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Abstract

This article investigates the role of arity of second-order quantifiers
in existential second-order logic, also known as %1. We identify frag-
ments L of ¥} where second-order quantification of relations of arity
k > 1 is (nontrivially) vacuous in the sense that each formula of L
can be translated to a formula of (a fragment of) monadic ¥i. Let
polyadic Boolean modal logic with identity (PBML™) be the logic ob-
tained by extending standard polyadic multimodal logic with built-in
identity modalities and with constructors that allow for the Boolean
combination of accessibility relations. Let %1(PBML™) be the exten-
sion of PBML™ with existential prenex quantification of accessibility
relations and proposition symbols. The principal result of the arti-
cle is that X} (PBML™) translates into monadic ¥i. As a corollary,
we obtain a variety of decidability results for multimodal logic. The
translation can also be seen as a step towards establishing whether
every property of finite directed graphs expressible in E%(FOQ) is also
expressible in monadic ¥}. This question was left open by Gridel and
Rosen (1999).

1 Introduction

Properties of existential second-order logic have been widely studied in finite
model theory. Existential second-order logic captures the complexity class
NP, and there exists a large body of results concerning the expressive power



of different fragments of the logic (see e.g. [1, 5, 13, 15, 19]). However, there
are several issues related to the expressivity of i that are not understood
well. Most notably, Fagin’s spectrum arity hierarchy conjecture (see [7, 8|)
remains a longstanding difficult open problem in finite model theory. Fagin’s
question is whether there exist sets of positive integers (spectra) definable
by first-order sentences! with predicates of maximum arity & + 1, but not
definable by sentences with predicates of arity k.

In this article we investigate arity reduction of formulae of existential
second-order logic: we identify fragments L of X1 where second-order quan-
tification of relations of arity £ > 1 is (nontrivially) vacuous in the sense that
each formula of L can be translated into a formula of (a fragment of ) monadic
%1, also known as IMSO. Our work is directly related to a novel perspective
on modal correspondence theory, and our investigations lead to a variety of
decidability results concerning multimodal logics over classes of frames with
built-in relations. Our work also aims to provide a stepping stone towards a
solution of an open problem of Griadel and Rosen posed in [14].

The objective of modal correspondence theory (see [3]) is to classify for-
mulae of modal logic according to whether they define elementary classes
of Kripke frames.? On the level of frames, modal logic can be considered a
fragment of monadic I}, also known as YMSO, and therefore correspondence
theory studies a special fragment of VMSO.

When a modal formula is inspected from the point of view of Kripke
frames, the proposition symbols occurring in the formula are quantified uni-
versally; it is natural to ask what happens if one also quantifies binary re-
lation symbols occurring in (the standard translation of) a modal formula.
This question is investigated in [20], where the focus is on the expressivity of
multimodal logic with universal prenex quantification of (some of) the binary
and unary relation symbols occurring in a formula. A question that imme-
diately suggests itself is whether there exists any class of multimodal frames
definable in this logic, let us call it I} (ML), but not definable in monadic
second-order logic MSO. The question can be regarded as a question of

!The spectrum of a sentence ¢ is the set of positive integers n such that ¢ has a model
of the size n.

2Tt is well known that if a class of Kripke frames is definable by a modal formula, then
the class is definable by a set of FO formulae iff it is definable by a single FO formula. See
[11] for example. Therefore it makes no difference here whether the term “elementary”
is taken to mean definability by a single first-order formula or definability by a set of
first-order formulae.



modal correspondence theory. Here, however, the correspondence language
is MSO rather than FO. For further investigations that involve quantification
of binary relations in modal logic, see for example [4, 21].

In the current article we investigate two multimodal logics with existential
second-order prenex quantification of accessibility relations and proposition
symbols, £1(PBML™) and ©}(ML). The logic ¥1(ML) is the extension of or-
dinary multimodal logic with existential second-order prenex quantification
of binary accessibility relations and proposition symbols. PBML™ is the logic
obtained by extending standard polyadic® multimodal logic by built-in iden-
tity modalities and by constructors that allow for the Boolean combination
of accessibility relations (see Subsection 2.1). Obviously ¥1(PBML™) is the
extension of PBML™ with existential second-order prenex quantification of
accessibility relations and proposition symbols.

We warm up by showing that ¥1(ML) translates into monadic ¥:1(MLE),
which is the extension of multimodal logic with the global modality and exis-
tential second-order prenex quantification of only proposition symbols. The
method of proof is based on the notion of a largest filtration (see [3] for the
definition). We then push the method and show that X}(PBML™) trans-
lates into monadic 3{. Note that both of these results immediately imply
that II3(ML) translates into VMSO, and therefore show that MSO would
be a somewhat dull correspondence language for correspondence theory of
T} (ML).

The logic PBML™ contains a wide variety of logics used in different appli-
cations of modal logic. It could be argued that {—,U,N,0,*, ~ £, D} is more
or less the core collection of operations on binary relations used in extensions
of modal logic defined for the purposes of applications. Here -, U, N, o, *, ~
denote the complement, union, intersection, composition, transitive reflexive
closure and converse operations, respectively. The symbols £ and D denote
the global modality and difference modality. Logics using some of these core
operations include for example propositional dynamic logic PDL [9, 16] and
its extensions, Boolean modal logic [10, 23], description logics [2, 18, 25],
modal logic with the global modality [12] and modal logic with the differ-
ence modality [28]. The operations =, U, N, E, D are part of PBML™. One
of our principal motivations for studying PBML™ is that the logic subsumes
a large number of typical extensions of modal logic. Our translation from

3Modal logics with accessibility relations of arities greater than two are called polyadic.
See Section 2.1 for the related definitions.



Y1(PBML™) into IMSO gives as a direct corollary a wide range of decidabil-
ity results for extensions of multimodal logic over various classes of Kripke
frames with built-in relations; see Theorem 4.10 below.

In addition to applied modal logics, the investigations in this article are
directly related to an interesting open problem concerning two-variable logics.
Grédel and Rosen ask in [14] the question whether there exists any class of
finite directed graphs that is definable in X}(FO?) but not in IMSO. Let
BML™ denote ordinary Boolean modal logic with a built-in identity relation,
i.e., BML™ is the restriction of PBML™ to binary relations. Lutz, Sattler
and Wolter show in the article [24] that BML™ extended with the converse
operator is expressively complete for FO?. Therefore, in order to prove that
»1(FO?) < IMSO, one would have to modify our translation from ¥ (BML™)
into AMSO such that it takes into account the possibility of using the converse
operation. We have succeeded neither in this nor in identifying a ¥1(FO?)
definable class of directed graphs that is not definable in AMSO. However,
we find modal logic a promising framework for working on the problem.

This article is the journal version of the conference article [17].

2 Preliminary definitions

In this section we discuss technical notions that occupy a central role in the
rest of the article.

2.1 Syntax and semantics of ¥1(PBML™)

The semantics of PBML™—defined in detail below—is obtained by combining
the semantics of Boolean modal logic with the standard generalization of
Kripke semantics to polyadic modal contexts.

Let V' be a vocabulary containing relation symbols only. A V-model, or
a model of the vocabulary V', is an ordinary first-order model (see [6]) that
gives an interpretation to exactly all the symbols in V. We use this notion
of a model in both predicate logic and modal logic. If M is a V-model and
w a point in the domain of M, then the pair (M, w) is a pointed model of
the vocabulary V.

Below we shall exclusively consider vocabularies V' containing relation
symbols only. We let V; denote the subset of V' containing exactly all the
unary relation symbols in V', and we let V}, be the subset of V' containing



exactly all the relation symbols in V' of higher arities, i.e., arities greater or
equal to two. We define the set MP (V') of modal parameters over V to be
the smallest set S satisfying the following conditions.

1. For each k € Nx,, let id; be a symbol. We assume that none of the
symbols udj is in V. We have id, € S for all k£ € N>y. The symbol id,
is called the k-ary identity symbol.

2. f Re V), then R € S.
3. fMeS§, then - M € S.
4. fMe Sand N €S, then  MNN) € 8S.

Each modal parameter M is associated with an arity Ar(M) defined as
follows.

