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Thesen

In dieser Arbeit werden die Entscheidbarkeiten desÄquivalenz- und des̈Ahnlichkeitsproblems
für endlich mehrdeutige Automaten über dem Semiring (Q∪̇{∞},min,+,∞, 0) untersucht.

Zwei Automaten heißen äquivalent, falls die Funktionen, die sie berechnen, gleich sind. Im
Jahre 1994 hat Daniel Krob in [7] bewiesen, dass dasÄquivalenzproblem für nichtdeterminis-
tische gewichtete Automaten über dem tropischen Semiringnicht entscheidbar ist. 2002 haben
dann Kosaburo Hashiguchi und andere in [4] mittels Dekomposition in eindeutige Automaten
gezeigt, dass das̈Aquivalenzproblem für endlich mehrdeutige Automaten über dem tropischen
Semiring entscheidbar ist. In dieser Arbeit wird dieses Problem noch einmal untersucht und auf
eine völlig andere Art bewiesen, wobei die Dekomposition vermieden wird.

Zwei Automaten heißen ähnlich, falls die Differenz der Funktionen, die sie berechnen, sich um
höchstens eine Konstante unterscheidet.Über dieÄhnlichkeit von endlich mehrdeutigen Auto-
maten sind bisher noch keine Aussagen bekannt. Es wird mit ähnlichen Mitteln wie im Beweis
für die Entscheidbarkeit des̈Aquivalenzproblems bewiesen, dass auch dasÄhnlichkeitsproblem
für endlich mehrdeutige Automaten über dem tropischen Semiring entscheidbar ist.

Die Hauptresultate dieser Diplomarbeit sind:

Satz 1. SeienA1 undA2 zwei gewichtete endlich mehrdeutige Automaten über dem tropischen
Semiring(Q∪̇{∞},min,+,∞, 0).
(1) Es ist entscheidbar obA1 undA2 äquivalent sind.
(2) Es ist entscheidbar obA1 undA2 ähnlich zueinander sind.

Falls zwei Automaten mit der gleichen Sprache nicht ähnlich zueinander sind, stellt sich heraus,
daß eine Wortfolge von sehr einfacher Form existiert, für die die Folge der Differenzen der durch
die beiden Automaten berechneten Gewichte unbeschränkt ist.

Satz 2. SeienA1 undA2 zwei gewichtete endlich mehrdeutige Automaten über dem tropischen
Semiring(Q∪̇{∞},min,+,∞, 0) mit der gleichen Sprache L. Dann sind die beiden folgenden
Aussagen äquivalent.
(1)A1 undA2 sind nicht ähnlich zueinander.
(2) ∃l∈N : ∃v0,v1,...,vl ,u1,u2,...,ul∈Σ+ : ∀r∈N : v0ur

1v1ur
2 · · ·ur

l vl =: w[r ] ∈ L und
(|A1|(w[r ]) − |A2|(w[r ])

)
r∈N

ist unbeschränkt.

Als Nebenresultat wird eine Aussage über die Entscheidbarkeit von Matrizenproblemen gezeigt.

Satz 3.Seien A∈ Qm×n und b∈ Qm. Es ist entscheidbar, ob ein Vektor x∈ Nn mit der Eigenschaft
existiert, für i∈ {1, . . . ,m} die Ungleichung(A · x)i > bi zu erfüllen.
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1 Introduction 1

