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Abstract

We study the problem of deciding whether two ontologies are inseparable w.r.t. a signature X,
i.e., whether they have the same consequences in the signature . A special case is to decide
whether an extension of an ontology is conservative. By varying the language in which ontologies
are formulated and the query language that is used to describe consequences, we obtain differ-
ent versions of the problem. We focus on the lightweight description logic ££ as an ontology
language, and consider query languages based on (i) subsumption queries, (ii) instance queries
over ABoxes, (iii) conjunctive queries over ABoxes, and (iv) second-order logic. For query lan-
guages (i) to (iii), we establish ExpTime-completeness of both inseparability and conservative
extensions. Case (iv) is equivalent to a model-theoretic version of inseparability and conserva-
tive extensions, and we prove it to be undecidable. We also establish a number of robustness
properties for inseparability.
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1. Introduction

The main use of ontologies in computer science is to provide a reference vocabulary
for some domain of interest. In logic-based ontology languages such as description log-
ics (DLs), this vocabulary is represented as predicate symbols whose meaning is formal-
ized using (a finite axiomatization of) a logical theory (2) formulated in these symbols.
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Recent applications of ontologies, such as in health care and the bio-sciences, have led to
the development of very large ontologies that capture an extensive vocabulary. Notable
examples include the Systematized Nomenclature of Medicine, Clinical Terms (SNOMED
CT), which comprises almost 0.5 million vocabulary items (22); and the thesaurus of
the US national cancer institute (NCI), which comprises more than 40.000 such items
(20). The design, maintenance, and customization of ontologies of this size are highly
non-trivial tasks that are supported by various tool suites, many of which are based on
DL reasoning systems.

Currently, the main service provided by such systems is to compute subsumption,
a basic reasoning service that helps to make explicit the structure of the vocabulary.
While being very useful, subsumption alone does not suffice to support the complex
engineering patterns used in the design and customization of large-scale ontologies. In
particular, subsumption provides only limited support for complex operations such as
the import, merging, combination, re-use, refinement, and extension of ontologies. The
consequences of these operations are hard to analyze and easily introduce unintended
changes to the logical theory that describes the vocabulary. Therefore, additional tool
support is required to identify theory changes. We give two concrete examples:

Ontology refinement. Suppose an ontology designer wants to extend an ontology with
new axioms that refine the description of a particular part 3 of the vocabulary. In this
case, he usually intends to preserve the theory (and thus the meaning) of most or all
of the non-Y-symbols. For example, when a medical ontology is extended to refine the
axiomatization of the vocabulary for X-ray diagnostics, the theory that describes the
vocabulary of anatomy and drugs are not expected to change. Thus, an appropriate
reasoning service is to check for such unexpected theory change, and to report it to the
designer.

Ontology import. Suppose an ontology designer wants to import an existing ontology into
the one he is currently designing. For example, a medical ontology might be imported
into an ontology about the health-care regulations of a particular country. It is then
typically intended to use the vocabulary ¥ of the imported ontology with its original
meaning. However, if the symbols from X are used to define new symbols in the importing
ontology, it may happen that new consequences about ¥ become derivable and thus the
Y-theory changes. As in the previous example, reasoning support should identify such
theory changes and report them to the user.

In this paper, we propose X-inseparability of two ontologies as a fundamental notion
for addressing problems of this kind. In short, two ontologies are ¥-inseparable if they
have the same logical consequences formulated in the signature (vocabulary) 3. For
the operations on ontologies mentioned above, checking for -inseparability is a central
reasoning service. Additionally, X-inseparability plays a fundamental role in defining
notions of a module inside an ontology. While we do not directly address modularity in
this paper, we note that understanding Y-inseparability is crucial for any approach to
modularity: an ontology module should be independent from its host ontology, and thus
Y-inseparable from the overall ontology regarding its own vocabulary ¥ (10; 12; 16).
We also note that conservative extensions are the special case of X-inseparability where
one ontology is included in the other. Like Y-inseparability, conservative extensions have
been proposed as a useful reasoning service for ontologies and were used to formalize
modularity (1; 12; 10; 14; 18).



Above, we have defined X-inseparability of two ontologies in terms of their logical
consequences, but we have not made explicit the logical language that is used to formu-
late these consequences. From now on, we call this language the query language and say
that two ontologies are -inseparable w.r.t. a query language QL iff they have as conse-
quences the same QL queries that use only symbols from 3. When studying conservative
extensions between logical theories in mathematical logic, the query language typically
coincides with the language in which the theories are formulated. In DLs, ontologies are
formulated as TBoxes, which are sets of concept inclusions. In analogy with mathemat-
ical logic, one can thus define ¥-inseparability of two DL TBoxes based on the query
language that consists of all concept inclusions. Indeed, this is useful for applications in
which the user is mainly interested in subsumption between concepts, and it is one of
the choices that we consider in this paper.

In other applications, concept inclusions are not appropriate as a query language for
Y-inseparability. An important example is the use of an ontology to access instance data
stored in an ABox using as a query mechanism either instance retrieval or conjunctive
query answering. In this case, the query language on which Y-inseparability is based
should ensure that two ontologies are Y-inseparable iff they give the same answers to
any (instance or conjunctive) query over any possible ABox. We will show that the query
language based on concept inclusions is too weak for this purpose, and introduce two ad-
ditional query language that can be used to define appropriate notions of ¥-inseparability:
one based on instance retrieval and one based on conjunctive query answering. Finally,
we also consider full second-order logic as a query language. The resulting notion of
Y-inseparability is equivalent to a model-theoretic version in which two ontologies are
Y-inseparable iff the classes of ¥-reducts of their models coincide. This notion has been
extensively investigated in the context of modular software design (13; 19).

We study the following three aspects of Y-inseparability:
(i) The computational complexity of deciding ¥-inseparability of two ontologies.
(ii) The relation between different versions of X-inseparability, which are obtained from
the different query languages discussed above.
(iii) Robustness properties, which guarantee that Y-inseparability is preserved under
natural modifications of the ontologies and signatures involved.
The notions of Y-inseparability defined in this paper can be used with ontologies for-
mulated in any standard DL. However, the concrete results obtained for Points (i)-(iii)
above depend on the choice of the ontology language. In this paper, we concentrate on
ontologies formulated in the lightweight description logic £L (7; 4). This decision is mo-
tivated by the fact that many large-scale ontologies, such as those originating in the life
sciences, are formulated in ££ or mild extensions thereof. Concrete examples include
SNOMED CT and (early versions of) the NCI ontology.

The central result of this paper is that deciding ¥-inseparability and conservative ex-
tensions is EXPTIME-complete for the three versions of Y-inseparability derived from DL
query languages (concept inclusions, instance retrieval, conjunctive queries). For insep-
arability based on second-order logic (equivalently, model-theoretic inseparability), we
prove undecidability. We also show that (a) inseparability based on concept inclusions
coincides with inseparability based on instance retrieval, and (b) inseparability based
on conjunctive queries coincides with inseparability based on concept inclusions that
are formulated in an extension of ££ with the universal role. Finally, we postulate two



robustness properties and show that all versions of Y-inseparability considered in this
paper enjoy these properties.

This paper is organized as follows. In Section 2, we introduce inseparability and query
languages, state the relationships between different versions of inseparability, and intro-
duce and analyze robustness properties. Section 3 introduces some technical tools that
we use extensively in the remainder of the paper, namely simulations, canonical mod-
els, and local entailment. An EXPTIME upper bound for Y-entailment based on concept
inclusions is established in Section 4. In Section 5, we prove the relationships between
different notions of inseparability as stated in Section 2 and use them to prove the Exp-
TIME upper bound for inseparability based on instance retrieval and conjunctive query
answering. A matching lower bound, which applies already to the case of conservative
extensions, is established in Section 6. Undecidability of inseparability based in second-
order logic is proved in Section 7. Finally, we discuss some open questions in Section 8.
To improve readability, many proof details are deferred to the appendix.

2. Preliminaries

We introduce the description logic £L£ as well as (different versions of) inseparability
and the related notions of entailment and conservative extensions. We also describe the
relationship between the different versions of inseparability and introduce and investigate
two robustness properties.

2.1. The Description Logic EL

Let Nc and Ng be countably infinite and disjoint sets of concept names and role names.
EL-concepts C are built according to the syntax rule

C:=T|A|CnND]|3rC,

where A ranges over N¢, r ranges over Ngr, and C, D range over £L-concepts. The seman-
tics of £L is defined by means of interpretations T = (AT, -T), where the interpretation
domain AT is a non-empty set, and -Z is a function mapping each concept name A to
a subset AT of AT, each role name 7 to a binary relation rZ C AZ x AZ, and each
individual name a to an element a* € AZ. The function -Z is inductively extended to

arbitrary concepts by setting
TZ .= AT
(cnD)t :=ctnD?
(Ir.C)t == {de AT |Fe € CT : (d,e) € rT}.
An EL-TBoz is a finite set of concept inclusions (CIs) C T D, where C and D are

EL-concepts. We write C' = D as abbreviation for the two CIs C C D and D C C. An
interpretation Z satisfies a CI C' C D, written Z = C C D, if CT C DZ. T is a model of



a TBox 7 if it satisfies all CIs in 7. As an example, here is a simple E£-TBox 7;:

Mother = Female M Jhas-child.Human
Father = Male 1 Jhas-child.Human
Male C Human

Female C Human

When introducing entailment, inseparability, and conservative extensions in the subse-
quent section, it is important to be precise about the concept and role names that occur in
a concept or TBox. We use the notion of a signature, which is a finite subset of N¢ U Ng.
The signature sig(C') of a concept C is the set of concept and role names that occur
in C, and likewise for the signature sig(7) of a TBox 7. If sig(C) C X, we call C an
ELx-concept.

In description logic, an important way to query a TBox is subsumption (2). For two
EL-concepts C, D and a TBox 7, we say that C is subsumed by D w.r.t. T (written
7 E C C D) iff all models of T satisfy the CI C C D. Thus, a subsumption query is
a concept implication C' © D. Subsumption query answering means to decide whether
7T E C C D, given the query C' C D and the TBox 7. For example, reconsider the above
TBox 7;. It is easy to see that 77 = Mother C Human.

2.2.  Entailment, Inseparability, Conservative FExtensions

We introduce the three main notions studied in this paper: entailment between TBoxes,
which is the most basic notion; inseparability, which is defined in terms of entailment;
and conservative extensions, which are a special case of inseparability. All these notions
depend on the query language that is used to query a TBox. Subsumption queries are one
possible choice, but we shall also consider other options. To treat such query languages
in a uniform way, we adopt a rather general view on them: in what follows, a query
language is a set of sentences of second-order logic with second-order variables for unary
and binary relations, and in the signature consisting of the set N¢ of unary predicates
and the set Ng of binary predicates.

Just like queries, £L£-TBoxes can also be viewed in the framework of second-order
logic. The following well-known inductive translation (2) transforms ££-concepts C' into
an equivalent first-order formula with one free variable x:

Af = A(x)
(CN D) =cC*nD*
(Fr.C)F = 3y.(r(z,y) A C¥(y/x))

A concept inclusion C' T D thus corresponds to a first-order sentence Va.(C¥ = DF),
and a TBox to a conjunction of such sentences. From now on, we will not distinguish
between £ L-concepts and their translation into first-order logic, and likewise for concept
inclusions and TBoxes. Thus, it makes sense to write 7 = ¢ for an ££-TBox 7 and
a second-order sentence ¢ to denote second-order entailment. As usual, the signature
sig(p) of a second-order sentence ¢ is defined as the set of predicates used in it.



Definition 1 (Entailment, inseparability, conservative extension). Let QL be a query

language, Y. a signature, and 77, 75 TBoxes. Then

o T Y-entails To w.r.t. QL, written 7y E%L To, if 5 = ¢ implies 77 |= ¢ for all sentences
v € QL with sig(p) C X;

e 77 and 75 are X-inseparable w.r.t. QL if 77 Y-entails 75 and 75 X-entails 77;

e 75 is a X-conservative extension of 773 w.r.t. QL if 75 O 77 and 77 and 73 are Y-
inseparable w.r.t. QL;

o 75 is a conservative extension of 77 w.r.t. QL if 75 is a X-conservative extension of 75
w.r.t. QL, with ¥ = sig(77).

A QL-sentence ¢ is a witness for the non-entailment 7; Z2° 75 if sig(y) C %, 71 F o,

and 73 | .

The notions of Y-inseparability, ¥:-conservative extensions, and conservative extensions
are all defined in terms of -entailment. When developing algorithms, we may thus
concentrate on Y-entailment. Only when giving counterexamples and complexity lower
bounds, we will consider conservative extensions as the most special case.

We now give three examples of query languages, all based on subsumption. First, the
simple language QLcN consists of all concept inclusions A C B, with A and B concept
names or the top concept T. This query language is useful if we are only interested in
the classification of TBoxes, i.e., the partial order on the concept names in the TBox
induced by the subsumption relation. Indeed, two TBoxes 7; and 75 over a signature %
have the same classification if and only if they are ¥-inseparable w.r.t. QLcn. Similarly,
if 75 is a conservative extension of 77 w.r.t. QLcn, then 75 only extends the existing
classification of 77 with new classes, but does not change it in any other way. Reconsider
the example TBox 77 from Section 2.1, and let 75 be 7; extended with the following:

Jhas-child.Human T Parent

Parent T Human.

Then 75 is a conservative extension of 7; w.r.t. QLcN because the only new inclusion
A C B, where A, B are concept names, derivable from 75 is Parent C Human but Parent
is not in the signature of 77. It is easy to decide Y-entailment w.r.t. QLcn by computing
all subsumptions between the (finitely many) concept names from 3.

Second and more interesting, the language QLgs, 2 OLcn consists of all concept
inclusions C' C D between (possibly composite) £L-concepts C' and D. Intuitively, QLe,
is appropriate if we are interested not only in the classification of a TBox, but in all
consequences of the TBox that can be expressed in terms of concept inclusions. It is easy
to see that Y-entailment w.r.t. QLg, implies Y-entailment w.r.t. QLcn. The converse is
not true: take the example TBoxes 77 and 75 from above. Then 75 is not a conservative
extension of 77 w.r.t. QLg,, a witness being

Jhas-child.Human © Human.

Deciding Y-entailment w.r.t. QLg, is much less trivial than w.r.t. QLcn, and we will
study this problem in detail in the main part of this paper. For brevity, we write 77 Cx, 75
if 7; Y-entails 75 w.r.t. QLg,.

We can define other query languages QL. by replacing the £L-concepts in QL¢,
with concepts formulated in another description logic £, i.e., QL consists of all concept



implications C C D with C' and D L-concepts. In general, different choices of L give
rise to distinct notions of ¥-entailment w.r.t. QL. As our third example, we consider
the case £ = ALC, where ALC is the extension of ££ with a negation constructor —=C
which has the obvious semantics (=C)Z = AT\ CZ. We use Vr.C' to abbreviate =3r.=C.
Consider the TBoxes

71 : Human C Jeats. T

Plant C Jgrows-in.Area

Vegetarian C Healthy

Ts : Human C deats.Food

Food M Plant C Vegetarian

where 75 additionally contains all the Cls of 77. Then, 75 is a conservative extension of
Ty w.r.t. QLg,, as can be checked using the semantic criteria introduced below. However,
75 is not a conservative extension of 77 w.r.t. QL 4rc, as witnessed by

Human M Veats.Plant C Jeats.Vegetarian.

For deciding -conservative extensions (of £L£-TBoxes) w.r.t. QL 4rc, we can use the
algorithm for deciding conservative extensions in ALC, given in (14). As the above ex-
ample shows, this algorithm cannot be used to decide X-conservative extensions w.r.t.