1. If M =idy, then Ar(M) = k.
2. If M = R € V},, then the Ar(M) is equal to the arity of R.
3. If M = =N, then Ar(M) = Ar(N).

4. If M = (N1NANy) and Ar(N7) = Ar(Ns), then Ar(M) = Ar(Ny). If
Ar(Ny) # Ar(Ny), then Ar(M) = 2.

The set of formulae of PBML™ of the vocabulary V' (V-formulae) is defined
to be the smallest set F' satisfying the following conditions.

1. f PeVj, then P € F.
2. If p € F, then ~p € F.
3. If ¢1,9 € F, then (1 A o) € F.

4. If v1,...,0r € F and if M € MP(V) is a (k + 1)-ary modal parameter,
then (M)(¢1, ..., px) € F.

Operators (M) are called diamonds. The modal depth Md(p) of a formula
@ is the maximum nesting depth of diamonds in ¢, defined as follows.

1. Md(P) =0 for P e V.
2. Md(—¢) = Md(y).



3. Md( (1 Aga)) = max({Md(pr), Md(ps)} ).
4. Md({(M)(pr,on)) = 1 + maz({Md(p1), ..., Md(p1)}).

Let M be a V-model with the domain A. The extension M of a modal
parameter M over M is a relation of the arity Ar(M) over A. The extension
of R € V}, over M is simply the interpretation RM of the symbol R. For each
k € Nxo, the extension idy of the symbol idy, is the set

{(wy,...,;wy) € A* | w; = w; for all i,5 € {1,...,k} }.

Other modal parameters are interpreted recursively such that the following
conditions hold.

1. If M ==N, then MM = AArMI\ /M
2. If M = (N1 QNQ), then MM = MM ﬂ./\/’QM.

Note that if Ar(N7) # Ar(N3), then (N; NAN)M = 0.
The satisfaction relation |- for PBML™ formulae of the vocabulary V is
defined with respect to pointed V-models as follows.

1. If P € Vi, then
(M,w)IF P < we PY.

2. For other formulae, the satisfaction relation is interpreted according to
the following recursive clauses.

(M, w) IF =g s (Myw) I .

(M, w),IF (p1 A p2) & (M,w) Ik ¢ and (M, w) IF @o.

(M, w) IF (M) (¢1,...,05) < there exist uy, ..., up € Dom(M)
such that (w,uy,...,u;) € MM and
(M, w;) Ik @; for all i € {1, ..., k}.

For each V-model M and each formula ¢ of the vocabulary V', we let || ¢ || ¥
denote the set
{we Dom(M) | (M,w)IF ey }.

The set || ¢ || is called the extension of ¢ over M. When ¢ and ¢ are
formulae of the vocabulary V| we write ¢ I 1) if

(M,w)IFp = (M,w) Ik

6



for all pointed V-models (M, w).

Let V' be a vocabulary containing relation symbols only; VV may be empty,
and V may contain relation symbols of any finite positive arity. A formula
¢ of L1(PBML™) of the vocabulary V' (V-formula) is a formula of the type

35,...38,, 1,

where the variables S; are relation symbols (of any positive arity) and 1) is
a PBML™ formula of the vocabulary V U {S, ..., S,}. The set {51, ..., S, } is
allowed to be empty, so PBML~ is a fragment of 3{(PBML=). The sets V'
and {S1, ..., S, } are always assumed to be disjoint. Let (M, w) be a pointed
V-model. We define (M, w) I ¢ if there exists an expansion

M’ = (M,SM .. M

of the model M such that (M’ w) IF 4. The set of non-logical symbols of a
Y1 (PBML™) formula 35;...35, x of the vocabulary V is the set of relation
symbols (of any arity) that belong to V' and also actually occur in y. The
symbols id; are not considered to be non-logical symbols.

Let BML™ be the fragment of PBML™ where each modal parameter oc-
curring in a formula is required to be binary. The logic ML is the fragment of
BML™ where the modal parameters M defining diamonds (M) are required
to be atomic binary relation symbols that belong to the vocabulary consid-
ered. Note that the modal parameter id, is not considered to be part of the
vocabulary. The logic MLE is the extension of ML with the global diamond
(E), i.e., the diamond (—(idy N —idy)). Logics X1 (ML) and 3{(MLE) are the
fragments of ¥1(PBML™) defined by extending ML and MLE with existen-
tial prenex quantification of binary and unary relation symbols. Monadic
Y1H(MLE) is the fragment of X1(MLE) where we only allow second-order
quantifiers quantifying unary relation symbols.

The logics IT3(PBML™), I3 (ML) and II}(MLE) are the counterparts of
the logics X} (PBML™), (ML) and 3{(MLE), but with universal second-
order quantifiers instead of existential ones.

Let V be a vocabulary containing relation symbols only. The set of for-
mulae of the vocabulary V' (V-formulae) of ezistential second-order logic, or
Y1, is the set of formulae of the type 35;...5, x, where x is a first-order (with
equality) formula of the vocabulary V; the sets {51, ..., S, } and V are always
assumed to be disjoint, and the set of non-logical symbols of 35]...5,, x is the



set of relation symbols that belong to V' and also actually occur in y. Equal-
ity is not considered to be a non-logical symbol. For the semantics of 31, see
for example [22]. Monadic 3 is the fragment of 3 where the second-order
relation variables S; are unary.

Let ¢ be a formula of X} (PBML™) or IT;(PBML™) of the vocabulary V.
Let ¢(x) be a V-formula of 3] with exactly one free variable, the first-order
variable x. The formulae ¢ and 1 (z) of are called V-equivalent if for all
pointed V-models (M, w), we have

(Mw) o & M= ki),

where M, |= ¢(x) means that the model M satisfies the formula t(x) of
predicate logic when z is interpreted to be w. The formulae ¥ (z) and ¢ are
uniformly equivalent if they have the same set U of non-logical symbols and
if the formulae are U-equivalent.* Two ©}(PBML™) formulae ¢; and ¢y of
the vocabulary V' are V-equivalent if they are satisfied by exactly the same
pointed V-models. The formulae ¢, and ¢, are uniformly equivalent if they
have exactly the same set U of non-logical symbols and if the formulae are
U-equivalent. Two V-sentences of predicate logic are uniformly equivalent
if they have exactly the same set U of non-logical symbols and if they are
satisfied by exactly the same U-models.

The reason we have chosen to define PBML™ exactly the way defined
above, is relatively simple. Firstly, BML™ extended with the converse modal-
ity is expressively complete for FO?. We do not know whether ¥1(FO?) is
contained in IMSO, but we will show below that 3{(BML™) < IMSO by es-
tablishing that even the extension ¥} (PBML™) of ¥1(BML™) with polyadic
modalities is indeed contained in IMSO. Finally, the reason we have in-
cluded the modalities id; for £ > 3 in the language of PBML™ is mostly
due to technical presentation related issues. The reader may, indeed, think
that the modalities idy for £k > 3 are not very canonical. The modalities
do, however, have some interesting features. Notice for example that we can
easily eliminate the use of conjunction from PBML™. We shall not make any
use of this feature below, however.

We shall next establish that there is an algorithm that decides, when given
a PBML™ formula ¢ of any relational vocabulary V', whether there exists a
pointed V-model (M, w) such that (M,w) | ¢. In other words, PBML™

“For example the formulae z = z A JyR(y,y) and IS 3P (S)(ide N R) P are uniformly
equivalent. The set of non-logical symbols of both formulae is {R}.
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is decidable. This result will be needed below in order to ensure that the
translation of ¥1(PBML7) into IMSO is effective. There are several simple
ways of establishing the decidability of PBML=. One of them involves fluted
logic [26]. Fluted logic is a fragment of first-order logic, where the first-
order variables in atomic formulae are are always written in the same order,
without ever permuting them. See [26] for the exact definition of the logic. It
is easy to see that PBML™ translates into fluted logic (with identity) simply
by using a straightforward generalization of the standard translation (see [3])
of modal logic. The article [26] constructs an algorithm that decides, given

any formula ¢ of fluted logic (with identity) of any relational vocabulary,
whether ¢ is satisfiable. Therefore PBML™ is decidable.

