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@ Introduction: the Hilbert transform on the real line

© The Hilbert transform on closed surfaces in Euclidean Clifford
analysis

© Hermitean Clifford analysis

@ A matricial Hilbert transform on closed surfaces in Hermitean
Clifford analysis
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@ Introduction: the Hilbert transform on the real line
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Introduction
.

definition (Hilbert)

consider finite energy signals f, i.e. f € L5(R), so

+oo

I = [ IF@Rd < 4o
then, the Hilbert transform H|[f] of f

+o00 f(X)

t—Xx

dx

H[F](t) = erv/

—0o0

= % Iim/ fix) dx

e—0+ t—x|>e t—Xx

= (Hx*f)(t)

with the Hilbert kernel H
1
H(x) = Pv—

X
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Introduction
000

properties (Hardy & Titchmarsh)

@ the Hilbert operator H is translation invariant, i.e.

Ta[HIf]] = H[w[f]], with 7.[f](t) = f(t —a) , acR

@ the Hilbert operator H is dilation invariant, i.e.

QNI = HIGIA], with dlA)(1) = == F(5) , a>0

S
NE

© the Hilbert operator H is a bounded linear operator on
L2(R), and is a fortiori norm preserving, i.e.

L@y = 1l
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Introduction
oeo

properties (Hardy & Titchmarsh)

Q@ H?> = —1on [5(R), and hence H! = —H

@ the Hilbert operator H is unitary on L2(R), i.e.
HH" = H'H =1
with its adjoint H* given by —H, i.e.
(H[ng)LQ(R) = (f, _H[g])L2(R)

O the Hilbert operator H commutes with differentiation, i.e.
if f and f" are in Lp(R), then

|50 () = & A
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Introduction
ooe

properties (Hardy & Titchmarsh)

let Ct={x+iycC:y =0}

the Cauchy integral C[f]

Clfl(z) = Clfl(x.y)
i [t f(t)

- L AR 0
21 J_ o (x=t)+iy v 7

is holomorphic in C*, i.e.

0, C[f)(2) = 3 (Ox +i9,)C[fl(x,y) = 0, y#0
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Introduction
ooe

properties (Hardy & Titchmarsh)

let Ct={x+iycC:y =0}

the Cauchy integral C[f]

Clfl(z) = Clfl(x.y)
i [t f(t)

- L AR 0
21 J_ o (x=t)+iy v 7

is holomorphic in C*, i.e.

0, C[f)(2) = 3 (Ox +i9,)C[fl(x,y) = 0, y#0

@ the Hilbert transform arises in a natural way by considering
boundary limits (in L, sense) of the Cauchy integral, i.e.

yll\l_i%nSiC[f](x,y) = j:% f(x)+ % iH[f](x), forae xeR

(Plemelj—Sokhotzki formulae)



Introduction
°

some applications

@ signal processing
e metallurgy (theory of elasticity)
@ Dirichlet boundary value problems (potential theory)

@ dispersion relation in high energy physics, spectroscopy and
wave equations

@ wing theory

@ harmonic analysis

notice: applications were not discussed in my research
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Introduction
°

some applications: the analytic signal

amplitude
f(t): "nice” real valued function =¥ phase
frequency
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Introduction
°

some applications: the analytic signal

amplitude
f(t): "nice” real valued function =¥ phase
frequency

possible approach: associated analytic signal

fa(t) = f(t) + i H[f](t)
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Introduction
°

some applications: the analytic signal

amplitude
f(t): "nice” real valued function =¥ phase
frequency

possible approach: associated analytic signal

fa(t) = F(8)+iHIAE) = p(t) cos((t)) + i p(2) sin(6(2))

with
p(t) = instantaneous amplitude
6(t) = instantaneous phase
do ]
E(t) = instantaneous frequency
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The HT on Or in Euclidean CA

Outline

© The Hilbert transform on closed surfaces in Euclidean Clifford
analysis
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The HT on Or in Euclidean CA
°

why study higher dimensional Hilbert transforms?

