sig(771 U T32) \ X contains no role names. Suppose T1 and T, admit trivial models. Let ‘KiTr = (‘7'iTr U 7}3, A), for
i = 1,2. Then the following conditions are equivalent:
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(1) K Z-(r)UCQ entails ¥;;
2) 7(1TF full signature (r)UCQ entails ‘KZTF.

Proof. We use and modify the proof of Theorem Let M; be complete for K;, i = 1,2. We may assume that X = 0
for all concept and role names X ¢ sig(K;) and 7 € M;, i = 1,2. By Fact 5 of the proof of Theorem (I | 7 e M;)
is complete for ’KiTF . Thus, by Theorem it suffices to prove that 7, is nX-homomorphically embeddable into 7
preserving ind(%) iff 7. gr is n-homomorphically embeddable into I ? preserving ind(K3), forany n > 0, 7, € M,
and 7, € M,. This can be done in the same way as in the proof of Fact 6. a

The following complexity result now follows from the observation that the KBs and signature X used in the proof
of Theorem [36] satisfy the conditions of Theorem [38} X contains the signature of the ABox and all role names of the
KBs, and the TBoxes admit trivial models.

Theorem 39. Full signature (r)UCQ inseparability and entailment between ALC KBs are both 2ExpTIME-complete.

6. Query Entailment and Inseparability for ALC TBoxes

In this section, we introduce query entailment and inseparability between TBoxes. Two TBoxes 7 and 7, are
query inseparable for a class Q of queries if, for all ABoxes A that are consistent with 77 and 77, queries from Q have
the same certain answers over the KBs (77, A) and (73, A). The TBox 77 Q-entails 7 if, for any such A, the certain
answers to queries from Q over (75, A) are contained in the certain answers over (77, A). As in the KB case, we
consider the restriction of CQs and UCQs to a signature X of relevant symbols and their restrictions to rooted queries.
In applications, it is also natural to restrict the signature of the ABox which might be different from the signature of
the relevant queries.

Definition 40. Let 77 and 7, be TBoxes, Q one of CQ, rCQ, UCQ or rUCQ, and let ® = (X;,%;) be a pair of
signatures. We say that 77 ©-Q entails T, if, for every £;-ABox A that is consistent with both 77 and 75, the KB
(71, A) Z,-Q entails the KB (73, A). 71 and T, are O-Q inseparable if they @-Q entail each other. If X; is the set of
all concept and role names, we say ‘full ABox signature £,-Q entails’ or ‘full ABox signature ¥,-Q inseparable’.

In the definition of ®-Q entailment, we only consider ABoxes that are consistent with both TBoxes. The reason
is that the complexity of the problem of deciding whether every X-ABox consistent with a TBox 7 is also consistent
with a TBox 77 is already well understood and is dominated by the ®-Q-entailment problem as defined above. More
precisely, we say that a TBox 77 X, -entails a TBox 7 if all X-ABoxes A consistent with 77 are consistent with
7. X, -entailment is closely related to the containment problem between ontology-mediated queries, which we define
next [61} 162 163]. For a query g, TBoxes 77 and 7,, and a signature X, we say that (77, q) is contained in (73, q)
for ¥ and write (771, q) Cs (T», q) if, for every 2-ABox A, the certain answers to g over (77, A) are contained in the
certain answers to g over (7,, A). We note that the authors of [61, 63] demand that the X-ABoxes considered in the
definition of containment are consistent with both TBoxes, but the complexity results for deciding containment do
not depend on this condition. The containment problem for a description logic £ relative to a class Q of queries is to
decide, for TBoxes 77 and 7, in L, signature X, and query g € Q, whether (771, ¢q) Cs (T2, ). Thus, in contrast to
®-Q-entailment, an instance of the containment problem does not quantify over all g € Q but takes the queries g € Q
as inputs to the decision problem. It is known [61} 62, 63] that the containment problem is

— NExpTmEe-complete for ALC TBoxes and CQs of the form JxA(x);
— ExpTmve-complete for HornALC TBoxes and CQs of the form AxA(x).

It is straightforward to show that the containment problem for a DL £ and CQs of the form dxA(x) is mutually
polynomially reducible with the problem to decide X, -entailment between £ TBoxes. For a polynomial reduction of
>, -entailment to containment, observe that 77 X, -entails 75 iff (75, AxA(x)) Cs (71, AxA(x)) for A ¢ sig(T7 U 7»).
For a polynomial reduction of containment to X, -entailment, assume that 77,75,%, and A are given. Let 7, =
T: U{A C 1}. Then (771, AxA(x)) Cx (72, IxA(x)) iff 7, X, -entails 7. We obtain the following result.
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Theorem 41. The problem whether an ALC TBox X, -entails an ALC TBox is NExpTmME-complete. For HornALC
TBoxes T and T, this problem is ExpTIME-complete.

It follows, in particular, that our complexity upper bounds for ®-CQ-entailment still hold if one admits ABoxes
that are not consistent with the TBoxes.

As in the KB case, ©@-UCQ inseparability of ALC TBoxes implies all other types of inseparability, and Example[I3|
can be used to show that no other implications hold in general. The situation is different for Horn ALC TBoxes. In
fact, the following result follows directly from Proposition

Proposition 42. For any ALC TBox 7 and Horn ALC TBox T, T1 O-(r)UCQ entails T, iff T1 O-(r)CQ entails T>.

We now show that ®-(r)CQ entailment and inseparability are undecidable for ALC TBoxes. In fact, we show
that ®@-(r)CQ inseparability is undecidable even if one of the TBoxes is given in &L and that ®@-(r)CQ entailment is
undecidable even if the entailing TBox 77 is in &L. The proofs re-use the TBoxes constructed in the undecidability
proofs for KBs in Theorems and We also show that, for CQs, these problems are still undecidable in the full
ABox signature case or if one assumes that the signatures for the ABoxes and CQs coincide. It remains open whether
rCQ-entailment or inseparability are still undecidable in those cases.

Theorem 43. (i) The problem whether an EL TBox ©-Q entails an ALC TBox is undecidable for Q € {CQ, rCQ)}.
(ii) ©-Q inseparability between EL and ALC TBoxes is undecidable for Q € {CQ, rCQ}.
(iii) For CQs, (i) and (ii) hold for full ABox signatures and for ® = (£1,%,) with ) = Z,.

Proof. Here, we focus on the CQs; the proofs for rCQs are given in the appendix. We use the KBs ‘KéQ = (TCIQ, Acq)
and ‘KéQ = (T, (%Q, Acq) and the signature Zcq = sig(‘KC'Q) from the proof of Theorem Recall that it is undecidable

whether 7(C1Q 2co-CQ entails V(éQ. Also recall that, for K, = (72, Acq) with 7, = TCIQ UT2

cQ’ it is undecidable

whether 7((le and % are £co-CQ inseparable (Theorem .

(i) LetZ; = {A}, X = Zcq, and © = (X, Xy). We show that TCIQ ®-CQ-entails TczQ iff 7(C1Q 2co-CQ-entails ’KéQ.
Recall that Acq = {A(a)}. Thus, if ‘K(le does not Xcq-CQ entail ‘KéQ, then we have found a £;-ABox witnessing that
TCIQ does not ®-CQ entail TC2Q. Conversely, observe that X;-ABoxes A are sets of the form {A(b) | b € I}, with [ a
finite set of individual names. Thus, if there exists a X;-ABox A such that (TCIQ, A) does not Xcqo-CQ entail (‘TgQ, A),
then (TCIQ, Acq) does not Zcq-CQ entail (TCZQ, Acq) either.

(i) Set again © = (X, X,), for X; = {A} and X, = Z¢q. In exactly the same way as in (i) one can show that ‘K(‘:Q
and K, are Xcq-inseparable iff TClQ and 7, are ®-CQ inseparable.

(iii) We first show undecidability of full ABox signature Z-CQ inseparability. The undecidability of full ABox
signature £-CQ entailment follows directly from our proof. We employ the abstraction technique from Theorem
for I' = 8ig(72) \ Zcq. Let T = T4, U T, T3 = 7, UT ! and X = Zcq \ {P}. We aim to prove that the following
conditions are equivalent:

@)) ‘KéQ and K; are X-CQ inseparable;
(2) 7 and 7 are full ABox signature X-CQ inseparable.

Observe that undecidability of full ABox signature CQ-inseparability of TBoxes of the form 77 and 7, follows since
the proof of Theorems [20|and [21| shows that the role name P is not needed to CQ-separate the KBs 7((1:Q and K, (if

they are Zcq-CQ separable). Thus, it is undecidable whether ‘KéQ and %, are £-CQ inseparable.

The implication (2) = (1) is straightforward: if (Kclo and K, are not X-CQ inseparable, then the ABox Acq
witnesses that 7 and 77 are not full ABox signature X-CQ inseparable. Conversely, suppose 77 and 7 are not
full ABox signature X-CQ inseparable. Then there exists an ABox A such that (77, A) and (7, A) are not Z-CQ
inseparable. The canonical model 1 of the &L KB (77, A) can be constructed as follows:

— for any A(b) € A, take a copy of the canonical model 7 Ko and hook it to b by identifying a in . o with b;

— for any D(b) € A, take a copy of the subinterpretation of the canonical model 7 KLy rooted at the P-successor
of a and hook it to b by identifying the P-successor of a with b;
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— for any E(b) € A, take a copy of the (unique up to isomorphism) subinterpretation of the canonical model I o
rooted at an E-node and hook it to b by identifying the E-node with b.

— to satisfy 7}3, let J be the singleton interpretation with X7 = 0 for all concept and role names X; we hook to
any element u of the interpretation constructed so far a copy of J1' by identifying the root of J™ with u (see
the proof of Theorem [23|for the construction and properties of J1).

Let M be the class of interpretations obtained from 7| by adding to any b with A(b) € A a P-successor b’ to which one
hooks the subinterpretation rooted in the P-successor of a in an interpretation from {7 | T € Mq(éQ }. One can show
that M is complete for the KB (77, A). To this end, first recall from the proof of Theorem [21|that for the canonical

model 7. o of ‘K('jQ, the set My, = { 7T W I o | I € M(KéQ } (where 7 W T o is the interpretation that results from

merging the roots a of 7 and 7. 7(&0) is complete for K. By Theorem [23|(Fact 5), {7 | T € My} is complete for 7(2T r
Now completeness of M for (7, A) follows directly from the fact that every 7 € M is a model of (7, A). Next,
observe that P ¢ ¥ and that two KBs are X-CQ inseparable iff they are £-CQ inseparable for connected 2-CQs. Thus,
the only X-components of interpretations in M that could distinguish 2-CQs true in M from X-CQs true in 7 are the
interpretations {717 | T € Mq(éQ}. It follows that if (77, A) and (7, A) are not X-CQ inseparable, then (‘KC'Q)Tr and

‘](2T " are not 2-CQ inseparable either. But then, by the proof of Theorem , 7(éQ and % are not £-CQ inseparable,
as required.

To show undecidability of ®-CQ inseparability and entailment for ® = (Z;,Z;) with ¥; = X,, we re-use the
undecidability proof for the full ABox signature case. Set ® = (Z, X). Then the proof above shows that 7 and 7 are
©-CQ inseparable iff they are full ABox signature X-CQ inseparable since one can always choose the ABox Acq as
a witness for CQ-inseparability if 77 and 7 are full ABox signature X-CQ inseparable. d

7. Model-Theoretic Criteria for Query Entailment of Horn ALC TBoxes by ALC TBoxes

We have seen that O-(r)CQ entailment of an ALC TBox 7, by an &L TBox 77 is undecidable. We now investigate
the converse direction, with drastically different results (which even hold if £L TBoxes are replaced by Horn:ALC
TBoxes). Thus, in this section, we give model-theoretic criteria for ®-(r)CQ entailment of a Horn ALC TBox 7, by
an ALC TBox 7. In the next section, we use these criteria to prove tight complexity bounds for deciding ®-(r)CQ
entailment and inseparability. Recall that, by Proposition 2] our model-theoretic criteria and complexity results also
apply to ®-(r)UCQ entailment.