QLec.
2.3. ABozxes and Conjunctive Queries

In some applications, queries are asked against knowledge bases rather than TBoxes.
Such a knowledge base enriches a TBox with instance data, stored in an ABox.

Let N; be a countably infinite set of individual names. An EL-ABox is a finite set of
assertions of the form C'(a) and r(a,b), where C is an £L-concept, r a role, and a,b € N,.
An EL-knowledge base (KB) is a pair K = (7,.A) consisting of an ££-TBox and an
EL-ABox. To interpret ABoxes, we consider interpretations Z which additionally assign
to each a € N; an element aZ € AZ. An interpretation Z satisfies an assertion C(a) if
a? € C7 and an assertion r(a, b) if (a®,b%) € rZ. If a is an ABox assertion and Z satisfies
a, we write Z |= «. 7 is a model of an ABox A if it satisfies all assertions in A. It is a
model of a KB (7, .A) if it is a model of both 7 and A. The signature of an ABox A
is defined as the set of concept and role names occurring in A. Observe that individual
names are not part of the signature.

When working with knowledge bases, there are several options for querying. In this
paper, we consider the two most important ones: instance retrieval and conjunctive query
answering. For an £L-concept C, a KB K = (7,.A), and an individual name a, we say
that a is an instance of C' w.r.t. K (written I = C(a)) if all models of K satisfy the
assertion C(a). Now, an instance query is a concept C and instance query answering
means, given the query C and a knowledge base IC, to produce all answers to C w.r.t. IC,
i.e., all a € N; such that K = C(a).

A conjunctive query is an expression of the form ¢ = Jy.1)(x,y), where x and y are
sequences of variables taken from a fixed and countably infinite set of variables Ny, and
¥ is a conjunction of atoms C(v) and r(u,v) with C' an £L-concept, r a role name,



and u,v € x Uy. The variables in x are called answer variables, and those in y bound
variables. To make the answer variables in ¢ explicit, we write ¢(x). The signature of a
conjunctive query is defined as the set of concept and role names occurring in it.

Let K = (7,.A) be a knowledge base, ¢ = Jy1,...,ym-1 a conjunctive query with
answer variables x = x1,...,x,, and a = ay,...,a, a sequence of individual names.
Then a is an answer to ¢ w.r.t. K, written K = g(a), if for every model Z of K, there
exists a mapping 7 : Ny — A7 such that
o 7(x;) = ay, for 1 <i < n;

e for every atom C(v) € ¢, 7(v) € CF;

e for every atom r(u,v) € q, (7(u), 7(v)) € rt.

Conjunctive query answering means, given C, K, and ¢, to produce all answers to ¢
w.r.t. K.

In most applications, the instance data in an ABox has a different status than the
conceptual knowledge in the TBox. Often, the TBox is developed while the ABox is
not yet known. Moreover, even if an initial ABox is known, the ABox usually changes
frequently over the lifespan of an application. Therefore, to analyze the consequences of
changes to TBoxes, we quantify over all possible ABoxes that could possibly be used
together with the TBox.

We now define the corresponding notions of -entailment.

Definition 2. Let 7; and 73 be ££-TBoxes and ¥ a signature. Then
o 11 Y-entails T w.r.t. QL@ » iff the following holds for all ¥-ABoxes A, ¥-concepts C,
and a € N;:
(72, A) = C(a) = (T1, A) | C(a).
o T, Y-entails Ty w.r.t. QLL . iff the following holds for all ¥-ABoxes A, conjunctive
Y-queries g with k free variables, and k-tuples a of individual names in Nj:

(T2, A) E q(a) = (71, A) E q(a).

In this definition, the terms “Y-entails w.r.t. Qﬁgc” and “Y-entails w.r.t. Q['gc”
are defined without specifying the query languages Qﬁfgﬁ and QL% .. It is not hard,
however, to define first-order query languages Q,C,ig ¢ and QL% . that are compatible with
Definition 2 and fit into the schema of query languages used in Definition 1. We only
consider the case of instance retrieval and leave the conjunctive query case to the reader.
For every individual name a € Ny, fix a variable x,. Then an ABox A can be translated
to a first-order formula

Al — /\ CH(zq) A /\ r(Tq, Tp),

C(a)eA r(a,b)cA

and an assertion C(a) into a first-order formula C*(z,). The query language QL% is
now defined as the set of all first-order sentences Vx, z,.(A* — C¥(x,)) with x the set of
all variables in A%

In applications in which the ABox does not change frequently, it can also make sense
to consider entailment and inseparability between knowledge bases instead of between
TBoxes. In this case, the ABox is part of the two theories that are compared, and not
universally quantified as in Definition 2. This problem turns out to be computationally
much simpler. In fact, tractability of inseparability of knowledge bases will be a corollary
of our investigation of inseparability for TBoxes, see Definition 25 and Lemma 29 below.



2.4. Relating Query Languages

We discuss the relationship between the query languages QL¢, Qﬁfg rrand QLL . It
is not hard to see that

(1) Y-entailment w.r.t. QL% implies S-entailment w.r.t. QL% ., and

(2) X-entailment w.r.t. Q[%L implies ¥-entailment w.r.t. QLe,.
Indeed, (1) holds since every instance query C can be seen as a conjunctive query C(v),
and (2) follows from the fact that 7 = C C D iff K = D(a) with K = (7,{C(a)}).

Now for the converses of (1) and (2). Somewhat surprisingly, the converse of (2) is
true, and we will prove this in Section 5.1. In contrast, the converse of (1) is false. To
see this, consider the TBox 77 from Section 2.1, and let 75 be 77 extended with the
old-fashioned statement

Father C dspouse.Female.

Then, 75 is a conservative extension of 77 w.r.t. Qﬁfscv but not w.r.t. Qﬁgﬁ, as witnessed
by the ABox {Father(a)} and the query Jv.Female(v).

Interestingly, there is a moderate extension of QL¢, that is still based on subsumption
queries, and for which ¥-entailment coincides with Y-entailment in Qﬁg - Let u be a fresh
role name not in Ng, and call it the universal role. The set of £L"-concepts consists of all
EL-concepts C and all concepts of the form Ju.C', where C is an £L-concept. Note that
we do not allow nesting of the Ju.C constructor inside any constructor. Interpretations 7
are required to interpret the universal role as uZ = A% x AZ. The role name v is not part
of the signature of any concept, hence sig(C) = sig(Ju.C) for any £L-concept C, and
similarly for concept inclusions. Observe that the signature of the first-order translation
(3u.C)* = 32.0*(x) of Fu.C coincides with the signature of Ju.C. £L"-concepts C' with
sig(C) C X are called £L£5;-concepts.

The query language QLg, consists of all concept inclusions C' C D such that C' is
an EL-concept and D an EL"-concept. Clearly, Y-entailment w.r.t. QLg, implies -
entailment w.r.t. QLg,. To show that the converse does not hold, we can reuse the
example from above showing that the converse of (2) fails. In fact, the subsumption
Father C Ju.Female is a witness for the fact that 73 is not a conservative extension of 7;
w.r.t. QLg,. Although maybe not too interesting in its own right, the query language
QL¢, is one of the central query languages studied in this paper. This is due to the fact
that, in Section 5.2, we show that Y-entailment in QL% coincides with ¥-entailment in
QL% .. In what follows, we write 7; C% 75 to state that 73 Y-entails 75 w.r.t. QLg ..

The following theorem sums up the main results stated in this section. It will be proved
in Section 5.

Theorem 3. The following equivalences hold for any two TBoxes 7y and T3 and any
stgnature :

e Ly L iff L Cs To.

o T LY 7o iff Th CY, To.

Thus, it suffices to study Y-entailment w.r.t. QLg, and QLZ . This is what we will
do in the following sections.



2.5.  Properties of 3X-Inseparability

To use Y-inseparability in applications such as the ones mentioned in the introduction,
it is important to properly understand its behavior. In this section, we postulate two
useful robustness properties for 3-inseparability, and show that they are enjoyed by the
notions of Y-inseparability studied in this paper. The first property is concerned with
extensions of the signature ¥ by additional symbols.

Definition 4. Let £ be a description logic and QL a query language. We say that the
pair (£, QL) is robust for signature extensions if for all L-TBoxes 77 and 7z, we have the
following: if 77 Y-entails 75 w.r.t. QL, then 77 Y/-entails 7o w.r.t. QL for every ¥’ with
sig(Ta)NY C X

Robustness under signature extensions is of particular interest for the query languages
Qﬁéﬁ and Qﬁg »- We consider Qﬁg > the argument for Qﬁg » is similar. Assume that
T, and 7, are Y-inseparable w.r.t. QL% .. Then the answers to conjunctive ¥-queries
q of the KB (77,A) coincide with the answers to g of the KB (73,.4), for every -
ABox A. Robustness under signature extensions implies that even if the ABox and the
query contain additional symbols not occurring in (sig(7;) Usig(72)) \ X, the answers still
coincide. This property is critical for applications in which it is not possible to restrict
ABoxes and conjunctive queries to a fixed signature X.

Robustness under signature extensions is closely related to Craig interpolation, a prop-
erty that is studied in mathematical logic and applied, for example, in the area of modular
software specification (13; 24; 19). In this paper, we use Craig interpolation of £L£ as es-
tablished in (21) to prove robustness under vocabulary extensions. We first state the
interpolation property of £L.

Theorem 5. £L has Craig interpolation: for every TBox T and ¢ € QLer with T = ¢,
there exists a TBox I(T, ) (called an interpolant of T and @) such that sig(I(T,)) C

sig(T) Nsig(p), T = I(T, ), and I(T, ¢) = ¢.

Corollary 6. (£L£,QL) is robust for signature extensions, for all QL among QLeg,
QL s, QLe,, and QLY ..

Proof. By Theorem 3, it is sufficient to prove this result for QLg, and QLE .. For QLg,
the proof is by a straightforward application of the Craig interpolation property of £L.
Assume 7; Cy, 75 and ¥ C ¥/ with sig(Z2) NY C X. Let 7o = C C D, where C, D are
ELysy-concepts. Take an interpolant I(73,C C D). Then sig(I(72,C C D)) C X. Hence
T, = I(73,C C D) and this yields 73 |= C C D, as required. The proof for QL% also
uses the Craig interpolation property of ££ and is given in Section B of the appendix. O

It follows from Corollary 6 that when deciding whether 77 Y-entails 73 w.r.t. QLgf,
we can w.l.o.g. assume that ¥ C sig(73) because ¥'-entailment follows for all signatures
¥ with ¥’ Nsig(72) C 3.

We now introduce the second robustness property.

Definition 7. We say that a pair (£, QL) has the join-modularity property if for all
TBoxes 71, T2, the following holds: if 7; and 75 are 3-inseparable w.r.t. QL and sig(7;)N
sig(7T2) C X, then 73 U T3 and 7; are Y-inseparable w.r.t. QL, for ¢ = 1, 2.
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Join-modularity is of interest for collaborative ontology development. For example,
assume that two ontology developers extend a given ontology 7 independently of each
other, obtaining extended ontologies 7; and 75 with 75 C 7; and such that 7; is a
conservative extension of 7y, for ¢ € {1,2}. If the two developers worked on different
parts of the ontology, it is safe to assume that sig(77) N sig(72) = sig(7p). Now, the
join-modularity property implies that the joint extension 7; U 73 is also a conservative
extension of 7y: since 77 and 75 are conservative extensions of 7y, 77 and 75 are sig(7o)-
inseparable; it follows by join-modularity that they are sig(7p)-inseparable from 73 U T5.

The join-modularity property is closely related to the Robinson consistency property
studied in mathematical logic and applied, similarly to the interpolation property, in
modular software specification (13). If a logic satisfies certain criteria, Robinson consis-
tency property and Craig interpolation are known to be equivalent. Unfortunately, to the
best our knowledge, the criteria considered in the literature do not apply to £L.

Theorem 8. (£L£,QL) has the join-modularity property, for all QL among QLer,
QLg,, QLe,, and QLL ..

By Theorem 3, it is sufficient to prove this result for (£L£, QLg,) and (EL, QL ). We
provide the proof in Section B of the appendix.

We close this section with the observation that (££, QLcn) does not have the join-
modularity property. The TBoxes 7T; = {Ap C Fr.B} and 7o = {Ir.B C A;} are %-
inseparable w.r.t. QLcp, for ¥ = {Ag, 41,7, B}, but TUT E Ao C Ay and T; = Ag C
Ay, fori=1,2.

3. Simulations, Canonical Models, and Local Entailment

The purpose of this section is to establish some notions that are crucial to our algo-
rithms for deciding Y-entailment and their correctness proofs: we recall the tight con-
nection between £L and simulations on graphs, introduce a certain canonical model con-
struction for £L-concepts and TBoxes, and define a local version of entailment between
TBoxes.

Definition 9 (Simulation). Let Z3 and Z, be interpretations and ¥ a signature. A

relation S C ATt x A% is a ¥-simulation from I, to Z, if the following holds:

e for all concept names A € ¥ and all (dy,ds) € S with d; € ATt we have dy € A%2;

e for all role names r € 3, all (dy,d) € S, and all e; € ATt with (dy,e1) € 771, there
exists eo € AT2 such that (da,e2) € 772 and (eg,e3) € S.

The X-simulation S is called full if the domain dom(S) of S coincides with AZi. For

di € AT, dy € AT2, we write

o (Z1,d1) <x (Z2,dy) if there is a ¥-simulation S with (di,d3) € S and

o (Zy,dy) <" (I, dy) if there is a full ¥-simulation S with (di,d2) € S.

If ¥ = N¢ U Ng, we simply speak of a simulation and write < instead of <y.

Let 7 be an interpretation, ¥ a signature, and d € AZ. Then we define the abbreviation
d>T = {C € ELs | d € CT} and d¥1% ;= {C € ELYL | d € CT}. The following theorem
establishes a fundamental connection between simulations and £L-concepts. The proof
is standard, and therefore omitted, see e.g. (9).
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Theorem 10.
(i) If (Z1,d1) <x (Z2,d2) , then dlz’I1 C dZE’I2. Conversely, if T1 and Zs are finite and
&> C A, then (Ty,dy) <s (Ty,ds).
i) If (T1,d1) < (Z,,dy) , then & C gdte, Conversely, if Ty and Iy are finite
) 1 2
and d7T" C d3 T then (T, dy) <V (Z,, da).

The following example illustrates the difference between simulations and full simula-
tions. Let ¥ = {A} and assume that Z; has domain ATt = {d,d’} and that AT+ = {d'},
rTt = {(d,d")}. Further assume that Z, has domain A%z = {d} and that A%z = r%2 = ().
Then S = {(d,d)} is a Y-simulation from Z; to Zs, but there does not exist a full -
simulation from Z; to Z, containing (d, d). This is reflected by the fact that d € (Ju.A)
but d ¢ (Ju.A)%2.

We use sub(C') to denote the set of subconcepts of a concept C, including C' itself. For
a TBox 7, we use sub(7) to denote the set of all subconcepts of concepts which occur
in 7.

Definition 11 (Canonical model). Let C' be an £L-concept and 7 a TBox. The canonical

model Zo,r = (A7 ,.9T) of C and 7 is defined as follows:

o AT = {CYU{C"| Ir.C" € sub(C)Usub(7),T = C C 3u.C'};

e Dc ATeT iff T = D C A, for all A € Nc;

e (D,D') € r*e7 iff T = D C 3r.D’' and Ir.D’ € sub(7) or Ir.D’ is a conjunct in D,
for all r € Ng.