@ 1D signal processing:

1D Hilbert transform is used to construct analytic signal in
order to extract interesting features (amplitude, phase,
frequency) of real 1D signal

e mD signal processing (e.g. images (2D), video signals (3D)):

mD Hilbert transform as a tool to obtain interesting mD
signal information
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The HT on Or in Euclidean CA
°0

Euclidean Clifford analysis

o R™ = (e1,e,...,€em) with

2 _ a4 —

ef = ee = —1 . T

J non—-commutative multiplication!
€€k = —€k€& , J # k

o Rom=(1,{ep€,...6, 1 1<ji<jp<---<jh<m})
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The HT on Or in Euclidean CA
°0

Euclidean Clifford analysis

o R™ = (e1,e,...,€em) with
egzejej:—l . C e
J non—-commutative multiplication!
€€k = —€Ek€j , j# k

o Rom=(1,{ep€,...6, 1 1<ji<jp<---<jh<m})

m
o (X1,...,Xm) <« vectorK:Zerj
j=1

m
e norm of a vector: |X|? = —X? = E Xj2
j=1

e conjugation (anti-involution)
& = —¢ and ab = ba
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The HT on Or in Euclidean CA
oe

Euclidean Clifford analysis

o Dirac operator: 9x = > T, € Jx;
: 1 X
fundamental solution: E(X) = ———, i.e. 9xE(X) = §(X)
am |X|™

open

o f:Q C R™— Ro,, monogenic on 2 <= dxf =0o0n Q

o Laplace operator: A = 37,05 = —0x0x
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The HT on Or in Euclidean CA
oe

Euclidean Clifford analysis

o Dirac operator: 9x = > T, € Jx;
1
fundamental solution: E(X) = ———, i.e. 9xE(X) = §(X)
am | X[ -

open

o f:Q C R™— Ro,, monogenic on 2 <= dxf =0o0n Q

o Laplace operator: A = 37,05 = —0x0x

harmonic analysis in R™ 1D complex analysis (holomorphic functions)

Af =0, with A=3",05 | 9,f =0, with ;e = 3 (0« +9))

¢ refinement & generalization

Euclidean Clifford analysis in R™ (monogenic functions)

8lf =0, with 8&22}11 ejaxj and A= —82£
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Q% R

m—dimensiona I

rcQ: compact differentiable 3 manifold
oriented

with C*° smooth boundary 9" (= closed surface);

F+:F; r=Q\r




The HT on Or in Euclidean CA
.

Euclidean Cauchy integral on r+

Euclidean Cauchy integral for functions f € Ly(9T')

ClA(Y) = /arE(X—Y)J&xf(X), yer

is monogenic on '+

o Fel(d) = [flien = /a TFOOP dS(X) <

° dTTl = vector valued oriented surface element on oI
=Y g(—1Y H(dXi A AdXj—1 AdXjp1 A A dXin)

= v(X) d5(X)

e v(X) = outward pointing unit normal vector in X on 9l
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The HT on Or in Euclidean CA
°

Euclidean Hilbert transform on oI

definition

the Euclidean Hilbert transform arises in a natural way by
considering boundary limits (in L, sense) of the Euclidean Cauchy
integral, i.e.

Jm ) = 5 W)+ 5HAW) - Ueor

with the Euclidean Hilbert transform
HIW) = 2pv [ EX-0)doxf(0), Ueor
or

properties

@ H is a bounded linear operator on Ly(dl)
@ H? =1 on Ly(ar)
© H*=vHuvon Lp(dr), i.e. (H[f],g) = (f,vH[vg])
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Hermitean CA

Outline

© Hermitean Clifford analysis
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Hermitean CA
€000

Hermitean Clifford algebra

Can = complex Clifford algebra over R20

Con = C®Rp2n = Ropon @ iRg2p

o why m=2n?