2.2 Types

In the current subsection we define the notion of a type for the logic PBML™.
Let V be a finite vocabulary such that V; # 0. Let m’ be the maximum arity
of the modal parameters in V},. In the case V}, = (), let m’ = 0. Let m be an
integer such that 2 < m and m’ < m. Define the set

Sy =V U{-R | RecVy} U {idy, —idy |2<k<m}

of at most m-ary atomic and negated atomic modal parameters over V. Let
k be an integer such that 2 < k < m. Let Sy (k) be the set that contains as
elements exactly the k-ary modal parameters in Sy. Notice that Sy (k) # 0.
Let Ty (k) denote the set whose elements are exactly the subsets T C Sy (k)
such that the following conditions are satisfied.

1. Exactly one of the modal parameters idy and —idy is in the set T

2. If R € V}, is k-ary, then exactly one of the modal parameters R and
—R is in the set T

Let f be a function with the domain 7y (k) that maps each T € Ty (k) to
an intersection ' € MP(V) of the elements of 7. (There may be several
ways to choose the order of the members of 7" and bracketing when writing
the modal parameter A. The order and bracketing that f chooses does not
matter.) The set

{ () | T eTv(k)}

of modal parameters is the set of k-ary access types over V.. We let ATPy (k)
denote the set of k-ary access types over V.

9



Let M be a k-ary access type over V, and let R € V}, U {id,} be a k-ary
atomic modal parameter. We write R € M if =R does not occur in M. Let
U CV and let N be a k-ary access type over U. We say that N is consistent
with M (or alternatively, M is consistent with N), if for all k-ary symbols
R € U, U {idy}, we have R € M iff R e N.

Let (M, w) be a pointed model of the vocabulary V. We define

T(()M’w)vm = /\ P A /\ =Q).

P e Vi, Q €V,
(M,w) I+ P (M,w) ¥ Q

The formula T(OM’wLm is the type of (M,w) of the modal depth 0 and up
to the arity m. We choose the bracketing and ordering of conjuncts of
the formulae T((’MM)M such that if for some pointed V-models (V,v) and
(N’,v') the types T(ON
ally T(()N’U)’m = T(()N,,U,)’m. In other words, if two types of pointed V-models
of the modal depth 0 and up to the arity m are uniformly equivalent, then
they are in fact the one and the same formula. We let TP?/M denote the set
containing exactly the formulae 7 such that for some pointed model (M, w)
of the vocabulary V, the formula 7 is the type of (M, w) of the modal depth
0 and up to the arity m. Clearly the set TP}, is finite.

Let n € N and assume we have defined formulae T(Mow)m for all pointed

o) and T(ON, o)m A€ uniformly equivalent, then actu-

models (M, w), and assume also that TPy, is a finite set containing exactly
all these formulae. We define

T(TLZ\}F,L),m = 7—(7}\/[,11)),”1,
/\/\{< >(017 70k) | 1§/€§m—1,
M € ATPy(k + 1),
01y...,0 € TPva
(M, w) Ik (M) (01, 0) )
N N{~M)(or, o) | 1<k<m—1,

M e ATPy(k + 1),
O1y...,0} € TPVm,

(M,w) I (M)(o1,...,0k) }.

The formula T(M w),m is the type of (M, w) of the modal depth n 4+ 1 and up
to the arity m. Again we assume some standard ordering of the conjuncts

10



and some standard bracketing, so that if two types 7'(”]\}10) and 7'"“)
of pointed V-models (M, w) and (N,v) are uniformly equivalent, then the
types are the same formula. We let TP”Jrl be the set containing exactly the
formulae 7 such that for some pointed model (M, w) of the vocabulary V/,
the formula 7 is the type of (M, w) of the modal depth n 4+ 1 and up to the
arity m. We observe that the set TP’“L1 is finite. Since PBML™ is decidable,
there is an algorithm that constructs for each triple (V,m,n) the set TPY, .
This fact is used in the proof below establishing that El(PBML ) translated
effectively into IMSO.

We list a number of properties of types that are straightforward to prove.
Let (M, w) be a pointed model of the vocabulary U, where U may be infinite.
Assume that U; # (0. Let V' C U be a finite vocabulary and let m be as
defined above, i.e., m is at least two and greater or equal to the maximum
arity of the symbols in Vj,. Assume that V; # 0. Let n € N. Firstly, (M, w)
satisfies exactly one type in TPy, . Also, for all 7 € TPy, and all | < n,

TI’L

m

there exists exactly one type o € TPV,m such that 7 IF 0. Notice also that
for each type 7 € TPy, there exists some pointed V-model that satisfies 7.
Let a € TPy, and let ¢ be an arbitrary formula of the vocabulary V' and
of some modal depth n’ < n. Assume that the maximum arity of the modal
parameters that occur in ¢ is at most m. Now either a IF 1 or a IF =), and
thus, for all points u,v € || a ||, we have (M, u) IF ¢ iff (M, v) I 1. Finally,
Y is V-equivalent to \/{a € TPy, | a I-4}. Notice that \/) = L, where
1 is defined to be the formula (P A =P) for some P € V].

3 YI(ML) translates into monadic Y}(MLE)

In this subsection we show how to translate 3} (ML) formulae to uniformly
equivalent formulae of monadic 3¥{(MLE). The translation is based on the
notion of a largest filtration (see [3] for the definition). The principal idea is
to fix a fresh unary predicate P, for each subformula a of the quantifier free
part of the X{(ML) formula to be translated. The translation is given in full
detail below, but intuitively, the fresh predicates P, encode extensions of the
formulae «, and information concerning extensions of the formulae a can be
recursively recovered from the information encoded by the unary predicates
P,.

We begin by fixing a ¥1(ML) formula ¢. We will first show how to
translate ¢ to a uniformly equivalent formula ¢*(z) of IMSO. We will then

11



establish that that the first-order part of ¢*(x) translates to a uniformly
equivalent formula of MLE.

Let ¢ := Q1), where Q is a string of existential second-order quantifiers
and v a formula of ML. Let Vlw and V;ﬁ denote the sets of unary and binary
relation symbols, respectively, that occur in 1. Define

VY=V uvy.

Let qu’/’ and Q;ﬂ denote the sets of unary and binary relation symbols, respec-
tively, that occur in (). Define

Q" =QuUQy.

Let SUB,, denote the set of subformulae of the formula .
We fix a unary relation symbol P, for each formula o« € SUB,. The
symbols P, are assumed not to occur in ¢. We then define a collection of

auxiliary formulae needed in order to define the translated formula ¢*(z).
Let

P, =a, (BA7), (R)p, (S)o € SUBy,
where P/ € V¥, Re VY \ QY and S € QY. We define

b = Va(P,(@) & P),

o = Va(Paa(@) & —Pul@),

ony = Vo Pan(@) & (P <>AP<>>)

e = Vo Pule) ¢ Fy(R,9) A P()) ).

Vi = Va(Pa(@) & y(Access, (v,y) A Po(y)) ).

where

Access(z,y) = A (B = Pou) ).

(S)x € SUBy,

Finally, we define

a € SUBw

12



and
p*(x) = Q (5y A Py(x)),

where Q" is a string of existential quantifiers that quantify the predicate
symbols P € Q}z’ and also the symbols P, such that o € SUB,.

We then prove that (M,w) IF ¢ implies M,% |= ¢*(z). Assume that
(M, w) IF . Therefore there exists an expansion M, of M by interpretations
of the binary and unary symbols in Q¥ such that we have (M, w) I 1.
We define an expansmn M of M by interpretations of the unary symbols
occurring in Q. For the symbols P € QY, we let PM = PM2_ For the
symbols P,, where o € SUB,;,, we define PM = || o || M2,

Lemma 3.1. Let (S)o € SUBy, where S € QY, and let v € Dom(M). Then
(M, v) IF(S)o iff My, 2 = EIy(AccessS(as, y) A Pg(y)).

Proof. Assume (My,v) I+ (S)o. Thus (v, u) € SM2 for some point
u €| o|M= PM,
To establish that

My~ Fy(Accesss(e,y) A Paly)),

it therefore suffices to prove that for all (S)x € SUBy, if u € P}, then

v E P%lx. Therefore assume that u € P2 for some formula (S)x € SUBy.