In the last item, the phrase “Jr.D’ is a conjunct in D” also includes the case that D =
Ir.D’. Clearly, the size of Z¢ 7 is polynomial in the size of C' and 7. Since subsumption
in ££ w.r.t. TBoxes is decidable in polynomial time (7) and the proof is easily extended
to ELY, e, can also be constructed in time polynomial in the size of C and 7. We
note that the model Z¢ 7 as defined here is a refinement of the model defined in (3)
to prove correctness of the algorithm in (4). We now establish some basic properties of
canonical models. The proof of this and all following results of this section can be found
in Appendix A.

Lemma 12. Let C be an EL-concept and T a TBox. Then
(1) for all E € ATe:T | we have E € E*o.7;
(2) Ier =T.
(3) (Zc.r,D) < (Zor1, D), for all EL-concepts C' and all D € ATe.T 0 Afer T,

Clearly, Points (1) and (2) of Lemma 12 imply that Z¢ 7 of 7 satisfying the concept
C'. Point (3) states that the behavior of points in a canonical model Z¢ 7 depends only
on 7, but not on C. In the remainder of this paper, we will use Points (1) to (3) of
Lemma 12 without explicit reference to this lemma. The next lemma relates canonical
models Z¢ 7 to other models of C' and 7 (Point (1)), and to subsumption w.r.t. 7 (Points
(1) and (2)). Similar lemmas for the case of ££ without TBoxes have been established
in (5).

Lemma 13. Let C and D be EL-concepts and T a TBox. Then the following holds:
(1) For all models T of T and all d € AT, the following conditions are equivalent:
(a) d € C%;
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(b) (IC,Tv C) < (Iv d);
(C) (IC,Tv C) Sfu” (I> d)'
(2) The following conditions are equivalent:
(o) TECCD;
(b) C € D¥eT;
(C) (ID,Ta D) < (Ic"']*7 C)
(8) The following conditions are equivalent:
(o) T ECC Ju.D;
(b) C € (Ju.D)ter.

We now provide a local version of entailment between TBoxes. More precisely, we
consider pairs (7,C) of a TBox and a concept, and are interested in the consequences
that C has in models of 7. The term “local” refers to the intuition that concepts are
interpreted locally in an interpretation, whereas TBoxes are interpreted globally.

Definition 14 (Local Entailment). Let Cy and Cy be £L-concepts, 7; and 7 TBoxes,
and ¥ a signature. Then
o (71,C4) locally Y-entails (73, Cs), w.r.t. EL, in symbols (71, C4) Cx (73, Cy), iff for all
ELyx-concepts F,
LECGCE=TECLCE.
o (7T1,C4) locally Y-entails (73,Cs) w.r.t. ELY, in symbols (71,C;) C% (73, Cy), iff for
all £L3-concepts E,
ILhEC,CE=T =C CE.

The following lemma characterizes local Y-entailment in terms of simulations. Since
the largest 3-simulation between two finite graphs can be computed in polynomial time
(9), the lemma implies that local ¥-entailment w.r.t. E£ and EL" can be decided in
polynomial time.

Lemma 15. Let 71,75 be TBozes and C1,Cs EL-concepts and X a signature. Then
o (71701) EE (75702) ’Lﬁ (202,7—2’02) SZ (1-01,7'1701))‘
o (T1,C1) CY (T2, Ca) iff (Zoy12, Ca) <¥" (Zey 11, C1).

Our algorithm deciding whether 7; Cy; 75 will systematically search for witnesses
C C D for Ty Zs 75 (and similarly for 7; C% 73). Clearly, 77 Zs, 73 iff there exists
an ELyx-concept C such that (77,C) £s (72,C). Since Lemma 15 implies that local -
entailment can be decided in polynomial time, it thus provides some first evidence that,
when searching for witnesses C' C D for 77 Ly, 75, the difficult part is to identify a
suitable concept C.

4. Deciding Y-entailment w.r.t. QLg,

An initial observation about deciding Y-entailment w.r.t. QL¢, is that minimal wit-
ness sentences for non-X-entailment may be quite large. Let 77 be the empty TBox and
Y ={A, B,r,s}. For each n > 0, we define a TBox 7,.. It has additional concept names

13



Xo,..., Xn_1 and Xy,..., X1 that ariused to represent a binary counter X: if X is
true, then the i-th bit is positive and if X; is true, then it is negative. Define 7, as

AC Xon---NX,_1 (1)
MoegrsyTo(XiMXeM---NX,_1) C X, for all i < n (2)
|_|(,€{T7S}EIJ.(XZ- NXeM---NX; 1) CX; for all i <n (3)

ﬂge{r’s}ﬂa.(Xi nX;) CX, forall j <i<mn (4)
MyeprsyFo(XinX;) C X, forall j <i<n (5)
(

XoM---MXy1 E

Sy

Observe that Lines 2-5 implement incrementation of the counter X. Then the smallest
consequence of 73 U7, in the signature ¥ which is not a consequence of 77 is Can C B |
where:

Co=A
Ci = E'T.CZ',1 1 E'S.Ci,1

Clearly, C3n is doubly exponentially large in the size of 7; and 7). If we use structure
sharing (i.e., define the size of Co» as the number of its distinct subconcepts), it is still
exponentially large.

We now design a ExpTime algorithm deciding ¥-entailment. At the end of Section 3,
we have seen that when searching for a witness for 7; Zs; 75 is sufficient to search for
a C such that Z¢ 7, s Zc,7;. Using Lemma 15, we now derive a characterization of
non-Y-entailment w.r.t. QL¢, which can be implemented almost directly. We start with
a technical lemma.

Lemma 16. Suppose T = C T 3r.D, where C, D are EL-concepts. Then one of the
following holds:

e there is a conjunct Ir.C" of C such that T = C' C D;

o there is a Ir.C" € sub(7T) such that T = C C 3Ir.C" and T = C' C D.

Proof. Let 7 |= C C 3r.D. By Point 2 of Lemma 13, C' € (3r.D)%c.7. Thus, there is a
C' € D*e.7 such that (C,C") € rfe.7. By definition of Z¢ 7, (i) 3r.C” is a conjunct of
C or (ii) Ir.C" € sub(T) and 7 = C C Fr.C". In both cases it follows from Point 2 of
Lemma 13 that 7 EC'C D. O

The outdegree of a concept C' is the maximum cardinality of any set P of pairs of the
form (r,C’), with r a role name and C’ a concept, such that [ 1, cepIr.C’ € sub(C).
We use |C] and |7| to denote the length of a C' and a TBox 7, i.e., the number of
occurrences of symbols needed to write it.

Proposition 17. Assume ¥ C sig(7z2). T1 does not XN-entail To w.r.t. QLer iff there
exists an ELyx-concept C and a concept D € sub(T3) such that
(a) To = C C D;

(b) (7'130) «ZE (,T%D);
(c) the outdegree of C is bounded by |Tz|.
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Proof. We first show that if there exist an £Lx-concept C and D € sub(7z) with (a)
and (b), then 7; Zs 72. Assume that (a) and (b) are satisfied for C and D. By (b), there
is an ELy-concept E with 75 = D C FE and 77 £ C C E. From the former and (a), we
get 7o = C' C F, which implies that 77 does not X-entail 75 w.r.t. QLg,.

Now we show that from 7; s, 75 follows the existence of C' and D satisfying (a) and
(b). If there exists C' C D which follows from 73 but not from 7; with sig(C') C ¥ and
D a ¥-concept in sub(73), then we are done: we have 7o = D E D and 7; £ C C D,
therefore (71,C) €s (72, D). Assume that no such inclusion separating the two TBoxes
exists.

Let C C D be a witness for 7; Zx 75 such that no witness C' C D’ with D’ shorter
than D exists. Then D is of the form 3r.D":

e If D =T, then 7; E C C D, contradicting the fact that C C D separates the two
TBoxes.

o If D is an atomic concept, then D € sub(73), which we have assumed not to be the
case.

e If D is a conjunction Dy M Do, then 7o = C C D, for all i € {1,2} and 73 £ C C D;
for some i € {1,2}. Thus, one of C T D; and C' C D separates the two TBoxes,
contradicting the minimality of D.

By Lemma 16, 75 = C' C 3r.D’ implies that one of the following holds:

(1) there exists a conjunct Ir.C" of C' such that 7o = C' C D’;
(2) there exists Ir.C" € sub(73) such that 7o = C C Ir.C" and T2 = C' C D".

We first show that (1) cannot be true. Assume it is. Then we have 7; = ¢/ C D’

because otherwise C/ T D’ is a witness, contradicting the minimality of D. It follows

that 73 = Ir.C" C Ir.D’. Since I~.C" is a conjunct of C, 7y = C C Ir.C’. Together

with 77 | Ir.C’ C 3r.D’, we obtain 73 = C C 3r.D’ = D. It follows that 7; = C C D,

contradicting the fact that C' C D is a witness.

Thus, (2) applies. We show that the concepts C' and Ir.C” (substituted for D) sat-
isfy Conditions (a) and (b). First, 73 = C C 3r.C" establishes Condition (a). For
Condition (b), observe that 73 = C C Ir.D' and 75 = Ir.C’ C Fr.D’. This means
(T:,C) s (T, 3r.C").

We have shown that 77 does not Y-entail 7o w.r.t. QLg, iff there exist C' and D such
that (a) and (b) hold. It thus remains to show that one can find such C and D satisfying
constraint (c) as well, whenever 7; does not ¥-entail 75 w.r.t. QLg,. This is done in
Section C of the appendix. O

The main benefit of this characterization is that when searching for a subsumption
T, E C C D with sig(C C D) C ¥ which does not follow from 77, it allows us to
concentrate on concepts D of a very simple form, namely subconcepts of 75. This is
achieved by considering sig(7z)-concepts instead of £Lx-concepts as in the definition of
Y-entailment w.r.t. QLg,.

We now devise an algorithm for deciding whether 7; Cs; 75. To check whether 77 Cy;
75, the algorithm searches for an £€Lyx-concept C' such that for some D € sub(73), Points
(a)—(c) of Proposition 17 are satisfied. Intuitively, it proceeds in rounds. In the first
round, the algorithm considers the case where C' is a conjunction of concept names in X.
For every such C and all D € sub(73), it checks whether Points (a) and (b) are satisfied.
By Lemma 15, this can be done in polynomial time. If all tests fail, the second round is
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started in which the algorithm considers concepts C' of the form FOI’H_](T’ E)yepdr-E, where
F} is a conjunction of concept names and P is a set of pairs (r, ') with r a role name and
E a candidate for C from the first round (i.e., E is also a conjunction of concept names).
Because of Point (c), it will be sufficient to consider sets P of cardinality bounded by
|72]. To check if such a concept C satisfies Points (a) and (b), we exploit the information
that we have gained about the concepts E in the previous round. If again no suitable
C is found, then in the third round we use the C's from the second round as the Es in
Fyn |_|(,.7E)€p3r.E, and so on.

For the algorithm to terminate and run in exponential time, we have to introduce
a condition that indicates when enough candidates C' have been inspected in order to
know that there is no witness C' C D. To obtain such a termination condition and to
avoid having to deal with double exponentially large concepts, our algorithm will not
construct the candidate concepts C' directly, but rather use a certain data structure to
represent relevant information about C'. The relevant information about C' is suggested
by Proposition 17: for each C, we take the quadruple

C! = (F,K1,(C), K1, (C), K1, 1,(0)),

where F' is the conjunction of all concept names occurring in the top-level conjunction
of C (if there are none, then F'= T) and
o Kr(CY={Desub(T)|7T =CLC D}
e Kz,7,(C) = {D € sub(Ty) | (1,C) Cs (T, D)}.
We call this the quadruple determined by C. By Proposition 17, the quadruple C* deter-
mined by a concept C' gives us enough information to decide whether C' is the left hand
side of a witness. In addition, it contains enough information to enable the recursive
search described above. In what follows F, Fy, etc. range over conjunctions of concept
names and the concept T, and when writing C' = F' 1 |_|(T7E)€P3'I".E we assume that P
is a finite set of pairs (r, E') in which r is a role and E an £L-concept.

Now the following lemma (proved in the appendix) states how K7 (C) is computed
recursively during the search described above.

Lemma 18. Let T be a TBox and C = Fy T H(T,E)GPHT.E. Then

Kr(C)=Kr(Forn [1 3r( [1 D).
(r,E)eP DeK7(E)

The algorithm deciding non-Y-entailment w.r.t. QL¢, is shown in Figure 1. Observe
that the Condition Qs \ Q3 # 0 corresponds to satisfaction of Points (a) and (b) in
Proposition 17. Also observe that, in Point (b) of the definition of F3, we refer to the
canonical model Zp 7, for the relevant concepts D. These models are constructed in
polynomial time when needed. To show that this algorithm really implements the initial
description given at the beginning of this section, we make explicit the concepts that we
describe by means of the quadruples constructed in Step 3 of Figure 1. This is done by
the following lemma, which will also be a central ingredient to our correctness proof.

Lemma 19. Let (Fy, F1,Fa, F3) be the quadruple obtained from Fy and Q in Step (3)
of Figure 1. Let, for each (r,q) € Q, Cy 4 be some concept such that Cﬁ,q = q. Then
C* = (Fy, F1, Fa, F3), where C is defined as C = Fy |_|(,,,q)€QEIr.C’T,q.
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Input: TBoxes 77 and 73 and signature ¥ C sig(73).

(1) Compute the set Ny of quadruples determined by conjunctions of concept names
from X.

(2) if My contains a quadruple (F, Q1, Qs, Q3) such that Qs \ Qs # 0, then output
“Ty s Ty

(3) Generate the sequence N1, N, ... of sets of quadruples with N1 = N; UN/,
where M is the set of quadruples (Fy, F1, Fa, F3) which can be obtained from
a conjunction Fy of concept names from ¥ and a set @ C (Ng NX) x N; of
cardinality not exceeding | 73| in the following way:

o Fi=Kr,(Fom R 3( M D));
! Tl( 0 (r,(F,Q1,Q2,93))€Q (DEQl ))

o Fo= K (Forl M 3r.( M D));
2 TZ( 0 (r,(F,Q1,Q92,23))€Q (DEQz ))

o F3={D | D € sub(73) and
(a) for all A € 3, A € K7,(D) implies A € Fy;
(b) if (D, D’) € rIp. % with r € %, then
(i) there is a tuple (r, (F, Q1, Q2, Q3)) € Q such that D' € Qs
or (ii) there is Ir.C" € F; with (71,C") Cx (72, D")
}

This is done until AV; contains a quadruple (F, Q1, Qa, Q3) such that Qs\ Q3 # 0,
or Njy1 = N;. Output “7; Zx 73" if the first condition applies. Otherwise,
output “7; Cyx, 757.

Fig. 1. Algorithm deciding non-Y-entailment w.r.t.QL¢

Proof. Let (Fy, F1, Fa, F3) and C be as in the lemma. It is trivial that Fj is as required.
By Lemma 18, F; and JF» are as required. It remains to consider F5. Fix D € sub(73). By
Lemma 15, (71,C) Cx, (72, D) ift (ZIp 1, D) <s (Z¢,1;,C). By definition of simulations,
we therefore have D € K7, 1, (C) iff the following holds:

(1) for all concept names A € ¥, A € K7,(D) implies A € K1, (C);

(2) for all r € ¥ and D’ with (D, D’) € rP.72 there exists C' with (C,(C’) € rfen

and (ID,T27D/) SE (IC,’TNC/)-

Point 1 is checked under Point (a) in the definition of F3 of the algorithm in Figure 1
since, as we have seen already, K1, (C) = F;. For Point 2, (C,C") € rf¢:71 is equivalent
to (i) 3r.C" is a conjunct of C or (ii) Ir.C" € K7, (C). In Case (i), C' = C, 4 for some
(r,q) € Q and (71,C") Cy (T2, D’) iff D’ is an element of the fourth component of gq.
By Lemma 15, this is what is checked in (b.i) in the definition of F5 of the algorithm.
In Case (ii), 3Ir.C" € F; and, by Lemma 15, (Zp,5,,D’) <y (Z¢7,C’) iff (71,C") Cx,
(72, D). This condition is exactly what is checked in (b.ii) in the definition of F3 of the
algorithm. 0O

Proposition 20. The algorithm in Figure 1 is sound, complete, and runs in exponential
time.
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Proof. Soundness follows from Proposition 17 and Lemma 19. For completeness, assume
that 77 does not X-entail 73 w.r.t. QLg,. By Proposition 17, there exists £Lx-concept C'
of outdegree not exceeding |73| and D € sub(7z) such that 7, = C C D and (71,C) £s
(73, D). If C is a conjunction of concept names, then the algorithm outputs “77 s 75”
in Step 2. Now suppose C' has quantifier depth n > 1. Using Lemma 19, one can easily
show by induction on ¢ that for all 4 > 0, the set N; contains all quadruples determined
by subconcepts C’ of C of quantifier depth smaller than i. Hence, the algorithm outputs
“T1 Zs, 13" after computing some N; with i < n.