We assume that Horn ALC TBoxes are given in normal form where concept inclusions look as follows:

ACB, A nNACB, JRACB, ACl1l, TLCB, AC3dRB, ACVRB

and A, B are concept names. It is standard (see, e.g., [64} Proposition 28]) to show the following reduction of ®@-(r)CQ
entailment for arbitrary Horn ALC TBoxes to Horn:ALC TBoxes in normal form.

Proposition 44. For any Horn ALC TBox T, and any pair O of signatures, one can construct in polynomial time a
HornALC TBox T, in normal form such that an ALC TBox T1 ©-(r)CQ entails T iff T1 O-(r)CQ entails T.

Our model-theoretic criteria are based on two crucial observations. First, to characterise ®-(r)CQ entailment be-
tween HornALC TBoxes and ALC TBoxes, it suffices to consider a very restricted class of acyclic (r)CQs that corre-
sponds exactly to queries constructed using EL concepts. Second, it suffices to consider ABoxes that are tree-shaped
rather than arbitrary ABoxes when searching for witnesses for non-®-(r)CQ entailment. We begin by introducing the
relevant classes of CQs and rCQs. A rooted EL query takes the form C(x), where C is an &L concept. The set of
rooted &L queries is denoted by rELQ. Given a KB K, a € ind(K), and an tELQ C(x) we say that a is a certain
answer to C(x) over K if a’ € C%, for every model I of K. Note that rELQs can be regarded as acyclic CQs with
one answer variable. A Boolean EL query takes the form 3xC(x), where C is an EL concept. The set of rooted and
Boolean EL queries is denoted by ELQ. Given a KB K and a Boolean EL query AxC(x), we say that K entails AxC(x)
if C7 # 0, for every model I of K. Boolean EL queries can be regarded as Boolean acyclic CQs. In what follows
we use the same notation for (r)ELQs as for (r)CQs. For TBoxes 77 and 75 and a pair ® = (X, X,) of signatures, we
say that 77 ®-(r)ELQ entails T if, for every £; ABox A that is consistent with both 77 and 7>, and every X,-(r)ELQ
q(a) with a € ind(A), whenever (75, A) E q(a) then (77, A) E q(a).
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Proposition 45. Let 7| be an ALC TBox, T, a Horn ALC TBox, and ® = (X1,%,) a pair of signatures. Then T
O-(r)CQ entails T iff T1 O-(r)ELQ entails 7.

Proof. Suppose A is a X1-ABox and (7>, A) E q(a) but (771, A) £ q(a) for a ,-CQ q. As (73, A) E q(a), there is a
homomorphism h: g — 1 (7, #). Let T be the X,-reduct of the subinterpretation of 77, #y induced by the image of ¢
under . Then I is the disjoint union of

— ditree interpretations 7, attached to a € ind(A) N A such that ind(A) N AZ« = {a}, and
— ditree interpretations J with ind(A) N A7 = ( (there exists no such J if q is an rCQ),

and, additionally, pairs (a,b) in R? for a,b € ind(A) N AL, R € £, and R(a,b) € A. Thus, if q is an rCQ then
there exists I, such that the canonical CQ g, (x) determined by 7, is an tELQ (see the proof of Proposition @ and
(T2, A) E q7,(a) but (T, A) £ q (a), as required. If g is not an rCQ and no such 7, exists, then there exists J such
that the canonical CQ ¢ 4 determined by J is a Boolean &L query and (732, A) E g4 but (71, A) ¥ q. a

An ABox A is called a tree ABox if the undirected graph
Ga = (ind(A), {{a, b} | R(a,b) € AY})

is an undirected tree and R(a, b) € A implies R(b,a) ¢ A and S (a,b) ¢ A, for S # R. The outdegree of A is defined
as the outdegree of G 4.

Theorem 46. Let 71 be an ALC TBox, T2 a Horn‘ALC TBox, and © = (X1,%,). Then

(1) 77 ©-rCQ-entails T iff, for any tree £-ABox A of outdegree bounded by |T>| and consistent with T, and T,
and any model I\ of (T1, R), I (7,7 is con-Zy-homomorphically embeddable into I preserving ind(A).

(2) 71 ©-CQ-entails T iff, for any tree £,-ABox A of outdegree bounded by |T,| and consistent with T| and T>,
and any model I| of (T, A), I (7,7 is Zo-homomorphically embeddable into I| preserving ind(A).

Proof. (1) The direction from left to right follows from Theorem 34]and Proposition[I4] Conversely, suppose 7 does
not ®-rCQ-entail 7. By Proposition there are a X-ABox A consistent with 77 and 75, a ¥,-rELQ C(x), and
a € ind(A) such that (73, A) E C(a) and (71, A) ¥ C(a). It is shown in [64] (proof of Proposition 30f] that there
exist a tree £;-ABox A’ with outdegree bounded by 75| and (73, A’) E C(a), and an ABox homomorphistrﬂh from
A’ to A with h(a) = a. It follows from Proposition [63]in the appendix that A’ is consistent with 77 and 7> and that
(71, A’) = C(a). Let I, be a model of (77, A’) such that 7| £ C(a). We know that 7 (7, &y E C(a). Thus, I (7, @) is
not con-X,-homomorphically embeddable into J; preserving ind(A’), as required. (2) is proved similarly using ELQs
instead of rELQs and X;-homomorphisms instead of con-X,-homomorphisms. d

The notion of (con-)X-CQ homomorphic embeddability used in Theorem [46]is slightly unwieldy to use in the
subsequent definitions and automata constructions. We therefore resort to simulations whose advantage is that they
are compositional (they can be partial and are closed under unions). Let 7, 7, be interpretations and X a signature.
A relation S € A" x A”2 is a X-simulation from I to I, if (i) d € AT and (d,d’) € S imply d’ € A”> for all Z-concept
names A, and (ii) if (d, ¢) € R’* and (d,d’) € S then there is a (d’, ¢’) € R?> with (e, ¢’) € S for all Z-role names R. Let
die AYiie{1,2). (I,,d))is Z-simulated by (17, d,), in symbols (X1, d;) <z (I,,d>), if there exists a X-simulation S
with (d;,d,) € S. Observe that every X-homomorphism from 7 to 1 is a Z-simulation. Conversely, if 7 is a ditree
interpretation and (Jy,d;) <y (I3, d>), then one can construct a X-homomorphism 4 from 7 to 7, with h(d;) = d,.

Lemma 47. Let £, and X, be signatures, A a £1-ABox, and I a model of (T, A). Then

(i) I7,.4 is not con-Zy-homomorphically embeddable into I iff there is a € ind(A) such that one of the following
holds:

2The proof of Proposition 30 in [64] shows this for ELIF , TBoxes. Observe that we can regard every Horn:ALC TBox in normal form as an
&ELT | TBox by replacing AC VR.Bby dR".AC B.
3 ABox homomorphisms are defined before Propositionin the appendix.
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(1) there is a ,-concept name A with a € Alnay AL,

(2) there is an R-successor d of a in I, a, for some Zp-role name R, such that d ¢ ind(A) and, for all R-successors
eofain Iy, we have (Ir, a.d) %5, (I1,e).

(ii) L 7,7 is not Xo-homomorphically embeddable into I, if there is a € ind(A) such that (1) or (2) or (3) holds, where

(3) there is an element d in the subinterpretation of I, # rooted at a (with possibly d = a) and d has an Ry-
successor dy, for some role name Ry ¢ X,, such that (I, a,do) ﬁzz (Z1,e), for all elements e of 1.

Proof. We only prove (if) as (i) is a direct consequence of our proof. Clearly, if there exists a € ind(A) such that (1)
or (2) or (3) holds for a, then there does not exist a X-homomorphism from 7| to S, # preserving {a} C ind(A).
Conversely, suppose none of (1), (2) or (3) holds for any a € ind(A). Then, for any a € ind(A), R-successor d of
ain Iy, # with R € 2, and d ¢ ind(A), there is an R-successor d’ of a in 7| and a X,-simulation S; from ¢, # to I
such that (d,d") € S;. As the subinterpretation of 74, # rooted at d is a ditree interpretation, we can assume that S is
a partial function. Also, for every dy in I¢, # with dy ¢ ind(A) that has an Ry-predecessor in 77, # with Ry & X5, we
find an e in 7' such that there is a Z,-simulation S;, between I, # and 7| with (dy, e) € S;,. As the subinterpretation
of 77, # rooted at d is ditree interpretation, we can assume that S, is a partial function. Now consider the function
h defined by setting h(a) = a, for all a € ind(A), and then taking the union with all the simulations S; and S,. It can
be verified that / is a X;-homomorphism from Z¢, # to 7. a

8. Decidability of Query Entailment of Horn ALC TBoxes by ALC TBoxes

We show that the problem whether an ALC TBox ®-CQ entails a Horn ALC TBox is in 2ExPTiME, and that the
complexity drops to ExpTiME in the case of rooted CQs. Using the fact that satisfiability of Horn ALC TBoxes is
ExpTmve-hard, it is straightforward to prove a matching ExpTmME lower bound even for the full ABox signature case
and (X, Z)-rCQ entailment and inseparability between Horn ALC TBoxes. Proving a matching lower bound for the
non-rooted case is more involved. Using a reduction of exponentially space bounded alternating Turing machines, we
show that (%, X)-CQ inseparability between the empty TBox and Horn ALC TBoxes is 2ExpTmMe-hard. It follows that
both (Z, £)-CQ inseparability and (Z, £)-CQ entailment between Horn ALC TBoxes are 2ExpTmME-hard. The problem
whether the 2ExpTIME upper bound is tight in the full ABox signature case remains open.

8.1. ExpTME upper bound for @-rCQ-entailment of Horn:ALC TBoxes by ALC TBoxes

Our aim is to establish the following:

Theorem 48. @-rCQ inseparability between HornALC TBoxes and ®-rCQ entailment of a HornALC TBox by an
ALC TBox are both ExpTmME-complete. The ExpTME lower bound holds already for ® of the form (X, %) and the full
ABox signature case.

The lower bounds can be proved in a straightforward way using the fact that satisfiability of HornALC TBoxes is
ExpTimMe-hard. Note that ExpTime-hardness of (Z, £)-rCQ inseparability is also inherited from [38]], where this bound
is shown for &L TBoxes. It thus remains to prove the upper bound.

We use a mix of two-way alternating Biichi automata (2ABTAs) and non-deterministic top-down tree automata
(NTAs), both on finite trees (in contrast to Section[5.2)). A finite tree T is m-ary if, for any x € T, the set {i | x-i € T}is
of cardinality zero or exactly m. 2ABTAs on finite trees are defined exactly like 2APTAs on infinite trees except that

— the acceptance condition now takes the form F € Q and a run is accepting if, for every infinite path y;y, - - -,
the set {i | r(y;) = (x, g¢) with ¢ € F} is infinite;

— we allow a special transition leaf and add to the definition of a run r the condition that, for any node y of the
input tree T, r(y) = (x, leaf) implies that x is a leaf in 7.

