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“The whole is simpler than its parts!” ––  J. Willard Gibbs

A fundamental problem in the Design of Mathematics

Motivation:  Euclidean geometry supplies essential conceptual 
                      underpinnings for physics, engineering and design

Objective:  Formulate Euclidean geometry to 
• facilitate geometric modeling and analysis 
• optimize computational efficiency  
• specifically for rigid body mechanics  



Universal Geometric Algebra

  G
r ,s= G(V r ,s ) = A,G,M…{ } = Multivectors{ }generates Real GA:

a2 = ± | a |2Geometric product: nondegenerate signature {r, s}
  V

r ,s = a,b,c,…{ }Real Vector Space:        dimension r+s = n

a ∧ b ≡ 12 ab − ba( )Outer product:Inner product: a ⋅b ≡ 12 ab + ba( )
ab = a ⋅b + a ∧ b⇒ a ∧ Ak ≡ 12 aAk + (−1)

k Aka( )

 
a ⋅ (a1 ∧ a2 ∧…∧ ak ) = (−1) j+1a ⋅aj (a1 ∧ ...∧

aj ∧…∧ ak )
j=1

k

∑
k-blade:  a1 ∧ a2 ∧…∧ ak = a1a2…ak k ≡ Ak ⇒    k-vector

 
G r ,s= Gk

r ,s

k=0

n

∑ = A = A k
k=0

n

∑⎧
⎨
⎩

⎫
⎬
⎭

Graded algebra:

Reverse:
 
A = A

k
k=0

n

∑ = (−1)k (k−1)/2 A k
k=0

n

∑ a1 ∧ a2 ∧…∧ ak( )~ = ak ∧…∧ a2 ∧ a1

Unit pseudoscalar: I = I n a ∧ I = 0 II = (−1)
s

Dual: A* ≡ AI a ⋅A* = a ⋅ (AI)=(a ∧ A)IThm:



Group Theory with Geometric Algebra
versor (of order k):  G = nk…n2n1  G

−1 = n1
−1n2

−1…nk
−1 ni

2 ≠ 0

Pin(r, s) = G :GG−1 = 1{ }⊃ Spin(r, s) = evenG{ }
Pin and Spin groups:

⇒  Cartan-Dieudonné Thm (Lipschitz, 1880):  G = GkG2G1

[Doran et. al. (1993)“Lie Groups as Spin Groups”]⇒  Nearly all groups

C(r, s) ≅ O(r+1, s+1)Conformal group:In particular:
Conformal GA:  Gr+1,s+1Hence define:

For example:      All the classical groups!

Gi (a) = −niani
−1• Reflection in a hyperplane in       with normal     :  Vr,s ni

Advantage over matrix representations:

G2G1 = G3 G2G1 = G3• Simple composition laws:
• Reducible to multiplication and reflection by vectors:

• Coordinate-free

O(r, s) = G(a) = εGaG−1 = σ ′a{ }Orthogonal group: ε = ±1parity:
σ = scale factor



d21 = x2 − x1Chord (displacement vector) between two points: (≠ a point)
d21

2 = (x2 − x1 )
2 = −2x2 ⋅ x1

(x2 − x1 )
2 = x2

2 − 2x2 ⋅ x1 + x1
2

Euclidean distance:

Homogeneous (conformal) model of Euclidean 3-space in  G
4,1 = G(V4,1 )

• Identify Euclidean points with vectors in the null cone:

 N
4,1 ≡ x ∈V4,1 : x2 = 0{ } (4 degrees of freedom)

 E
3≅ Ne

4,1 ≡ x ∈V4,1 : x2 = 0, x ⋅e = −1{ }

• Choose a point at infinity           , and normalize all points
          to the hyperplane                                      , so 

e = x∞
x : e ⋅ x = −1, e2 = 0{ }

(3 degrees of freedom)
Euclidean metric defined as follows:

G(e) = GeG−1 = e
C(3, 0) ≅ O(4, 1)a subgroup of the conformal group

defined by the constraint:

The invariance group of this metric is the Euclidean group E(3)           ,= G{ }

Euclidean GA



Geometric Objects in 3D Euclidean Geometry:   

Circle C determined by three points: C = x1 ∧ x2 ∧ x3
L = x1 ∧ x2 ∧ eLine L is a circle through infinity:
S = x1 ∧ x2 ∧ x3 ∧ x4 = C ∧ x4Sphere S determined by four points:
P = x1 ∧ x2 ∧ x3 ∧ e = x4 ∧ LPlane P determined by three points:

• Note the distinction between a geometric object (defined algebraically)
and the set of points it determines (as in Euclid):

Line ≡ x | x ∧ L = 0{ } Plane ≡ x | x ∧ P = 0{ }
• Intersection:  Point x lies on object O if and only if x ∧O = 0

x ∨O ≡ x ⋅ (I-1O) = I-1(x ∧O) = 0or:

P1 ∨ P2 ≡ P1 ⋅ (I
-1P2 ) = P1 ⋅n2 = (In1 ) ⋅n2 = I(n1 ∧ n2 ) = IB

Every line is the intersection of two planes:

(Similar expressions for intersections of lines, planes, circles & spheres)

Dual forms for geometric objects and intersection with points:
x ∧ P = x ∧ (In) = (x ⋅n)I = 0 ⇒ x ⋅n = 0P = In:
x ∧ L = x ∧ (IB) = (x ⋅B)I = 0 ⇒ x ⋅B = 0L = IB:



Invariant Euclidean Geometry
Algebraic axioms ⇔ Synthetic descriptions ⇔ Geometric figures

hyperplanes  / planes /lines
hyperspheres/spheres/circles

nD   /   3D   / 2D
Basic geometric objects (vectors):

Planes: p | p2 > 0, p ⋅e = 0{ }
Points: x | x2 = 0, x ⋅e = −1{ } e2 = 0, e = x∞

Spheres: s | s2 = ρ2 > 0, s ⋅e = −1{ }
 radius ρ,  center c = − 12 ses = − 12 (2e ⋅ s − es)s = s +

1
2 ρ

2

| xi − x j |
2= pij

2 ≥ 0Euclidean metric:
• •

p21x1 x2

•
p32p13 x3

p21 + p32 + p13 = 0Triangle:
p21

2 + p32
2 + 2p21 ⋅ p32 = p13

2Cosine law:

• •• c21x1 x2
s21

ρ21•x

Two points determine a sphere: s21 = x2 + x1 = c21 + 12 ρ21
2e

• •
p21x1 x2•x

Two points determine a plane: p21 = x2 − x1 (⊥ bisector)
x ⋅ x2 = x ⋅ x1 = 12 | x2 − x1 |⇒Point x on plane: x ⋅ p21 = 0

| x − c21 |
2= −2x ⋅c21 = ρ21

2⇒ | x − c21 |= ρ21

x ⋅ s21 = 0Point x on sphere: ⇒ p21 ⋅c21 = 0



Projective Geometry

Projective transformations = nonsingular linear transformations:

 f: x  ′x = f (x) with f (e) = σe
Problem: In general, this does not preserve the null property of points:

 f: x
2 = 0  f (x)[ ]2 = f (x) ⋅ f (x) = x ⋅ ff (x) ≠ 0?

f = TahAffine transformations:

h = G-1hGSymmetric transformations: f = GhG = RTa

Fixed point: h(e0 ) = e0
h(x) = x + λ(e1 ⋅ x)e1
h(e1 ) = (1+ λ)e1

•e0

x •• ′x = h(x)
e1

Solution (A. Lasenby): Extend the notion of points to include planes
as points at ∞, thus composing a plane (of directions) at ∞:

x | x2 = 0, x ⋅e = 0{ }Interior points:
Boundary points: n | n2 = 1, n ⋅e = 0{ } = {unit chords}