For termination and complexity, observe that, by Lemma 15, the quadruple determined
by a conjunction of concept names from ¥ can be computed in polynomial time. Hence
Steps 1 and 2 run in exponential time. For Step 3 observe that the number of tuples
(F, Q1, Qa, Q3) with F' a conjunction of concept names from ¥ and Q; C sub(7; U 73)
is bounded by 2471YT2l Tt follows that N; = Nj41 for some i < 2471Y72 Hence, the
algorithm terminates and to show that it runs in exponential time it remains to check
that A, 1 can be computed in exponential time from A/;. This follows from the following:
first, the number of pairs (Fp, @), with Fy a conjunction of concept names from ¥ and
Q C (NrRNX) x N; of cardinality not exceeding |73, is still only exponential in |77 U 7T3|;
and second, the computation of (Fy, F1, Fa, F3) from Fy and @ in Figure 1 can be done
in time polynomial in |7; U73|. O

In Figure 1, we assume that ¥ C sig(73). But, as observed above already, 77 Cx 75 iff
T1 Esnsig(1:) T2 because of robustness under vocabulary extensions. Thus, by applying
the algorithm to ¥ N sig(7z), we obtain a general decision procedure for 3-entailment
w.r.t. QL¢, and have proved the following result.

Theorem 21. X-entailment of EL-TBoxes w.r.t. QL is in EXPTIME.

5. X-entailment w.r.t. Other Query Languages

In this section, we first prove the equivalences stated in Theorem 3 and then provide
an extension of the decision procedure for Y-entailment w.r.t. QLe, to Y-entailment
w.r.t. QLs,.

5.1.  FEquivalence of ¥-entailment w.r.t. chgﬁ and QLg,

To prove that Y-entailment w.r.t. QLs, implies Y-entailment w.r.t. QLE ;, we first
show that answering an instance query (7,.4) = D(a) can be decomposed into two parts
that separate reasoning with the TBox 7 from reasoning with the ABox A.

Lemma 22. Let T be a TBoz, % a signature, and A an £Lx-ABox.
(1) For every ELs-concept D and a € Ny, (T, A) = D(a) iff there exists an ELx-
concept C such that T = C C D and A = C(a).
(2) For every ELY.-concept D and a € Ny, (7, A) = D(a) iff there exists an ELY -
concept C such that T = C C D and A = C(a).

The first equivalence of Theorem 3 is now an easy consequence of Lemma 22.

Proposition 23. For all TBoxes T; and Ty and any signature ¥: Ty Ty, T iff Ty % Ta.
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Proof. Suppose 7; Zy 75. Take £Lx-concepts C' and D such that 75 = C C D, but
7. £ C C D. Let A= {C(a)}. Then (73, A) E D(a) but (71,.A) = D(a). Hence
T1 2% T5. Conversely, assume 77 Z% 7T5. Take a X-ABox A, an ELs-concept D and
a € Ny such that (73, A) = D(a) but (77, A) = D(a). Then, by Lemma 22, Point 1, there
exists an £Ly-concept C such that 7o = C T D and A = C(a). Again by Lemma 22,
Point 1, 77 £ C € D. Hence 77 £y 75. O

Proposition 23 and Theorem 21 yield the following result.
Theorem 24. Y-entailment of EL-TBowes w.r.t. QL% is in EXPTIME.

5.2.  FEquivalence of Y-entailment w.r.t. Qﬁgﬁ and QL

We first provide a notion of ¥-entailment between knowledge bases. Instead of inclu-
sions between concepts we now consider answers to conjunctive queries two KBs give.

Definition 25. Let (77,.41) and (73,.A2) be KBs and ¥ a signature. (77,.41) 3-query
entails (T3, Az), in symbols (77, .41) CL (72, As), if for all conjunctive X-queries ¢ with
k free variables and k-tuples a of individual names in N;:

(T2, A2) = q(a) = (71, A1) = g(a).

The difference to Definition 2 is that here we do not define entailment between TBoxes
by considering answers to queries over arbitrary ABoxes, but we fix two KBs each con-
sisting of a TBox and an ABox and then consider the answers to queries these KBs give.
It turns out that this entailment relation is much easier to characterize semantically
than the former. We now give such a semantic characterization of »-query entailment
between KBs (Lemma 29) and then use this characterization to prove that 3-entailment
between TBoxes w.r.t. Qﬁg r is equivalent to X-entailment between TBoxes w.r.t. OL:,
(Proposition 30).

To start with, we extend the notion of canonical models discussed above to canonical
models for KBs (7,.A4). Denote by obj(.A) the set of individual names occurring in an
ABox A. For any TBox 7, ABox A and finite set Ob of individual names with obj(A) C
Ob, the canonical model 7 4 7 ob is defined as follows: fix some b,.x & Ob and set
o ATAT.00 = Ob U {byx} U{C | Ir.C € sub(T U A), (T, A) = Ju.C(a)};
at4 100 = ¢ for all a € Ob;
atatoe =p, . forall a € N;\ Ob.

d € ATaToe iff d = aTA7.% for some a € Ny and (7, A) = A(a) or d = C € Nc N
ATAT0 and T |= O C A, for all A € Nc;

(d1,ds) € r7AT.0 iff one of the following three conditions holds:

- dy,ds € Ny and T(dl,dg) € Aor

- dy=a€Njand dy =C € Nc and (7, A) = Ir.C(a) or

- d; =C1 €Ncand dy = Cs € Nc and 7 | Cq C Fr.Cy, for all r € Ng.

We set Za,7 = T a7 obj(A)- To describe basic properties of canonical model for KBs, we
extend the notion of simulations to simulations preserving individuals.

Definition 26. Let Ob C N,. A X-simulation S between two models Z; and Zy preserves

Ob if (a?1,a®2) € S, for all a € Ob. We write Z; Sgb 75 if there exists a X-simulation

between Z; and Z preserving Ob and we write Z; ggb’f”” - if there exists a full such X-

simulation. A ¥-homomorphism preserving Ob is a full ¥-simulation which is a function.
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The following lemma establishes the main properties of canonical models for KBs.

Lemma 27. Let T be a TBox, A an ABoz, and Ob D obj(A) a finite set of individual
names. Then T 1 0b is a model of (T, A) and the following holds:
(1) For all finite sets Ob’,0b” 2 obj(A): Ta .00 <M T4 7 0b-
(2) For all models T of T the following are equivalent:
(a) T A;
(b) IA,T,Ob SOb,fuII 7.
(8) For all assertions « of the form C(a) and r(a,b), where C is a EL" -concept, r € Ng,
and a,b € Ny, the following conditions are equivalent:
(a) (T, A) = a;
(b) Za1o0b .

Proof. With the exception of Point 1, the proof is similar to the proof of Lemma 13 and
left to the reader. For Point 1, observe that C = N¢ N AZA.7.% does not depend on Ob
and that

S ={(D,D)| D eC}u{(BBAC LAY b e N\ obj(A)} U{(a,a)|a € obj(A)}

is a full ¥-simulation preserving N; between 7 4 7 o and Z4 7 ob7. O

Let Z be a model and Ob a non-empty set of individual names. Any model Z%* with
the following properties is called an unravelling of T w.r.t. Ob (where W = {aZ | a € Ob}):
o AT™" is the set of all words doridyire -+ - rpdy, n > 0, such that dg € Wand (d;, d;11) €

riIJrl for ¢ < m;
o I%" = {(wd, wdrd') | wd, wdrd’ € AT""}U{(d,d') € W2 | (d,d') € T}, for r € Ng;
o« AT = {wd | d € AT}, for A € N¢;
o oI = a®, for a € Ob.

Observe that the relation S C AZ x AT™” consisting of all pairs (d, wd) with d € A?

and wd € AT™" is a bisimulation (i.e., a simulation in both directions) between Z and
T0b* Tt follows that if Z |= (7,.A) and Ob D obj(.A), then Z* = (7, A).

Lemma 28. Let Ob be a non-empty finite set of individual names, ¥ a signature, and
Z,J models such that a* # b* for distinct a,b € Ob. The following conditions are
equivalent:

o Iggb,full J:

e There exists a ¥-homomorphism from IO%* to J preserving Ob.

Proof. Straightforward and left to the reader. O

We are now in a position to characterize X-query entailment between KBs. Observe
that it follows from Point 3 of the characterization below that ¥-query entailment between
KBs is decidable in polynomial time.

Lemma 29. Let (T1,A1) and (T2, A2) be KBs, ¥ a signature, and b & obj(Ay). Then
the following conditions are equivalent:
o (71, A) CY (T2, Ag).
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e For all assertions o of the form C(a) and r(a,b), where C is a ELY,-concept, r € LNNR,

and a,b € N;:

(757A2) ): o= (,leAl) ): Q.

o Tuz S;bj(,42)u{b}7fu|| Ta, 1.
Proof. The implication from Point 1 to Point 2 is trivial.

Point 2 implies Point 3. Assume that Point 3 does not hold. By the definition of
canonical models, simulations, and Theorem 10, at least one of the following conditions
holds:

a) there exist by, by € obj(A2) U {b} and r € ¥ such that (b2, b2*>™) € 2427 and
1 2

(b7 by T ) @ pTan

(b) there exists an a € obj(As) U {b} and a £L%-concept C such that aZ42 7% € CT42.7
and a4 71 ¢ CTALT

(c) there exists an £L%-concept C' such that CZ42.72 #£ () and CT41. 71 = ().

For suppose that none of the conditions (a)-(c) holds. As (¢) does not hold, by Theo-
rem 10, for every d € ATA42.72 there exists a d € AT4171 and a Y-simulation Sy with
(d,d") € S4. Moreover, as (b) does not hold, we may assume that d’ = aZ41-71 whenever
d = a®4272 and a € obj(A2)U{b}. Using the assumption that (a) does not hold, it follows
immediately that {J . 74, 7, Sa is a full E-simulation preserving obj(A2) U {b}. We have
derived a contradiction.

We now show that each of the conditions (a)-(c) implies that Point 2 does not hold.

Suppose (a) does not hold. By Lemma 27 (3), we have (72, 43) = r(b1,b2) and
(71, A1) & r(b1,b2). Thus Point 2 does not hold.

Suppose (b) does not hold. By Lemma 27 (3), we have (73, As) = C(a) and (77,.A;1) ¥
C(a). Again, Point 2 does not hold.

Suppose (c¢) does not hold. Take any individual name a. By Lemma 27 (3), we have
(T2, A2) = Fu.C(a) and (T7,.A1) £ Ju.C(a). Again, Point 3 does not hold.

Point 3 implies Point 1. Assume Point 3 holds and let (73,.42) = ¢g(a). Take a model

J of (71, Ay). We show that J = g(a). Let Ob be the union of obj(.4; U.A2) and the set

obj(Az)U{b},full
S

of individual names occurring in a. Then Z 4, 7, Z A, 7, implies

Tay 1200 <9 Tay 1y
because for the largest full ¥-simulation between Z 4, 7, and Z 4, 7, preserving obj(.Az) U
{b} we have (b¥4272 d) € S for all d € AT41. 71 50 that we obtain the required full -
simulation by adding (¢, d) to S for all ¢ € Ob \ obj(A2) and d € AZ41.71. Observe that
by Lemma 27 (1),

IAl,ﬁ Sob,full I.Al,Tl,Ob'
Moreover, since J is a model of (77, .41 ), we obtain from Lemma 27 (2),

Ob, full
Zay,ro0 <0 T

Because of transitivity of the relation Sgb’fu”, we obtain from the three Y-simulations

above that o
b,full
Tasmob <5, J.
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By Lemma 28, there is a ¥-homomorphism from 1'32’;—2 ob to J preserving Ob and,
therefore, from IJ?\:Z*Tz,ot) E g(a) we obtain J [ ¢g(a), as required. O

Note that it is not sufficient to have Z4, 7, S%bj(AQ)’fUII Za, 1, in Point 3 of Lemma 29:

consider the TBoxes 77 = () and 75 = {A = T}, the ABox A; = Ay = {A(a)}, and the
signature ¥ = {A}. Then (71, A;) Z% (T3, As) because (T2, A2) = A(b) and (T3, .Ar)
A(b) for b # a. But we have T4, 7, <A 7, because AT42 7 x {aZ4a1711} s a
full ¥-simulation preserving {a}.

Proposition 30. For all TBozes Ty and Ty and any signature ¥: Ty C% To iff Ty T To.

Proof. Suppose 7; Z% T5. Take an £Lx-concept C' and ELy;-concept D such that 7 =
CCDbut Ty £ CLCD.Let A= {C(a)}. If D is an ELx-concept, then (71, A) = D(a)
but (73,A) = D(a). If D = Ju.D’, then (71, A) £ JzD(z), but (72,A) = JzD(z). It
follows that 77 Z% 75.

Conversely, let 7; Z{ 75. By the equivalence of Points 1 and 2 in Lemma 29 (and the
fact that (71, A) E r(a,b) iff (72, A) = r(a,b), for any assertion r(a,b)), (71,.A) = D(a)
but (72,A) = D(a), for some ¥-ABox A and ELy-concept D. Then, by Lemma 22,
Point 2, there exists a £L£5;-concept C such that 7o = C C D and A = C(a). Again
by Lemma 22, Point 2, 77 £ C C D. If D is an £L-concept, then we can assume that
C is an EL-concept. (To see this observe that 7 = Ju.Cy C Dg implies 7 = T C Dy,
for all £L£-concepts Cy, Dy and TBoxes 7.) Thus, we even have 77 Zy 7. If D is an
EL"-concept, let C' = Cp if C = Fu.Cy and ¢’ = C, otherwise. Then we still have
Th=EC'CDand T £C'C D.Hence T; Z% 75, O

5.3.  The Algorithm for QL% ,

The aim of this section is extend the algorithm from Figure 1 to an algorithm deciding
non-Y-entailment w.r.t. QLg .. Before we go into this, we establish an illustrative lemma
which shows that the difference between Y-entailment w.r.t. QLg, and QLg - is due to
non-Y roles in the TBox 75.

Lemma 31. Let 77 and 75 be TBoxes, and X a signature that contains all role names
occurring in Ty. Then Ty Cx T iff Ty TF Ts.

Proof. The “if” direction is clear. For the “only if” direction, let C, D be £Lx-concepts
such that 77 £ C C Ju.D, and 75 = C' C Ju.D. The latter implies that, in the canonical
model Z¢ 7, there is a d € AZe.T2 with d € Doz, This implies that there is a sequence
rq1 - -+ 1 of role names from sig(C') Usig(73) such that d is reachable from C in Z¢ 7, along
dl, - ,dk_l S ATct:

(C.dv) € lec’ha (di,ds) € 7“210’72, cory (dg—1,d) € rf”z.

