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Introduction

The 3D crystallographic space groups represented in GA (Hestenes 2002 [2],
Hestenes & Holt 2007 [3]).

Interactive 3D Space Group Visualizer created [5].

For crystallographers the subperiodic space groups in 2D and 3D with only 1 or 2
degrees of freedom for translations are also of great interest [7].
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GA basics

Clifford’s associative geometric product

ab = a ·b+a∧b . (1)

Reflection of vector x at hyperplane (through origin) with normal a

x ′ = −a −1xa , a −1 =
a

a 2 . (2)

The composition of two reflections yields a rotation

x ′ = (ab)−1xab , (ab)−1 = b −1 a −1 . (3)

Geometric product of k normal vectors (versor S) corresponds to all symmetry
transformations of 2D, 3D crystal cell point groups

x ′ = (−1)kS−1 xS. (4)
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Point Groups and Space Groups

2D point groups are generated (cf. Table 1) by vectors subtending angles π/p

Example: Hexagonal point group

6 = {a,b,R = ab,R2,R3,R4,R5,R6 = −1,aR2,bR2,aR4,bR4}. (5)

Rotation subgroup (denoted with bar): 6̄.

Table: Geometric and international notation for 2D point groups.

Crystal Oblique Rectangular Trigonal Square Hexagonal

geometric 1̄ 2̄ 1 2 3 3̄ 4 4̄ 6 6̄
international 1 2 m mm 3m 3 4m 4 6m 6
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Point Groups and Space Groups

Selection of three vectors a,b,c from each crystal cell for generating 3D Point Groups

Table: Geometric 3D point group symbols and generators with θa,b = π/p, θb,c = π/q, θa,c = π/2,
p,q ∈ {1,2,3,4,6}.

Symbol 1 p 6= 1 p̄ pq p̄q pq̄ p̄q̄ pq

Generators a a, b ab a, b, c ab, c a, bc ab, bc abc
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Point Groups and Space Groups

Space Groups

Composition with translations best in conformal model of Euclidean space (in the
GA of R4,1).

A plane can be described by the vector

m = p−d e∞, (6)

p is a unit normal to the plane, d its signed scalar distance from origin.

Reflecting at 2 parallel planes m,m′ with distance t/2 we get the translation
operator (by t ∈ R3)

X ′ = m′mX mm′ = T−1
~t XTt , Tt = 1+

1
2

te∞. (7)

Reflection at 2 non-parallel planes m,m′: rotation around m,m′-intersection by
twice the angle subtended by m,m′.
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Subperiodic groups – subgroups of space groups

Subperiodic groups are subgroups of full 2D and 3D space groups.

Frieze groups (7) are all subgroups of 2D space groups with only one DOF for
translation.

Rod groups (75) are all subgroups of 3D space groups with only one DOF for
translation.

Layer groups (80) are all subgroups of 3D space groups with only two DOF for
translation.
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Notation
One dot between the Bravais symbol (p , p, c) and index 1: b is generator.

Two dots between the Bravais symbol (p , p, c) and index 1: c is generator .

One dot between the Bravais symbol and index 2 (without or with bar): vectors b,c
are generators .

Two dots between the Bravais symbol and index 2 (without or with bar): vectors
a,c are generators .

Indexes a,b,c,n (and g for frieze groups) in 1st, 2nd, 3rd position after the Bravais
symbol: reflections a,b,c (order!) change to glide reflections.

Index n for diagonal glide.

Dots also position indicators.
Rod group 5: p c1 has glide reflection aT 1/2

c .
Rod group 19: p .c2 has bT 1/2

c .
Layer group 39: pb2a2n has aTb

1
2 , bT 1/2

a , and cTa+b
1/2.

np: right handed screw rotation of 2π/n around n-axis, with pitch T p/n
t . t is shortest

lattice translation vector parallel to axis, in screw direction.
Layer group 21: p2̄2̄12̄1 has screw generators bcT 1/2

a and acT 1/2
b .
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Frieze Groups

Generating vectors a,b of oblique and rectangular cells for 2D Frieze groups.

Single translation direction a.
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Tables of Crystallography (IUCr)

Depiction of Frieze group No. 7 in Int. Tables of Cryst. Vol. E. [7]
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Table of Frieze groups

Geometric symbols for Frieze groups

The seven Frieze groups with new geometric symbols and generators. SG = space
group, SGN = space group numbers, Ta is omitted.
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Rod Groups

Generating vectors a,b,c of triclinic, monoclinic inclined, monoclinic orthogonal,
orthorhombic, tetragonal, trigonal, hexagonal and hexagonally centered (Bravais
symbol: H or h) cells for 3D rod (and layer) groups. Single translation direction c.
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Tables of Crystallography (IUCr)

Depiction of rod group No. 75 in Int. Tables of Cryst. Vol. E. [7]
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Table of rod groups

Triclinic and monoclinic rod groups. Tc is omitted.

E. Hitzer, D. Ichikawa Department of Applied Physics, University of Fukui, Japan

Subperiodic Groups in GA



Introduction Subperiodic Groups in GA Frieze Groups Rod groups Layer groups Conclusions

Table of rod groups

Orthorhombic rod groups. Tc is omitted.
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Table of rod groups

Tetragonal rod groups. Tc is omitted.
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Table of rod groups

Trigonal rod groups. Tc is omitted.
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Table of rod groups

Hexagonal rod groups. Tc is omitted.
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Layer Groups

Generating vectors a,b,c of triclinic, monoclinic inclined, monoclinic orthogonal,
orthorhombic, tetragonal, trigonal , hexagonal and hexagonally centered (Bravais
symbol: H or h) cells for 3D layer (and rod) groups. Two translation directions a,b.
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Tables of Crystallography (IUCr)

Depiction of layer group No. 80 in Int. Tables of Cryst. Vol. E. [7]
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Table of layer groups

Triclinic/oblique and monoclinic/oblique and monoclinic/rectangular layer groups. Ta,Tb
are omitted.
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Table of layer groups

Orthorhombic/rectangular layer groups. Ta,Tb are omitted.
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Table of layer groups

Tetragonal/square layer groups. Ta,Tb are omitted.
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Table of layer groups

Trigonal/hexagonal and Hexagonal/hexagonal layer groups. Ta,Tb are omitted.

E. Hitzer, D. Ichikawa Department of Applied Physics, University of Fukui, Japan

Subperiodic Groups in GA



Introduction Subperiodic Groups in GA Frieze Groups Rod groups Layer groups Conclusions

Conclusions

We have devised a new Clifford geometric algebra representation for the 162
subperiodic space groups using versors (Clifford group, Lipschitz elements).

In the future this may be extended to magnetic subperiodic space groups, the sign
of the generators may achieve that.

We expect that the present work forms a suitable foundation for interactive
visualization software of subperiodic space groups [5].
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Future work

Preview of how the rod groups 13: p 2̄2̄2̄ and 14: p 2̄12̄2̄, and the layer group 11: p1 and
might be visualized in the future, based on the Space Group Visualizer.
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News about Clifford Geometric Algebra

GA-Net

Electronic newsletter:

http://sinai.mech.fukui-u.ac.jp/GA-Net/index.html

GA-Net Updates (blog)

Immediate access to latest GA news:

http://gaupdate.wordpress.com/

Soli Deo Gloria

J. S. Bach (Leipzig)
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