R™: complex structure J, i.e. J € SO(m), with J? = —1
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Hermitean CA
€000

Hermitean Clifford algebra
Can = complex Clifford algebra over R20
Con = C®Rp2n = Ropon @ iRg2p

o why m=2n?

R™: complex structure J, i.e. J € SO(m), with J? = —1

J
o (el, s €ny€ndl, ey eg,,) — (—4.'9,,4,17 e, —E2n,€1,.. ., e,,)
: . 3 (1)) . .
@ Euclidean objects — Hermitean objects

o ANcCy, «— A=a+ib, a,bEROQn

Hermitean conjugation: A\ =3 —ib
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Hermitean CA

Hermitean Clifford algebra
Witt basis
{fj = %(1+i~])[ej] = %(ej_ien-i-j)? Jj=1...,n
fJT = %(I—IJ)[GJ] = %(ej"i_’enﬂ)? Jj=1....n
properties

@ isotropy
(=0, (f)P=0, j=1....n
o Grassmann identities
fifk + fkfi =0, Jyk=1,...,n
ff+fifi=0, Jk=1...n
@ duality identities
B+ =0k, g k=1,....n
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Hermitean CA

[eJe] o]
Hermitean Clifford algebra
vector variables
@ Euclidean vector
2n n
X = X = (gx+en)
Jj=1 Jj=1

@ isotropic Hermitean vectors

1 _ . :
z = S(I+iX = 2};‘14, zi=x;+iy
<
1 n
_ ; _ T _ :
zl = S(1-IX = Zlszjc7 Zf = x =iy
J:

@ notice that

X=2z-Z'" and |X? =2 =|ZP=2Z'+ZZ
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Hermitean CA
oooe

Hermitean Clifford algebra

Dirac operators

@ Euclidean Dirac operator
n

2n
Ox = Zejaxj = Z(ejaijre,,H@yj)
=1

j=1
@ isotropic Hermitean Dirac operators
1 _ n 1 :
O = U = ka0 =3(0+id)
=
1 _ = 1 :
0z = 1 1—-iN[ox] = ij 0z Oz = 2 (8Xj - ’a)’j)
j=1

@ notice that

Ox =2(0p-0z) and A =4 (020, +0,0)

e g:Q — Cyp is (Hermitean or) h—-monogenic if and only if

0zg=0 and 0,18 =0
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Hermitean CA
©000

Hermitean Clifford analysis

harmonic analysis in R"” 1D complex analysis (helomorphic functions)

Af =0, with A = jn;la)%j d,cf =0, with 8,c = 1 (9 +19y)

¢ refinement ¢ generalization

Euclidean Clifford analysis in R™ (monogenic functions)
8£f = 0, with 85: ijzl ejaxj and A = —ai

& refinement

Hermitean Clifford analysis in C" =2 R?" (h—-monogenic functions)

9z f=0 =" fla,
{ £ with {az 2j-11; 0z

0, f=0

J— n .
3;T = Zj:l fj azjc
and Ox = 2 (8ZT —8;)




Hermitean CA
000

Hermitean Clifford analysis

o further development: need for a Cauchy integral formula for
h—monogenic functions

@ put:
£(2.Z") = —(1+iJ)EX)]
eNz.z) = (@A-iNEX)

introducing the particular circulant (2 x 2) matrices

muar (3 %), e (5 0) (40

one obtains that

D(Z,ZT)g(Z:ZT) = 6(Z)
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Hermitean CA
00®0

Hermitean Clifford analysis

conccinoa- (2 2)

G} H-monogenic if and only if

07 g1] + 0z1[g2] = 0

D16 = 0 —
(221 dyle] + 9y [g2] = 0

where O denotes the matrix with zero entries
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Hermitean CA
00®0

Hermitean Clifford analysis

conccinoa- (2 2)

G} H-monogenic if and only if

07 g1] + 0z1[g2] = 0

D16 = 0 —
(221 dyle] + 9y [g2] = 0

where O denotes the matrix with zero entries

@ important observation

Gy = (‘g 2 ) is H-monogenic <= g is h—-monogenic
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Hermitean CA
oooe