Inversive Geometry

σ ′x = −(−xs + 2s ⋅ x)s−1 = x − 2s ⋅ x
ρ2

s

σ = 1− 2s ⋅ x
ρ2

= − 2 e0 ⋅ x
ρ2

= (x − e0 )
2

ρ2

• Relation of point to sphere: s = e0 − 12 ρ
2e

−2s ⋅ x = −2(e0 − 12 ρ
2e) ⋅ x = −2e0 ⋅ x − ρ2 = | x − e0 |

2 −ρ2
s2 = ρ2 s ⋅e = s ⋅e0 = −1 −2x ⋅e0 = (x − e0 )

2

⇒
s ⋅ x > 0 iff x inside sphere
s ⋅ x = 0 iff x on sphere
s ⋅ x < 0 iff x outside sphere

σ 2 ′x 2 = x2 = 0⇒

• Line through sphere center: x ≡ x ∧ e0 ∧ e = x ∧ s ∧ e

• Inversion in a sphere: s(x) = −sxs−1 = σ ′x

′x•e0ρ
x

s
••

′x − e0 =
x − e0
σ − (x − e0 )

2

2 e ( ′x − e0 )
2 = (x − e0 )

2

σ 2 = ρ4

(x − e0 )
2⇒

x2 = −2x ⋅e0 = (x − e0 )
2⇒ ′x = ρ2x−1 = ρ2

x2
x⇒

′x = ρ2x−1x0

ρ2 s(e) = −ses = −e0ee0 = 2e0• Inversion of infinity:



ej ⋅ek = δ jkOrthonormalize:

Rigid Body Representation

Body frame: = (chords from a fixed body point x) ek = xk − x

e1
e2

e3 = x3 − x

x•

Embed the frame in a single algebraic object:
Flag (Selig) or Soma (Engels)
     = point + line + plane  (with common point)
F = x + L + P = x + IQ
L = x ∧ x1 ∧ e = x ∧ (x1 − x)∧ e = x ∧ e1 ∧ e = In2n3
P = x ∧ x1 ∧ x2 ∧ e = x ∧ e1 ∧ e2 ∧ e = e2 ∧ L = In3

• x3

x2x ••
•
•

n3

n2

•x1
n1

Q = n3 + n2n3 = (1+ n2 )n3
nj ⋅nk = δ jk

x ∧ (L + P) = x ∧ (IQ) = 0x ⋅Q = 0 ⇔

Generalize by replacing planes with spheres!

Absolute conic! 
  (A. Lasenby)

Q2 = 0



Rigid displacement of a Body = Congruence

Translation given by:

 T a: x  ′x = D(x) = T a(x) = TaxTa
−1

D = T aRxDecomposition into translation & rotation:

ek′ = Rx (ek ) = RekR
−1 Can find R from  ek′ & ek (NFCM)  

′F = D(F) = D(x)+ D(L)+ D(P)F = x + L + P →
F = x + IQ ′F = D(F) = D(x)+ ID(Q)→

Rx (x) = xRotation defined by:

Q ′Q = D(Q) = Rx (Q) = RxQRx
−1→ One eqn. for body

nk′ = Rx (nk ) = RnkR
−1 Three eqns.

′F = D(F) = T aRx (F) = T a(x)+ IRx(Q) = ′x + I ′Q

TaxTa
−1 = (1+ 12 ea)x(1+

1
2 ae) = x + x ⋅ (a ∧ e)−

1
2 aea

Ta = e
1
2ea = 1+ 12 ea 2a ⋅e = ae+ ea = 0with

′x − x = a + 12 (x + a)
2 e = n = bisecting plane!



Relation of the conformal model to alternative models of Euclidean Geometry

Drawback: The model is inhomogeneous! (x = 0 distinguished)

 E
3 ≅ V3 = x{ }Vector space model of Euclidean 3-space:

 G
3 = G(V3 ) = α + a + ib + iβ{ } i = I = pseudoscalar

Advantages:
• Smoothly integrated with vector algebra:

ab = a ⋅b + a ∧ b = a ⋅b + ia × b

Composition: R2R1 = R3

R =α + iβ = e−
1
2 iaRotor: (See NFCM)

α kj = ek ⋅σ j = Rσk R
−1σ jMatrix elements:

≅ complex quaternions{ }•

G(x) = T aR(x) = R(x)+ a⇒ Inhomogeneous rigid displacements: 

• Quaternion (spinor) forms for rotors and rotations:
R(x) = RxR−1Rotation: (no matrices!)