By Point (2) of Lemma 13, this implies 73 = C'C Jry.--- Irg.D. Since sig(72) NNg C X,
Iry. -+ Irg.D is a Y-concept. Moreover, 7; = C C Ju.D and () = Jry. -+ Irp.D C Ju.D
implies 77 £ C C 3rq.- -+ Irp.D. Thus, Ty Uy To. O
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Now for the extension of the algorithm in Figure 1. To take into account consequences
of the form C C Ju.D we work, in addition to the sets K7(C), with the set

KF#(C)={D | 3r.D €sub(7),T |=C C Ju.D}.
We extend Proposition 17 as follows.

Proposition 32. Assume X C sig(72). 71 does not Y-entail To w.r.t. QL: q iff
(1) there exist £Lyx-concepts C and D satisfying the conditions of Proposition 17 or
(2) there exists an ELsx-concept C and D € KY (C) such that
(a) there does not exist D' € ATe:Tv with (Ty, D') Cx. (T2, D);
(b) the outdegree of C is bounded by |T3|.

Proof. Assume 77 Z§ 75. By Proposition 17, 77 ¥s, 7o iff Point 1 is satisfied. So it
remains to consider the case 73 Ty 75. Thus, by Lemma 15, there exists an £&Ly-concept
C such that (Z¢,1,,C) <s (Zo.1,,C) but (Ze,1,,C) #4 (Ze 7, C). This means that
there exists D € AZ¢.72 such that

e there is no path from C to D following the relation (J, oy, rlots,

e there does not exist a D' € ATe.n with (Zo.1,, D) <s (Zo.y, D).

Take such a D. It follows that D € K4 (C) because for all Dy € A7z \ K% (C) there
exists a path violating Point 1. Hence, by Lemma 15, C' and D are as required for (a). It
remains to show that one can obtain C' and D satisfying, in addition, (b). This is shown
in Lemma 50 in the appendix.

Conversely, suppose Point 1 or Point 2 holds. If Point 1 holds, then 7; Zx; 75, and so
Ty L%, T>. Now suppose that Point 2 holds. Take C and D € K% (C) such that (a) holds.
Then D € AZe: but there does not exist D’ € ATen with (Z¢ 7., D) <s (Ze1,, D’)
(Lemma 15). This implies (Zc,z7,,C) €4 (Zc.7,,C) and so Ty Z& To. O

We now give the algorithm deciding 77 %, 75 by extending the algorithm from Fig-
ure 1. The additional code implements directly Point 2 of Proposition 32. Instead of
quadruples representing concepts, we now work with 7-tuples where the additional three
entries store the information relevant for dealing with the universal role. Namely, we set

for C = F |—| r.E,
(r,E)eP

C* = (F,Kr,(C),K1,(C), K1, ,(C), K% (C), K£,(C),  |J  Krnmn(C),
crea’eTi\(C}

Due to the following lemma and Lemma 18, 7-tuples can be computed recursively similar
to the 4-tuples used before.

Lemma 33. Let T be a TBox, C = Fy M |_|(T g)epdr.E and D = |—| E. Then
’ EeK7(C)

E$(C)=K¢(D)U |J K4(E).
(r,E)eP

The algorithm is now given in Figure 2. Observe that, compared to Figure 1, we
have only added one more sufficient condition (the second condition in Steps 2 and 3)
under which the algorithm outputs 77 [Z§, 75 and the computation of the three new
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Input: TBoxes 77 and 73 and signature ¥ C sig(73).

(1) Compute the set Ny of 7-tuples determined by conjunctions of concept names
in 2.

(2) if Ny contains a 7-tuple (F, Qq, ..., Q) such that Q2\ Qs # 0 or Q5\ (Q3UQg) #
0, then output “7; Z% 757,

(3) Generate the sequence N1, N, ... of sets of 7-tuples with N1 = N, UN/,
where N/ is the set of 7-tuples (Fp,Fi,...,Fs) which can be obtained from
a conjunction Fy of concept names from ¥ and a set @ C (Ng NX) x N; of
cardinality not exceeding | 73| in the following way:

e Fi, F5 and F3 are computed from the components Q1, Qo and Q3 of the
7-tuples in @ as in Figure 1.

« Fa=Kp (L] D)UUiro,...0meq O
o 5 =Kg,( [T D)NU ro,..0meq -

* Jo = U(n(F,Ql,...,QG))eQ Qs U UC’EH K1, 1,(C)

This is done until NV; contains a 7-tuple (F, Qy,..., Qg) such that Q; \ Q3 # 0
or Q5 \ (Q3U Qg) # 0 or Niy1 = N;. Output “7; Z% 757 if one of the two first
conditions applies. Otherwise, output “7; C§ 75”.

Fig. 2. Algorithm deciding 3-entailment w.r.t. QLZ ..

components Fy, F5, and Fg of the new 7-tuples generated in Step 3. The new condition,
Qs \ (Q3 U Q) # 0, corresponds exactly to Point 2 of Proposition 32: there exists
D € Q5 \ (Q3 U Q) iff there exists D € K% (C) (meaning D € Qs) such that there
does not exist D' € Afen = {CYU{C’ | Ir.C" € sub(C)} U KY (C) with (71, D) Cx
(72, D). To prove completeness and soundness it is, therefore, sufficient to prove that the
computations of Fy, F5 and Fg are correct. For F; and F5 this follows from Lemma 33,
and for Fg this is trivial. Termination after at most exponentially many steps can be
proved similarly to the proof for the algorithm in Figure 1 and is left to the reader. With
Lemma 30, we thus obtain the following result.

Theorem 34. Y-entailment of EL-TBozes w.r.t. Qﬁgﬁ 1s in EXPTIME.

6. ExPTIME-hardness

We prove that the EXPTIME upper bounds stated in Theorem 21, 24, and 34 are tight
by establishing matching lower bounds. The lower bounds apply already to conservative
extensions, i.e., the special case of X-inseparability where 7; C 75 and ¥ = sig(77). By
the equivalences established in the preceding section, it suffices to consider the query
languages QLg, and QLg .. We start with the former.

The proof is by reduction of the problem of determining whether Player 1 has a
winning strategy in version Gy of the two-player game Peek which was introduced and
proved to be ExPTIME-complete in (23). An instance of Peek is a tuple (I'y, 'y, Ty, ¢)
where:
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e I'; and I'y are disjoint, finite sets of Boolean variables, with variables in I'; under the

control of Player 1, and variables in I'y under the control of Player 2;

o I'; C (I';y UTy) are the variables that are true in the initial state of the game;

e ¢ is a propositional logic formula over the variables I';y U I'y which represents the

winning condition.

The game is played in a series of rounds. Each round produces an assignment for the
variables in I'; U T's, and the game starts with the initial assignment I';. The players
alternate, with Player 1 moving first. In each turn of Player ¢ € {1,2}, he selects a
variable from I'; whose truth value is flipped to reach the next assignment. All other
variables retain their truth value. A player may also make a skip move, i.e., not change
any of his variables. Player 1 wins if the formula ¢ ever becomes true. Player 2 wins if
he can forever prevent ¢ from becoming true.

Formally, a configuration of Peek is a pair (¢,p) where ¢ is a truth assignment for the
variables in T'; UT'y and p € {1,2} indicates the player that has to move next. A winning
strategqy for Player 1 is a finite node-labeled tree (V, E,¢) where ¢ is a node labeling
function that assigns to each node a configuration of G such that

(1) the root is labeled with (I'7, 1);
(2) if an inner node is labeled with (¢,1), then it has a single successor labeled (¢,2),
where ¢’ is obtained from ¢ by switching the truth value of at most one variable

from I'y;
(3) if an inner node is labeled with (¢, 2), then it has £ successors labeled (to, 1),. .., (ts, 1),
where tg, . . ., ty are the configurations of G that can be obtained from ¢ by switching

the truth value of at most one variable from I's;
(4) if a leaf is labeled (¢,1), then ¢ satisfies ¢.

Given a game instance G = (I'1, ', I'7, ), we define TBoxes 7¢; and 7/, such that T¢ U7/
is not a conservative extension of 7 iff Player 1 has a winning strategy in G. Intuitively,
witnesses C' C D against conservativity are such that C' describes a winning strategy for
Player 1 in G and, conversely, every winning strategy can be converted into a witness
against conservativity. For convenience, we assume that the set of variables I'y UT'; is of
the form {0,...,n — 1} for some n > 1. To describe winning strategies as concepts, we
use the following symbols:
o Vy,..., Vo1 and Vy,...,V,_1 to describe the truth values of the variables;
e Fy, ..., F, to denote the variable that is flipped to reach the current configuration,

with F;, indicating a skip move;
e P, P, to denote the player which moves next;
e a single role name 7.
Since £L-concepts correspond to trees in an obvious way (every existential restriction
Ir.C gives rise to an edge), it is not hard to see how winning strategies can be represented
as a concept formulated in the above signature.

In 7g, we additionally use a concept name B that will occur on the right-hand side
of witnesses against conservativity, and a concept name M that serves as a marker. The
construction of 7 starts with saying that the players alternate:

E'T‘.Pl E PQ
EIT.PQ E P1

Then, we say that P, and P» should be disjoint. The idea is as follows: every concept C'
which implies that P, M P is true somewhere in the model is subsumed by the concept
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name B already w.r.t. 75, and thus cannot occur on the left-hand side of a witness
C C B. Here we use the concept name M:

PiNP,
dr.M
M

1M

M

1M

M
B

IM

We also need disjointness conditions for truth values and flipping markers:

VNV, C M foralli<n
F,NF; C M foralli,j<n withi#j

Next, we say that if the marker F; is set in a configuration, then the variable V; flips:

E"/‘.(Fi M ‘/,) EVZ foralli <n
Ir(F;NV;) CV; foralli<n

If a marker I} for a different variable Vj is set, then V; does not flip:

Ir(F,NV;) CV; foralli <nandj<nwithij
Ir.(F;MV;) EV; foralli<nandj<n withi#j

Additionally, we should ensure that at least one of the F; markers is true in every con-
figuration. This cannot be done in a straightforward way in 75, and we will use the
TBox 7.

To define 7/, we start with translating the formula ¢ into a set of CIs. W.Lo.g., we
assume that ¢ is in NNF. For each ¢ € sub(y), we introduce a concept name X,. For
each 1 € sub(y), we use o(¢) to denote
o the concept name X, if v is a non-literal and
e the concept name from Vj, ..., V,,_1,Vo,...,V,_1 corresponding to v if v is a literal.
For each non-literal ¥ € sub(y), 7/, contains the following CI:

o if » = J A x, then the Clis o(9) Mo(x) C Xy;

o if » =9IV x, then the CIs are o(¢) C Xy and o(x) T Xy.

To continue, let T'y = {0,...,k — 1} and 'y = {k,...,n}, and introduce concept names
N,N' N" Ny,...,N,_1 to be used as markers. The markers will help to ensure that
(i) each variable has a truth value in every configuration, (ii) a least one of the flipping
indicators Fp, ..., F, is set in every configuration, and (iii) the flipping indicator denotes
a variable controlled by the player who moved to reach the current configuration. The
markers are set as follows:

V: CN; foralli<n

V,CN; foralli<n

F,C N forallie{0,...,k—1,n}
F; C N” forallie {k,...,n}
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Next, we set the marker N if the encoded truth assignment satisfies ¢ and (i)-(iii) are
satisfied:

X,MPMNN'MNgM---MN,_1C N
X,NP,ON MMNyM---MN,_1 CN

Then, the marker N is pulled up inductively ensuring that if Player 1 is to move, there
is the required single successor, and if Player 2 is to move, there are the required k + 1
SUCCessors:

P1|_|N/,|_|N0|_|"’|_|Nn_1ﬂE|T.N E N

Po,IN'MINg -+~ N,,_1 1 |_| I (NME)C N
i€{0,...,k—1,n}
We require that P; moves first and that the initial configuration is labeled as described
by I';. Only if this is satisfied, the concept name B from 7 is implied:
Pll—lNI—l‘l_l Wn'g_er’EB
T 1

ery i

Finally, we also deal with the case where already I'; satisfies ¢:

PinX,n |_|Vm |_|Vi;B
iel'r i¢Dlr

The following lemma is proved in Appendix E.

Lemma 35. Player 1 has a winning strategy in G iff T U T/ is not a conservative
extension of Tgq.

We have thus shown the following result.

Theorem 36. Deciding conservative extensions w.r.t. QLg, is EXPTIME-hard and thus
ExpPTIME-complete.

Together with Lemmas 23, 30, and 31 and since the only role name in 7/ is from
Y = sig(7g), we obtain the following corollary.

Corollary 37. For QL € {QL¢,, Qﬁéc, Qﬁgﬁ}, deciding conservative extensions w.r.t.
9L is EXPTIME-hard and thus EXPTIME-complete.

7. Model Conservativity

We consider ¥-entailment w.r.t. second-order logic. Denote by SO the set of second-
order sentences with second-order variables for sets and binary relations in the signature
with unary predicates from N¢ and binary predicates from Ng. Clearly, Y-entailment
between two TBoxes w.r.t. SO implies Y-entailment w.r.t. any other query language
introduced so far.

We start with observing that -entailment w.r.t. SO can be easily characterized model-
theoretically without using any query language. Say that two interpretations Z and J
coincide on a signature 3, in symbols Z|x = J|s, if AT = A7 and X% = X7 for all
X el
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Definition 38 (Semantic X-consequence, model conservative extension). Let 7; and 73

be TBoxes and ¥ a signature. Then

e 75 is a semantic -consequence of 7Ty if for every model Z of 77 there exists a model
J of 75 that coincides with Z on X.

e 75 is a model conservative extension of 77 if 7y C 75 and 7 is a semantic Y-consequence
of Ty for ¥ = sig(77).

Model conservative extensions are a well-known notion in mathematical logic and
modular software verification (13). The relation between deduction-based notions of con-
servativity and model-conservativity in modular software design is discussed in (25; 26; 8).
The following lemma relates Y-entailment w.r.t. SO and semantic ¥-consequence.

Lemma 39. Let 77 and 75 be TBoxes and ¥ a signature. Then
e 715 is a semantic X-consequence of Ty iff Ty X-entails Ty w.r.t. SO.

e 715 is a model-conservative extension of Ty iff To is a conservative extension of Ty
w.r.t. SO.

Proof. Point 2 follows from Point 1, so we concentrate on Point 1. The implication from
left to right follows from the fact that no second-order formula using only symbols from
Y can distinguish two models whose Y-reducts are isomorphic. For the other direction
observe that 7o |= 351 - -+ 3S,. A T2 with {S1,...,S,} =sig(72) \ . Thus, if 7; 3-entails
7o w.r.t. SO, then 7; | 357 ---3S,. A 72 which means that for every interpretation 7
satisfying 77 there exists an interpretation [J of 75 which coincides with Z on X, as
required. O

The proof also shows that if a TBox 75 is not Y-entailed by a TBox 77 w.r.t. SO, then
there is a witness of the form 357 ---35,. A Z2.

For TBoxes formulated in the description logic ALC, model conservativity has been
proved IT}-hard in (18). In this section, we show that model conservative extensions, and
therefore also semantic Y-consequence, are undecidable even in EL (we leave I1i-hardness
as an open question). The proof is by reduction of the halting problem for deterministic
Turing machines on the empty tape. We assume w.l.o.g. that the Turing machines are
such that (i) the initial state is not reachable from itself, (ii) the halting state does not
allow any further transitions, and (iii) all transitions move the head either right or left.
Let M = (Q,T, A, qo,qr) be such a deterministic Turing machine, where @ is a set of
states, I' an alphabet, A a partial transition function, gy € @ the starting state, and
qn € Q the halting state. We construct TBoxes Ty and 7}, such that 7y U T}, is not a
model conservative extension of 7y, iff M reaches g, from go on the empty tape. We use
the following concept and role names for describing computations of M:

e the elements of () and I' as concept names;

e concept names head, before, and after to represent the relation of a tape cell to the

head position;

e role names n (for next tape cell) and s (for successor configuration).