1 Introduction

Finite automata are an important model in theoretical computer science. Standard applications
are the recognition of patterns, the analysis of syntax and the verification of software. Recent
applications also spreaded to biology, where automata reproduce the behavior of cells, linguistics
and scientific computing.
In this work some results on weighted finite automata over themin-plus (tropical) semiring will
be shown. An automaton consists of states, transitions and an alphabet and is capable of accept-
ing some words that can be built out of this alphabet. This setof words is called the language of
the automaton. A weighted automaton is an abstract device that computes a value to every word
of its language. Considering two weighted automata it is generally not possible to see if these
are equivalent, which means that they compute the same function on this language.
It has been shown by Daniel Krob in [7] that for two arbitrary weighted automata over the trop-
ical semiring it is not decidable whether they are equivalent. In this thesis a restricted class of
automata is considered, the finitely ambiguous ones. It has been shown by Kosaburo Hashiguchi
and others in [4] that the equivalence problem is decidable for finitely ambiguous automata over
the tropical semiring. He has proven this result by decomposing a finitely ambiguous automaton
into several unambiguous automata and firstly showing that the equivalence problem for finitely
ambiguous automata is decidable if and only if it is decidable for automata consisting of unions
of finitely many unambiguous automata. Secondly he infers that the latter problem is equivalent
to a decidable problem about linear inequalities over the natural numbers. In this work the de-
cidability of the equivalence problem will be shown by fairly different means.
The metatransitions of finitely ambiguous automata will be considered and it will be shown that
if for two automata there is a word for which they compute a different weight, there is also a
word of limited length with this property. This argument canbe extended to find an algorithm,
that decides the equivalence problem without decomposing the automata into unambiguous ones,
but in having a look at their metatransitions, which can be read off from the automata directly.
By similar means in a second result it will be proven that for two finitely ambiguous automata it
is decidable, whether they are similar, which means that thefunctions they compute differ by no
more than a constant.
The idea of a metatransition arose in discussion with my supervisor Daniel Kirsten inspired by
[3].
In the first chapter finite automata are being introduced and some examples are given. Some
restricted classes of automata will also be stated and it will be made clear in which hierarchy
they stand. In the second section weighted automata over a semiring are being introduced and
connections to finite automata are provided. In this chapterthe preliminaries for reducing the
equivalence problem to a problem called the positive weightproblem are brought up. In the fol-
lowing chapter about metatranstions all the necessary definitions and lemmas on metatransitions
and elementary cycles are stated. It is also in this chapter that results on diophantic equation
systems are provided that will be used in the fifth and sixth chapter on equivalence and similarity
to prove the decidability of the mentioned problems. The last chapter offers an application of the
decidability results in linear algebra.
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I owe great debt to Daniel Kirsten in his helpful and patient way. Without him guiding me in
many meetings through the acquisition of the required ideasand pointing me to several mistakes
this thesis would not have been possible.
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2 Introduction to finite automata

In this section finite automata are being introduced. For more information the reader is referred
to [2, 1, 8]. A finite automaton is a structure consisting of edges and directed arcs, where the
edges are called states and the arcs are called transition. On every arc there is a symbol written
on it, the so called label of that arc. In one step of computation the automaton gets as input a
symbol and can then move from the current state to another state if there is an arc labelled with
this symbol from the current state to that other state. It is then said that the automaton can read
that symbol in the current state. Being in one state, the automata can also receive a sequence of
symbols, which it reads letterwise in the following way. Firstly the automaton looks at the first
symbol and if there is an arc from the current state to a state (which can be another one or the
same state) labelled with this symbol, the automaton reads that symbol and moves to that state.
It is also possible that for a given state and a given symbol there exist more than one state where
arcs lead to. In this case the automaton chooses one in an arbitrary way. Then it is looking at the
second symbol in the sequence and if the automaton can read it, it will move from the new state
into another state. In the same way the automaton is processing all the symbols in the list, until
it reaches the last. If it can read also this one, then the automaton is said to be able to read that
sequence of strings from that first current state. The symbols are called letters and a sequence of
symbols is called a word. There are some special states of theautomaton, which are called the
initial states, which one can imagine as those states where the automaton begins its computation.
So for a given word the state of the automaton, before the firstletter is received has to be an
initial state and to begin to read a word there must exist an arc from an initial state to another
state labelled with the first letter of the word. Similarly there are some other special states, called
the final states, which play a similar role. If the automaton has processed all letters of the word
of interest, then it has to find itself in a final state.
A sequence starting with a state followed by a letter which a state follows and so on which
finishes with a state is called a path if for all letters in the sequence there exists an arc labelled
with it from the state before it in the sequence to the state behind it. The sequence of letters is
called the label of that path. Such a path is called successful if the first state is an initial state and
the last one is a final state. A word that is the label of a successful path is said to be recognized
by the automaton of interest. The symbols that are also called letters are elements of a finite set
which is called the alphabet. The set of all words of finite length that can be put together from
letters out of the alphabet is said to be the language of the alphabet. The set of words out of
the language of the alphabet that are recognized by the automaton is called the language of that
automaton. For every word in the language of the automaton there is a successful path labelled
with that word in that automaton. On the other side for every successful path the label of that
path is in the language of the automaton. It is thus similar totalk about successful paths and
words.
For the terms that were introduced quite intuitively by now some mathematical definitions will
follow now to be able to gain some mathematical results. Letsfirst have a look at alphabets,
words, and languages. Throughout this paper the natural numbers do not contain 0. The natural
numbers including 0 are denoted byN0.
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Definition 2.1. An alphabetΣ is a finite nonempty set.