Conformal Split:  G4,1 = G3 ⊗G1,1

determined by choosing one point      as origin,e0
so each point lies on the bundle of all lines through the origin

 G
3 = G0

3 = G(V0
3 ) is the geometric algebra of that bundle;

 V0
3 = x{ }each point is then designated by a vector x in

I3 = e1e2e3

e1,e2 ,e3{ }
Additive Split:  G

4,1 = G(V3 ⊕V1,1 ) ≡ G+
3 ⊕G1,1

 G+
3Vector basis generating         :  

This is not algebraically associated with lines or a point origin,
and its pseudoscalar                   is not invariant.

σk = ek ∧ e∧ e0 = ek (e∧ e0 ) = ekE = Eek{ }
i = σ1σ 2σ 3 = (e1E)(e2E)(e3E) = e1e2e3E

i

i2 = −1Invariant pseudoscalar:     I = i

The generating basis vectors for       are trivectors in       : G3  G4,1

Warning:  Outer products in       differ from outer products in        ! G3  G4,1

Covariant Euclidean Geometry: relates conformal and vector space models



Conformal splits for points and simplexes

P = x ∧ a ∧ b ∧ e = x ∧ a ∧ be+ (a − x)∧ (b − x)E• Plane:
(a − x)∧ (b − x) = x ∧ a + a ∧ b + b ∧ x = intangent:
x ∧ a ∧ b = x ∧ [(a − x)∧ (b − x)]

= x ∧ (in) = i(x ⋅n)
moment:

b

a

x in•
•

•

•

0

0

x
x

e0•

•x = (x + 12 x
2e+ e0 )E = E(x − 12 x

2e− e0 ) = xE + 12 x
2e− e0• Point:

x = x ∧ e0 ∧ e = x ∧ E⇔ E = e0 ∧ e

P = i(x ⋅ne+ nE) = indual form:
n = x2 − x1 = (x2 − x1 )E + 12 (x2

2 − x12 )e

= (x2 − x1 )E + 12 (x2 + x1 ) ⋅ (x2 − x1 )e = nE + c ⋅ne

0

x

a
L

n

x ∧ a

•

L = x ∧ a ∧ e = x ∧ ae+ (a − x)E = (de+ E)n• Line:
Plücker 
coordinates

tangent: n = a − x
moment: x ∧ a = x ∧ (a − x) = dn
directance: d = (x ∧ a)n−1 = (x ∧ n)n−1 = x − (x ⋅n−1 )n

(L = line vector = spear)



Translations and rotations from reflections

e ⋅n = 0, n2 = 1, E = e0 ∧ e

• Reflection in a (hyper)plane: n(x) = −nxn = ′x
= x − 2x ⋅nn

•

x•

•

n

′xc
0

• n

• Rotation by planes n and m intersecting at a point c:
G = mn = (mE +m ⋅ce)(nE + n ⋅ce)
=mn + e(m∧ n) ⋅c = R + e(R × c) = Tc−1RTc

m

c• nm

n

R =mn
nm = •

R
(Rotor as a directed arc)

a = 2nδ

• Translation from parallel planes n and m:
G = mn = (nE + 0)(nE +δe)
= 1+ 12 ae = Ta

a

n

n

δm

n

•0

c ⋅n = 0 n = nE + c ⋅neSplit:⇒

x ⋅n = n ⋅ (x − c)⇒ ′x = x − 2(x − c) ⋅nn



 G
1,1 = G(V1,1 )2D Minkowski space        and its algebra V1,1

Null vector basis: e, e0 | e
2 = e0

2 = 0, e ⋅e0 = −1{ }
Orthonormal basis:

 e± =
1
2 (λe  λ

−1e0 ), λ ≠ 0, e±
2 = ±1{ }

E
e

e0

e+

e−

λ=1

1, e, e0 , E{ } G1,1 basis: E = e0 ∧ e = e−e+ E2 = 1
e0e = E −1 Ee = −eE = e, e0E = −Ee0 = e0

 e+ 
0 1
1 0
⎡
⎣⎢

⎤
⎦⎥

0 1
−1 0
⎡
⎣⎢

⎤
⎦⎥ e− 

1 0
0 −1
⎡
⎣⎢

⎤
⎦⎥ E 

1 0
0 1
⎡
⎣⎢

⎤
⎦⎥ 1Basis:

 
M = 12 A(1+ E)+ B(e+ + e− )+C(e+ − e− )+ D(1− E)[ ]  A B

C D
⎡
⎣⎢

⎤
⎦⎥

[M] =

={c-quaternion-valued 2×2 matrices}   G
4,1 = G3 ⊗G1,1 M2 (G3 )

Matrix representation:   G
1,1 M2 (R) = {real 2×2 matrices}

 M2 (G3 ) Advantages: • Relation to literature on robotics and screws
Disadvantages: • Implicit assumption of conformal split (origin choice)

• Suppresses geometric meaning of matrix elements
• Redundancy in matrix elements

• covariance versus invariance  



SE(3) =  Special Euclidean group
= rigid displacements D{ }≅

2
twistors D{ }

C(3, 0) ≅ O(4, 1)= subgroup of the conformal group                               
   defined by:

D(e) = DeD−1 = e De = eD⇔•

se(3) = Lie algebra of SE(3) 
         = an algebra of bivectors: Sk = imk + enk

S1 × S2 = 12 (S1S2 − S2S1 )closed under 
= i(m2 ×m1 )+ e(n2 ×m1 − n1 ×m2 )

 n m
Se = eS S ⋅e = 0⇔S = im+ en⇒

•  D
−1 = D = e−

1
2S (even parity) S = − S = S 2⇔

Screw form:  Twistor   D = e
1
2S

S is called a twist (or screw if           )   
m̂The screw axis (direction    ) is called the axode 



Screw theory follows automatically!
Screws:  Sk = imk + enk
Product: S1S2 = S1 ⋅S2 + S1 × S2 + S1 ∧ S2

′S1 ′S2 =U(S1S2 )
=U(S1 ⋅S2 + S1 × S2 + S1 ∧ S2 )U

−1

Product preserving

Invariants: U(e) = e U(i) = i
′S1 ∧ ′S2 =U(S1 ∧ S2 ) = S1 ∧ S2 = ie(m1 ⋅n2 +m2 ⋅n1 )
′S1 ⋅ ′S2 = S1 ⋅S2 = −m1 ⋅m2 (Killing Form)
′S1 × ′S2 =U(S1 × S2 )U

−1Covariant:
Coscrew (Ball’s reciprocal screw): Sk

∗ ≡ Skie0 2 =
1
2 (Skie0 + ie0Sk )

= inke ⋅e0 − e0mk = −ink − e0mk

Invariant: S1
∗ ⋅S2 = S1 ⋅S2

∗ = S1 ∧ S2ie0 =m1 ⋅n2 + n1 ⋅m2

Pitch: h = 1
2
S∗ ⋅S
S ⋅S = n ⋅m−1

 


| n |
|m |

= linear displacement
angular displacement

(n∧m = 0)

Transform: ′Sk =U(Sk ) =USkU
−1 = AdU Sk U{ } = SE(3)



 xk = V ⋅ xk

xk (t) = DekD
−1 D = D(t)Rigid Body Kinematics:

 
D = 12VD  

V = −V = V 2  
D−1 = − 12 D

−1V

e1
e2

e3

e0• •

•

•

Reference
    Pose

Rigid Displacement: 

x1

x2
x3

x •
•

•

•

xk = DekD
−1  D−1 = D

x = De0D
−1 = Te0T

−1 = e0 + n

Translation defined by:

T = 1+ 12 ne
n

D = RTDefines conformal split: x = RxR−1

 
R = − 12 iωR  

T = 12 ne =
1
2 xe =

1
2 xeT = 12 xeT  x = x ∧ E

e = Ee

 v = x R (t) = 1(Note: for ) v = R xR
−1⇒ V = −iω + ev

 
D = RT + R T = (−iω + RexR−1 )RT = 12VD



Rigid Body Dynamics
P = MV = iIω + mve0 = il − pe0Comomentum:

    (a coscrew)

 P =WEquation of motion: ⇒
 l = I ( ω) +ω × I (ω) = Γ
 p = fW = iΓ − fe0Coforce (wrench):

K ≡ 12V ⋅P = 12V ⋅MV = 12 (ω ⋅ l + v ⋅p)Kinetic energy:
 K = V ⋅W = ω ⋅Γ + v ⋅ fPower:

 P  ′P = P − ir × p == i(l + r × p)− pe0

 V  ′V = V + eω × rChasles’ Thm:

 W  ′W =W − i r × f = i(Γ + r × f )− e0fPoinsot’s Thm:

Change of base point:  e0  ′e0 = e0 − r0 = T0
−1e0T0

These theorems are related by the kinetic energy invariant:
2K = ′V ⋅ ′P = (V + eω × r) ⋅ (P − ir × p)

= ω ⋅ (l − r × p)+ (v +ω × r) ⋅p = ω ⋅ l + v ⋅p = V ⋅P

 
 ′D =  ′T D + ′T D = 12 er ′T D + 12VDT0 =

1
2 (er +V ) ′D

Proof of Chasles: ′D = DT0 = ′T D ′T = RT0R
−1 = 1+ 12 re

 r = ω × r



Matrix form for Screw Mechanics

vQ
ω

⎡
⎣⎢

⎤
⎦⎥
= 1 −r ×
0 1
⎡
⎣⎢

⎤
⎦⎥
vP
ω

⎡
⎣⎢

⎤
⎦⎥
= vP − r ×ω

ω
⎡
⎣⎢

⎤
⎦⎥

VQ = VP − er×ω
= e (vP +ω × r)− iω

⇔

r= xP − xQBase point shift:Screw transform:

V̂Q = X̂SV̂P

f
ΓQ

⎡
⎣⎢

⎤
⎦⎥
= 1 0

−r × 1
⎡
⎣⎢

⎤
⎦⎥
f
ΓP

⎡
⎣⎢

⎤
⎦⎥
= f

ΓP + r × f
⎡
⎣⎢

⎤
⎦⎥

WQ =WP − i r × f
= i (ΓP + r × f )− e0f

ŴQ = X̂CSŴP

⇔

Coscrew transform:

Recall the drawbacks of the matrix representation.



x1 = e0 + a + b + R1cR1
−1

= e0 + a + b + c1
x2 = e0 + a + R2 (b + R1cR1

−1 )R2
−1

= e0 + a + b2 + c 21

x0 = e0 + a + b + c
Reference Pose

x = e0 + R3[a + R2 (b + R1cR1
−1 )R2

−1 ]R3
−1

= e0 + a3 + b32 + c 321

x = x ∧ E = R3[a + R2 (b + R1cR1−1 )R2−1 ]R3−1
= a3 + b32 + c321

General Pose

 Rk = − 1
2 iωkRk

 R32 = − 1
2 iω 32R32

 x = ω 3 × a3 +ω 32 × b32 +ω 321 × c321ω 32 = ω 3 +R3ω 2R3
−1

ω 321 = ω 3 +R3ω 2R3
−1 +R3R2ω1R2

−1R3
−1

Kinematics

Linked Rigid Bodies

R1

R2R1

R2R3

R3R2

R3R2R1

•• • •

•
•

•

•

•

•
e0 a cb x0

x1

x2

x
c 321

b21

a3

Revolute joints
R1, R2 , R3{ }