Our construction is such that models Z of 7;; for which there does not exist a model J of
74 which coincides with Z on sig(73;) describe halting computations of M on the empty
tape. Essentially, such models have the form of a grid, with the vertical edges labeled
s and the horizontal ones labeled n. Thus, each row represents a configuration. We will
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enforce the roles n and s to be functional, except at row 0 and column 0 (because this
does not seem possible). Therefore, the actual grid representing the computation of M
starts at row 1 and column 1.

We start with the definition of 75,. For now, it is easiest to simply assume n and s to
be functional and confluent (which will be enforced later by 7,,). We first set before and
after correctly, exploiting the assumed functionality of n:

dn.before C before 3dn.head C before head T In.after after C In.after.
Then we say that states are uniform over the tape: for all g € @,
qE dng TIn.gLCq.

Exploiting that gy cannot reach itself and the above uniformity, we say that the tape is
initially blank (where b € T is the blank symbol):

qo C .
For each transition d(q,a) = (¢’,a’, L), exploiting confluence of n and s, we set
In.(¢Mhead Ma) C 3s.(¢' Mhead M 3In.a’),
and for each transition d6(q,a) = (¢’,a’, R),
(¢ head Ma) C 3s.(a’ M¢’ M 3In.head).
We also say that symbols not under the head do not change: for all @ € I, put
a M before C ds.a, aMafter C ds.a.

We would like to say that certain concept names such as before and head are disjoint.
Since disjointness cannot be expressed in £L£, we revert to a trick that will become clear
when 7}, is defined. For now, we introduce a concept name D that serves as a marker
for problems with disjointness: for all ¢, ¢’ € Q with ¢ # ¢’ and all a,a’ € T with a # d,
put

gqnN¢d ED aMa ED beforelhead T D headMafter T D before Mafter C D.

Up to now, we simply have assumed the described grid structure, but we did not enforce it.
In 73, we cannot do much more than saying that every point has the required successors:

TCInTMIs.T.

We now define 7}, introducing new concept names N, A, B and a new role ug. The
concept name N serves as a marker. It is enforced to be true at the origin of the relevant
part of the grid (point (1,1)) if the described computation reaches the halting state:

g TN nNEN JIsNLCN

It remains to ensure that for a model 7 of 7j; there does not exist a model J of 7},
which coincides with Z on sig(7as) iff (i) r and s are functional, (ii)  and s are confluent,
(iii) DT = () (because then there are no problems with disjointness), (iv) the described
computation starts in the starting state with the head on the left-most cell and reaches
the halting state. Surprisingly, all this can be achieved with two simple Cls:

In.Is.(N Mqo Mhead) C Jug.(In.Is.AM Is.In.B)
AN B C 3ug.D



The following lemma is proved in the appendix.

Lemma 40. Ty U T}, is not a model conservative extension of Tas iff M halts on the
empty tape.

We have thus shown the following.

Theorem 41. The problem of checking whether an EL-TBox Ty is a model conservative
extension of an EL-TBox 15 is undecidable.

8. Conclusion

We have introduced different notions of entailment and inseparability between TBoxes
and of conservative extensions of TBoxes. Concentrating on the lightweight description
logic £L£, we have then studied the robustness of these notions and analyzed their inter-
relationship and computational properties. In particular, we have shown that a variety of
‘€L-based’ notions of entailment is EXPTIME-complete, but that ¥-entailment w.r.t. SO
is undecidable.

Our analysis leaves open a number of interesting questions, of which we discuss three.
First, the following notion of Y-entailment has been suggested in (10; 11; 17):

Definition 42. Let QL be a query language, ¥ a signature, and 77, 72 TBoxes. Then 7;
and 75 are strongly ¥-inseparable w.r.t. QL if for all TBoxes 7 with sig(7) Nsig(Z;) C X
for all i € {1,2}, 7; UT and 73 U T are X-inseparable w.r.t. QL.

This notion is relevant for importing a TBox into another one: if 7; and 75 are strongly
Y-inseparable, then it is safe to import 7; instead of 73 into any TBox 7 if no non-%
symbols from 77 and 75 are used in 7. Decidability and the exact complexity of strong
>-inseparability are yet unknown for the case of general £L£-TBoxes.

Second, it would be interesting to carry out a more detailed analysis of how the two
inputs 77 and 75 contribute to the complexity of deciding ¥-entailment. In particular,
it would be of interest to know whether there is an algorithm that, given two general
EL-TBoxes 7; and 7,

(1) decides whether 77 U 75 is a conservative extension of 7; and

(2) needs time polynomial in 7; and exponential in 75.
Note that we assume ¥ = sig(7;), and that the second input consists only of 73, and not
71 U 75. Such a result would be in line with results on conservative extensions of ALC
TBoxes obtained in (14). They would be quite relevant since the extension 73 is usually
small compared to the extended TBox 7;.

Finally, we point out that it would be worthwhile to develop decision procedures that
can be used for efficient implementation. In (15; 16), polynomial time algorithms are
developed for Y-entailment between acyclic £L£-TBoxes, and it is demonstrated that
these algorithms perform very well in practice. Blending these algorithms with the ones
from the current paper may be an interesting start.
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A. Proofs for Section 3

Lemma 12. Let C be an £L£-concept and 7 a TBox. Then
(1) for all E € AT¢.T we have E € EZo7;
(2) Ier =T,
(3) (Zcr,D) < (Zer 1, D), for all £L-concepts € and all D € Aot 0 Afer T,

Proof. (1) is straightforward by induction on the structure of E. The proof of (2) boils
down to establishing the following claim.

Claim. For all D € AT¢.7 and all E € sub(7): D € E*¢7 if T = DC E.

The claim is proved by induction on the structure of E. We only consider the interesting
case of the induction, i.e., £ = 3r.F.

“=7. Let D € (Ir.F)%c.7. Then there is a F’ € FZ¢.7 with (D, F’) € r¥c.7. We have
F" € ATe:T and can apply IH to F, yielding 7 = F' C F. Since (D, F') € .7 | we have
TEDC3rF,thus7T EDLC3rF.

“<". Let 7 = D C 3r.F. Then (D, F) € r¢7. From (1), we get D € (Ir.F)%e7.

It is not hard to see that the claim implies (2): Let D C E € 7 and F € D*¢.7. By the
claim, 7 |= F C D, and thus 7 |= F C E. Again by the claim, F € ET6.7,

For (3), let D € ATe.r 0 AZe'.7, Define a relation S C AZe7 x AZc’.7 by setting
S :={(E,E) | E € ATp.7}. By construction, (D, D) € S. It is easy to show that S is a
simulation, hence (Z¢,7, D) < (Z¢r7,D) as required. O

Lemma 13. Let C' and D be £L-concepts and 7 a TBox. Then the following holds:
(1) For all models Z of 7 and all d € AZ, the following conditions are equivalent:
(a) d € CT;
(b) (Zo.7,C) < (T, d);
(©) (Tor.C) <M (T,d).
(2) The following conditions are equivalent:
(a) T = CLC D
(b) C € DleT;
(C) (ZDJ‘,D) S (IC,T7C)-
(3) The following conditions are equivalent:
(a) T = CC Ju.D;
(b) C € (Ju.D)*e.T.

Proof. (1) (c) = (b) is trivial and (b) = (a) follows from Theorem 10 since C' € CZe.7T.
For (a) = (c), let Z be a model of 7 and d € CZ. Define a relation S C AZe:7 x AT by
setting (D, e) € S iff e € DT. We show that S is a full simulation. Let (D, e) € S. Assume
D € A%eT | with A a concept name. This implies 7 = D C A, and e € AZ follows from
e € DT and 7 |= 7. Now assume (D, D’) € 7Z¢.7. Then 7 |= D C Ir.D’ and we obtain
e € (3r.D')%. Hence, there exists ¢/ € AT with (e,¢’) € rZ and € € D', which implies
(D',e’) € S. Tt follows that S is a simulation. By definition, we have (C,d) € S. S is full
because D € ATe.T implies T = C C Ju.D. Hence there exists e € AT with e € DT and
this implies (D, e) € S.
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(2) (a) = (b). Assume 7 | C C D. Since Z¢ 7 is a model of 7 and C € CZ¢.7 this
implies C' € D¥e.7. (b) = (c) is an immediate consequence of (1). For (c) = (a), let Z be a
model of 7 and d € C%. By (1), (Zo.1,C) < (Z,d). Together with (Zp 7, D) < (Zo.1,C)
and transitivity of “<”, we get (Zp,7,D) < (Z,d). Again by (1), we obtain d € D*.

(3) (a) = (b) follows from Z¢.r = T and C € C%e.7. Conversely, let C' € (Ju.D)Ze7.
Then there is an E € DZe.7. By (2), this yields 7 = E C D. Since E € A%7 | we have
TECCJu.E. Thus, 7 ECC Ju.D. O

Lemma 15. Let 77,75 be TBoxes and C7,Cy £L-concepts and X a signature. Then
o (71,C1) Cx (T, (o) iff (Ze, 1, Co) <s (Zey 13, C1);
o (T1,C1) B (T3, C9) iff (Zoy, 13, Ca) <Y (Zey 7, C1).

Proof. We only prove the first equivalence since the proof of the second is similar (using
Point 3 of Lemma 13 instead of Point 2) .

“=7_ Assume (77,C1) Zs (73,C3). Then there is an £Lx-concept F such that 75 =
Co C FE and 7y £ C; C E. By Point 2 of Lemma 13, this yields C, € EZ¢2% and
Cy € E*e11, Hence, by Theorem 10, (Z¢, 1,,C2) %5 (Zcy 11, Ch)-

“<”. Let (Zey,13,C2) €5 (Ze,,7,,C1). By Theorem 10, there exists an £Lx-concept
E with Cy € ET¢2. 72 but C ¢ ET¢.71. By Point 2 of Lemma 13, 75 = Cy T F and
TWfECiCE. O

B. Disjunction Property and Robustness

In this section, we prove that (££, QLg ) is robust under signature extensions and has
the join modularity property. Note that this section comes after the section on proofs for
Section 3 because we employ the canonical model construction and its properties. First,
we show two auxiliary lemmas which will be useful in subsequent sections as well.

Lemma 43 (Disjunction Property). Let T be a TBoz and let
C:Corll_lﬂu.C’i, D= |_|D1L||_IHUDZ,
iel ied i€eK
where Cy, Cy;, i € I, D;, i € J, and D;, i € K, are EL-concepts. If T = C C D, then
TECLCD foraC e€{CotU{FuC;|iel} and D' € {D;|iec J}U{Iu.D; |ie K}.

Proof. We first show this property for C' a £L-concept. Thus, assume that C' is a £L£-
concept, D as defined in the lemma, and 7 = C' C D. Take the canonical model Z¢ 7 of
7. By Lemma 12, C € C¢.7. Since T |= C C D, we have C' € EZ¢.7 for some disjunct
Ee{D;lie J}U{3u.D;| i€ K}. By Lemma 13, this implies 7 |= C C E, as required.

Next we show that, in general, from 7 = C C D follows 7 = Co E Dor 7 = Ju.C; C
D, for some i € I. Assume this is not the case. Take, for i € ITU{0}, a model Z; of 7 such
that z; € CF* \ D%:. Take the disjoint union Z of the models Z;, i € I U{0}. Then T is a
model of 7 and 7o € CT \ DZ. Hence T [ C C D and we have derived a contradiction.

To prove the lemma it remains to consider the case T = Ju.C; C D, for some i € I.
Fix an ¢ € I with this property. Using a construction similar to the disjoint union
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construction above, it is not difficult to see that then 7 = T C D;, for some ¢ € J, or

TECLC |_I|< Fu.D;. In the first case, 7 |= Cy C D;, as required. In the second case, by
1€

the disjunction property for C a £L-concept proved above, we obtain 7 = C; C Ju.D;,
for some j € K. But then 7 = Ju.C; C Ju.Dj, as required. O

Say that an £L£"-concept C follows from a TBox 7 and a (possibly infinite) set ¥ of
EL"-concepts, written 7 U ¥ = C, if for every model Z of 7 and d € AZ: if d € D? for
all D € U, then d € C%. Observe that 7 = C C D if, and only if, 7 U {C} = D and
that this consequence is compact in the sense that 7 U ¥ = D implies that there exists
a finite subset ¥’ of ¥ such that 7 U ¥’ = D.

Lemma 44. Let 7 be a TBox and ¥ a set of ELY-concepts. Then there exists a model
T of T and d € AT such that, for all EL -concepts C:d € CT iff TUV |=C.

Proof. Follows immediately from Lemma 43 and compactness: suppose no such model
exists. Let I' = {C' | TUV = O, C a EL"concept} and denote by T the set of all
EL"-concepts not in I'. Then there does not exist a model Z of 7 and d € A such that
de C%, for all C €T, and d € (—C)Z, for all C € T. By compactness, there exist finite
subsets I'g of I and Ty of T such that no such model exists for I'y and I'y. Hence

r=llec Wb

CeTly Defo

By Lemma 43, 7 = C|_|F C C D, for some D € Ty. But then 7 U ¥ = D and we have
€lo

derived a contradiction. O
Theorem 45. (EL, QL: ) is robust under signature extensions.

Proof. The proof employs the Craig interpolation property of ££. Suppose 7; Cf 7
and ¥/ D ¥ with ¥’ Nsig(73) C X. Let 7o E C C D with sig(C E D) C ¥'. If D is an
EL-concept, then 7; = C C D by robustness under signature extensions of (£, QLgy).
Assume now D = Ju.D’ and 75 = C C D'. By Lemma 13 (see Lemma 16 for a similar
observation), there are two cases:

(1) there exists 3Ir.C" € sub(C) such that 7 = C' C D'.

(2) there exists Ir.C’" € sub(73) such that 7 = C C Ju.C’ and To = C' C D',
If Point 1 applies, then, by robustness under vocabulary extensions of (££,QL¢s,), T
C’' C D’ and, therefore, 77 = Ju.C’' C Ju.D’. Also, E C C Ju.C’. So we obtain 77
CLC JuD.

Now assume Point 2 applies to Ir.C’ € sub(73). Replace, in C, all role names r € X'\ X
by u, and all concept names A € X'\ ¥ by T, and denote the resulting concept by
C*. We have = C C C*. Tt follows immediately from sig(C) N (sig(72) Usig(C’')) C X
that 7o = C* C Ju.C’. Then there exists a subconcept C§ of C* in £L such that
T; = C§ C Ju.C’. Moreover, |= C C Ju.C§. On the other hand, from 75 = C' C D/,
we obtain sig(D’) C X because X' N (sig(72) Usig(C’)) C X. Thus T2 = C§ C Ju.D’
and sig(Cy C Fu.D’) C X. Hence 7; = Cf C Fu.D’ and from = C C Fu.C§ we obtain
TT1ECC3uD. O
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Theorem 46. (EL,QL¢gr) and (EL, QLE ) have the join modularity property.

Proof. We give a proof for (£, QL% ;); the proof for (£, QLs ) is a minor modification
of this proof and left to the reader.