As || x [IM= P}, we have u €| x [[*>. Since (v,u) € S, we have

(Ma,v) I= (S)x. As || (S)x M= Pig},,
Assume then that

M, % = Jy(Accesss(z,y) A Py(y)).

we must have v € P<M>1 as desired.

Hence M, 5+ | Accesss(z,y) for some u € P} =|[ o |[*2. Now, by
the definition of the formula Accessg(x,y), we observe that v € Pgﬂ. As

| (S)o ||M2= P<M>10, we have v € || (S)o ||M2. Therefore (M, v) IF (S)o, as

desired. O

Lemma 3.2. Under the assumption (M, w) IF ¢, we have M, * = o*(x).

13



Proof. We establish the claim of the lemma by proving that

w
Ml, ; ): (5¢ A Pw(ﬂ?)

Since (M, w) I 4 and || ¥ |M2= PMl, we have My, ” = Py(x). The non-
trivial part in the argument estabhshmg that M = 0, involves showing that
M, = sy, for each (S)o € SUBy, where S € QY. This follows directly by
Lemma31 as PM1 = (S)o ||M=. O

We then establish that M,% = ¢*(z) implies (M,w) IF ¢. Therefore
we assume that M, % |= ¢*(z). Therefore there exists an expansion Mj

of M by interpretations of the unary symbols occurring in @* such that
Mi, ™ |= 0y A Py(x). We define an expansion M; of M by interpretations of

the binary and unary symbols that occur in Q For the symbols P € Ql , We
define PMs = PMi_ For the symbols S € QY, we let (v,u) € S™ if and only
if My, 2% = Accessg(z,y).

Lemma 3.3. Let a € SUB, and v € Dom(M). We have (M}, v) IF o iff
M, 2 = P,(x).

Proof. We establish the claim of the lemma by induction on the structure of
a. Since M! = 4, the claim holds trivially for all atomic formulae P € V.
Also, the cases where o is of form =3, (8 A7) or (R)S, where R € V3’ \ QY,
are straightforward since M7 |= dy.

Assume that (Mj,v) |- (S)o, where S € QY and (S)o € SUB,,. Therefore
(v,u) € SM2 for some u € || & HM'Q. Hence M, 7+ = Access,(z,y) by the
definition of S™2. We also have Po'l = | o || by the induction hypothesis.
Therefore u € P, {, whence we have

M{7 = y(Access,(z,y) A Py(y)).

Therefore, as M| |= ¢sy,, we have M}, Y |= Pgy,().
For the converse, we assume that M7, 2 = Psy,(7). As M| = g
have

M{, = y(Access,(z,y) A Py(y)).

Hence there exists some element u € Po"t such that M, 24 | Accessy(x,y).

Therefore (v,u) € SM2 by the definition of SM2. Since u € PM and as
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| o [|M2= pY i by the induction hypothesis, we may therefore conclude that
(M3, v) IF (S)o. O

By Lemma 3.3 we immediately observe that since M7, % = Py(x), we
must have (M}, w) |- 1. Therefore (M, w) I- . This, together with Lemma
3.2, justifies the following conclusion.

Theorem 3.4. Each formula of 1(ML) translates to a uniformly equivalent
formula of AMSO. The translation is effective.

We then establish that ¢*(z) is in fact expressible in monadic ¥} (MLE).

This is easy. Fix a symbol S € Q;ﬁ and let A be the subset of SUB, that
contains exactly all the formulae of the form (S)x. The formula

Jy(Accessy(x,y) A Pr(y))

is uniformly equivalent to the following formula of MLE.
V (A Psxr®FEA A BRA N R
BCA (Sx€B (S)x € B (S)x € A\B

Thus we see that for each sentence v,, where @ € SUB,, there exists a
formula of MLE that is uniformly equivalent to the formula x = x A ¢,. We
may therefore draw the following conclusion.

Theorem 3.5. Each formula of 1(ML) translates to a uniformly equivalent
formula of monadic ¥} (MLE). The translation is effective.

The following corollaries are immediate.

Corollary 3.6. Each formula of TI}(ML) translates to a uniformly equivalent
formula of monadic TI}(MLE). The translation is effective.

Corollary 3.7. Let C be a class of unimodal Kripke frames (W, Ry) with a
binary relation Ry. Let I be a set of indices such that 0 € I, and define

D = { (WARi}ier) | RiCW x W, (W,Ry) €C }.

If the satisfiability problem of MLE w.r.t. the class C is decidable, then the
satisfiability problem of ML w.r.t. D is decidable.

15



4 Y1(PBML™) translates into IMSO

In this section we prove that each formula of ¥1(PBML™) can be translated
to a uniformly equivalent formula of AMSO. The translation bears some
similarity to the translation of ¥1(ML) into monadic X} (MLE), but is much
more complicated. Instead of using the notion of a largest filtration and sub-
formulae, the translation from ¥1(PBMLT) into IMSO is based on types.
One of the main ideas in the translation is to use fresh unary predicates
P, in order to encode extensions of types 7 of PBML™ formulae. In addi-
tion to types, the translation also uses fresh unary predicates that encode
information concerning extensions of access types.

4.1 An effective translation

In the current subsection we define an effective translation of formulae of
Y1(PBML™) to uniformly equivalent formulae of IMSO. Effectivity of the
translation follows from the decidability of PBML™.

Let us fix a X1(PBML™) formula ¢ and show how it is translated. Let
¢ = @Q 1), where Q is vector of existential second-order quantifiers and 1 a
formula of PBML™. For presentation related results, assume w.l.o.g. that
Md(+p) > 2 and that each symbol in @ occurs in ¥. We let m denote the
maximum arity of the modal parameters that occur in . Since Md(y)) > 2,
the formula ¢ must contain diamonds, and therefore m exists and m > 2.

Let Vlw denote the set of unary relation symbols that occur in v, and let
V,f be the set of relation symbols of higher arities occurring in . Let

VY =VYuvy.

Some of the relation symbols in V¥ may occur in the quantifier prefix Q and
some may not. Let Qlf denote the set of unary relation symbols that occur
in Q. The set of relation symbols of higher arities occurring in ) is denoted
by QY. Let

Q=07 uQ;.
For each k € N>, we let ATP,, (k) denote the set containing exactly the k-ary
access types over VY. For each n € N, we let T P}, denote the set TPy, ,, of

types. We define
TP, = |J TP
Md(s)

7

IN
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We then fix a set of fresh (i.e., not occurring in ¢) unary predicate sym-
bols. We fix a unique unary predicate symbol P, for each 7 € TP,. We also

fix a unary predicate symbol P for each pair (M, () such that for some

ke{l,..,m—1}, we have M € ATP,(k + 1) and B e (Tpfd(w)—1>k_
The translation ¢*(x) of ¢ is the formula

(ElP)P S qup (ElPT>T € TPy <3P(M’ B)> k e {1,..m—1} w (x> ’
M € ATP,(k+1),

B c (prd(d’)_l)k

where ¥*(x) is a first-order formula—to be defined below—in one free vari-
able, x. We let @* denote the above vector of monadic existential second-
order quantifiers.

One fundamental idea in the translation we will define is that the symbols
P, are used in order to encode the extensions of the types 7 € TP,. This is
manifest in the way the model M; is defined below and also in the content
of Lemma 4.6. While the symbols P, store information about extensions of
types, the symbols P( M, B) are used in order to encode information about
the extensions of the access types M € ATP,,(Ar(M)). We use the symbols
P, 3y when we define the formulae Accessp(x,y1, ..., yx) below. The for-
mulae Accesspy(x,y1, ..., yr) encode information about the extensions of the
access types M € ATP,(k + 1) in a way made explicit in Lemmata 4.1 and
4.5.

Before fixing the translation ¢*(z) of ¢, we define a number of auxiliary
formulae. The first formula we define ensures that for all n € {0, ..., Md(y)},
the extensions of the predicate symbols P, where 7 € TP, always cover all
of the domain of any model and never overlap each other. We define

bog=ve( AV (B@ A A -RW))).