Note that runs can still be infinite.
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Definition 49. A nondeterministic top-down tree automaton (NTA) on finite m-ary trees is a tuple A = (Q, T, Qo, 3, F)
where Q is a finite set of states, I a finite alphabet, Qy C Q a set of initial states, §: QxI' — 22" a transition function,
and F C Q is a set of final states. Let (T, L) be a I'-labeled m-ary tree. A run of % on (T, L) is a Q-labeled m-ary
tree (T, r) such that r(e) € Qp and (r(x - 1),...,r(x - m)) € 5(r(x), L(x)), for each node x € T. The run is accepting if
r(x) € F, for every leaf x of T. The set of trees accepted by A is denoted by L(A).

We use the following results from automata theory [59, 165, 66].

Theorem 50.

1. Every 2ABTA 2 = (Q,T, 8, qo, F) can be converted into an equivalent NTA 21" whose number of states is (single)
exponential in |Q|; the conversion needs time polynomial in the size of A’;

2. Given a constant number of 2ABTAs (respectively, NTAs) 2, ...,%2., one can construct in polynomial time a
2ABTA (respectively, an NTA) A such that L() = L) N --- N LEA);

3. Emptiness of NTAs A = (Q,T', Qo, 8, F) can be decided in polynomial time.

Before proceeding further, we give a concrete definition of the canonical model for Horn ALC KBs that was
mentioned in Proposition [8] tailored towards the constructions used in the rest of this section. Let K = (7, A) be a
HornALC KB with 7~ in normal form. We use CN(7") to denote the set of concept names in 7. For any a € ind(A),
we use tpg(a) to denote the set {A € CN(7) | K | A(a)}. For t € CN(7), setclr(f) = {A e CN(T) | T E ['1: € A}
AsetS ={3R.A,VR.B},...,YR.B,} is a successor set for t if there is a concept name A’ € t such that A’ C JRA € T
and VR.By,...,YR.B, is the set of all concepts of this form such that, for some B € t, we have B C VR.B; € 7.
Later on, we shall call S a ,-successor set if R € X,. We use S* to denote the set {A, By, ..., B,}. A path for K is a
sequence aS| - -+ S, such that a € ind(A), S| is a successor set for tpg(a), and S;;; is a successor set for CIT(Sl.l), for
1 < i < n. Now, the canonical model I of K is defined as follows:

A'* = indA)UlaS,---S,|aS;---S, path for K},
ATx = {a|Aetpg(@)}UfaS; ---S,|n>1andA € clr (S},
RI* = {(a,b)|R(a,b) e Ay U{(@aS;---S,_1,aSi---S,) | Ris the role name in S ,}.

The following result is standard:

Lemma 51. Let K = (7, A) be a Horn ALC KB in normal form. Then I is a model of K iff K is consistent iff there
is no a € ind(A) with T E tpg(a) E L.

We now establish the upper bound in Theorem Let 77 be an ALC TBox, 75 a Horn ALC TBox, and X, 2,
signatures. Set m = |7,|. We aim to construct an NTA 2l such that a tree is accepted by 2l iff this tree encodes a
tree £1-ABox A of outdegree at most m that is consistent with both 77 and 7, and a (part of a) model 7 of (7, A)
such that the canonical model 77, 5 of (73, A) is not con-Z;-homomorphically embeddable into 7. By Theorem 46|
this means that 2l accepts the empty language iff 75 is (Z;, Z)-rCQ entailed by 7. To ensure that I, # is not con-
¥>-homomorphically embeddable into 7, we use the characterisation provided by Lemma[47] We first make precise
which trees should be accepted by the NTA 2 and then show how to construct 2.

We assume that 77 takes the form T C Cq, with C7, in NNF and use cl(Cy,) to denote the set of subconcepts
of Cy,, closed under single negation. We also assume that 75 is in normal form and use sub(77;) for the set of
subconcepts of (concepts in) 7. Let I'y denote the set of all subsets of £; U {R™ | R € X} that contain at most one
role, where a role is a role name R or its inverse R~. Automata will run on m-ary I'-labeled trees where

I = [ x 2070 5 2ONT2) 5 40, 1) x 250072,

For a I'-labeled tree (7, L) and a node x from 7', we write L;(x) to denote the i + 1st component of L(x), for each
i €1{0,...,4)}. Informally, the projection of a I'-labeled tree to the

— Ly-components represents the tree £;-ABox (A that witnesses non-X,-query entailment of 75 by 77;

— L;-components (partially) represents a model 1 of (77, A);
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— Lp-components (partially) represents the canonical model 77, 4 of (73, A);
— Lz-components mark the individual a in A from Lemma @7}

— L4-components contains bookkeeping information that helps to ensure that the individual marked by the Ls-
component indeed satisfies one of the two conditions from Lemma[47]

By ‘partial” we mean that the restriction of the respective model to individuals in (A is represented whereas its ‘anony-
mous’ part is not. We now make these intuitions more precise by defining certain properness conditions for I'-labeled
trees, one for each component in the labels, which make sure that each component can indeed be meaningfully inter-
preted to represent what it is supposed to. A I'-labeled tree (T, L) is 0-proper if it satisfies the following conditions:

1. for the root € of T, Ly(&) contains no role;

2. for every non-root node x of 7', Ly(x) contains a role.
Every O-proper I'-labeled tree (7', L) represents the tree £;-ABox

A,y ={AX) | A € Lo(x)} U{R(x,y) | R € Lo(y),yis achild of x} U {R(y,x) | R~ € Ly(y),y is a child of x}.

A T-labeled tree (T, L) is 1-proper if it satisfies the following conditions, for all x,y € T

1. there is a model 7 of 77 and a d € A? such that d € C iff C € Li(x) for all C € cl(77);

2. A € Ly(x) implies A € L(x);

3. if yis a child of x and R € Ly(y), then YR.C € L{(x) implies C € L(y) for all YR.C € cl(77);

4. if yis achild of x and R~ € Ly(y), then YR.C € L,(y) implies C € L;(x) for all YR.C € cl(77).
A T-labeled tree (T, L) is 2-proper if, for every node x € T,

L. Ly(x) = o7, a1, (X):

2. Th [ La(x) C L.

It is 3-proper if there is exactly one node x with L3(x) = 1.

The canonical model 7, s of 7, and a finite set S C sub(7>) is the interpretation obtained from the canonical
model of the KB that consists of the TBox 7> U {A¢c C C | C € S} and the ABox {Ac(a,) | C € S}, with all fresh
concept names A¢ removed. A I'-labeled tree (7', L) is 4-proper if the following conditions hold, for x;,x, € T

1. if L3(x;) = 1, then there is a £,-concept name in Ly(x;) \ L;(x;) or Ly(x1) is a Xp-successor set for L(x);

2. yif Ly(x;) = {dR.A,VR.B,,...,YR.B,}, then there is a model 7 of 77 and a d € AT such that d € CT iff
Ce Ll(xl) forall C € Cl(Tl) and (ITZ,[A’BI»---,B/I}’ (18) fzz (I, 6) for all (d, 6) S RI;

3. if x; is a child of x;, Ly(x;) contains the role name R, and L4(x;) = {3R.A,VR.By,...,YR.B,}, then there is a
X,-concept name in Clg, ({A, By, ..., B,}) \ Li(x2) or Ls(x2) is a Zp-successor set for Clr, ({A, By, ..., B,)});

4. if x, is a child of xy, Ly(x;) contains the role R~, and L4(x;) = {iR.A,VYR.By,...,¥R.B,}, then there is a ;-
concept name in cly,({A, By, ..., By}) \ Li(x1) or La(x) is a Xp-successor set for Cly, ({A, By, ..., B,}).

For L4(x) = {3R.A,VYR.By, ..., YR.B,}, this expresses the obligation that (I, 4 5,...5,}> de) ﬁzz (7, e), for (d,e) € R,
where 7 is the interpretation that is (partly) represented by the L;-components of the labels in (7', L); see the proof of
Lemma [52for a precise definition of 7. With this in mind, note how 4-properness addresses (1) and (2) of Lemma
In fact, Condition 1 of 4-properness decides whether (1) or (2) is satisfied. If (2) is satisfied, which says that there is
an R-successor d of x; in I, 4, for some X;-role name R, such that d ¢ ind(A) and, for all R-successors e of x; in
I, we have (I 7,.4,d) f;z (Z, e), then the role name R and the element d are represented by the successor set stored
in Ly(x1). In fact, that element is d = x;L4(x;), see the definition of canonical models. The remaining conditions of
4-properness implement the obligations represented by the Ls-components of node labels.
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Lemma 52. There is an m-ary I'-labeled tree that is i-proper for all i € {0, ...,4} iff there are a tree X-ABox A of
outdegree at most m that is consistent with T and T, and a model I of (71, A) such that the canonical model Iy,
of (T2, A) is not con-Xp-homomorphically embeddable into I .

Proof. (=) Let (T, L) be an m-ary I'-labeled tree that is i-proper for all i € {0, ...,4}. Then Az, is a tree ;-ABox
of outdegree at most m. Moreover, Az 1 is consistent with 7>, by 2-properness and Lemmals__f}

Since (T, L) is 3-proper, there is exactly one xo € T with L3(xyp) = 1. By construction, xy is also an individual
name in Ary. To finish this direction of the proof, it suffices to construct a model 7 of (77, A(r,r)) such that
7.7 X0) ﬁzz (Z1,x0). In fact, such an 7| witnesses consistency of Ay with 77 and, moreover, by the definition
of simulations, 7; must satisfy one of (1) or (2) of Lemma 47| with a replaced by xy. Consequently, by that lemma,
I7, 4 s not con-X,-homomorphically embeddable into 7.

We start with the interpretation 7y defined as follows:

Ao =T,
Ao ={xeT|AeL(x)
RIO = {()C],.Xz) | X2 child of X1 andR € L()(Xz)} U {(XQ,)C]) | X2 child of X1 and R™ € LQ(XQ)}.

Then take, for each x € 7, a model 7, of 77 such that x € C%+ iff C € L,(x) for all C € cl(77), which ex-
ists by Condition 1 of 1-properness. Moreover, if Ly(x) = {dR.A,VR.By,...,VYR.B,}, then choose 7, such that
T 7,4A,8,,...B,}> Ac) sz (Z,,y) for all (x,y) € R+, which is possible by Condition 2 of 4-properness. Further, sup-
pose AZ0 and A+ share only the element x. Then I is the union of I, and all chosen interpretations 7,. It is
straightforward to prove that 7 is indeed a model of (77, A(r,1))-

We show that (I, Xo) ﬁgz (Z1,x0). By Condition 1 of 4-properness, there is a X;-concept name A in
Ly(x0) \ Li(xg) or Ls(xp) is a Xp-successor set for L,(xp). In the former case, xy € Al \ A?1, and so we are done.
In the latter case, it suffices to show the following.

Claim. For all x € T, if L4y(x) = {3R.A,VR.B,...,VYR.B,}, then (L7, (a ,...B,}> %) sz (Z1,y) for all (x,y) € RT".

WALy

The proof of the claim is by induction on the co-depth of x in Ar 1), which is the length n of the longest sequence of
role assertions Ry(x, x1), ..., Ry(x,—1, X,) In A(r,1). It uses Conditions 2 to 4 of 4-properness.

(&) Let A be a tree X-ABox of outdegree at most m that is consistent with 77 and 7, and 7| a model of (77, A)
such that 7, # is not con-X;-homomorphically embeddable into 7;. By duplicating successors, we can make sure
that every non-leaf in A has exactly m successors. We can further assume without loss of generality that ind(A) is a
prefix-closed subset of IN* that reflects the tree-shape of A, that is, R(a, b) € Aimpliesb =a-cora = b - c, for some
¢ € N. By Lemma[7] there is an ag € ind(A) such that one of the following holds:

(1) there is a X,-concept name A with ag € A724 \ A1,

(2) there is an Rg-successor dy of ag in I, 4, for some X,-role name Ry, such that dy ¢ ind(A) and, for all R,-
successors d of ag in 1y, we have (Z 7, 7, do) ﬁZz Z4,4d).

