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Introduction

Introduction

@ The 3D crystallographic space groups represented in GA (Hestenes 2002 [2],
Hestenes & Holt 2007 [3]).

@ Interactive 3D Space Group Visualizer created [5].

@ For crystallographers the subperiodic space groups in 2D and 3D with only 1 or 2
degrees of freedom for translations are also of great interest [7].
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GA basics

o Clifford’s associative geometric product
ab=a-b+alb. (1)
@ Reflection of vector x at hyperplane (through origin) with normal a
x'=—a xa, a”:‘%. )
@ The composition of two reflections yields a rotation
x' = (ab)'xab,  (ab)"'=b"la"l. (3)

@ Geometric product of k normal vectors (versor S) corresponds to all symmetry
transformations of 2D, 3D crystal cell point groups

x' = (=1)ks71xS. (4)
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Point Groups and Space Groups

@ 2D point groups are generated (cf. Table 1) by vectors subtending angles = /p

b

e

@ Example: Hexagonal point group
6 = {a,b,R = ab,R>,R3,R*,R° . R® = —1,aR* bR? aR* bR*}. (5)

@ Rotation subgroup (denoted with bar): 6.

Table: Geometric and international notation for 2D point groups.

Crystal Oblique  Rectangular  Trigonal Square  Hexagonal
geometric 1 2 1 2 3 3 4 i 6 6
international 1 2 m mm 3m 3 4m 4 6m 6
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Point Groups and Space Groups

Selection of three vectors a,b,c from each crystal cell for generating 3D Point Groups

/ (4 \C c &
(= b 5 i ry
b 90° a ]
= Y “Bert | cab#90° a4 <17

I

o

Triclinic, monoclinic inclined, monoclinic orthogonal, orthorhombic, and tetragonal
cell vectors a, b, ¢

g 3PN a
trigonal (left), hexagonal (center) and hexagonally centered cell vectors a, b,c

Table: Geometric 3D point group symbols and generators with 0,, = ©/p, 6. = T/q, O4c = /2,
prq€{1,2,3,4,6}.

Symbol 1 p#1 p rq pPq Pq Pq Pq

Generators a a,b ab a,b,c ab, ¢ a, bc ab, bc abc
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Point Groups and Space Groups

Space Groups

@ Composition with translations best in conformal model of Euclidean space (in the
GA of R*1).

@ A plane can be described by the vector
m=p—decw, (6)

p is a unit normal to the plane, d its signed scalar distance from origin.

o Reflecting at 2 parallel planes m,m’ with distance ¢/2 we get the translation
operator (by t € R%)

1
X' =m'mXmm' =T 'XT,, T, = L Stew. 7)

@ Reflection at 2 non-parallel planes m,m’: rotation around m,n’-intersection by
twice the angle subtended by m,m’.
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Subperiodic Groups in GA

Subperiodic groups — subgroups of space groups

@ Subperiodic groups are subgroups of full 2D and 3D space groups.
@ Frieze groups (7) are all subgroups of 2D space groups with only one DOF for

translation.

@ Rod groups (75) are all subgroups of 3D space groups with only one DOF for
translation.

@ Layer groups (80) are all subgroups of 3D space groups with only two DOF for
translation.
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Subperiodic Groups in GA

Notation

@ One dot between the Bravais symbol («, p, ¢) and index 1: b is generator.
@ Two dots between the Bravais symbol (+, p, ¢) and index 1: ¢ is generator .

@ One dot between the Bravais symbol and index 2 (without or with bar): vectors b, ¢
are generators .

@ Two dots between the Bravais symbol and index 2 (without or with bar): vectors
a,c are generators .

@ Indexes a,b,c,n (and g for frieze groups) in 1st, 2nd, 3rd position after the Bravais
symbol: reflections a,b,c (order!) change to glide reflections.

@ Index n for diagonal glide.

@ Dots also position indicators.
Rod group 5: 1 has glide reflection a7,'/.
Rod group 19: +..2 has b7,/
Layer group 39: p,2.2, has aty?, bT.%, and T2

@ 7,: right handed screw rotation of 2xr/n around 7-axis, with pitch 77"t is shortest
lattice translation vector parallel to axis, in screw direction.
Layer group 21: p22,2; has screw generators beT)? and achl/z_
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Frieze Groups

Frieze Groups

Generating vectors a,b of oblique and rectangular cells for 2D Frieze groups.

\b N
| S

Single translation direction a.
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Frieze Groups

Tables of Crystallography (IUCr)

Depiction of Frieze group No. 7 in Int. Tables of Cryst. Vol. E. [7]

International Tables for Crystallography (2006). Vol. E, Frieze group 7, p. 36.