As an alphabet any finite nonempty set of symbols can be imagined. Examples areΣ = { c©, TM,
R©,<,w, 5,+}, Σ = {1, 2, 3, 4, 5} and any other finite subset of the natural numbers. An alphabet
that will mostly be used in examples isΣ = {a, b, c}.

Definition 2.2. For n ∈ N anda1, a2, . . . , an ∈ Σ the sequencea1a2 · · ·an is called aword overΣ
of length n. The set of all words of lengthn is defined asΣn := {(a1, a2, . . . , an)|a1, a2, . . . , an ∈ Σ}.
The language overΣ is defined as the set of all words ofΣ of finite length:Σ∗ :=

⋃
n∈N Σ

n.

To give an example, for the alphabetΣ = {a, b, c} the set of words of length 2 is the set of all
ordered pairs out ofΣ, that isΣ2

= {(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), (c,b), (c, c)}. To
make it easier to read words, from now on they will be written as a sequence, even omitting the
commasa1a2 . . .an := (a1, a2, . . . , an) instead of writing them as an orderedk−tuple. The length
of a worda1a2 . . .an is the number of its letters and will be denoted by|a1a2 . . .an|. Now the term
automaton will be formally introduced.

Definition 2.3. LetΣ be an alphabet,Q a finite, nonempty set,I ⊆ Q, F ⊆ Q andE ⊆ (Q×Σ×Q).
A quintupleA = (Σ,Q, I , F,E) is called anautomaton with alphabetΣ. Q is called theset of
states, I is called theset of initial states, F is called theset of final statesand E the set of
transitions.

For a given transition (q0, a1, q1) the lettera1 is called the label of the transition,q0 is the first
state andq1 the second state.

Example 2.4. Let Σ = {a, b, c}, Q = {q1, q2, q3, q4, q5, q6}, I = {q1, q6}, F = {q3, q4, q6} and
E = {(q1, c, q1), (q1, a, q2), (q2, c, q1), (q2, c, q3), (q2, b, q4), (q5, b, q5), (q5, c, q5), (q5, b, q6)}.

Besides of describing an automaton with the above sets (alphabet, set of states, initial states, fi-
nal states and the set of transitions) it can also be drawn without omitting any information of the
automaton. While for automata with many states a picture might be very complex and difficult to
survey, for small automata it is a good way to understand whatthe different sets mean. Therefore
the automaton from the above example will now be drawn. In thepicture the states will be drawn
as small circles with their name written near to them. A transition is represented by a directed
arc, where the first state in the transition is where the arc starts and the second state is where the
arcs lead to. The label of the transition will be written somewhere near to the arc. The initial
states will be denoted by and the final states by .
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The next term to be introduced is a path. From now on letA = (Σ,Q, I , F,E) be an automaton.

Definition 2.5. Let A be an automaton,n a natural number,q0, q1, . . . , qn ∈ Q and w :=
a1a2 · · ·an ∈ Σn such that fori ∈ {1, . . . , n} holds that (qi−1, ai, qi) ∈ E. Then, the sequence
(q0, a1, q1, a2, . . . , an, qn) is called apath from q0 to qn of length n with label w. It will for easier
reading be denoted byq0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn. Thenumber of paths from q∈ Q to q′ ∈ Q
labelled with wis denoted by|q w−→ q′|. A path fromq to q′ is said to besuccessfulif q ∈ I and
q′ ∈ F. The number of successful paths under a certain wordw will be denoted by|I w−→ F |.

To give a little example for a path: In the automaton of Example 2.4 a path fromq1 to q1 of length
3 and labelcac is q1

c−→ q1
a−→ q2

c−→ q1. This path is not successful becauseq1 is not an final state.

A successful path isq1
c−→ q1

a−→ q2
b−→ q4.