We now show how to construct from A a I'-labeled tree (7', L) that is i-proper for all i € {0, .. .,4}. For each a € ind(A),
set R(a) = 0 if a = &, and otherwise set R(a) = {R} if R(b,a) € Aand a = b - ¢, for some ¢ € N, and R(a) = {R™} if
R(a,b) €e Aand a = b - ¢, for some ¢ € N. Now set

T = ind(A),
Lo(x) {ATA(x) € A} U{RMX)},
Li(x) {Cecl(T)) | xechy,
Ly(x) = 1Pp7al),

_ 1 if x = a,
L) = 0 otherwise.

It remains to define L. Start with setting Ls(x) = 0 for all x. If (1) above holds, we are done. If (2) holds,
then there is a X,-successor set S = {dRy.A, VRy.By, ..., YRo.B,} for Ly(ap) such that the restriction of 77, # to the
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subtree-interpretation rooted at dy is the canonical model Zv, (4 5, 5, Set Lis(ap) = S. We continue to modify Ly,
proceeding in rounds. To keep track of the modifications that we have already done, we use a set

Q Cind(A) x (Ng N Zy) x Al72a
such that the following conditions are satisfied:

() if (a,R,d) € Q, then Ly(a) has the form {IR.A,VR.By,...,VYR.B,} and the restriction of 74, # to the subtree-
interpretation rooted at d is the canonical model I, (4 p,...58,};

(i) if (a,R,d) € Q and &’ is an R-successor of a in I, then (7, 4, d) %5, (Z1,d").

Initially, set Q = {(ag, Ro,dp)}. In each round of the modification of L4, iterate over all elements (a,R,d) € Q that
have not been processed in previous rounds. Let L4(a) = {3R.A,VR.By, ..., YR.B,} and iterate over all R-successors b
of a in A. By (i), (L 7,4, d) fzz (Z1,b). By (i), there is thus a top-level X;-concept name A’ in clg,({A, By, ..., B,})
such that b ¢ A’?" or there is an R’-successor d’ of d in T 7.7, R a Xp-role name, such that for all R’-successors d” of
bin1, Ip.9,d) ﬁzz (Z1,d"”). In the former case, we do nothing. In the latter case, there is a £,-successor set S’ =
{dR".A’,¥R'.B},...,YR'.B,,} for cly,({A, By, ..., B,}) such that the restriction of 7, 4 to the subtree-interpretation
rooted at d’ is the canonical model I7'2,{A’,B’1 ,,,,, B, Set Ly(b) = S’ and add (b,R’,d") to Q.

Since we are only following role names (but not inverse roles) during the modification of L4 and since A is tree-
shaped, we shall never process tuples (a;,Ry,d}), (a2, Ry, d») from Q such that a; = a,. For any x, we might thus
only redefine L4(x) from the empty set to a non-empty set, but never from one non-empty set to another. For the same
reason, the definition of L, finishes after finitely many rounds.

It can be verified that the I'-labeled tree (7', L) just constructed is i-proper for all i € {0, ..., 4}. The most interesting
point is 4-properness, which consists of four conditions. Condition 1 is satisfied by the construction of Ls. Condition 2
is satisfied by (ii), and Conditions 3 and 4 again by the construction of L. d

By Theorem@] and Lemma@ we can decide whether 77 does (Z;, Z,)-rCQ entail 7, by checking whether there
is no I'-labeled tree that is i-proper for each i € {0,...,4}. We do this by constructing automata A, ..., Ay such
that each A; accepts exactly the I'-labeled trees that are i-proper, then intersecting the automata and finally testing for
emptiness. Some of the constructed automata are 2ABTAs while others are NTAs. Before intersecting, all 2ABTAs
are converted into equivalent NTAs (which involves an exponential blowup). To achieve ExpTmme overall complexity,
the constructed 2ABTAs should thus have at most polynomially many states, while the NTAs can have at most (single)
exponentially many states. It is straightforward to construct

— an NTA 2, that checks O-properness and has constantly many states;

— a2ABTA 2, that checks 1-properness and whose number of states is polynomial in |77| (note that Conditions 1
and 2 of 1-properness are in a sense trivial as they could also be guaranteed by removing undesired symbols
from the alphabet I';

— an NTA 23 that checks 3-properness and has constantly many states.

It thus remains to construct
— a 2ABTA 2, that checks 2-properness and whose number of states is polynomial in [775];

— an NTA 214 that checks 4-properness and whose number of states is (single) exponential in [77].

In fact, the reason for mixing 2ABTAs and NTAs is that while 2, is easier to construct as a 2ABTA, there is no
obvious way to construct 24 as a 2ABTA with only polynomially many states: it seems that one state is needed for
every possible value of the Ls-components in I'-labels. The 2ABTA 2, is actually the intersection of two 2ABTAs
21 and A, 5. The 2ABTA 2, ; ensures one direction of Condition 1 of 2-properness as well as Condition 2, that is:

(i) (T2, A1) E A(x) implies A € Ly(x) for all x € T and A € CN(7);

(i) T2 f [ 1La(x) E L.
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Note that, by Lemma (i) and (ii) imply that Ay 1, is consistent with 7. It is easy for a 2ABTA to verify (ii),
alternatively one can simply refine I". To achieve (i), it suffices to guarantee the following conditions, for x;,x; € T':

— A € Lo(xy) implies A € Ly(xy);
—ifA,..., A, e Lh(x))and T, EA M---TMA, E A, then A € Ly(x;);
if A € Ly(x1), x; is a successor of x1, R € Ly(x,),and A C VYR.B € 75, then B € L,(x»);

— if A € Ly(x,), x, is a successor of x;, R~ € Ly(x»), and A C VR.B € 7>, then B € L,(x);

if A € Lr(x), x; is a successor of x;, R € Ly(x,),and AR.AC B € 75, then B € L,(x1);
if A € Lr(x1), x, is a successor of x;, R~ € Ly(x;), and AR.AC B € 7>, then B € Ly(x,),

all of which are easily verified with a 2ABTA. Note that Conditions 1 and 2 can again be ensured by refining I'.

The purpose of 2, , is to ensure the converse of (i). Before constructing it, it is convenient to characterise the
entailment of concept names at ABox individuals in terms of derivation trees. A 7,-derivation tree for an assertion
Ap(ap) in A with Ay € CN(7>) is a finite ind(A) x CN(7;)-labeled tree (T, V) that satisfies the following conditions:

= V(e) = (ao, Ao);
— if V(x) = (a,A) and neither A(a) € A nor T E A € 7, then one of the following holds:

— x has successors yi,...,y, with V(y;) = (a,A;),for 1 <i<n,and 7, FA;M---MA, CA;
— x has a single successor y with V(y) = (b, B) and there is an AR.B T A € 75 such that R(a, b) € A;
— x has a single successor y with V(y) = (b, B) and there is a BC YR.A € 7 such that R(b, a) € A.

Lemma 53. If (75, A) E A(a) and A is consistent with T», then there is a derivation tree for A(a) in A, for all
assertions A(a) with A € CN(7>) and a € ind(A).

(A proof of Lemma [53] is based on the chase procedure, details can be found in [67].) We are now ready to
construct the 2ABTA A, ». Since %A, ensures that A7 1) is consistent with 7>, by Lemma it is enough for 2, to
verify that, for each node x € 7 and each concept name A € L,(x), there is a 7,-derivation tree for A(x) in Ar ).

For readability, we use '™ = T’y X CN(7) as the alphabet instead of I since transitions of 2(,, only depend on the
Ly- and L,-components of I'-labels. Let rol(7>) be the set of all roles R, R~ such that the role name R occurs in 7.
Set A, = (Q,17,0,q0, F), where Q = {go} W{ga | A € CN(T2)} W {gar,qr | A € CN(T2),R € rol(72)} and F = 0 (i.e.,
exactly the finite runs are accepting). For all (0, 0,) € ', set

/\ 0.44) A (leaf v A\ G, o)),

A€o i€l..m
6(qa,(0o,02)) = true, whenever A € cpor TE A € 7>,

0(qa, (00,02)) = \/ (0,g4) A--- N (0,g4,)) vV whenever A ¢ ocpand TC A ¢ 7>,
THEA M-MA,CA

(((0,gx) A (=1, g8) v \/ (G gmr) v

0(qo, (00, 02))

IR.BCAET, Rey, iel.m
\/  ©aACLa v \/ Gase),
BCVYR.A€T, REX, i€el.m
0(gar,(00,02)) = (0,94), whenever R € o,
0(qar, (00,02)) = false, whenever R ¢ o,
6(qr,(09,02)) = true, whenever R € o,
0(qr, (00, 02)) = false, whenever R ¢ o7.

Note that the finiteness of runs ensures that 7,-derivation trees are also finite, as required.

We next discuss the construction of the NTA 24, omitting most of the details because the construction is not
difficult. Conditions 1 and 2 of 4-properness can be enforced by making sure that certain symbols from I" do not
occur. However, in the case of Condition 2, we have to decide during the automaton construction whether, for given
sets S| € cl(77) and S, = {IRy.A,VRy.By, ..., YRy.B,} C sub(73), there is a model 7 of 77 and a d € A’ such that
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(a) de CTiff C e S, forall C € cl(77) and
(b) (L7, 1. a0) %3, (Z,e) forall (d,e) € R.

We have to show that this check can be done in ExpTiMe. We give a sketch of a decision procedure based on nonde-
terministic Biichi automata on infinite trees that borrows ideas from the above constructions, but is much simpler.

Definition 54. A nondeterministic Biichi tree automaton (NBA) on infinite m-ary trees is a tuple A = (Q, T, Qo, 0, F)
where Q is a finite set of states, I a finite alphabet, Qy C Q a set of initial states, §: QxT" — 22" a transition function,
and F C Q is an acceptance condition. Let (T, L) be a I'-labeled m-ary tree. A run of 2 on (T, L) is a Q-labeled m-ary
tree (7, r) such that r(e) € Qg and (r(x- 1),...,r(x-m)) € 6(r(x), L(x)), for each x € T. We say that (T, r) is accepting
if in all infinite paths y;y, --- of T, the set {i | r(y;) € F} is infinite. An infinite ['-labeled tree (7T, L) is accepted by 2
if there is an accepting run of 2 on (7, L). We use L(2() to denote the set of all infinite I'-labeled trees accepted by 2.

The emptiness problem for NBAs can be solved in polynomial time. Our aim is to build an NBA ‘B such that the
labeled trees accepted by ‘B represent tree interpretations 7 that satisfy Conditions (a) and (b). We make precise which
trees should be accepted by B. LetI'j be the set of all subsets of cl(77)U{R € Ngr | R occurs in 77} that contain at most
one role name and let I = (I x 25U*72)) U {empty}. For a I"-labeled tree (7', L) and a node x in T with L(x) # empty,
we write L;(x) to denote the i + 1st component of L(x), for i € {0, 1}. Informally, the projection of a I"-labeled tree
to the Ly-components represents 7 and the projection to the L;-components contains bookkeeping information that
helps to ensure Condition (b). A I"'-labeled tree is proper if the following conditions hold, for x;,x, € T:

- Le) = (51,52);

— if L(x1) # empty, then Ly(x;) is satisfiable with 77;

— if x is a child of x; and R € Ly(x;), then VR.C € Ly(x;) implies C € Ly(x,) for all YR.C € cl(77);
— if AR.C € Ly(x;), then there is a child x, of x; such that {R, C} C Ly(x»);

— if x, is a child of x; and L(x) = empty, then L(x;) = empty;

— if x, is a child of x;, Ly(x,) contains the role name R, and L(x;) = {3R.A,VYR.By,...,YR.B,}, then there is a
2,-concept name in Cly, ({A, By, ..., B,}) \ Lo(x2) or Li(x2) is a Zp-successor set for Cl, ({A, By, ..., B,)});

— there are only finitely many nodes x with L;(x) # 0.