ﬁ 2m & 2mm Rectangular
No. 7 ﬁ.2m £ Patterson symmetry # 2nin
Sf2mg
4 @]
' )
Bl °
L
i o
& (@
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Frieze Groups
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Table of Frieze groups

Geometric symbols for Frieze groups

The seven Frieze groups with new geometric symbols and generators. SG = space
group, SGN = space group numbers, 7, is omitted.

Frieze Intern. 3D Intern. Geom. 2D Intern.  Geom. Geom. Frieze Group
Group # Notat. SG# 3D SGN 3D SGN SG# 2D SGN 2D SGN Notat. Generators

Oblique
F Al Pl PT 1 pl T Al
B #2013 P2 P2 2 P2 P2 /J anb
Rectangular
B glml 6 Pm 71 3 pm(plml) pl Al a
By pgllm 6 Pm Pl 3 pm(pllm)  pl ! b
o gllg 7 Pc Pyl 4 pelpllg)  pgl Al bT,\?
ke p2mm 25 Pinml P2 6 pZmm p2 A2 a.b

Fy o g2mg 28 Pina2 P2, 7 p2mg P2 A2, abT,'/?
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Rod groups

Rod Groups

Generating vectors a, b, ¢ of triclinic, monoclinic inclined, monoclinic orthogonal,
orthorhombic, tetragonal, trigonal, hexagonal and hexagonally centered (Bravais
symbol: H or h) cells for 3D rod (and layer) groups. Single translation direction ¢

2bc £90°
Lab#90° =17

Fig. 3 From left to right: Triclinic, monoclinic inclined, monoclinic orthogonal, orthorhombic, and
tetragonal cell vectors a, b, ¢ for rod and layer groups.

P O3

o

Fig. 4 Generating vectors a,b,c of trigonal (left), hexagonal (center) and hexagonally centered
(right, Bravais symbol: H or /1) cells for 3D rod and layer groups.
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Rod groups

Tables of Crystallography (IUCr)

Depiction of rod group No. 75 in Int. Tables of Cryst. Vol. E. [7]

International Tables for Crystallography (2006). Vol. E, Rod group 75, pp. 214-217.

ﬁ/ 6, / mmec 6/mmm Hexagonal
No. 75 f(t 63,"'!?? 2,":"?? 2.;”(' Palterson symmelry /6 /uimm

FIRST SETTING
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Table of rod groups

Triclinic and monoclinic rod groups. T, is omitted.

Rod Intern. 3D Space Intern. Geom. Geom. Rod Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Triclinic

R Al 1 P1 ri 4l
R; A2 2 Pl P22 22 anbnc

Monoclinic/inclined

Ry 211 3 P12 P2

Ry /ml 1 0 Pm Pl

Rs el 7 Pe 2L

Re  #2/mll 10 P2/m P22

R7  g2/cll 13 P22
Monoclinic/orthogonal

Ry 4112 P12 P2 4l anb

Ry 4112 4 2) P3, 3 lanb)Tl?

7
R /.l 1m 6 Pm Pl /S._.l ¢
Ry gl 12/m 10 P2/m P22 422 anb,c
Riy Al12y/m 11 P2 /m P22 422 (ar BT ¢
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Table of rod groups

Orthorhombic rod groups. T, is omitted.

Rod Intern. 3D Space Intern. Geom. Geom. Rod Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Orthorhombic

R ;222 16 P222 P22 4222 ab, be
3 4222 ; 222 222 4222 :
P Ll / CALL L] &L L] L [ TLbe
RH ’n’)| 1 Pﬁ”7| P7|’7 ﬁ|"’2 J!JTL ('?
Rs mm?2 25 Pmm?2 P2 2 a.b
R - 7 12 ol )2
Rig e 27 Pee? P2, 2. alt'",bT.'"
1/2
Ry7 A2 26 Pme2) P2 A2 . bT
Ris A2mm 25 Pmm?2 P2 2 b.c
1/2
Rg A2cin 28 Pma?2 2, A2 o Pl
Ron Acmmm 47 Pmmm P22 /522 a.b.c

1/2 1/2
R3) e 49 Peem P22 4:2.2 alt BT e
< 12
R Amem 51 Pmma P22, #2.2 a. b8
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Table of rod groups

Tetragonal rod groups. T is omitted.