Definition 2.6. An automaton is called trim if for allq ∈ Q there exists a successful pathq0
a1−→

q1
a2−→ q2 · · ·qn−1

an−→ qn and ani ∈ {0, . . . , n} such thatqi = q.

The automaton from Example 2.4 is not trim, sinceq5 does not lie on a successful path. To make
this automaton trim, it is sufficient to removeq5 and the three arcs involvingq5.
From now on only trim automata will be considered, since in every non trim automaton there is
a state not being reached by any successful path. This state does neither occure in a successful
path nor does it play a role in recognition of words and therefore is of no use. It is hence possible
for a non trim automatonA with exactly the statesq1, . . . , qr not lying on any successful path,
to constuct a second automaton which differs from theA only in the absence of these states in
the set of states and the set of initial and final states. Furthermore the new automaton does only
contain those transitions fromAwhose first and second states are both none of theq1, . . . , qr . It is
easy to show that the newly constructed automaton has the same successful paths and recognizes
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the same language. The assumption to only consider trim automata makes several proofs in the
following easier without requiring restrictions on the automata of interest which would reduce
the generality of the results.

Definition 2.7. LetA be an automaton with the alphabetΣ. For a wordw ∈ Σ∗ the automaton is
said torecognize wif there is a successful path inA labelled withw. The set of all words out of
Σ
∗ that are recognized byA is called thethe language ofA and denoted byL(A).

In general it is not easy, especially for big automata, to seewhat the language of an automaton is,
just in having a look at the automaton. But again to see how it works, and how the language of
an automaton depends on the transitions, here follows an example of a small automaton, where
the language can be read off.

Example 2.8.Consider the automaton drawn in the following picture.

c

q
2q

1

b

b a

3
q

To be able to understand which words can be recognized by thisautomaton lets consider how
possible paths can look like. At first ignore the labels of thepaths and only have a look at their
possible states. Since any successful path begins in an initial state, the first state has to beq1.
Secondly a path can move either again toq1 or to q2. As long as the path is inq1 it can perform
another cycle toq1. Being inq2 the path can either terminate, sinceq2 is a final state or move to
q3. But sinceq3 is not a final state and the path is supposed to become a successful one, from
q3 it has to move toq2 again. Now where the different states are clear it is easy to find possible
labels of successful paths. The path has to lead at some pointfrom q1 to q2. At this position a
c has to appear. Before that it can have moved under reading ab arbitrarily many times fromq1

to q1. After reading thec it is possible to move arbitrarily many times fromq2 to q3 reading ab
and then back toq2 reading ana. So the label of a successful path is in any casebkc(ba)l where
k, l ∈ N0. ”bk” means, thatb’s are repeatedk times one after another. Similarly ”(ba)l” means
thatba’s follow each otherl times. Finally the language ofA is L(A) = {bkc(ba)l |k, l ∈ N0}.

Definition 2.9. Forn,m∈ N two wordsw := a1a2 · · ·an,w′ := b1b2 · · ·bm ∈ Σ∗ theconcatenation
of w and w′ denotes the worda1a2 · · ·anb1b2 · · ·bm =: ww′.

The concatenation of two words is simply the word that arisesif those two words are written one
after another. For example the concatenation ofhansandwurst is hanswurst. The concatenation
is a binary operation onΣ∗. It is easy to see that this operation is associative. Hence the concate-
nation of more than two words can be written without braces and thus, reminding on the product,
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the concatenation ofw1, . . . ,wn ∈ Σ∗ wherek is a natural number will sometimes be written as∏n
i=1 wi.

There do exist different classes of finite automata which differ from each other in the restrictions
that pass for the transitions, initial states and finite states of the automata in that classes. At the
end of this introduction chapter some important classes arepresented in brief and it is shown that
these classes are different indeed and even do contain each other.

Definition 2.10. An automatonA = (Σ,Q, I , F,E) is calleddeterministicif for all q ∈ Q and
a ∈ Σ holds that

∣∣∣⋃q′∈Q{(q, a, q′)} ∩ E
∣∣∣ ≤ 1 and|I | = 1.