Let 73 and 73 be X-inseparable w.r.t. QLz ., where ¥ is a signature with sig(77) N
sig(72) C X. Assume that 7; = C C D, for some C C D € QLg, with sig(C C D) C .
We show 73 U7, = C T D. Take the canonical model Zy = Z¢ 7, and let dy = C €
A%o. Then dy € CTo \ DT, Set Ay = Ay, = ATo. In the following, we construct an
interpretation Z* of 7; U 73 refuting C' C D. We define inductively an infinite sequence
Z1,Z5, ... of interpretations. The interpretation Z* = (AI*, -I*) is then defined as the
union of Zy,Z1,Zs, ... as follows:

AT = UAL;
i>0

AT = | J A%, for all A € Ng;
i>0

= U rZi, for all r € Ng.
i>0

Given an intepretation Z and d € A7, recall that d>Z+* denotes the set of £L%-concepts
E with d € EZ. For any Thox 7 denote by Z;,(a),r @ model of 7 with d in its domain
such that

(¥) d € Eftz@.7 iff T Ud™>T¥ |= E, for all £L£"-concepts E.

By Lemma 44, such an interpretation always exists. Moreover, we may assume that
d is not within the range of any rtz(®.7 (if it is, one can use standard unravelling (see
Section 5.2) to obtain a model with the required properties). Let n > 0 and assume the
interpretation Z,, with domain A, has been defined. If n is even, then take for every
de Ap\Ap_y (weset Ay = 0) the interpretation Zy = T, (4),7, With domain A, such
that A, N Ay = {d} and the Ay, d € A, \ A,,_1, are mutually disjoint. If n is odd, then
take for every d € A,, \ A,_1 the interpretation 7, = Tt,, (¢),7; With domain A4 such
that A, N Ay = {d} and the Ay, d € A, \ A,—1, are mutually disjoint. Now set

An-i-l =AU UdEAn\Anfl Aa

Int1 — pZIn Ta
r =r UUdeAn\An,,lr ,

Tn+1 — AZn T
Afrt = AP UUgeaa, , A7

For all d € AT there exists a (uniquely) determined minimal natural number n(d) with
d € Apay \ An@y—1- If n(d) # 0, then there exists a uniquely determined d* € A, 4)—1
with d € Ag«. We set d* = dy for n(d) = 0 and prove the following by induction on the
construction of D. For all d € AZ" and £L-concepts D:

e if n(d) is even then

(1) if sig(D) Nsig(7;) C B, then d € DT < d € D%,

(2) if sig(D) Nsig(72) C ¥, then d € D¥" < d € Da*;

o if n(d) is odd then

(1) if sig(D) Nsig(73) € ¥, then d € D¥" & d € D4,
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(2) if sig(D) Nsig(71) C %, then d € D*" & d € D%~

The implications from right to left are trivial, so we consider the implications from left
to right only. We concentrate on the case n(d) even (the case n(d) odd is proved in the
same way) and prove the induction step for D = 3r.C. First consider Point 1. So let
sig(D) Nsig(7;) € ¥ and assume d € D*” with n(d) even. There exists ¢ € AT™ such that
ce CT and (d,c) € v . Assume first that ¢ € Ay (a)- Then, by construction, ¢ € Ay q)—1-
Then r € ¥ because for any r ¢ sig(77), r* N (A \An(d)_1)2 = (). We obtain n(c) =
n(d) and, by IH, ¢ € C%<. We obtain 7, U ¢>Zr@:* = C. By compactness and closure
under conjunction of ¢>Zn@:% there exists a concept Cp in ¢>Zn@ % with 7o ECyCC.
Then 75 = 3r.Cy C 3r.C. We have Ir.Cy € d>Zn@-% and so Tp U d> L@ E 3r.C. But
then d € D%4.

Now assume ¢ & Ay(qg). Then ¢ € Ay, ¢* = d, and n(c) = n(d) + 1. By induction
hypothesis (for n(c) odd), ¢ € CT" iff ¢ € CTe* = CT¢. Hence d € (Ir.C)7.

Consider now Point 2. Let sig(D) Nsig(72) € ¥ and d € D" . There exists ¢ € AT
such that ¢ € CT" and (d,c) € % . Assume first that ¢ € Ag-. Then ¢* = d* and, by
induction hypothesis, ¢ € CZ¢*. As we also have (d,c) € r¥¢* | we obtain d € D%+,

Now assume ¢ € Ag-. Then ¢ € Ay. Then r € ¥ because for any r ¢ sig(72), 77 NAg x
A4 = 0. By induction hypothesis ¢ € CZ%. Hence 7; U ¢>Ir@+1:% |= C'. By compactness
and closure under conjunction of ¢®Zn(@+1:% there exists a concept Cp in ¢ Zn@+1:% with
T = Co E C. Then Ty |= 3r.Cy C Ir.C. We have d € (Ir.Cy)%4. Since sig(Ir.Cy) C B
it follows from X-inseparability w.r.t. QL% of 73 and 73 and compactness that 3r.Cy €
d=In@v, So d € (3r.Cp)%e*. Iy« is a model of T;. Hence d € (Ir.C)%a".

It follows immediately that Z* is a model of 77 U75: let Cy C Dy € 7;. If C’g* \DOI* # 0,
then there exists a an interpretation Z, of 7; with CX¢\ D¢ % () which is a contradiction.

It remains to show that dy € CT" \ D*". dy € CT by the claim above and since
dy € CTo. If D is a EL-concept, then dy & DT follows from dy ¢ D% and the claim
above. Now suppose D = Ju.Dy. Using the claim above it is readily proved by induction
on n that A, N D" =0, for all n > 0. Hence D*" = {), as required. O

C. Proofs for Section 4

Let P and @ be finite sets of pairs (r, E), where r is a role and E a £L-concept. We
say that @ covers P w.r.t. a TBoz 7T, in symbols P <7 @, if for all Ir.G € sub(7) and
(r,E) € P with T = E C G there exists (r,E') € Q with T = E' C G.

Lemma 47. Let T be a TBozxz, Cy = Fy |—| dr.E, and C; = Fy M |—| Ir.E and
(r,E)eP (r,E)eEQ

assume P <7 Q. Then the following holds:

o K7 (Cy) C K1 (Ch).

o If C’ is a EL-concept with Ir.Cy € sub(C") and C" the resulting concept when Ir.Cy
is replaced by Ir.Cy in C', then Kr(C") C K (C").

Proof. We show Point 1. Point 2 can be proved by induction or directly using a similar
construction and is left to the reader.

Let H € sub(7) \ K7(Cy). We have to show that H ¢ K7(Cp). There is a model 7
of T with dy € CT \ HZ. For each (r,E) € P, take a copy Z, g of the canonical model
Zg,7 such that all these copies have disjoint domains, and their domains are disjoint
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from that of 7. In the copy Z, g, the point corresponding to E in the canonical model
Tk, 7 is denoted by d, g. Define a new interpretation Z’ as follows:
o take the union of Z and the models Z, g, for all (r, E) € P;
e for each (r, E) € P add the tuple (do, d, ) to 1~ .
Observe that dg € Cg/. The following claims can be proved by induction on the structure
of the £L-concept Dy:

(a) for all (r, E) € P, all d € AZr#_ and all £L-concepts Dy, d € D%l iff d e DOL"E.

(b) for all d € AT and Dy € sub(T), d € D iff d € DI’
The only interesting case is the direction from right to left in (b), when Dy = Jr.Dj.
Let d € (Ir.D})T". Then there is a d' € D'g, such that (d,d’) € . If d' € AT, we
have (d,d') € r% and it remains to apply IH. Now let d’ € AZ~# for some (r, E) € P.
Then d = do and d' = d,.p. By (a) above, d.g € D't implies d,p € D/e™". With
Point 2 of Lemma 13, we get 7 |= E C Dj. Since P <7 @, there is an (r, E’) € Q such
that 7 = E' C D}. We have d = dy € C¥ and, therefore, there is a d” € (E’)? with
(d,d") € r*. Hence, d € (3r.Do)?.

Since 7 and all the Z, g are models of 7 and by (a) and (b) above, it follows that 7’
is a model of 7. (b) implies dy € C¥' \ HZ and we derive H ¢ K7(Cp). O

Lemma 48. Assume ¥ C sig(73). Suppose there exists an £Lsx-concept C and a concept
D € sub(73) such that

(a) T, ECLC D;

(b) (T1,C) s (T, D).
Then there exist C' and D with properties (a) and (b) such that

(c) the outdegree of C is bounded by |Tz|.

Proof. Let C be an £Ls-concept and D € sub(73) such that Points (a) and (b) hold.
If the outdegree of C' is bounded by |73|, C' itself is as required. Assume that this is not
the case. Then there exists a subconcept Cy of C such that Cy = F' I |_|(,.,E)ep5|r.E,
where F' is a conjunction of concept names and |P| > |73|. Let @ be a minimal subset
of P such that P <z, Q. Clearly, the cardinality of @ is bounded by |73|. Now, replace
in C the subconcept Cy with C7 := F' T H(T’E)GQEr.E and call the result C’. We have
|C'| < |C| and, by Lemma 47, K1,(C) = K1,(C”). To obtain the desired concept C’,
we now execute the described contraction until the outdegree is bounded by |7z2|. The
resulting concept C” satisfies (a) because K, (C) = Kz, (C"). (b) holds for C’ because
p=CcCC. O

Lemma 18 Let 7 be a TBox and C' = Fy M H(T?E)GPHT.E. Then
Kr(C)=Kr(Fonn [1 3r( [1 D).
T( ) T( 0 (r,E)eP " DeKy(E) >)

Proof. The condition of Point 1 of Lemma 47 is satisfied for Cy = C and C; = Fy N

[T 3r.( [1 D)and vice versa. O
(r,E)EP DeKr(E)
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D. Proofs for Section 5

Lemma 22 Let 7 be a TBox, ¥ a signature, and A an £Lx-ABox.
(1) For every £Ls-concept D and a € Ny, (7,.A) = D(a) iff there exists an £ Ls-concept
C such that 7 = C C D and A = C(a).
(2) For every ELy,-concept D and a € Ny, (T, A) = D(a) iff there exists an £ L3,-concept
C such that 7 = C C D and A = C(a).

Proof. The directions from right to left are trivial, so we concentrate on the other
direction.

Point 1. Let Dy be a £Ls-concept, ag € N, and assume that (7, A) &= Dy(ag). Set,
for every a € ob = Obj(A) U {ag},

tala) ={C| Ak C(a), C an ELx-concept}.

We show that 7 Ut 4(ag) = Dg. Then, using compactness, we find a £Ls-concept C' such
that 7 = C C Dy and A = C(ag), as required. Assume 7 Ut 4(ag) & Do. Take, for every
a € ob, a model Z, of 7 with a point d, such that for all ££-concepts C: d¥e € CZa iff
T Ut4(a) = C. Such models exist by Lemma 44. We may assume that they are mutually
disjoint. Take the following union Z of the models Z,:

o AT= Uaéob AIa;

o AT = Uscob ATa for A € Nc;

o 1T =Uucop ™ U{(da,dp) | 7(a,b) € A}, for r € Ng;

o ol =d,, for a € ob.

For all ££-concepts C and all a € ob the following holds for all d € AZe:

de ¢t iff d e C7.

The proof is by induction on the construction of C. The only interesting case is C' = Ir.D
and the direction from right to left. Assume d € C N AZa. For d # d,, d € C*= follows
immediately by IH. Assume d = d,. Take d’ with (d,d') € r? and d’ € D%. Again,
if d € AZe, then the claim follows immediately from the IH. Now assume d’ ¢ AZe.
Then d' = b for some b with r(a,b) € A. By IH, d € D%. Hence 7 Ut4(b) = D. By
compactness, there exists a concept E € t4(b) such that 7 = E C D. From A = E(b) and
r(a,b) € A we obtain A |= 3r.E(a). Therefore, Ir.FE € t 4(a). But then T Ut 4(a) |= 3r.D
and we obtain d, € CZa.

It follows that Z is a model of (7,.4) and Z ¥~ Dy(ap). Hence (7,.A) ¥ Do(ao), and
we have derived a contradiction.

Point 2. Let Dy be a £L£5-concept, ag € N, and assume that (7,.A) = Dg(ag). Set,
for every a € ob = Obj(A) U {ag},

th(a) ={C | A= C(a), C an ELF-concept}.

We show that 7 Ut% (ao) = Do. Then, using compactness, we find a £Ly;-concept C such
that 7 = C C Dy and A | C(ap), as required. The construction is the same (except
that now Dg can be of the form Ju.D and the sets t%(a) contain £L£"-concepts). So we
just provide the inductive proof of

d € (Fu.C)* iff d € (Fu.C)?,

for all d € AZa and a € ob. Assume d € (Ju.C)T N AZa. By IH, there exists b € ob such
that C%» N A%v # (). Take such a b. Then 7 U t%(b) = Ju.C. By compactness, there
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exists £ € t%(b) with 7 |= E T Ju.C. Assume first that E is an £L-concept. Then
7 = Ju.E C Ju.C. Moreover, A |= Ju.E(a) because A = E(b). We obtain Ju.E € t%(a).
Hence 7Ut%(a) = Ju.C and so d € (Ju.C')%=. Now assume E = Ju.E’. Then one can show
similarly that Ju.E’ € t%(a) and so 7 Ut%(a) = Ju.C which implies d € (Fu.C)%=. O

Let P and @ be finite sets of pairs (r, E), where r is a role and E a EL-concept.
Then @ strongly covers P w.r.t. a TBoz T, in symbols P <% @, if P <7 @ and for
all 3s.G € sub(7T) and (r,E) € P with 7 = E C Ju.G there exists (r, E') € Q with
7 = F' C Ju.G.

Lemma 49. Let 7 be a TBox, Cy = Fy I |—| dr.E, Cy = Fy N |_| dr.E, and

(r.E)eP (r,B)EQ
assume P <% Q). Then the following holds:
o K}(Co) C K¢(Ch).
o If C' is a EL-concept with Fr.Cy € sub(C’) and C” the resulting concept when Ir.Cy
is replaced by Ir.Cy in C', then K} (C') C KX(C").

Proof. Similar to the proof of Lemma 47 and left to the reader. O

Proposition 50. Let 7; and T3 be TBozes and ¥ a signature. If C' is an ELyx-concept
and D € K% (C) such that (a) there does not exist D' € ATen, (T, D') Ex (Ts, D),
then there exist a ELx-concept C' and D" € K4 (C') satisfying (a) and the outdegree of
C' is bounded by |T3|.

Proof. The argument is similar to the proof of Proposition 17. Assume C and D have
property (a). If the outdegree of the C is bounded by |73|, C itself is as required. Assume
that this is not the case. Then there exists a subconcept Cy of C such that Cy = F' 1
[ pyep3r.E, and |P| > |T5|. Let Q be a minimal subset of P such that P <% Q.
The cardinality of @ is bounded by |73|. Now, replace in C' the subconcept Cy with
C1 := F Nl g)eqdr.E and call the result C’. We have |C’| < |C| and, by Lemma 49,
K% (C) = K% (C"). To obtain the desired concept C’, we now execute the described
contraction until the outdegree is bounded by |73|. The resulting concept C’ and D
satisfy (a) because K3 (C) = K4 (C') and ) = CCC'. O

Lemma 33. Let 7 be a TBox, C = Fy M |_|(7.7E)€p3’l".E, where Fj is a conjunction of

concept names, and D = |_| E. Then
E€K7(0)
E$(C)=K¢(D)u ) KE(E).
(r,E)EP

Proof. The inclusion “2” is clear. Conversely, assume that Ir.H € sub(7) but H ¢
K7 (D) U U pyep K7(E). We show H ¢ K7(C). The construction is similar to the
proof of Lemma 47, so we only give a sketch. Take, for every (r, E) € P, a copy Z, g of
the canonical model Zg 7 such that all these copies have disjoint domains. In the copy
T, i, the point corresponding to E € AZ#.7 is denoted by d,. 5. We have HZ~# = {) for
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all (r, E) € P. Consider, in addition, the canonical model Zp 7 and assume it is disjoint
from the models Z,. g, (r, E) € P. Again, HZP.7 = (). Define a new model Z by taking
the union of the model Zp 7 and the models Z, g, (r,E) € P, and adding (D, d, g) to
the interpretation of 7% for every (r, E) € P, and D to the interpretation of BZ for all
conjuncts B of Fy which are not in sig(7).