In the conditions above, we assume that whenever a condition is posed on a component of the label of a node x, then
L(x) # empty. Note that the L;-component of a node label plays the same role as the Ls-component in the previous
construction. Every proper I'’-labeled tree (T, L) represents the following tree interpretation 7 (7 r):

Aon = (xeT|L(x)# empty},
Afen = (x| A e Ly(x)},
Ricn = {(x1,x2) | xp child of x; and R € Ly(x2)}.

Set m’ = |77|. The proof of the following lemma is similar to that of Lemma[52] but simpler.

Lemma 55. There is an m’-ary proper I -labeled tree (T, L) iff there is a model I of Ty and a d € A’ that satisfy
Conditions (a) and (b) from before Definition ' in fact, It ) is such a model.

It is now straightforward to construct an NBA ‘B whose number of states is polynomial in 77| and exponential in
|7>| and which accepts exactly the m’-ary proper I'’-labeled trees. Details are left to the reader.
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8.2. 2ExpTME upper bound for ®-CQ-entailment of HornALC TBoxes by ALC TBoxes

We now consider the case of non-rooted CQs. Our aim is to prove the following 2ExpTIME upper bound:
Theorem 56. O-CQ entailment of Horn ALC TBoxes by ALC TBoxes is in 2ExpTIME.

The proof again builds on the characterisations provided by Theorem 46] Since we are now working with CQs
rather than rCQs, we have to consider X,-homomorphic embeddability instead of con-X,-homomorphic embeddabil-
ity. Note that Lemma47|also provides a characterisation in terms of simulations in that case, adding a third condition.
We modify the previous construction to accommodate this additional condition.

Condition (2) of Lemmatells us to avoid certain simulations. In the previous construction, we were able to do
that by storing a single successor set in the Ls-component of each I'-label, that is, it was sufficient to avoid at most
one simulation into each individual of the ABox A(r,r). In the current construction, this is no longer the case. We thus
let the Ly-component of I'-labels range over 227 rather than 254072 and use it to store sets of successor sets. To
address (3) in Lemma we add an Ls-component to I'-labels, which also ranges over 22" The purpose of this
component is to represent elements of the canonical model 7+, # from which we have to avoid a simulation into any
individual in A7 1) and, in fact, into any element of the interpretation (partially) represented by the L,-components of
node labels. The notion of i-properness remains the same for i € {0, 1,2, 3}. We adapt the notion of 4-properness and
add a notion of 5-properness.

As a preliminary, we define a notion of X,-descendant set. While a X,-successor set for t € CN(7,) represents a
¥,-successor of an element d in a canonical model 7, # that satisfies d € A7 for all A € t, a X,-descendent set
represents a descendent of such a d that is attached to its predecessor via a role name that is not in X, as in (3) of
Lemma Formally, for ¢ C CN(73), we define I'; to be the smallest set such that t € I'; and if ¥’ € T, and S is a
successor set for clg,(¢'), then S L eT,. Aset s CCN(77) is a Z,-descendant set for t if there is a ¢ € I, and successor
setS = {dR.A,VR.By,...,YR.B,} for cly,(t') with R ¢ 3, such that s = St

A T-labeled tree (T, L) is 4-proper if the following conditions are satisfied for all x;, x; € T:

if L3(x;) = 1, then one of the following holds:

— there is a X-concept name in Ly(x;) \ Li(x;);
— L4(x1) contains a X,-successor set for L,(x;);

— Ls(x;) contains a X,-descendant set for L,(x;);

there is a model 7 of 77 and a d € A’ such that the following hold:

—deCliffCeLi(x), forall C € cl(T7);

.....

— if s € Ls(x)) and e € A then (I, 5, a.) %5, (7, €);

— if x, is a child of x;, Lo(x,) contains the role name R, and L4(x;) > {3R.A,YR.By,...,YR.B,}, then there is a
Y,-concept name in Cly, ({A, By, ..., By}) \ L1(x2) or Ls(x,) contains a X;-successor set for clg, ({A, By, ..., B,});

if x, is a child of x;, Lo(x,) contains the role R, and L4(x,) > {3R.A,VYR.By,...,YR.B,}, then there is a X,-
concept name in cly,({A, By, ..., B,}) \ Li(x1) or Ls(x;) contains a ,-successor set for cly, ({A, By, ..., B,}).

A T-labeled tree (T, L) is 5-proper if the following conditions are satisfied for all x; € T
— all x € T agree regarding their Ls-label;
— if s € Ls(x;), then one of the following holds:

— there is a X,-concept name in s \ L;(x);

— L4(x1) contains a X,-successor set for s.
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Note that 4-properness and 5-properness together implement (2) and (3) of Lemma @7}, in particular, Point (3) from
Lemma (47| requires that (Z 7, 4, do) f;z (71, e) for any element e of 7| which can be broken down into the two cases
above.

The proof of the following lemma is similar to that of Lemma[53}

Lemma 57. There is an m-ary ['-labeled tree that is i-proper for all i € {0,...,5} iff there is a tree Z;-ABox ‘A of
outdegree at most m that is consistent with T and T, and a model I of (71, A) such that the canonical model Iy,
of (T2, A) is not Xy-homomorphically embeddable into I .

We can now adapt the automata construction presented in the previous section. It is straightforward to construct
an NTA 2(5 with double exponentially many states that verifies 5-properness. Also, the NTA 24 for 4-properness will
now have double exponentially many states because Ls- and Ls-components are sets of sets of concepts rather than sets
of concepts. In fact, we could dispense with NTAs altogether and use a 2ABTA that has exponentially many states,
both for 24 and 2As. The construction of 24 needs to decide whether, for given sets S| C cl(77) and S,,S3 C 2CN(T2)
there is a model 7 of 7 and a d € A such that

() de CLiffCe Sy, forall C € cl(T7);
(d) (I7,5,a:) &5, (£,d) forall S € S»;
(©) Ir,s,as) ﬁzz (I,e)forall S € Szande € AL;

This check can be implemented in 2ExpTIME using a decision procedure based on NBAs, mixing ideas from the
corresponding construction in the previous section and the construction above. Overall, we obtain the 2ExpTIME
upper bound stated in Theorem 56|

8.3. 2ExpTME lower bound for ®-CQ-inseparability between HornALC TBoxes

We prove a matching lower bound for the 2ExpTiME upper bound established in Theorem [56| using a reduction of
the word problem of exponentially space bounded ATMs (see Section[5.3). More precisely, we show the following:

Theorem 58. (X,%)-CQ inseparability between the empty TBox and Horn ALC TBoxes is 2ExpTIME-hard.

Note that we obtain a 2ExpTmME lower bound for ®-CQ entailment as well since, clearly, the empty TBox (%, ¥)-
CQ-entails a TBox 7 iff the empty TBox and 7~ are (Z, X)-CQ-inseparable. Let M = (Q,I';, T, go, A) be an expo-
nentially space bounded ATM whose word problem is 2ExpTME-hard, where Q is the finite set of states, I'; the input
alphabet, I" 2 T’y the tape alphabet with blank symbol 1 € T'\T'y, qo € Q the initial state, and A C QXTI x QXI'X{L, R}
the transition relation. We use A(q, o) to denote the set of transitions (q',0’, D) € Q X I' X {L, R} possible when M is
in state g and reads o, that is, (¢, 0, ¢’, 07, D) € A. We may assume that the length of every computation path of M on
w € X" is bounded by 2%, and all the configurations wgw’ in such computation paths satisfy [ww’| < 2" (see [60]). To
simplify the reduction, we may also assume without loss of generality that M makes at least one step on every input,
that it never reaches the last tape cell, and that every universal configuration has exactly two successor configurations.

Note that when M accepts an input w, this is witnessed by an accepting computation tree whose nodes are labeled
with configurations such that the root is labeled with the initial configuration of M on w, the descendants of any non-
leaf labeled with a universal (respectively, existential) configuration include all (respectively, one) of the successors
of that configuration, and all leafs are labeled with accepting configurations.

Let w be an input to M. We aim to construct a Horn ALC TBox 7 and a signature X such that M accepts w iff
there is a tree X-ABox A such that

(a) Ais consistent with 7~ and
(b) 77 4 is not Z-homomorphically embeddable into 7, 4,

where 79 = 0. Note that this is equivalent to (X, X)-CQ-entailment of 7~ by 7y due to Theorem [46] (2); that theorem
additionally imposes a restriction on the outdegree of (A, but it is easy to go through the proofs and verify that the
characterisation holds also without that restriction. We are going to construct 7 and X such that A represents an
accepting computation tree of M on w.
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Figure 7: Configuration tree (partial).

When dealing with an input w of length n, in ‘A we represent configurations of M by a sequence of 2" elements
linked by the role name R, from now on called configuration sequences. These sequences are then interconnected to
form a representation of the computation tree of M on w. This is illustrated in Fig. |7} which shows three configuration
sequences, enclosed by dashed boxes. The topmost configuration is universal, and it has two successor configurations.
All solid arrows denote R-edges. We shall see at the very end of the reduction why successor configurations are
separated by two consecutive edges instead of a single one.

The above description is an oversimplification. In fact, every configuration sequence stores two configurations
instead of only one: the current configuration and the previous configuration in the computation. We will later use the
homomorphism condition (b) above to ensure that

(*) the previous configuration stored in a configuration sequence is identical to the current configuration stored in
its predecessor configuration sequence.

The actual transitions of M are then enforced locally inside configuration sequences.
The signature Z consists of the following symbols:

— the concept names Ay, ..., A,-1, Ao, - .., A, that serve as bits in the binary representati_on of a number between
0 and 2" — 1, identifying the position of tape cells inside configuration sequences (Ag, Ag are the lowest bit);

— the concept names A, . . ., Al’n_l and Z;), e Z:,H , where m = [log(2" +2)], that serve as bits of another counter
which is able to count from O to 2" + 2 and whose purpose will be explained later;

— the concept names A,, A/, ZU, foreach o € T}

— the concept names Ay, A:N, Ay, foreacho el'and g € Q;

— the concept names X, X, that mark the first and second successor configuration;

— the role name R.

From the above list, the concept names A, and A, are used to represent the current configuration and A/, and A},
for the previous configuration. The role of the concept names A, and Z(N will be explained later.