Rod Intern. 3D Space Intern. Geom. Geom. Rod Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Tetragonal

Ry A 75 P4 P 4 ab.
Ru 4 76 P4y P abT,*
Ris ik 77 P4s Pi, abT, ‘*
Ry 78 Py Piy abT.1
R 81 ri PR abe
Rog 83 P4/m P42 ab, ¢
R 84 Pha/m Pi2 abT, %, ¢
Ry 89 P422 z ab, be
Rt 4422 91 Ph22 abT, % b
Ry 22 93 P4y22 abT,}, be
Ry 22 95 P4322 abT.?, b

4 /4fmu 99 Pdmm P4

RA a. b

Ris  phem 101 Phem P4 aly b
Ry pdcc 103 Picc  PA, alk b1}
R37 /{;uz 115 P4imz P4% u.llu'
Rig AAc2 L6 Pde2 r42 al,.?, be
Ryg /.4 [Smmim 123 Pad/mmm P42 c‘z. b, ¢ ‘
Ry pd/mee 124 P4/mec P42 al,?, bT.2,c
Ry A /mmc 131 Py /mmc P42 a. IITC.A“ +C
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Table of rod groups

Trigonal rod groups. T, is omitted.

Rod Intern. 3D Space Intern. Geom. Geom. Rod Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Trigonal
Ry> /53 143 P3 P3 /5_% ab
Ry A3 144 P3, P31 43 r.rb]ﬁ.{f
R-H— /533 145 P3: P3_: /453: r'{fﬂ:.f‘f
Rys /53 147 P3 P(_)% /ﬁ(_‘ng abc
Rig /5.3 12 149 P312 P32 Ve 2 abh, be
Riy #3112 151 3112 P32 432 abT.3, be
Ris 312 153 3,12 P33 433 abT.3, be
Rig /ﬁSmI 156 P3ml P3 /5,3 f' b |
Rso /S._Sc'] 158 P}c‘l R_?;(. /51-35 al.Z, bT.Z
Rs) /;%_ Lm 162 PS_ Ilm P_Z(m /5.(12_ a. lhc
Rs» A3le 163 P3lc P26 4062 al 2, be
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Table of rod groups

Hexagonal rod groups. 7. is omitted.

Rod Intern. 3D Space Intern.  Geom. Geom. Red Group
Group # Notal.  Group # 3D SGN 3D SGN Notal.  Generalors

Rs3 A6 168 P6 Po 4b
Rsy Pl 169 Py Po) A0
Rss Al P Poy A6y
Rsy 0y Poy Phy b
Rs; by, Phy Phy by

Rsg  6s Pés Pés abT.t
Rso b P P32 ab, ¢
Reo A6/m Pofm F ab, ¢
Rl Ats/m P6y/m P32 abT. 3
Rez P62 Pol ab, b
Res Pei22 P62 abT.t, b
Res Péy3 abT.3, be
Res Pial abTuY . be
Res Phy2 abT,
Rg; Pisa abT.%, b
Res P6 ab
Reo Pbe al,d, bT.%
R Abzem F[l_‘,l'flr‘ F6 a I;-%. b
Ry Abm2 P6m2 P32 a, b, c

= T
R 6c2 188 Poc2 P32 icded aled, b3
Raz A6/mmm 191 P6/mmm P62 462 1, b,
3 fmme Pz a.bc
Ry ab/mec 192 P62 Ache2 aT.h, BT, c
Rys 63 /e 193 B6Y 462 alit b

ment of Applied Physics, Ul




Layer groups

Layer Groups

Generating vectors a, b, ¢ of triclinic, monoclinic inclined, monoclinic orthogonal,
orthorhombic, tetragonal, trigonal , hexagonal and hexagonally centered (Bravais
symbol: H or h) cells for 3D Iayer (and rod) groups. Two translation directions a, b.

2bc £90°
Lab#90° =17

Fig. 3 From left to right: Triclinic, monoclinic inclined, monoclinic orthogonal, orthorhombic, and
tetragonal cell vectors a, b, ¢ for rod and layer groups.

P O3

o

Fig. 4 Generating vectors a,b,c of trigonal (left), hexagonal (center) and hexagonally centered
(right, Bravais symbol: H or /1) cells for 3D rod and layer groups.
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Layer groups

Tables of Crystallography (IUCr)

Depiction of layer group No. 80 in Int. Tables of Cryst. Vol. E. [7]

International Tables for Crystallography (2006). Vol. E, Layer group 80, pp. 388-389.

P 6 / mmm 6/mmm Hexagonal/Hexagonal

No. 80 P 6/}11 mm Patterson symmetry p6/mmm
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Table of layer groups

Triclinic/obligue and monoclinic/oblique and monoclinic/rectangular layer groups. 7,,T,
are omitted.

Layer  Intern. 3D Space Intern.  Geom. Geom. Layer Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Triclinic/oblique

L pl 1 P Pl
L pl 2 Pl 7z

Menoclinic/oblique

I3 pli2 3 P2
Ly pllm 6 Pm
Ls plla 7 Pc
Le  pl12/m 10 P2/m

L pli2ja 13 P2

Menoclinic/rectangular

Is 3 P bAc
Ls 4 P2 (brc)T}
Lo a1l 5 o) bae, T2
Ln pmll 0 Pm a

Ly  pbll % P anyt
Ly emll 8 Cm a, Tulﬁ,
Ly pZmil 10 P2m a,bAc
Lis p2/mll 11 P2/m a, (bro)T,T
L p2/bll 13 ) alyd,bAc
Ly p2/bll 14 T (hhe) Tyt
L emll 12 abre T2

a+h
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Table of layer groups

Orthorhombic/rectangular layer groups. 7,,T, are omitted.