0 < i< Md®) T € TP}, o € TP,

o#T

The next formula asserts that each symbol Ps, where 3 € TPfd(w)fl, must
be interpreted such that for all symbols P, where Md(r) < Md(p), the
extension of Pj is either fully included in the extension of P, or does not
overlap with it. We let
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,lvbpack = VxVy /\ <<P5(ZI§') A Pﬁ(y)) —

Md()—1

B € TP

A (P o Pw)).

<Md()—1
T € TPw

Let k be an integer such that 1 <k <m — 1 and let M € ATP,(k + 1).
The next formula encodes information about the relation that the (k+1)-ary
access type M defines over a V¥-model.

Accessp (T, Yy, ..., Yr) ==

\/ (P(M,m(ﬂ?) A Pg, (11) /\---/\P,Bk(yk)>-

We then define formulae y,(x) that recursively force the interpretations of
the predicate symbols P, to match the extensions of the types 7 € TP,. The
content of this assertion is reflected in (the proof of) Lemma 4.6. First, let
T E TP?&' We define

x-(z) =\ P() AN Q).

PeVy, Qe vy,
TP T Q

Now let 7 € TP&H, where 0 < n < Md(1)) — 1. We define

X7 (x) = A\ 1. Yr (AcceSSM (2,41, -, Yr)

M € ATP,(k+1),
(01,m0%) € (TP,
7 I (M)(o1,...,0%)

AP, (1) Ao A ng(yk)>,
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X, (x) == /\ =3y1... Yk (AccessM (T, Y1y ey Yk
k € {1,...m—1},
M € ATP,(k+1),
(01,0%) € (TPIF,
7 Ik =(M)(o1,....,0k)

/\Pal(yl)/\.../\Pak(yk)>,
and
X-(x) = Pu(z) N xf(x) A X7 (2),

where 7’ is the unique type in TP} such that 7 I 7".
Let k€ {1,....,m — 1} and A C ATP,(k + 1), where A # (). Let

(Br, . Br) = B € (TP&MW)A)’“.

The next formula encodes information about the set of (k + 1)-ary access
types that connect an element of the domain of a V¥-model to k-tuples of
elements (uq, ..., ux) such that for all 4, the element u; satisfies the type ;.

We define

¢(A,3)(96) = /\ 1.y (AccessM(:c,yl, ey Yk)
Me A

A Pa, (1) Ao A Pay () ).

Our next aim is to define formulae t.,,s and ¢, . that ensure that in-

formation about extensions of the access types over V¥ is always consistent
with interpretation of the access types over V¥ \ QY, i.e., the access types
describing non-quantified accessibility relations.

Let k be an integer such that 1 < k < m — 1. Fix a linear order on
ATPy(k + 1). For each set S C ATP,(k + 1), let S(i) denote the i-th
member of the set S with respect to the linear order. Let A C ATP,(k + 1)
be a nonempty set of access types. For each i € {1, ...,|A|}, define a k-tuple
Yi = (Yiy, ---» Ui, ) of variable symbols. Fix the collection of tuples so that no
variable symbol is used twice. Let 3; # ¥, denote the formula

\/ (7Y = 1)-

n € {1,.,k}
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Let xa()(®,7;) denote a first-order formula stating that the (k + 1)-tuple
(x,7,;) is connected according to the unique (k + 1)-ary access type over
V¥\ Q¥ that is consistent with the access type A(i) € A. Let 8 = (B4, ..., Br)
be a k-tuple of types in TPfd(w)fl. We let

X5 (@) = Elyl"'y|A|< /\ Y, #Fu A
gle {1, A},
J#
A (o) AP (i) A A Pa () ) ).
i€ {1, |A]}
We define
wcons = VI< /\ ( 7vD(A,B)<x) — X(A,B)<x> ) >

A C ATPy(k+1), A # 0,
B c (TP;V[d(w>*1)k

Let R € ATPyu\gu(k + 1), ie,, R is a (k + 1)-ary access type over
VY \ QY. We let C(R) denote the set of (k + 1)-ary access types over V¥
that are consistent with R. Let xr(z,y1, ..., yx) denote a first-order formula
stating that the (k+1)-tuple (z,y1, ..., yx) is connected according to the access

type R. Let B = (Bi,..., Bx) be a k-tuple of types in TPQMW})*I. Let M be
(k + 1)-ary access type over V¥. We let

X5 (@) = Iyt ( xR (@ Y1, Uk) A Py (1) Ao A P, (yr) )

and
Yo (@) = Fz.z (Accessm(z, 21, ..., 21) A Pa,(z1) A .. A Pg(2k) ).

We define
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Finally, we define

5111 = wumq A wpack A wcons A %ons A /\ Vi (PT(x) AN XT(x))

TETPw

and

Md(¥)
a € TPw s

alk 4

We then fix an arbitrary pointed model (M, w) of the vocabulary V¥\ QY.
In the next two subsections we establish that

(M,w) IFp < M,% E o (2).

4.2 Proving that X{(PBML™) < IMSO : part one

In this subsection we show that (M,w) IF ¢ implies M, % = ¢*(x). Thus
we assume that (M, w) IF ¢. Therefore there exists some expansion M) of
M by interpretations of the symbols in Q¥ such that (M, w) IF . The
subscript “h” in M; stands for the word “higher” and indicates that M,
is an expansion of M by interpretations of symbols of arity one and higher
arities.

We then define an expansion M; of M by interpreting the unary symbols
in Qlf and also the unary symbols of the type Pr and F,, 5), where 7 is a

type in TPy, and where M € ATP(k + 1) and 3 € (TPfL/[d(w_l)k for some
ke{l,...m—1}.

For each P € QV, we define PM = PM:. For each 7 € TP,, we let
PMi = 7 ||Me. Let k € {1,...,m — 1}. Let M € ATPy(k + 1) and

(Biys Br) = B € (TPYIOTHE,

We define P% 3 to be exactly the set of elements v € Dom(M) such that

(M, 8)
for some tuple (uy, ..., ux) € (Dom(M))%, we have (v,uy, ..., ux) € MM and
u; €| B; |Mr for all i € {1,...,k}. In other words, we define

Pl g = I MYBr e ) [
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Next we discuss a number of auxiliary lemmata, and then establish that
My, % = ¥*(z). Recall that ¢*(x) is the first-order part of the translation

" (x) of ¢.
The following lemma establishes how the formula Accessa(z,y1, ..., Yx)
encodes information about the action of the diamond operator (M) on Mj,.

Lemma 4.1. Let n be an integer such that we have 0 < n < Md()). Let
ke {l,..m~—1}, and let (11,...,7x) be a tuple of types in TP}. Let M €
ATP,(k+1) and v € Dom(M). We have

(Mh,?)) I <M>(7'1, ...,Tk)
=
My, 2 = Jyr..yk(Access (@, yr, oo yk) A Pry(y1) A oo A P ().

Proof. Assume that (M, v) IF (M)(71, ..., 7). Thus there exists some tuple
(ul,...,uk) € H T1 HMh X... X H Tk HMh

such that (v, uy,...ux) € MMr. Let
(B1,.s B) = B € (TP 1)k

be the k-tuple of types in TP 41 such that we have u; € || B; | M+ for all

ie{l,...,k}. Thusv € P(M1 ) and therefore

vUu
My, =225 e Access (g1, oo ).
T yk

As u; €| 7 [|[Mr= Pfyl for all i € {1, ..., k}, we have

UV Uy

Ml T ): ACCGSSM(:E Y1, .- ~7yk) N P7'1(y1) A A Pm(ka:)
TYL Y

Therefore
v
M17 E ): 391---%(1400633/\4(557%, 7yk) A PTl(yl) ARTAVA P‘rk(yk))a

as desired.
In order to deal with the converse direction, assume that

— & Fyry(Accessp(, yr, o yr) A Pry (1) Ao A Pr(yk)).