It thus remains to construct the TBox 7, which is the most laborious part of the reduction. We use 7 to verify
the existence of a computation tree of M on input w in the ABox. For the time being, we are going to assume that
(*) holds and, in a second step, we will demonstrate how to actually achieve that. We start with verifying halting
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configurations, which must all be accepting in an accepting computation tree, in a bottom-up manner:

AgM---MA, 1 MA,NA, T V, (D
A;mARA,MU3IRA; C© ok, )

J<i
A;nARA,NUARA;, T ok, 3)

]<l
A;MARA; M 1ARA; C© ok, )

J<t
A;nARA; N 1ARA; C© ok, ®)

J<i
okoM---mok, MA;,MIARVNA, MA, C V, ©)
okoM---Mok,y MA;MARV A, MA, . E Vi, 7
Oko M---M Okn—l M Zi M HR.V [l AKIa-U_ Il A(’)— (- Vqua’ (8)
Oko M-+ M0k, MA; MARVLy M Ay o MAL, & Vigo, ©)
Oko M-+ Mok,—; MA;MIRVry, MA-MA, . T Vig,o (10)
oko M+ M0k, MA; MARVp 4 o MAr AL T Vpy o (1D
JRA;MIARA; C 1, (12)
where o, 0’ range over I, g over Q, i over 0,...,n—1, and D over {L, R}. The first line starts the verification at the last

tape cell, ensuring that at least one concept name A, and one concept name A/, is true (it also verifies that the symbol
is identical in the current and previous configuration, assuming (x); it is here that the assumption that M never reaches
the last tape cell makes the construction easier). The following lines implement the verification of the remaining
tape cells of the configuration. Lines (2)—(5) implement decrementation of a binary counter and the conjunct A; in
lines (6)—(11) prevents the counter from wrapping around once it has reached 0. We use several kinds of verification
markers:

— with V, we indicate that we have not yet seen the head of the ATM;

— Vi indicates that the ATM made a step to the left to reach the current configuration, writing o;

Vg, indicates that the ATM made a step to the right to reach the current configuration, switching to state g;

— Vb4, indicates that the ATM moved in direction D to reach the current configuration, switching to state g and
writing o-.

In the remaining reduction, we expect that a marker Vp, - has been derived at the first (thus top-most) cell of the
configuration. This makes sure that there is exactly one head in the current and previous configuration, and that the
head moved exactly one step between the previous and current position. Also note that the above Cls ensure that the
tape content does not change for cells that were not under the head in the previous configuration, assuming (x). Note
that it is not immediately clear that lines (2)—(11) work as intended since they can speak about different R-successors
for different bits. The last line fixes this problem. We also ensure that relevant concept names are mutually exclusive:

AiMA;, C 1, (13)

Ay, MA,, T 1, if oy # 0, (14)

ArMAgpoe £ L, (15)

Aql,(rl M qu,(rz C 1, if (41, 0-1) * (qu 0’2)’ (16)

where i ranges over 0,...,n — 1, 0,05 over I, and gy, ¢> over Q. We also add the same CIs for the primed versions
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of these concept names. The next step is to verify non-halting configurations:

RAR(X, MAG M- MA, N (Vpge UVp,,) T Lok, (17)

RAR(XG M AN+ N A, N (VpgoUVp,,) E ROk (18)
Aom---MA,-1MA,MMA, MLokmRok C V', (19)

okoM---Mok, ; MA;M3ARV' MA, MA, £ V, (20)

ok M---Mok,.i MA; MRV MA,NA,,, E V], 21

Oko M-+ MoK, | MA;MIRVy MA;MA, . T Vi (22)

okoM---Mok, i MA;M3RV}, ,NAzNA, TV}, (23)

where o, 0”, 0" range over I', g and ¢’ over Q, i over 0,...,n — 1, and D over {L,R}. We switch to different veri-

fication markers V', V; _, Vi - 14 4.0 10 distinguish between halting and non-halting configurations. Note that the
first verification step is different for non-halting configurations: we expect to see one successor marked with X; and
one with X;, both the first cell of an already verified (halting or non-halting) configuration. For easier construction,
we require two successors also for existential configurations; they can simply be identical. The above CIs do not yet
deal with cells where the head is currently located. We need some prerequisites because when verifying these cells,
we want to (locally) verify the transition relation. For this purpose, we carry the transitions implemented locally at a

configuration up to its predecessor configuration:

RIARX, MAG M- NA N Vgep) E S 0 (24)

RIARX, NA - NA OV, ) E S)op. (25)

JR.(A, N S;,(,,,D) C wa,,D, (26)

where g ranges over Q, o and ¢’ over I', t over {1,2}, and i over O,...,n — 1. Note that markers are propagated

up exactly to the head position. One issue with the above is that additional S ;’ »p-markers could be propagated up
not from the successors that we have verified, but from surplus (unverified) successors. To prevent such undesired
markers, we add the Cls

S;I,UI,DI M Sf]z,ﬂ'z,Dz Cl 27
for all ¢ € {1, 2} and all distinct (g1, 071, D1),(g2,02, D) € Q@ XT" x {L,R}. We can now implement the verification of
the cells under the head in non-halting configurations. We take

- 1 2
okoM---mok, ;1 MA; M3R.V' M Agoy M A""] M SC]z,th,Dz M Sq3,0'3,D3 = Vl’e’ql’ (28)
A ’ ’ 1 2 U
OkO M- OI(n—l m Ai r HR'VL,O- r A(II,U'l M AO’] M qu,o’z,Dz M Sq3,0'3,D3 C VL,qu’ (29)

for all (g1, 01) € Q XTI with ¢g; a universal state and A(qy, 01) = {(q2, 02, D2), (g3, 03, D3)}, i from 0,...,n— 1, and o
from I'; moreover, we take

A 1 2

okoM---Mok,.| MA; M3IRV' MA, - MNA, T S gorsr NS gy amy E V,;’ql, 30)
A 1 2

okoM---mok, 1 MA;M3ARV]  MA, - MA, T S gprsr NS gy upy E Vi,qm, 3D

for all (q;,01) € Q X I with ¢, an existential state, for all (g2, 0, D;) € A(g1,01), all i from 0,...,n — 1, and all o
from I'. It remains to verify the initial configuration. Let w = o --- 0,1, let (C = j) be the conjunction over the
concept names A;, A; that expresses j in binary, for 0 < j < n, and let (C > n) be the Boolean concept over the concept
names A;, A; expressing that the counter value is at least n. Then we take

AomM---MA,.; MAgnLokMRok £ V/, (32)
oko M-+ Mok, M(C>n)NIARV ' MAn £ V/, (33)
okoM---Mok, M(C=HNIARV N4, C V., (34
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Figure 8: Tree gadget.

where i ranges over 1,...,n—1 and o, 0’ over I'. This verifies the initial conditions except for the left-most cell, where
the head must be located (in initial state gy) and where we must verify the transition, as in all other configurations.
Recall that we assume ¢ to be an existential state. We can thus add

0k0 rm---T Okn—l m (C = O) r HR'VI M AlIo,O'o M S<11,0',D n S;,O’,D c I (35)

for all (g, o, D) € A(qo, 00).

At this point, we have finished the verification of the computation tree, except that we have assumed but not yet
established (x). Achieving (*) consists of two parts. In the first part, we use the concept names B;, Ei, i < m (recall
that m = [log(2" + 2)]) to implement an additional counter that serves the purpose of generating a path whose length
is 2" + 2, the distance between two corresponding tape cells in consecutive configurations. Let ay, ..., @ be the
elements of Q U (Q X T'). We add the following to 7:

ARI C EIS.[l_lkEIR.(Am M B,, M(Cp = 0)) (36)
<
B,, £ 3AR.T, 37
B; N Il_l'B,' c VR.EI', (38)
J<i

B;nl1B; £ VRB, (39)

J<i
BnUB; © VRB, (40)

J<i
E,‘ Il |_|§j C VR.E,’, (41)

Jj<i
(Cp<2"+1)NB,, T VYRBy,, (42)
(Cy=2"+1)NB, C VRA,, (43)
where ¢ ranges over O,...,k — 1, i ranges over 0,...,m, and (Cp = j) (respectively, (Cg < j)) denotes a Boolean

concept expressing that the value of the B;/B;-counter is j (respectively, smaller than j). We will explain shortly why
we need to travel one more R-step (in the first line) after seeing I.

The above Cls generate, after the verification of the computation tree has ended successfully, a tree in the canonical
model of the input ABox and of 7~ as shown in Fig.[§] Note that the topmost edge is labeled with the role name
S, which is not in . To satisfy Condition (b) above, we must thus not (homomorphically) find the subtree rooted at
the node with the incoming S-edge anywhere in the canonical model of the ABox and 7 (which is just a different
presentation of A). We use this effect to ensure that (x) is satisfied everywhere. Note that the R-paths in Fig. [§| have
length 2" + 2 and that we do not display the labelling with the concept names B;, B;, B,. These concept names are not
in X and only serve the purpose of achieving the intended path length and of memorising «. Informally, every R-path
in the tree represents one possible copying defect. The concept names of the form A, stand for the disjunction over
all AZ’, with 8 # @. Although we have not done it so far, we can easily modify 7 to achieve that they are indeed used
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Figure 9: Additional paths attached to computation tree. In the sequence of paths on the left, the path for A, is missing.

this way in the input ABox. For example, we can add the conjunct [],..p(, Ao to the left-hand side of the concept
inclusion in (1), and likewise for (6), (7), and so on.

If there is a copying defect somewhere in the ABox, then one of the R-paths in Fig. [§| can be homomorphically
embedded. We have to ensure that the other paths can be embedded, too. The first step is to add the following CIs:

(C'=2"+2)NA, C V, (44)
A;M3RA;MU3RA, C ok, (45)
J<i
A;nARA NUIRA, C oK, (46)
J<i
A/M3RA;N[13RA, C ok, (47)
j<l
A;M3RA;MT13RA, C ok, (48)
J<i
okjM---mok, ,MA,M3ARV,MA, A, C V, (49)
AR(C'=0)NV,MA,) C V, (50)
where £ ranges over 0, ...,k — 1, i ranges over 0, ..., m, and (C’ = j) denotes a Boolean concept which expresses that

the value of the A;/Z;-counter is j; recall that the concept names implementing this counter are in X. The purpose of
the above CIs is to set the verification marker V, at an individual a whenever we find in the ABox an R-path with root
a that is isomorphic to the R-path labeled with AQK/ZW in Fig.|8| (and additionally is decorated in an appropriate way
with the concept names used by the A;/Z:-counter).

As the second step, it remains to add the verification markers V, to the left-hand side of the ClIs in 7~ in such a way
that

(%) whenever an ABox individual a that is part of the computation tree has an R-successor in that tree which is
labeled with A,,, then all verification markers V; with j € {0,...,f - 1,{+ 1,...,k — 1} must be present at a.

Informally, (x*) achieves the presence of additional paths attached to nodes of the computation tree, as displayed in
Fig. E} There, a and b are nodes in the computation tree proper and since A,, holds at b, we attach to a all paths from
Fig. [8|except the one for A,,. By what was achieved in the first step, we can thus homomorphically embed the R-tree
in Fig.[8]at a iff there is a copying defect at the successor of a.

We next describe the modifications required to achieve (xx). Line (20) needs to be extended by adding to the
refer to the same R-successor whose existence is verified by the existing concept AR.V’ on the left-hand side of (20),
or at least to a successor that has the same «@,-label. This can be achieved by adding the CIs

JR.a,M3AR.ap C L (51

where ¢ and ¢ are distinct, ranging over O, ...,k — 1.
The same conjunct needs to be added to the left-hand sides of Lines (21)—(23), (28)—(31), and (33)—(35). We also
need to add the conjunct into the scope of the outermost (but not innermost!) existential quantifier in (17) and (18)
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and to (36), outside the scope of the existential quantifier. Note that we indeed need to travel one more R-step after
seeing I (the explanation of this was deferred until now): we always consider copying defects at R-successor of some
individual name and thus also the root of our configuration tree should be the R-successor of some individual. Also
note that we indeed need to separate successor configurations by two R-steps (the remaining deferred explanation).
If we used only one R-step, then the branching ABox individual would always allow the R-tree from Fig. [§] to be
homomorphically embedded, no matter whether there is a copying defect or not.

Lemma 59. The following conditions are equivalent:

(1) there is a tree Z-ABox A such that (a) A is consistent with T and (b) I # is not Z-homomorphically embed-
dable into 17, #;

(2) M accepts w.