This means, that from every stateq for a given lettera ∈ Σ there is at most one transition whose
first state isq and whose label isa. Hence, being in one state and reading a letter, there is at
most one possible successive state where the automaton can move to. Since there is only one
initial state it follows that for every word inΣ∗ the number of paths is at most one. This will be
justified later. An example for a deterministic automaton isExample 2.8. A bigger class that will
be introduced next is the class of unambiguous automata.

Definition 2.11. An automatonA is calledunambiguousif for every wordw ∈ L(A) there is
exactly one successful path labelled withw.

An example will illustrate, that not every unambiguous automaton is deterministic:

a

aq q

q

1 2

3

This automaton is clearly not deterministic, because (q1, a, q2), (q1, a, q3) ∈ E andq2 , q3. But
it is unambiguous, since for every word in its language, which does consist only of one word,
namelya, there is only one successful path labelled witha, namelyq1

a−→ q2.
SupposeA = (Σ,Q, I , F,E) is a deterministic automaton. For anyw = a1a2 · · ·an ∈ L(A) there
must exist a successful path labelled withw. Since there is only one initial stateq0, this successful
path must begin inq0. SinceA is deterministic there exists exactly one transition that starts inq0

and is labelled witha1 whiches second state is denoted byq1. SinceA is deterministic, it follows
for i = 2, . . . , n that if the (i − 1)st state is uniquely determined, then also theith state is uniquely
determined. Since the first state of the path has to be the onlyinitial state it follows by induction
that all states of the path are uniquely determined. Hence, for w this is the only successful path.
Sincew was arbitrarly chosen it follows thatA is unambiguous. This argument holds for every
deterministic automaton and therefore every deterministic automaton is unambiguous.
The class of unambiguous automata is only a subset of the class of finitely ambiguous automata
which are being introduced next.
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Definition 2.12. Let k be a natural number. An automatonA is calledk-ambiguous, if for all
w ∈ L(A) the number of successful paths is less than or equal tok. If a k ∈ N exists for whichA
is k−ambiguousA is said to befinitely ambiguous.

It is clear, that every unambiguous automaton is finitely ambiguous since it is one-ambiguous.
It follows directly from the definition that for everyk ∈ N everyk-ambiguous automaton is also
k+1-ambiguous. There exists an automaton, that isk-ambiguous, but notk−1-ambiguous, which
can be seen at the following example:

a

a

a

q0

q

q

q

.

.

.

.

.

1

2

k

Finitely ambiguous automata are the automata that will be considered most in this work. The
main results will be proven for these and since deterministic automata are also finitely ambigu-
ous, the results also follows for deterministic automata.
To introduce the class of polynomially ambiguous automata lets first define what is to be said a
polynomial.

Definition 2.13. Let n ∈ N anda0, . . . , an ∈ Z. The functionf that maps every natural numberk
to f (k) :=

∑n
i=0 ai · ki is called apolynomial.

With n = 0 anda0 = k ∈ N it follows, that also the function that maps every natural number tok
is a polynomial. Now the polynomially ambiguous automata will be introduced.

Definition 2.14. An automaton is calledpolynomially ambiguousif there exists a polynomialf
such that for allw ∈ L(A) the number of successful paths forw is less than or equal tof (|w|).
Since any constant is a polynomial as seen above, it follows that every finitely ambiguous au-
tomaton is also polynomially ambiguous. This is the first class in which for a given automaton
the number of paths is not necessarily bounded. An example for a polynomially ambiguous
automaton that is not finitely ambiguous follows.

a

a a

a a

q q q q
1 2 3 4
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To see that this automaton is not finitely ambiguous letk ∈ N and consider the wordw := ak+2.
Every path has to go through all four states and the statesq1 andq4 can only be visited once.
Since a path for a word of lengthk+ 2 visitsk+ 3 states the following possibilities arrise: Either
q2 is passed once andq3 k times,q2 is passed twice andq3 k − 1 times,q2 is visited thrice and
q3 k − 2 times, . . . ,q2 is visitedk − 1 times andq3 twice orq2 k times andq3 once. These are
k different possibilities, each of them constituting a successful path for ak+2. Since fori ∈ N
the wordai+2 is in L(A) there is no constant, bounding the number of successful paths for the
words recognized byA and therefore this automaton is not finitely ambiguous. For every k ∈ N
there exists exactly one word of lengthk + 2, namelyak+2. This word hask successful paths.
Considering the polynomial functionf that mapsk ∈ Z to k − 2 it is the case that for a word of
lengthk+2 there are at mostf (k+2) = k successful paths, which implies thatA is polynomially
ambiguous.
Interestingly there are still finite automata that are not even polynomially ambiguous, because
the number of paths they have for a certain word is not boundedby a polynomial. An example
for such an automaton follows.