To prove that H ¢ K¥(C), it is sufficient to show that Z is a model of 7 refuting
C C Ju.H. We clearly have D € CT. Thus, it is sufficient to show
o for all d € ATp.7 and G € sub(7): d € G* iff d € GTP.7 and
o forall (rnE)e P,d€Z, g, and G €sub(7): de G iff d € GFr=.
This can be proved by induction on the construction of G (similarly to the proof of
Lemma 47) and is left to the reader. O

E. Omitted Proofs for Section 6

Lemma 35. Player 1 has a winning strategy in G iff 7 U 7/, is not a conservative
extension of 7g.

Proof. First assume that Player 1 has a winning strategy (V, E, ¢) in G. We first define
a mapping m : V — {0,...,n} as follows: if (v,v") € E, £(v) = (t,7), and £(v") = (¢',7'),
then m(v’) is the variable that was switched to reach ¢’ from ¢ (we assume that m(v') =n
means that no variable was switched). If v € V' is the root, m(v) = n (this is arbitrary).
We associate a concept C'(v) with each node v € V: if £(v) = (¢,1), then

C(v) == PiM Fy(y) 1 |_| Vi M |_| V;
i€t ie(T1Ul2)\¢t

As a next step, we inductively associate another concept W (v) with each node v € V:
e if v is a leaf, then W (v) := C(v);

e if v has successors vy, ...,vs—1, then W(v) = C(v) I |:| I W (v;).
1<

Let € be the root of (V, E,{) and define W := W (e). It is not too difficult to verify that
TcUTL =W C B. We show that 7 = W C B, and thus 7¢ U 7 is not a conservative
extension of 7g. Define a model Z as follows:

o AT = {W}U{C|3Ir.C €sub(W)};

o AT :={C e AT | Ais a conjunct in C} for all A € Nc;

o 2 :={(C,C") | Ir.C" is a conjunct in C} for all r € Ng.

Here, “D being a conjunct of C” refers to top-level conjunctions and includes the case
that C = D. It is easy to verify that Z is a model of 7, and that W € WZ. Also, we
have BZ := (), and thus 7 &= W C B.

For the converse direction, we start with a preliminary. A model Z of a TBox 7 is a
tree model if the graph (AZ, U, eng r7) is a tree. As in Section 7, for two interpretations 7
and 7’ and a signature ¥ we write Z|y; = 7’|y, if AZ = AT and ¢% = o7 for all symbols
XeX If
() for every tree model Z of 7g, there is a model Z’ of 7q U7, with Zlsg(7,) = Z'|sig(7e)

then 7¢ U 7/ is a conservative extension of 7. To see this, let 7¢ = C T D with
sig(C) Usig(D) C sig(7g). Then there is a model Z of 7 and a d € CT \ D?, and we can
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unravel Z into a tree model J of 7g with root d and such that d € C7\ D7 . The existence
of a model J" of 7 U 74 with J|sig(7) = J'|sig(7e) then shows that T¢ UTS = C C D.

To prove the converse of Lemma 35, it thus suffices to show that if Player 1 does not
have a winning strategy, then (x) holds. Thus, suppose that Player 1 does not have a
winning strategy, and let Z be a tree model of 7g. We define a sequence of interpretations
Zo,Z4,... whose limit Z’ is the desired interpretation, i.e., a model of 7¢ U 7/, with

Tlsig(1a) = Z'lsig(7c)-

To define 7y, we start with Z and redefine the interpretation of the concept names that
occur in 7/, but not in Z¢; these are N, N', N”, Ny, ..., N,,_1, and Xy, with ¢ € sub(y)
not a literal. The interpretation of the new symbols by 7’ directly reflects the CIs in 7/:

NFo = V;IUV? foralli <n
(NP = Ffu---UFf UFZ
(N = Ffu..-UF?
X0, = Xgon XZo for all ¥ A x € sub(e)
X539, = X5ouXTo for all 9V x € sub(e)
NTo = (X, P IN" I Ng M-+ TN, —1)%o.
U (X, M P, MTN I Ny M-+ T Ny —q) 0.
The interpretation Zy is almost the desired one, except that the definition of NZ° does not
take into account all Cls in 7/, with N on the right-hand side. This problem is addressed

by the interpretations 77,75, ..., which are identical to Z; except for the interpretation
of N:

NZi+1 = NTiy (PyrIN" I Ng M-+ 11 Ny—q M 3r.N) i

U (Py TN TN M-+ T Np_q [ Ir.(N N E))E.
i€{0,....k—1,n}

Let 7’ be the limit of the sequence Zy,Z1,.... By construction, Z’ is a model of 7.
Additionally, all CIs in 7/ are easily seen to be satisfied by Z’, with the exception of

M AN [1V;n 1 V,CBand

i€l ¢ .
am pnx,nl1v,nllV,CB.
i€l i¢T;

Assume that one of these CIs is not satisfied by Z’. We show that this implies the existence
of a winning strategy for Player 1 in G, in contradiction to the assumption that there is
no such strategy.

The case of (II) is simple. If (IT) is not satisfied, there is a d € AZ" that satisfies
the left-hand side of this CI and is not in BZ'. Together with the CIs in 74, these two
properties of d imply that d satisfies exactly one of V; and V;, for all i < n, and that the
corresponding valuation is I'y. Since d € Xg, and by construction of Z’, T'; satisfies .
Thus, there is a trivial winning strategy for P; in G.

Now assume that (I) is violated. Then there is a dy € AZ with dy € L¥ \ BT, where
L denotes the left-hand side of (I). Since Z is a tree model, so is Z'. In the following, we
use subsets S C AT such that the restriction Z’|5 of Z’ to domain S is a tree with root
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dy to descibe partial winning strategies. More precisely, define the node-labeled graph
Gs as (S,rT'1s,0), where ((d) = (tq, pg) with

e {4 the valuation that makes variable ¢ true if d € Vif and false if d € Viz , for all i < n;
e pg=1ifde PI and py=2ifd e PE.

Regarding well-definedness of £(d), note that since dy ¢ B%, the Cls in 7 ensure that
d¢ ViI/ ﬁViI , for all ¢ < n. For the same reason, d ¢ PII/ ﬁPQI/. Moreover, we will choose

the set S such that for all elements d € S, we have d € V¥’ UViI and d € P UPE (see
Point (iii) below).

We inductively construct a finite sequence of subsets Sy, . .., Sy, of AT’ such that G S
is a (complete) winning strategy for Player 1 in G. During the construction, we ensure
that for all 7 > 0,

(i) Gg, satisfies Conditions (1) to (3) of winning strategies for Player 1 in Gj

(i) all elements of S; are in NZ';
(iii) S, CVZ UV, forallj <nandS; CPF UPE.
We start with Sy = {do}. Then, (i)-(iii) are satisfied since dy € L. To define S;,; from
S;, we proceed as follows. If 4 > 0 and all leaves of 7'|g, are in Xg, then S; is the last
element of the sequence. Otherwise, we do the following for all leaves d of Z'|s, with
dé¢ Xgl. By (ii), d € N¥'. By construction of Z’ and since d ¢ Xg/, this means that
de (PLON"M Ny« Ny N3Ir.N)T

U (P M N MINgM--- M Ny_q M M Ir.(N M F)).
i€{0,....k—1,n}
If the former is the case, add an element e € NZ' to S; such that (d,e) € rZ". Oth-
erwise, add elements e, ..., e, 1,e, such that e; € (N1 F)T and (d,e;) € v, for
j€{0,...,k—1,n}. Condition (ii) is clearly satisfied. By construction of Z’, e and the
e; are elements of

(X, MNP, N"MI Ny --- NN, _1)¥
U(X,MPNN NNy ---M N, )T
UP,NN"ANgO---NNp_; 13N

U(PyMN' NNy M Np_1 1 M Ir.(N N E))T.
i€{0,....k—1,n}
This implies that S; C PE U P§ . Additionally, it shows that e and the e; are instances
of Ny,...,Np_1. By construction of 7', it follows that (iii) is satisfied. To show that
Condition (i) is satisfied as well, we need to argue that (a) p. = 2 iff pg = 1, (b) t. is
obtained from ¢4 by switching the truth value of a variable in I'y or t. = 4, (c) t., is
obtained from t4 by switching the truth value of variable j for all j < k, and (d) t., = t4.
Assume that d € PE" (the case that d € P¥ is analogous). By the Cls in T¢, this implies
e € P¥ . This shows (a). Since e € PZ and e is contained in the above union, we have
e € (N’)Il. By construction of Z’, there thus is a j € {0,...,k —1,n} such that e € FjI/.
Together with the Cls in 7, this means that the truth value of variable j is different in
te and tg if j < n. Also by ClIs in 7g, e € FZ-I/ means that all truth values in t4 and t. of
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variables ¢ with £ # j are identical, which establishes (b). The proofs of (¢) and (d) are
similar and left to the reader.

We have to argue that the construction of the sequence Sy, Si,... terminates. By (ii),
do € NT'. Let ¢ be minimal such that do € N%t. 1t is easily verified that if d € S; and
d € N7, then all successors of d are in N%i-1, for all 4,7 > 0. Termination follows.

Finally, it remains to note that, by construction, the last element S, of the constructed
sequence satisfies Condition (4) of winning strategies. O

F. Omitted Proofs for Section 7

Lemma 40. 7); U 7}, is not a model conservative extension of 73; iff M halts on the
empty tape.

Proof. “«<” Assume that M halts on the empty tape and let cg, ..., c; be the halting
computation of M. Extend this computation to an infinite sequence of computations by
setting ¢y := ¢y for all £ > k. We define an interpretation 7 as follows:

AI N x N;

= {((0,9), 1+ 1,9)) | .5 = O;

={((,4), (1,5 + 1)) | 4,5 = 0};

{(4,7) | 4,7 > 0 and the state in ¢;_ is ¢} for all ¢ € Q;

={(2,7) | ¢,j > 0 and tape cell i — 1 in ¢;_; is labeled a} for all a € T;

headZ = {( i,7) | 4,7 > 0 and the head pomtlon ine¢j_qisi—1};

before” := {(i,7) | (', ) € head® for some i’ > i};

after” {( 7) | (i',5) € head” for some i’ < i};

DT = @.

It is not hard to verify that Z is a model of Tys (setting ¢, = ¢, for all £ > k is justified by
the fact that M does not allow any transitions in the halting state). Moreover, Z cannot
be extended to a model of 7y; U T}, in any model J of T}, which coincides on sig(7a)
with Z we would have (0,0) € (3n.3s.(N Mqp Mhead))?, so we have to interpret ug, A,
and B such that (0,0) € (Jug.(3n.3s.A M 3s5.3n.B))7. To do this, we have to interpret
A and B in J such that (i,j) € (A1 B)7 for some i, j > 0. Thus, we must ensure that
(i,7) € D7. This, however, is impossible since D¥ = () is fixed. It follows that Tps U 7},
is not a model conservative extension of 7.

n

3,
i

e 6 6 o o o o o o
Q

“=". Assume that M does not halt on the empty tape and let Z be a model of 75;. We
have to show that Z can be extended to a model of Tyy UT;. If ¢F = 0, then we simply
set AT := BT := N% :=uf := 0. If ¢} # 0, let N” be the smallest set such that ¢gf C N7,
(3n.N)T C NZ, and (3s.N)% C NZ. If the result is such that (In.3s.(NTgeMhead)) = 0,
we are done. So assume the contrary. First assume that

(i) There are d,dy,ds,ds,dys € AT with dn’d,s*dy and dstdsn®d, such that do # dy.
Then we can set uZ := AT x {d}, AT := {dy}, and B? := {d,}, and obtain a model of
T4, Now assume

(11) There are dl, d27d3, ds € AL with d17’lzd28Id4, dlsId3n1d4, and d4 € DZI.
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Then we can set ug := AT x {d;} and AT := B% := {d4} to obtain a model of 7},. Now
assume that neither (i) nor (ii) are the case. We show that this is impossible since it
implies that M halts on the empty tape. Let dy € (In.3s.(N MgoMhead))?. Then there is
ad) e AT and a d € (N Mqp Mhead)? such that dyn?djs?d. For d’ € AT, we say that d’
is reachable from d in n steps if there exists a sequence dy,...,d, with dgy =d, d,, = d’,
and (d;,d;i1) € n? U s? for all i < n. We say that that d’ is reachable from d if d’ is
reachable from d in n steps, for some n > 0. We first show the following:

Claim. Let d’ be reachable from d. Then we have:

(1) there are dy,ds,ds € AT such that dyn’dys?d’ and dystdzntd’;

(2) if d'ne and d'n’e’, then e = ¢’;

(3) if d’sTe and d'sT¢€’, then e = ¢’;
Point 1 is proved by induction on the minimal n such that d’ is reachable from d in n
steps. For the induction start, we have d’ = d. Recall that dynZdjs?d. By the CIs in 7y,
there are di,ds € AT such that dos?din®ds. Since (i) does not hold, dy = d and we are
done. For the induction step, let d’ be reachable from d in n > 0 steps. Then there is a
d; such that d; is reachable from d in n — 1 steps and din”d’ or dis*d’. We only treat
the first case since the second is analogous. By IH, there is a dy such that d2s?d;. By the
Cls in 7y, there are d3 and dy such that dyndss?dy. Since (i) does not holds, dy = d’
and we are done.

Now for Points 2 and 3. We only treat Point 2 explicitly since Point 3 is analogous.
Let d’ be reachable from d and let e,e’ € AZ such that d'n’e and d'n’e’. By Point 1,
there is a d; such that d;s?d’. By the CIs in T3y, there are dy, ds such that dinZdystds.
Since (i) does not hold, we have ds = e = ¢/, and are done. This finishes the proof of the
claim.

Set R := {d' € AT | d’ is reachable from d}. Points 2 and 3 of the claim together with
the fact that (i) does not hold implies that we can easily find a bijection 7: R — N x N
such that for all e, e’ € R, we have
o ene iff 7(e) = (4,5) and 7(e) = (i + 1, 5) for some 7,5 € N;

o esle iff 7(e) = (i,j) and 7(e) = (4,7 + 1) for some i,j € N.

Our aim is to read off a halting computation from M on the empty tape from 7, being
guided by 7. To do this, we first show that (a) for all ¢, ¢’ € Q with ¢ # ¢/, ¢ NR =9,
(b) for all a,a’ € T with a # ', aZ Na’> N R =0, and (c) before’ N R, after’ N R, and
head” N R are pairwise disjoint. Since the argument is the same in all three cases, we
concentrate on (a). Assume e € g7 N ¢’ N R. By the GCIs in Ty, d’ € DZ. By Point 1
of the claim, there are dq,ds,ds € AT such that din®destd’ and dis?dsn®d’. This is a
contradiction to the fact that (ii) is false

We can now read off a halting computation from M in the obvious way: the i-th
configuration is described by the elements R; := {d € R | 7(d) = (j,7) for some j > 0}.
By the CIs in 737 and (a), there is a unique state ¢ € @ such that R; C ¢%. By the Cls
in 757 and (b), for each j > 0, there is a unique a € I' such that 77!(j,4) € aZ. And by
the CIs in Ty; and (c), there is a unique j > 0 such that 771(j,4) € head”. Let us call
the resulting sequence of configurations cg, c1,.... By choice of d above and the CIs in
T, co is the initial configuration of M on the empty tape. By the Cls in Ty, ¢;41 is
a successor configuration of ¢; for all i > 0. By definition of NZ and since d € N7, it
follows that we eventually reach a halting configuration. O
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