22



Therefore, for some tuple

(up, .oy ug) € P2 x o x PAD

T )

we have vy
1
My, ——..— | Accessp(x,y1, .y Yr)-
TY Yk
M,
Therefore v € P( M.B) for some tuple

(Brsos B) = B € (TPYA 1)k

such that u; € Pﬁ]\fl for all i € {1,...,k}. We have Md(r;) < Md(p;) for all
i € {1,...,k}. Also, by the definition of the model M;, we have PM1 =|| o || M~
for all ¢ € TPy, so each set PM! is the extension of the type o. Therefore,
as u; € Py" N PM for all i € {1,...,k}, we conclude that || ; [[M»C || 7; ||
for all i € {1,...,k}. Hence

[CIN e (N (R [ R P N R

Also, as v € P(]\/{il gy We have (v, u}, ..., u,) € MMr for some tuple

(u, ey i) € [ B 1M > || By M
Therefore we conclude that (M, v) IF (M) (7, ..., Tx), as desired. O

We then establish a link between interpretations of the formulae y,(x)
and interpretations of the predicate symbols P, in the model Mj.

Lemma 4.2. Let v € Dom(M) and 7 € TPy. We have My, 2 = Pr(x) iff
M17 % ): XT(x)

Proof. As || P |Mr= PM for all P € V;, the claim follows directly for all
T E TP?Z,. Therefore we may assume that 7 € T Pil. Throughout the proof,

we let 7/ denote the unique type in TPwJ‘M(T)f1 such that 7 IF 7.
Assume that M, 2 = P (x). As PM =|| 7 ||[M, we have (My,v) IF 7.
As 7 IF 7', we have (My,v) IF 7. Since PJ* =|| 7 ||M», we conclude that

My, 2 = Pu(x).
We then establish that M, 2 = xf(z) A x7(z). Let k € {1,...,m — 1}
and assume that 7 IF (M) (o4, ..., 0%), where we have M € ATP,(k + 1) and
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o; € TPfL/jd(T)_l for all i € {1,...,k}. As we have (M, v) IF 7, we also have
(M, v) IF (M)(0o1,...,0%). Therefore, by Lemma 4.1,

v
My, - E Jyi...uk (AccessM(a:, Yty ooy Yk) A Py (Y1) Ao A ng(yk)).

Similarly, if 7 IF =(M) (o1, ..., 0% ), we conclude by Lemma 4.1 that
v
M;, - = ﬂEIy<AccessM($, Yty ooy Yk) A Py (y1) Ao A ng(yk)).

Thus My, 2 = xf () A x5 (2), as desired.

For the converse, assume that My, % = x,(z). In order to show that
M, % |= P;(x), we will establish that (M, v) IF 7. As PM =] 7 ||M this
suffices.

As My, % = Po(r) and P =| 7 M+, we immediately observe that
(Mp, v) IF /.

Let 7 IF (M) (o4, ..., 0%), where M € ATP, and o; € TPde(T)_1 for all
ie{l,....k}. As My, 2 |= xf(z), we have

v
M17 E ): Elyl...yk(ACC€SSM(.T,y17 7yk) A Po‘l(yl) ARTERA PUk(yk))7

and therefore (M, v) IF (M) (o4, ...,0k) by Lemma 4.1. Similarly, if we have
7 IE =(M) (01, ..., 01), then, as My, = x7(x), we conclude that

v
My, - = —Elyl...yk(AccessM(x, Yty oy Yk) A Py (Y1) A o A ng(yk)),

and therefore (Mp,,v) IF =(M) (o1, ...,0%) by Lemma 4.1. Thus (M, v) IF T,
and hence M, 2 |= P,(z), as desired. O

We then conclude the first direction of the proof of the claim that (M, w) I+
o HfE M, 2 o (2)
Lemma 4.3. Under the assumption (M, w) IF ¢, we have M, * = o*(x).

Proof. We have assumed that (M, w) IF ¢ and thereby concluded that there
exists a model M, such that (M, w) IF 1. We have then defined the model

M;, and we now establish the claim of the current lemma by proving that
My, % = ¢*(x). Recall that ¢*(z) is the formula

sy A\ Pala),

a e TP},
alF ¥
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where 4, denotes the formula

Yunia A yack A Veons Ans A [\ V2 (Pr(x) & xo(2)).

TETP#,

Let 9" denote a disjunction of exactly all the types a € TPTJZMW)) such that
al- 1. As 1) and ¢ are V¥-equivalent (and in fact uniformly equivalent), we
have (My,w) IF ¢)'. Therefore (M}, w) IF « for some « € TPfd(w) occurring
in the disjunction. Hence, as || a [|[M= P} we conclude that M;, % |
P,(x).

We then show that M, | ©eons. Let v € Dom(M) and assume that
My, 2 = U 4.5)(x) for some nonempty A C ATP,(k + 1) and some tuple of
types

(Br, k) = B € (TPfYM)_I)’“-
Recall that A(:) denotes the i-th access type in A with respect to the linear
ordering of ATPy(k + 1) we fixed. As My, ? = ¢4 5)(x), we conclude by
Lemma 4.1 that (Mp,v) IF (A(7))(B1, ..., Bk) for each i € {1,....|A|}. Thus
there must exist |A| distinct k-tuples

U, . Uy €| By 1M xx || B 1M = P s x Pit

such that (v,%;) € (A(i))Mr for each i. Let R; denote the access type over
V¥ \ QY consistent with A(7). Recall that y () (z,7;) is a first-order formula
stating that the tuple (x,7;) is connected according to the access type R;.
We have (v,7;) € R)™ = RM for each 4, and thus

v Uy

M;,
T Yy Yi,

): XA(i)<x7yi17 7ylk) N Pﬁl(yh) ARTERA Pﬁk(yik)

for each 1.

We then establish that M; =1 ... Let k € {1,...,m — 1} and let R be
a (k + 1)-ary access type over V¥ \ Q¥. Let v € Dom(M) and assume that
vup o U
My, —— .= = XR(, Y1, Uk) A P, (1) A . A P ()
Ty Yk
for some uy, ...,up € Dom(M). Let M be the (k+1)-ary access type such that
(v, u1, ..., up) € MMr. Thus (My,v) IF (M)(Bi, ..., Br), whence by Lemma

4.1, we have

v
My, - = 321...zk(AccessM(l'7 215y 28) N Py (21) A A Pﬂk(zk))'
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Clearly M is consistent with R and hence we have M € C(R). Therefore

Ml IZ wéons'

We have My = Yunig N Ypack directly by properties of types. Therefore,
in order to conclude the proof, we only need to establish that for each type
7 € TPy and each v € Dom(M), My, 2 = P.(x) < x-(z). This follows
directly by Lemma 4.2. O

4.3 Proving that X{(PBML™) < IMSO : part two

In this subsection we show that M, % |= ¢*(x) implies (M, w) I- . Thus we
assume that M, % |= ©*(z). Therefore there exists an expansion Mj of M by
interpretations of the unary symbols P, and P, 5, and also the symbols
P € @Y, such that M/, “ = (x).

We define an expansion of M by interpreting all the relation symbols
in QY. We call the resulting expansion M. For each P € Q}p, we define
PMi = PMi_ Let v € Dom(M) and k € {1,...,m — 1}. Let

B = (Br,... B) € (TP U1k,
Let Ayy1 € ATP,(k + 1) be the set of access types M € ATP,(k + 1) such
that for some tuple
(U, ...,ug) € Pﬁl\fl X .. X Pﬁj\fl,

we have

U,
M, ——..— = Accessp (T, Y1, ..., Yr)-
L = M5 Y1, Yr)

As M] satisfies the formula t.,,s, we see that there exists a bijection f from
the set Ag.q to a set

Mj M
B C Pﬁ1 X ... X Pﬂk

such that for all M € Ay, we have (v,f(/\/l)) € R%{, where R is the

access type in ATPyv\ g (k+1) consistent with M. Let S € Q}f be a relation
symbol of the arity £+ 1. We define, for each M € Ay,

(v, f(M)) € SMu iff Se M.