Proof. (sketch) For (2) = (1), suppose M accepts w. The accepting computation tree of M on w can be represented
as a Z-ABox as detailed above alongside the construction of the TBox 7. The representation only uses the role name
R and the concept names A;, Zi,A; s Z;, Ag, Agos AL, Afw, Ay, Zq,(r, Xy, and X;. As explained above, we need to
duplicate the successor configurations of existential configurations to ensure that there is binary branching after each
configuration. Also, we need to add one additional incoming R-edge to the root of the tree. The resulting ABox A is
consistent with 7. Moreover, since there are no copying defects, there is no homomorphism from 74 4 to Z¢, .

For (1) = (2), suppose there is a tree Z-ABox A that satisfies (a) and (b). Because of (b), I must be true somewhere
in g #: otherwise, 74 4 does not contain anonymous elements and the identity is a homomorphism from 74 4 to
I, a, contradicting (b). Since I is true somewhere in 7+ # and by the construction of 7~, the ABox must contain the
representation of an accepting computation tree of M on w, except satisfaction of (). For the same reason, 74 # must
contain a tree as shown in Fig.[8] As already been argued during the construction of 7~, however, condition (x) follows
from the existence of such a tree in 74 4 together with (b). a

We remark that the above reduction also yields 2ExpPTiME hardness for (X, X)-CQ entailment in the DL E£T
extending &L with inverse roles. In fact, CIs D T Vr.C can be replaced by 3r~.D £ C and disjunctions on the
left-hand side can be removed with only a polynomial blowup. It thus remains to eliminate L, which only occurs
non-nested on the right-hand side of CIs. With the exception of the CIs in (27), this can be done as follows: replace
T with a non-empty TBox 77 and rename 7~ to 7, for uniformity; include all CIs with L on the right-hand side in
771 instead of in 75; then replace L with a fresh concept name D and further extend 7 with CIs which make sure
that 7o, # contains an R-tree as in Fig. [§| whenever D is non-empty, which is straightforward. As a consequence, any
ABox that satisfies the left-hand side of a .L-CI in the original TBox 7~ cannot satisfy (b) from Lemma [59] and does
not have to be considered.

For the excluded ClIs, a different approach needs to be taken since these Cls rely on many Cls in 75 that are not
included in 7. We only sketch the required modifiction: instead of introducing the concept names S ;]’ o1.0,2 ONE
oDy S zwz’ p,» and V'’ would be integrated into a single
and likewise for Vi 4. The excluded ClIs can then simply be dropped.

would propagate transitions inside the V’-markers. Thus, S'!

!
marker VQI,U'I D1.,q2,02,D7°

Theorem 60. It is 2ExpTiME-hard to decide whether an ELT TBox (Z,%)-CQ entails an ELT TBox.

A corresponding upper bound has recently been established in [68].

9. Related Work

The comparison of logical theories has been an active research area almost since the invention of formal logic.
Important concepts include Tarski’s notion of interpretability [69] of one theory into another and the notion of con-
servative extension, which has been employed extensively in mathematical logic, in particular to compare theories
of sets and numbers [70]. Conservative extensions have also been used to formalise modular software specifica-
tion [714 72} [73]] and to enable modular ontology development [42, |16} [17]. Query entailment can be regarded as a
generalisation of conservative extension where we do not require that one of the theories under consideration is in-
cluded in the other and where conservativity depends on database queries in a signature of interest instead of formulas
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in the signature of the smaller theory. In an independent but closely related research field, various notions of equiva-
lence between (extended) datalog programs have been proposed and investigated [74], often focusing on answer set
programming [[74} 75,76} [77]].

The state of the art in the research of inseparability between description logic ontologies has recently been pre-
sented in great detail in [41]]. This survey contains, in particular, a discussion of the relationships between concept-
based, model-based, and query-based inseparability. In the first approach, one compares the concept inclusions en-
tailed by the two versions of an ontology. In the second approach, one compares the models of the two versions.
In contrast, in the query-based approach underpinning the present investigation, one compares the certain answers
to database queries. It turns out that the three approaches exhibit rather different properties and require different
model-theoretic and algorithmic techniques. While various forms of bisimulations and corresponding bisimulation-
invariant tree automata are required to investigate concept-based inseparability, query-based inseparability relies on
understanding homomorphisms between interpretations and products, which are then reflected in the games or au-
tomata required to design algorithms; we refer the reader to [41]] for an in-depth discussion. Important notions that
are closely related to query inseparability, such as knowledge exchange and entailment between OBDA specifications,
are discussed in [34].

In what follows, we focus on summarising what is known about query inseparability between description logic
ontologies, discussing both the KB and the TBox cases. All existing results are about Horn-DLs as the present paper
is the first one to study query-based inseparability for expressive non Horn-DLs. As discussed in this paper, for Horn-
DLs, there is no difference between CQ- and UCQ-inseparability, so we do not explicitly distinguish between them
below.

We start with the KB case. In [34], CQ-inseparability between KBs is investigated for Horn-DLs ranging from
the lightweight £L and DL-Lite .y, to Horn ALCH I . The authors develop model-theoretic and game-theoretic char-
acterisations of query inseparability. In contrast to the present investigation, the main complexity results, summarised
in Table [4] are then obtained using the game-theoretic characterisations instead of reductions to the emptiness prob-
lem of tree-automata. It is also proved that rootedness does not affect the worst-case complexity of query entailment.
Observe that the addition of the inverse role constructor leads to an exponential increase of the complexity of checking
query inseparability.

Table 4: KB query inseparability [34].

DL complexity DL complexity
ELIHT) P - -
DL-Lite o 3 DL-Lite”? ExpTIME
HornALC(H) | ExeTmve | HornALC(H)I | 2ExpTiME

CQ-inseparability between TBoxes has been investigated for £L terminologies (a restricted form of TBox) ex-
tended with role inclusions and domain and range restrictions [15} [78]], for (unrestricted TBoxes in) the description
logic &L [38], and for variants of DL-Lite [41}, [34]. The algorithms presented in [[L5] are based on both model-
theoretic and proof-theoretic methods. The authors focus not only on deciding inseparability but also on presenting
the logical difference between TBoxes to the user. A versioning and modularisation system for acyclic E£ TBoxes
based on CQ-inseparability is presented and evaluated in [78]]. The system makes intense use of the fact that, in this
case, query inseparability can be decided in polynomial time. This is in contrast to general &£ TBoxes for which
ExpTmME completeness of deciding CQ-inseparability is shown in [38]]. The method is purely model-theoretic and
based on the close relationship between concept and query inseparability for E£. More recently, CQ inseparability
has been investigated for HornALCH I and shown to be 2ExpTiME-complete, using a subtle approach that combines
a mosaic technique with automata [68]]. The mentioned results are summarised in Table E}

Table 5: TBox query inseparability.

DL complexity DL complexity
&L ExpTivE [38]] | HornALC(H)T | 2ExpTiME [68]]
DL-Lite.,,. in P [41] DL-Lite%,e ExpTiME [34]
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10. Conclusion and Future Work

We have made significant steps towards understanding query entailment and inseparability for KBs and TBoxes
in expressive DLs. Our main—and rather unexpected—results are as follows:

— for ALC-KBs, Z-(r)UCQ inseparability is decidable and (r)CQ-inseparability is undecidable (even without
restrictions on the signature);

— for Horn ALC-TBoxes, ®-rCQ inseparability is ExpTIME complete and ®@-CQ inseparability is 2ExpTIME com-
plete.

The first result reflects a fundamental difference between the model-theoretic characterisations of inseparability for
CQs and UCQs: while UCQ-inseparability can be characterised using (partial) homomorphisms between models of
the respective KBs, CQ-inseparability requires the construction of products of the models of the respective KBs, a
result which is at the core of our undecidability proof. The second result reflects a fundamental difference between
homomorphisms whose domain is connected to ABox individuals (as required for rooted CQs) and those whose
domain is not necessarily reachable from the ABox. Searching for the latter turns out to be much harder. Both
results have important practical implications. The first one indicates that one should approximate CQ-inseparability
using UCQ-inseparability when designing practical algorithms. Observe that this is a sound approximation as no two
ontologies that are UCQ-inseparable can be separated by CQs. The second one indicates that it is worth focusing on
rooted (U)CQs rather than all (U)CQs when designing practical algorithms for inseparability. The latter are likely to
cover the vast majority of queries used in practice. We believe that our model-theoretic characterisations provide a
good foundation for developing practical (approximation) algorithms.

Many problems remain open. The main one, which can be directly inferred from the tables presenting our results,
is the decidability of UCQ-inseparability for ALC TBoxes. We conjecture that this problem is undecidable but have
found no way of proving this. Another family of interesting open problems concerns the role of the signatures X
and O in our investigation of the decidability/complexity of inseparability between KBs and TBoxes, respectively.
Observe that admitting more symbols in X or ® leads to sound approximations of the original inseparability problem:
for example, if TBoxes are ®'-CQ inseparable for a pair of signatures ® 2 O, then they are ®-CQ inseparable as
well. It would, therefore, be of great interest to understand the complexity of inseparability if £ and ® consist of
all concept and role names (the ‘full signature’ case). We have been able to prove undecidability of full signature
(r)CQ-inseparability for ALC KBs, but the complexity of full signature (r)UCQ-inseparability between ALC KBs
remains open. Similarly, the decidability of full signature (r)CQ-inseparability and (r)UCQ-inseparability between
ALC TBoxes remains open. The ‘hiding technique’ discussed in this paper might be a good starting point to attack
those problems. Finally, it would be of interest to consider extensions of ALC with inverse roles, qualified number
restrictions, nominals, and role inclusions. We conjecture that extensions of our results to DLs with qualified number
restrictions and role inclusions are rather straightforward (though proofs might become significantly less transparent).
The addition of inverse roles, however, might lead to non-trivial modifications of the model-theoretic criteria, see
also [68]].
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Appendix A. Proof of Theorem 22]

For the proof of Theorem 22] (i), suppose that an instance ¥ of the rectangle tiling problem is given. Consider the
KBs 7(r1C = (’i'rlC , Arcq) and ‘Krch = (7;2CQ, Arcq) given in the proof sketch for Theorem (). It suffices to prove
Lemmas@ and|19|for the new KBs, the rCQs ¢/,(y), and the signature Xcq.
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Lemma 61. The instance T admits a rectangle tiling iff there exists q,(a) such that ‘KfCQ E q,(a).
Proof. (=) Suppose ¥ tiles the N X M grid so that a tile of type T"/ € T covers (i, j). Let
block; = (Tl’j, e T/iv’j,Row),
forj=1,...,M—-1and k = (j— 1) mod3. Let g, be the CQ in which the B; follow the pattern
Row, block,, block,, block,, ..., blocky_

(thus,n = (N+1)xM+1). In view of Lemma we only need to prove I = ¢/, (a) for each minimal model 7 € M7<2c o

Take such an 7. We have to show that there is an R-path a, xo, . .., X,+1 in I such that x; € Bi] and x,,1 € End”.

I
D, Row, {To}
Yo o Row
Y1 Q4o
a Row 1
IN+2
Row 2

block,

Yn-2N-2 I
Q

Row M -1

(TWE.LmI [€5) :
Row M
En,
O End
Figure A.10: Two homomorphisms to minimal models.
First, we construct an auxiliary R-path yy, ..., y,-n—1. We take yg € Row’, the successor of a in 7, and Y1 € IOI s

the successor of y in Z, by @I) (Ip = T'1). Then we take Y2 € (T+H, ... ,IN € (TN by @ We now have
right(TN = W. By (7), we obtain yy,; € Row L. By @), yn+1 € Row;” € Row’. We proceed in this way, starting
with (3), till the moment we construct y,_; € ("=, for which we use (8) and (T3) to obtain y, € (Row*")!
Row? , for some k. Note that 77 ¢ 77 by (T0).