Layer Intem. 3D Space Intern.  Geom. Geom.  Layer Group
Group # Notat.  Group 3D SGN 3D SGN Notat.

16 P22

! !
bely?, acty?
ab, be, Tyt
ab,
a, b7,
i
alyt, b,

ab T2
ac

pm2ih

pb2m
b2k

pm2a

pm2in

pba

phin

anm 35 Com2

om Aem:

prmm Pmmm P22 p22

pmaa Peem P22 plaa

pban Poan B2.2, pslada &
prnam Pmma 2242

prma Pmma 72

pman Pmna P22, pl2,

phaa Peca P22 pslada

pham Plam  B2.2  pyla?

phma Poem  B2:2  py22,

prmn P P, pn,

cmmm 65 Cmmm €22 22

cnme 61 Cmme (22, 22,
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Table of layer groups

Tetragonal/square layer groups. 7,,T, are omitted.

Layer Intern. 3D Space Intern. Geom. Geom. Layer Group
Group #  Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Tetragonal/square

Lig p 75 P4 Pi P4 ab

la pd 8| Pi P 3 b

I pdim 83 P4/m P42 pd2 ah. ¢
Ly pd/n 85 Pd/n i P2 ab.cTit
Ls3 p422 80 P422 2 pd22 ab, be
Lsy 42,2 a0 P42,2 !"—1:’|j ;l—_'lj\_j ab, b !4‘[4 b
Lss plim 99 Pdmm P4 pd a, b

Lse pabm 100 Phbm Fpd et ulf; ; f
Ls7 pdim L1 FA2m P24 P24 )
Lss  pA2m 113 PA2m PL4 pli4 mfu"; b
Lsg pam?2 115 Pdim2 P42 P42 a, be
Lo pam2 117 P3R2 PA2  pya2 ol e e
Lep  pd/mmm 123 Pdjmmm P42 pa2 a,be
La  pd/nbm 125 P4/nbm  Fdln  ppdln [riﬂl’; b, ey 1
L pd/mbm 127 Pdjmbm  PA2  ppd2 ol b,

Ley 129 P4/nmm P42, p42, u.n.dh‘l
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Table of layer groups

Trigonal/hexagonal and Hexagonal/hexagonal layer groups. T,, T, are omitted.

Layer Intern. 3D Space Intern. Geom. Geom. Layer Group
Group # Notat.  Group # 3D SGN 3D SGN Notat.  Generators

Trigonal/hexagonal

Les p3 143 73 p3 ab
Les 3 147 P3 po2 abe
Ler p312 149 P312 p32 ab, be
Les p32l 150 P3N h32 ab, be
69 p3ml 156 Piml p3 a. b
L7 p3ln 157 FPilm h3 a, b
L7 p3lm 162 Pilm P26 ac, b
) pIml lod Piml P02 a. b
Hexagonal/hexagonal

Ly P Pé pb ab
Lgs P6 P32 P32 ab, ¢
L7s P6/ PG&2 P62 ab, ¢
Lys 177  P&22 P&l phl ab, be
L7 183 Powm P6 pé a, b
L7 187 Pém2 P32 pi2 a,b,.c
Ly 189 P62m H32  h32 a, b, c
Lag 191 Po/mmm P62 P62 a,b,c
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Conclusions

Conclusions

@ We have devised a new Clifford geometric algebra representation for the 162
subperiodic space groups using versors (Clifford group, Lipschitz elements).

@ In the future this may be extended to magnetic subperiodic space groups, the sign
of the generators may achieve that.

@ We expect that the present work forms a suitable foundation for interactive
visualization software of subperiodic space groups [5].
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Future work

Preview of how the rod groups 13: #222 and 14: 2,22, and the layer group 11: p1 and
might be visualized in the future, based on the Space Group Visualizer.

[

Fig. 5 How a future subperiodic space group viewer software might depict rod groups 13: /ﬁﬁ

and 14: 2,22, and the layer group 11: p1, based on [5].
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Conclusions

News about Clifford Geometric Algebra

Electronic newsletter:

http://sinai.mech.fukui-u.ac.jp/GA-Net/index.html

GA-Net Updates (blog)

Immediate access to latest GA news:

http://gaupdate.wordpress.com/

Gkt Do Cilorin

J. S. Bach (Leipzig)
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