Recall that we write S € M if S occurs in the type M (i.e., =S does not
occur in M). We then consider the k-tuples in the set

M M|
(Pg,' X .. x Pg') \ B.
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Let the tuple (uq,...,ux) belong to this set. Let R be the access type in
ATPyv\gv(k + 1) such that (v, uy,...,u;) € RMi. As M satisfies /,,,,, we
observe that there exists some M € ATP,(k + 1) consistent with R and
some tuple

M M
(), up) € Pyt X .o x Pyt

such that

vul  u
M|, =2 —E = Accesspq(z, vy, ..., Yi).
e = ( )

Again let S € Q;f be a relation symbol of the arity k& 4+ 1. We define
(v, uq,...,up) € SMn iff S e M.
For each v € Dom(M) and k € {1,...,m — 1}, we go through each tuple

B e ('I‘IDfZ‘}/IdW)_l)k7 and construct the extensions S™» of the (k + 1)-ary sym-

bols S € Q;f in the described way. This procedure defines the expansion M,
of M. As the model M] satisfies 1,q, the model M; is well defined.

Next we discuss a number of auxiliary lemmata and then establish that
(M],w) IF 9. The following lemma is a direct consequence of the way we
define the extensions SM» of the relation symbols S € Q;f

Lemma 4.4. Let v € Dom(M). Let k € {1,...m —1}, M € ATP,(k +1)
and (B, ..., Pr) € (TPyd(w)fl)k. Then
(v, u1, ..., ug) € MM
for some (uq, ..., ux) € Pé\f{ X .o X Pﬂj\f{ if and only if we have
, vuy o
M7, an—: E Accessp(z, y1, ---Yr)
for some (u}, ...,u}) € Pﬁj\f{ X ... X Pé\f{.

The diamond (M) encodes information about the relation that the for-

mula Accessy(,y1, ..., yx) defines over M;. The next lemma establishes this
link.

Lemma 4.5. Let n be an integer such that 0 < n < Md(y), and let
ke{l,..m—1}. Let (r1,...,m) € (TP})" and M € ATP(k+1). Assume

that || 7 ||Mi= Péﬂ forallie{1,...k}. Let v e Dom(M). Then
(My,v) IE (M) (71, .o 1)
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if and only if
v
My, - = Elyl...yk(AccessM(x,yl, o Uk) AN P (y1) A A PTk(yk)).

Proof. Assume that (M, v) I (M)(71,...,7). Thus (v,uq,...,u) € MM
for some tuple

(g, .yug) €| 71 Mo xox || 7 || M= PTj\l/[{ X ... x PMi,

Tk

As M| = tuniq, we observe that for each i € {1,...,k}, there exists exactly

one type [3; € 'lﬂPf‘p/M(w)_1 such that u; € Pé\:[{. Therefore, by Lemma 4.4, we
have

ul
M|, =2 =& = Accesspq(x, 1, ...,
L = M Y1, Yn)

for some (uf,...,u},) € Pé‘f{ X ... X Pé\f{. Pick an arbitrary j € {1, ..., k}.

1. If n = Md(¢) — 1, then, as M{ |= Yyni, and u; € Pé‘:_[{ N Péﬂ, we have
B; = 7;, and thus u’; € Pfy{.
2. If n < Md(+p) — 1, then, since M| = pecr and as u; € Pfyi N PA;[{ and
u; € Pﬂj\j{, we again have u}; € PTJ;/[{.
Therefore

v
My, - = Jyr..yw (Accessp(z, y1, ooy k) A Pry (1) Ao A Py (yi))

as required.
For the converse, assume that

v
Mj, o = Ty yk (Access (2, g1, oy yn) A Pry (Y1) A o A Pr (1)

Therefore vun
1 Uk
M{, ;aa IZ ACCGSSM(.T,yl, ceey yk)
for some tuple
(g ooyup) € PMixox PMio= | 7y |IMi x| ||M
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As M/ = tYuniq, we infer that for each u;, there exists a type §; € TPfyd(w_l
such that u; € Pé‘f P By Lemma 4.4, we therefore have

(v, 1), ...,uy) € MM
for some tuple
(uf,...,up) € Pé\fl X o X Pé\fl.
Pick an arbitrary j € {1,...,k}. As above, we have the following cases.

1. If n = Md(¢)) — 1, then, as M{ |= Yyni, and u; € Pgi N Péﬂ, we have

M/
Bj = 7, and thus u}; € Pr;*.

2. If n < Md(v) — 1, then, since M| = pecr and as u; € Pfyi N Pﬁj\jﬂ and

uj € ngl, we again have u; € Pr; .

Therefore, as we have assumed that PTJE/I{ =|| 7 [|Mn for all i € {1,...,k}, we
conclude that (M}, v) = (M) (71, ..., 7), as desired. O

The next lemma establishes that extensions of the types 7 € TP, and
interpretations of the predicate symbols P, coincide.

Lemma 4.6. Let 7 € TPy, and v € Dom(M). Then (M;,v) IF 7 if and only
if M2 = P(a),

Proof. We prove the claim by induction on the modal depth of 7. If 7 € TPY,
then, as Mj = Va(P-(z) <> x-(x)), the claim follows immediately.

Assume that (M, v) IF 7 for some 7 € TPZ)H, where 0 < n < Md(v).
We will show that

Mi, = | Po(a) A (2) Ax; (),

where 7/ is the type of the modal depth n such that 7 IF 7/. This directly
implies that M7, 2 |= P,(z), since M| |= Va(P(z) <+ x-(7)).

As 7 Ik 7', we have (Mj,v) I 7. Therefore Mj,% = Pq(zx) by the
induction hypothesis. In order to establish that M{, 2 = xf(z) A x; (z),
let 7 IF (M)(oy,...,0k), where M € ATPy(k+ 1), k € {1,...,m — 1} and
o; € TPy for all i € {1,...,k}. Therefore (M;,v) IF (M)(01,...,01). Since
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by the induction hypothesis we have || o; |Mh= PUA?{ for all : € {1,...,k}, we
conclude by Lemma 4.5 that

v
My, " = Elyl...yk(AccessM(a:, Y1y Uk) A Poy (1) A A ng(yk)).

Similarly, if 7 IF =(M) (o1, ..., 0% ), then we have

v
My, . = =3y (AccessM(a:,yl, v Yk) AN Py (y1) A o A Pak(yk))

by the induction hypothesis and Lemma 4.5. Thus M{, 2 |= x}(z) A x5 (),
and hence M7, 2 |= P,(z), as desired.

For the converse, assume that M{, ¥ = P.(x), where 7 € TPZH. Now,
since M| = Vo (P (x) <> x-(v)), we conclude that Mj, 2 = x;(x). Therefore
M, % = Pp(x), where 7' is the type of the modal depth n such that 7 I- 7'.
Thus (M;,v) IF 7" by the induction hypothesis.

Let k € {1,....,m — 1} and M € ATP,(k + 1). Assume that we have
7 IF (M)(o1, ..., 0%) for some o1, ...,0, € TPy, As M{, ¢ |= x,(x), we have
M, 2 E xI(z), and therefore

17$

v
M, - = Jyr..yk (Access (@, Y1, oo, Yi) A Poy (Y1) A oo A Py, (k).

Hence, as we have || o; ||Mh= Paj‘f{ for all i € {1,...,k} by the induction
hypothesis, we conclude that (M, v) IF (M)(0o1, ..., 0%) by Lemma 4.5. Sim-
ilarly, if 7 I =(M) (o4, ..., o), we conclude that (M;,v) IF ~(M) (o1, ..., 0%)
by the induction hypothesis and Lemma 4.5. We have therefore established
that (Mj,v) IF 7, as required. O

We then finally conclude the proof of the claim that M, % = ¢*(z) if and
only if (M, w) IF ¢.

Lemma 4.7. Under the assumption M, % |= ¢*(x), we have (M, w) I .

Proof. We have assumed that M,% = ¢*(x) and thereby concluded that
there exists a model M7 such that M7, ¥ |= ¢*(z). We have then defined the
model Mj, and we now establish the claim of current the lemma by showing
that (M, w) IF .

As Mi, % |= ¢*(x), we have M|, % |= P,(z) for some type o € TpMdW)
such that « IF 9. Therefore (M;,w) IF a by Lemma 4.6. As « |- v, we have
(M}, w) Ik 1), as desired. ]
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The following theorem now follows directly by virtue of Lemmata 4.3 and
4.7.