q

q

a a

a a

q
1

2

3

This automaton hasL(A) = {a2·k|k ∈ N0}. For every time the automaton passes throughq1 it
is possible to go either toq2 or to q3 after which it has to move back toq1. Any successful
path for the worda2·k passesk + 1 times throughq1. Between each of these passings there are 2

possibilities for the next state. So in total there are 2k possible paths. So|I a2·k

−−→ F | = 2k
=

(√
2
)2·k

.
Since every exponential functions with base greater than one grows faster to infinity than any
polynomial function it follows that this automaton can not be polynomially ambiguous. Since
it still is a finite automaton it is said to be nondeterministic. A lemma that bounds the number
of possible paths in finite automata will finish this introductory section. This lemma is a known
result and can be found for example in [6] and [5].

Lemma 2.15. For a trim polynomially ambiguous automatonA = (Σ,Q, I , F,E) the following
holds.
(1) For allq ∈ Q and allw ∈ Σ∗ there is at most one path fromq to q underw.
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(2) For allq , q′ ∈ Q and allw ∈ Σ∗ it holds that if| q w−→ q | · | q w−→ q′ |, 0 then| q′ w−→ q |= 0.
If A is additionally finitely ambiguous then also the following holds.
(3) For all q , q′ ∈ Q and all w ∈ Σ∗ it holds that if | q

w−→ q | · | q′
w−→ q′ |, 0 then

| q w−→ q′ |= 0 =| q′ w−→ q |.

Proof. (1) Assume for contradiction that this claim does not hold. Let q ∈ Q andk ∈ N be
such that there exists av ∈ Σk for which | q v−→ q |≥ 2. Denote two of those paths byπ andπ′

and consider the wordvl for l ∈ N0. The fact that there are at least to paths leading fromq to q
underv implies that for the wordvl there are at least 2l paths leading fromq to q, since for every
passing throughq and readingv the automaton can either useπ or π′ to go fromq to q. This
choice can be madel times. Since there are possibly even more than 2 paths fromq to q under

v, it follows that | q
vl

−→ q |≥ 2l. The fact thatA is trim implies that there is a successful path
q0

a1−→ q1
a2−→ q2 · · ·qi−1

ai−→ qi = q
ai+1−−→ qi+1 · · ·qn−1

an−→ qn going throughq. Considering the word

w[l] := a1a2 · · ·aivlai+1 · · ·an it is clear that| q0
a1···ai−−−−→ q | · | q ai+1···an−−−−−→ qn |≥| q0

w[0]

−−→ qn |≥ 1. The

number of successful paths for the wordw[l] is thus| q0
a1···ai−−−−→ q | · | q vl

−→ q | · | q ai+1···an−−−−−→ qn |≥ 2l.
This implies that for everyl ∈ N there is a word of lengthk · l + n which has at least 2l successful
paths. Since for all polynomialsf it is the case that for alln, k ∈ N there is anr ∈ N such that
f (k · r + n) < 2r , the number of paths for the wordw[l] is not bounded by a polynomial forl ∈ N.
This contradicts the assumption thatA is polynomially ambiguous and thus a stateq with at
least two paths leading fromq to q all labelled with the same word can not exist. So for any state
and an arbitrary word there is at most one path leading from that state to itself labelled with this
word.
(2) By assumption there exists a path fromq to q underw, so there is also a path fromq to q
underwwsimply by chaining up the given path twice. From (1) follows that there can be at most
one path fromq to q underww. If there were a pathπ′ from q′ to q labelled withw, then the
product ofπ from q to q′ with π′ would constitute a second path fromq to q underww and lead
to a contradiction. So there is no path fromq′ to q labelled withw.
(3) SinceA is finitely ambiguous, there is ak ∈ N such that for every word inL(A) there are at
mostk successful paths. Suppose that forq , q′ ∈ Q andv := a1a2 · · ·al ∈ Σ∗ a path fromq to q
underv exists as well as a path fromq′ to q′ labelled withv. Suppose (for contradiction) that there
is also a path fromq to q′ underv. The proof that no path fromq′ to q labelled withv exists works
equally if the appearances ofq andq′ are interchanged. SinceA is trim, there is a successful