By (12), two cases are possible now.

Case 1I: there is y such that (y,,y) € Rf and y € End*. Then we take xg = -+ = xy = @, Xy41 = VOsoves Xy =

Yn-N-1>Xn+1 = Y-
Case 2: there is z; such that (y,,z1) € R” and z; € (T{*")’, where T = T"™ and up(T) = C. We then use (T3) and

find 2, ...,zy, u, v such that z; € (T,’:“”)I, where T = T*M, y € Row! and v € End’. We take xo = Yo, ..., Xnn_1 =
VaN—1sXn-N = 215+ »Xno1 = ZN> Xn = U, X,11 = v. Note that, by (TT) and (T6)), we have (7)) c (TH~1)7.
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(<) Suppose K rCQ E ¢q,,(a) for some n > 0. Consider all the pairwise distinct pairs (Z, ) such that I € M.Kz and

h is a homomorphism from ¢},(a) to 7. Note that i(q),) contains an or-node o, (which is an instance of Rowk“” for
some k). We call (7, h) and h left if h(x,+1) = 0 - Wag.gna, and right otherwise. It is not hard to see that there exist a
left (Z;, hy) and aright (7, h,) with o, = o7, (if this is not the case, we can construct 7 € Mq(éc such that 7 £ ¢, (a)).

Take (1, ;) and (7, h,) such that o, = 0, = o and use them to construct the required tiling. Let o = awg - - - wy.
We have hy(x,) = o, hi(x,41) = 0 - Wag gra- Let h(X,41) = OV ...V, Which is an instance of End. Then h,(x,) =
OV]| ...Vus1, Which is an instance of Row.

Suppose Vi = Wagsar (any k other than 2 is treated analogously). By (14), righ«(T) = W; by (13), up(T) =
Suppose wy,y—1 = wars,. Now, we know that k = 1. By (8), righ#(S) = W. Consider the atom B,_;(x,-;) from qn
Both awy - - - wyy_; and ov; - - - v, are instances of B,_;. By @]) and @]) B, = 81 and down(T') = up(S). Suppose
Vi1 = Wag ghar. By (13, right(U) = left(T) and up(U) = C. Suppose wyy_2 = wagg,. By (@), right(Q) = lefu(S).
Consider the atom B,_;(x,-;) from ¢},. Both awg---w,_ and o ---v,_; are instances of B,_,. By (I0) and (16),
B, ,= Ql and down(U) = up(Q). We proceed in the same way until we reach o~ and awy - - - w,y_y_1, for N = m, both
of which are instances of B,_y_; = Row. Thus, we have tiled the last two rows of the grid.

We proceed in this way until we have reached some variable x;, for ¢ > 0, of ¢/, that is mapped by &; to awow,
(see Fig. . Note that this situation is guaranteed to occur. Indeed, h;(a) = a, hi(xg) € {a,awp}, hi(x)) €
{a, awy, awgw1 }, etc. Clearly, the assumption that /;(x;) € {a, awy} for all i (0 < i < n+ 1) leads to a contradiction. Let
he(x) = awg - - - wy, for some s > 1. Note that s = N + 2. By (21)), it follows that awow is an instance of Iy. Therefore,
B; = Z) and, by (TI), awy - - - w, is an instance of V1, for some tile V such that down(V) = up(l).

Thus, we have a tiling as required since the vertical and horizontal compatibility of the tiles is ensured by the
construction above and by the fact that the tile I occurs in it as the initial tile. d

Lemma 62. HM’KZCQ is con-nX,co-homomorphically embeddable into 1 Koy preserving {a} for all n > 1 iff there does
not exist an rCQ q,,(y) such that HM(K‘ZCQ E q,(a).

Proof. (=) Suppose otherwise, that is, [] M'Kfc o E ¢q,,(a) for some m. By the assumption, [] M'Kfcq is con-nZ,cq-
homomorphically embeddable into 7 Kg for n = m+ 3 (the length of ¢J,). So we have 7. KLy E q,,(a), which is clearly
impossible because none of the paths of 7, Khg contains the full sequence of symbols mentioned in g,().

(<) Suppose ] Mq(Z ¥ q),(a) for all m Take any subinterpretation of [] M(K- whose domain contains n ele-
ments connected to a. Recall from the proof of Theorem@that we can regard the X,cq-reduct of this subinterpretation
as a Z,co-rCQ, and so denote it by g(y). Clearly, ¢q is tree shaped plus the atom R(y,y). We know that there is no
2 co-homomorphism from ¢J,(y) into g(y) for any m; in particular, g(y) does not have a subquery of the form ¢, (y).
We have to show that 7. KLy E g(a). We show how to map ¢(y) starting from a.

We call a variable x in g(y) a gap if there exists no B € Z,cq such that B(x) is in g(y). Since ¢(y) does not contain
a subquery of the form ¢/,(y), we know that every path p starting from y in g(y) either:
(a) does not contain End(x), or

(b) contains End(x) and contains a gap x’ that occurs between the y and x.

If all paths p starting from y in g(y) are of type (a) we map ¢q(y) on the path 7,,:

A,Row, Ty R %0, D R %o, D R %0, D

I(I(IICQ R( a o »O- T o S, Ty
R R R R

Eﬁd‘%g\u ""235\&~0_. EIM,ZO,E d o Eﬁ‘f:“g,g\kuo_.

E”f/ 20 ''''' m é}”/, Z{; e, V1) E’?(/, ......

Otherwise, let y be the current variable and a the current image. Let xy, ..., x; be all successor gaps and z;, ...,z all
successor non-gaps of the current variable in g(y). We map all x; to the vertical successor and all z; to the horizontal
successor of the current image. All the rest of the paths starting from x; can then be mapped to an appropriate ;.
We then consider each z; as the current variable, and the point where it has been mapped as the current image, and
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continue analogously. Thus, the paths p not containing gaps and End(x) atoms would result in being mapped to 7,
while the paths with gaps would each result in being mapped to an appropriate 7;. d

We now prove Theorem(ii). We set K = K2., UK

€Q €O and show that the following are equivalent:

() Kieq

) (Krlco and K, are Z,cq-rCQ inseparable.

2:cQ-rCQ entails V(IZCQ;

Let 741 be the canonical model of K., and M,- the set of minimal models of K2
Kico CQ Kica

~co- Again, one can easily show
that the following set My, is complete for K:

M7(2 = {IH—JI(K}]CQ |I € M{KrZCQ}’

where 7 & 1. Kl is the interpretation that results from merging the roots a of 7 and 7. Ky Now (2) = (1) is trivial. For

the converse, suppose 7(r1CQ 2:cQ-rCQ entails ‘KrZCQ. It directly follows that % Xco-rCQ entails ‘KrlcQ So it remains

to show that 7(r1CQ Yrco-rCQ entails K. Suppose this is not the case. Without loss of generality, we may assume
that there is a Z,cq-rCQ ¢q(y), a ditree with one answer variable y not mentioning D and E, such that K, E ¢(a) and

K I,ICQ = q(a). We can assume ¢ to be a smallest rCQ with this property. Consider the various cases of ¢(y):

— ¢(y) does not contain End atoms: but then K rICQ E g(a) (see the proof of Lemma, contrary to our assumption.

— q(y) contains End atoms and, on each path from y to an End atom, there is a variable x that does not appear
in g(y) in any atom of the form B(x), for a concept name B € X. But then 7(r1CQ E g(a) (see the proof of
Lemma|[67), contrary to our assumption.

— q(y) contains End atoms and a path from y to an End atom such that each variable x on this path appears in an
atom of the form B(x), for a concept name B € X. Denote this path by ¢’(y), and observe that ¢’(y) is a query of
the form ¢/,(y). Then 7<rlco £ ¢'(a) by the construction of ‘KIICQ, moreover there is no subquery ¢’ of ¢’(y) such

that there is a model J € erzc 0 and 7 ¥ 7. Kq E ¢q’(a) by mapping ¢ entirely into 7. Kly So it must be that

K: ZCQ E ¢'(a). But now, as 7(r1CQ EXK rZCQ, we know that K rZCQ ¥ q,,(a) for each n, which is again a contradiction.

The contradictions arise from the assumption that 7(r1CQ does not X,cq-rCQ entail %K.

Appendix B. Proof of Theorem d3]for Rooted CQs

We show that it is undecidable whether an ££L TBox is ©@-rCQ inseparable from an ALC TBox. For the proof we
require homomorphisms between ABoxes and the observation that they preserve certain answers. Let A; and A, be
ABoxes. A map & from ind(A)) to ind(Ay) is called an ABox-homomorphism if A(a) € A, implies A(h(a)) € A, for
all concept names A, and R(a, b) € A; implies R(h(a), h(b)) € A, for all role names R. The following is shown in
[64].

Proposition 63. Let 7 be an ALC TBox, A, A’ be ABoxes, and h: A — A’ an ABox homomorphism. Then
o Ais consistent with T if A’ is consistent with T, and
o (7,A) E q(a) implies (T, A') E q(h(a)) for all CQOs q(x).

To prove the undecidability of the problem whether an £L TBox is ©-rCQ inseparable from an ALC TBox, we
use the TBoxes constructed in the proof of Theorem Recall the KBs 7(r1CQ = (‘7;'CQ, Arcq), ‘Krch = (‘7:2CQ, Arcq)
and K = (72, Arcg), where 77 = TrlcQ U ‘TrzCQ Set ©@ = (X4,X,), where X = sig(Acq) and Xy = Zcq. We aim to

show that the following conditions are equivalent:

(1) ’KrlcQ and K, are Z,cq-rCQ inseparable;
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2) 7'r'CQ and 7, are @-rCQ inseparable.

The implication (2) = (1) is straightforward: if 'KrlcQ and %, are not X,co-CQ inseparable then the ABox A.cq
witnesses that TIICQ and 7 are not @-rCQ inseparable. Conversely, suppose ‘TrlCQ and 7, are not @-rCQ inseparable.
Take a X;-ABox ‘A such that (TI'CQ,?{) and (7, A) are not X,-rCQ inseparable. Clearly, (7, A) X,-rCQ entails

(TrICQ, A). Thus, (’TrICQ, A) does not X,-rCQ entail (73, A). The canonical model 7 of the EL KB (‘TrlCQ, A) can be
constructed by taking, for every A(b) € A, a copy of the canonical model I %, and hooking the two R-successors of
ain 1 Klg (together with the subinterpretations they root) as fresh R-successors to b. On the other hand, the class M

of minimal models of (73, A) is obtained from 7| by hooking to every b with A(b) € A a copy of a minimal model
I, e MW,ZCQ by identifying the root a of 7, with b.

Now consider a Z,-r1CQ g(a) with (’7}1CQ, A) = q(a) and (7>, A) E q(a). Suppose g(a) is the smallest rCQ with
this property. Using the description of the canonical model I of (7. o7V and the class M of minimal models of
(73, A), one can show in the same way as in the proof of Theorem [22|(ii) given in the appendix above that there must
be a path in ¢ from an answer variable to an End atom such that each variable x on this path appears in an atom of
the form B(x) with B € ¥,cq. But then g contains a query of the form g/,(x) (see again the proof of Theorem @] (i)
such that (73, A) = ¢q,(a) for some individual @ and n > 0. Observe that the map A: ind(A) — {a} is an ABox-
homomorphism from the ABox A onto the ABox A;cq. It follows from Proposition |63|that (77, Aicq) E ¢, (h(a)),
for some n. We know from the proof of Theorem that 7<r1CQ ¥ g(a). Thus, ‘7(ch and %, are not X,cq-rCQ
inseparable, as required.
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