Theorem 4.8. Each formula of ¥}(PBML7) translates to a uniformly equiv-
alent formula of AMSO. The translation s effective.

The following corollary is immediate.

Corollary 4.9. Each formula of II}(PBML™) translates to a uniformly
equivalent formula of YMSO. The translation is effective.

Theorem 4.8 implies a range of decidability results.

Theorem 4.10. Let V and U C V be sets of indices. Let D be a class of
Kripke frames (W,{R;};cv) with binary relations R;. Define the class

C={ W A{Ri}tiev) | Ri CW x W, (W, {R;}jecv) €D }

of Kripke frames. Now, if the YMSO theory of D is decidable, then the
satisfiability problem for BML™ w.r.t. C is decidable.

Proof. Given a formula ¢ of BML™, we existentially quantify all the relation
symbols (unary and binary) occurring 1, except for those in {R;};cp. We
end up with a 3 (BML™) formula ¢, which we then effectively translate to a
uniformly equivalent IMSO formula ¢*(x), applying our translation above.
We then modify this formula to an IMSO sentence x, which is uniformly
equivalent to the sentence Jx ¢*(x). Let x' denote a sentence of YMSO
uniformly equivalent to —y. Using the decision procedure for the YMSO
theory of D, we then check whether the sentence Y’ is valid over D. If it is,
then 1 is not satisfiable w.r.t. C, and if y’ is not valid over D, then 1 is
satisfiable w.r.t. C. [

We describe one possible application of Theorem 4.10. Let C be the class
of countably infinite multimodal frames (W, { R; };en), where Ry is a built-in
dense linear ordering of W without endpoints. In other words,

C={ (W {Ri}tien) | R CW x W, (W,Ry) €D },

where D is the class of countably infinite Kripke frames (W, Ry) such that
Ry is a dense linear ordering of W without endpoints. Assume we would
like to know whether the satisfiability problem of multimodal logic—perhaps
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extended with, say, the difference modality—is decidable with respect to C.
By Theorem 4.10, we directly see that, indeed, it is decidable due to the
following immediate observation. The MSO theory of (Q, <?) is known to
be decidable [27], and therefore the YMSO theory of D is decidable.

Theorem 4.10 implies a wide range of decidability results for multimodal
logic. There exists a large body of knowledge concerning structures and
classes of structures with a decidable MSO (and therefore YMSO) theory, see
[29] for example.

5 Conclusions

In this article we have investigated the expressive power of modal logics with
existential prenex quantification of accessibility relations. We have shown
that X{(PBML™) translates into IMSO, and also that 3{(ML) translates
into monadic ¥} (MLE). These results directly imply that IT{(PBML™) trans-
lates into VMSO and IT} (ML) into monadic IT}(MLE). As corollaries of the
translations, we have obtained results that can be used in order to estab-
lish decidability results for (extensions of) multimodal logics with respect to
classes of frames with built-in relations.

In the future we expect to strengthen the obtained results. The main
objective is to try to understand for what kinds fragments L of first-order
logic the extension ¥1(L) collapses into IMSO. The next planned step in-
volves considering graded (polyadic) modalities. While directly interesting,
investigations along these kinds of lines could elucidate the role the arities
of existentially quantified relations play in making the expressive power of
(existential) second-order logic.

It also remains to be seen whether our investigations provide a stepping
stone towards answering the question about existence of a class of finite
directed graphs definable in ¥1(FO?) but not definable in IMSO. To show
that ¥1(FO?) is contained in 3MSO, one would have to extend the translation
from 31 (BML™) into IMSO such that it takes into account the possibility of
using the converse operation.

32



References

1]

2]

[10]

[11]

[12]

M. Ajtai. ¥l-formulae on finite structures. Annals of Pure and Applied
Logic, 24:1-48, 1983.

F. Baader and C. Lutz. Description Logic. In P. Blackburn, F. Wolter
and J. van Benthem, editors, Handbook of Modal Logic. Elsevier, 2006.

P. Blackburn, M. de Rijke and Y. Venema. Modal Logic. Cambridge
University Press, 2001.

T. Costello and A. Patterson. Quantifiers and Operations on Modalities
and Contexts. In Proceedings of KR’98, pages 270-281, 1998.

A. Durand, C. Lautemann and T. Schwentick. Subclasses of binary NP.
Journal of Logic and Computation, 8(2):189-207, 1998.

H.-D. Ebbinghaus, J. Flum and W. Thomas. Mathematical Logic. 2nd
edition, Springer, 1994.

R. Fagin. Finite-model theory - a personal perspective. Theoretical com-
puter science, 116(1):3-31, 1993.

R. Fagin. A spectrum hierarchy. Zeitschrift fiir Mathematische Logik
und Grundlagen der Mathematik 21, 123-134, 1975.

M. Fischer and R. Ladner. Propositional dynamic logic of regular pro-
grams. Journal of Computer and System Sciences, 18(2):194-211, 1979.

G. Gargov, S. Passy and T. Tinchev. Modal environment for Boolean
speculations. In D. Skordev, editor, Mathematical Logic and its Appli-
cations, Plenum Press, New York, 1987.

V. Goranko and M. Otto. Model theory of modal logic. In P. Black-
burn, F. Wolter and J. van Benthem, editors, Handbook of Modal Logic.
Elsevier, 2006.

V. Goranko and S. Passy. Using the universal modality: gains and ques-
tions. Journal of Logic and Computation, 2(1):5-30, 1992.

33



[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

G. Gottlob, P. Kolaitis and T. Schwentick. Existential second-order logic
over graphs: charting the tractability frontier. Journal of the ACM,
51(2):312-362, 2004.

E. Gradel and E. Rosen. Two-variable descriptions of regularity. In Pro-
ceedings of LICS, pages 14-23, 1999.

E. Grandjean and F. Olive. Graph properties checkable in linear time in
the number of vertices. Journal of Computer System Science, 68(3):546-
597, 2004.

D. Harel, D. Kozen and J. Tiuryn. Dynamic Logic. MIT Press, 2000.

L. Hella and A. Kuusisto. Monadic ¥{ and modal logic with quantified
binary relations. In Proceedings of M4 M6, Electronic Notes in Theoret-
1cal Computer Science, vol. 262, 2010.

U. Hustadt and R.A. Schmidt. Issues of decidability for description logics
in the framework of resolution. In R. Caferra and G. Salzer, editors, Au-

tomated Deduction in Classical and Non-Classical Logics, Lecture Notes
in Artificial Intelligence, vol. 1761, pages 191-205, 2000.

P. Kolaitis and M. Vardi. 0-1 laws for fragments of existential second-
order logic: a survey. In Proceedings of MFCS, pages 84-98, 2000.

S. Lehtinen. Generalizing the Goldblatt-Thomason Theorem and Modal
Definability. Ph.D. thesis, Acta Universitatis Tamperensis, University of
Tampere, 2008.

D. Leivant. Propositional dynamic logic with program quantifiers. In
Proceedings of MFPS XXIV, Electronic Notes in Theoretical Computer
Science, vol. 218, pages 231-240, 2008.

L. Libkin. Elements of Finite Model Theory. Springer, 2004.

C. Lutz and U. Sattler. The complexity of reasoning with Boolean modal
logics. In Proceedings of AiML, pages 329-348, 2000.

C. Lutz, U. Sattler and F. Wolter. Modal logic and the two-variable
fragment. In Proceedings of CSL, pages 247-261, 2001.

34



[25] F. Massacci. Decision procedures for expressive description logics with
intersection, composition, converse of roles and role identity. In Proceed-
ings of IJCAI pages 193-198, 2001.

[26] W. Purdy. Decidability of fluted logic with identity. Notre Dame Journal
of Formal Logic, 37(1):84-104, 1996.

[27) M.O. Rabin. Decidability of second-order theories and automata on infi-
nite trees. Transactions of the American Mathematical Society, 141:1-35,
1969.

28] M. de Rijke. The modal logic of inequality. Journal of Symbolic Logic,
57(2):566-584, 1992

[29] W. Thomas. Constructing infinite graphs with a decidable MSO-theory.
In Proceedings of MFCS, pages 113-124, 2003.

35