Hermitean Clifford analysis
@ volume element on I':

dW(Z,Z") = (dzi Adzf) A(dza Adz§) A --- A (dzy A dzE)

@ matricial Hermitean oriented surface element on 9r:

do, —doy:
dXzz1) = <_dng do, )

with
doz = fidz. dog =) fidef
J=1 j=1
and
dzj = (dzLAdzf) A~ A([dz]] A dzE) A+ A (dzo A dzE)
dzf = (dzi Adzf) Ao A(dzi A[dzf]) A~ A (dzo A dzf)
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A matricial HT on 9l in Hermitean CA

Outline

@ A matricial Hilbert transform on closed surfaces in Hermitean
Clifford analysis
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A matricial HT on 9l in Hermitean CA

000

three steps away from a Hermitean Cauchy integral

O Clifford-Stokes theorems

Theorem (Euclidean Clifford—Stokes theorem)

Let f and g be functions in Cl(Q;Rogn), then

| 00 doxex) = [ [(fox)e -+ f (oxe)] V()
or I

Theorem (Hermitean Clifford-Stokes theorem)

Let f1, f, g1 and g» be functions in C1(Q; Cy,) and let F3 and G}
be their respective associated matrix functions, then

/8 R0 dE 7 GHX)

Bram De Knock A matricial HT on closed surfaces in Hermitean CA



A matricial HT on 9l in Hermitean CA

o] lo}

three steps away from a Hermitean Cauchy integral

@ Cauchy—Pompeiu formulae

Theorem (Euclidean Cauchy—Pompeiu formula)

Let g € Cl(Q;]ROQ,,), then

E(X-Y)do EX-Y) (oxg) dvix) — 4 T
/ar (X-Y) axg—/r (7—7)(&g) (){g(y),Yer+

Theorem (Hermitean Cauchy—Pompeiu formula)

Let g1 and g be functions in C1(Q; Ca,) and let G} be the
associated matrix function, then

_{0, Yer-

or

n(n+1)

(-1)72 (2)"Gy(Y), Yer*
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A matricial HT on 9l in Hermitean CA
ooe

three steps away from a Hermitean Cauchy integral

© Cauchy integral formulae

Theorem (Euclidean Cauchy integral formula)
If the function g : Q — Rg 2, is monogenic, then

E(X—Y)doxg(X) = & =
| Ex-v)drxe0 - {g(y), e

Theorem (Hermitean Cauchy integral formula 1)

Let g1 and g be functions in C1(Q; Ca,) and let G} be the
associated matrix function. If G} is H-monogenic, then

/s(z V)dE 5 1 GAX) = { v
or TR @Zh PR Ty oingly) Y ert
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A matricial HT on 9l in Hermitean CA
ooe

three steps away from a Hermitean Cauchy integral

© Cauchy integral formulae

Theorem (Euclidean Cauchy integral formula)

If the function g : Q — Rg 2, is monogenic, then

E(X —Y)doxg(X) = & LEU
| Ex-¥)drxex) - {g(y), e

Theorem (Hermitean Cauchy integral formula I1)

If the function g : Q — Cs, is h—-monogenic, then

()% Yel~

8 Z—V dZ G X) = n(n
£ Mgy Sl {(—1) i Gov) , ¥ e

or
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A matricial HT on 9l in Hermitean CA
°

a matricial Hilbert transform in Hermitean Clifford analysis

Hermitean Cauchy integral C
CG(Y) = [ EZ-V)dE ;1 G5(X), Yerl*
ar ==
for functions g1, g € C°(ar)

Hermitean Hilbert transform H
o definition

(n+1

Jim CIGHY) = (™ e (£330 + ;HIGH(W) ). ueor
yer+
for functions g1, g2 € Lo(9I)
@ properties
© H is a bounded linear operator on L(9r)
Q H? =, on Ly(ar)
Q@ H*" =VHYV on L)
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