path containingq, namelyπ := q0
b1−→ q1 · · ·qi−1

bi−→ qi = q
bi+1−−→ qi+1 · · ·qn−1

bn−→ qn as well as

a successful path containingq′, namelyq′0
b′1−→ q′1 · · ·q′j−1

b′j−→ q′i = q′
b′j+1−−−→ q′j+1 · · ·q′m−1

b′m−−→ q′m.
For abbreviation defineu := b1 · · ·bi andw := b′j+1 · · ·b′m. Furthermore somẽq1, . . . , q̃l−1 ∈ Q

exist for whichq
a1−→ q̃1 · · · q̃l−1

al−→ q′ is a path fromq to q′. From these definitions follows that

q0
b1−→ q1 · · ·qi−1

bi−→ q
a1−→ q̃1 · · · q̃l−1

al−→ q′
b′j+1−−−→ q′j+1 · · ·q′m−1

b′m−−→ q′m is a successful path going first
throughq and then throughq′ labelled withuvw. Consider now the worduvk+1w. Foro = 0, . . . , k

the pathq0
u−→ q

vo

−→ q
v−→ q′

vk−o

−−−→ q′
w−→ q′m is a successful path foruvk+1w. So there arek + 1
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successful paths for one word recognized by ak−ambiguous automaton. This is a contradiction
and hence it is not possible that there exists a path leading from q to q′ labelled withv which
delivers the desired result. �

This lemma will be frequently used in later sections. For polynomially ambiguous automata it
forbids the existence of cycles like those in the example fora non-polynomially ambiguous au-
tomaton. The second part of the lemma is only a special case ofthe first one. Since every finite
ambiguous automaton is also polynomially ambiguous, the whole lemma is valid for finitely am-
biguous automata. The third part forbids situations of cycles like in the example after Definition
2.14.
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3 Weighted finite automata and the tropical semiring

Weighted automata are a more general concept than finite automata. The transitions of a weighted
automaton does not only consist of two states and a letter, but also of a number called the weight
of the transition. A weighted automaton computes a weight for each word in its language. In
this work this computation is done over a so called tropical semiring: For each word all the
successful paths are considered and their weights are computed by adding together the weights
of the transitions that appear in each of these paths. The weight of the considered word is then
the weight of the successful path for this word with the smallest weight. Thus the main difference
between finite automata and weighted automata is that weighted automata do not only give the
information whether a certain word is in its language (whichis what finite automata do), but that
they also compute a weight for each word. In the following weighted automata over a tropical
semiring will be introduced formally.
Weighted automata use two different operations. The first is the addition, used to add the weights
in a path together and to compute thus the weight of a path. Thesecond is taking the minimum
of some numbers, which is being used to take the minimum of theweights of all the successful
paths. The mathematical structure in which all these computations take place is a semiring.

Definition 3.1. Let K be a nonempty set,�,� two binary operations ofK andO , 1 ∈ K. The
structureK = (K,�,�,O,1) is called asemiringif the following hold.
(ADD 1) for all x, y, z ∈ K : x � (y � z) = (x � y) � z
(ADD 2) for all x ∈ K : O � x = x
(ADD 3) for all x, y ∈ K : x � y = y � x
(MUL 1) for all x, y, z ∈ K : x � (y � z) = (x � y) � z
(MUL 2) for all x ∈ K : 1 � x = x
(MUL 3) for all x ∈ K : O � x = x
(DIS 1) for all x, y, z ∈ K : x � (y � z) = x � y � x � z
(DIS 2) for all x, y, z ∈ K : (x � y) � z= x � z� y � z.

(ADD 1) is the associativity for�. For any�-sum of elements ofK the braces can be omitted
and the result can be calculated in an arbitrary order. (ADD 2) claims the existence of a neutral
element for the addition and (ADD 3) says that in a semiring the order of elements in a�-sum
can be changed. (MUL 1) claims the associativity also for�. That the neutral element for the
�-product,1, exists can be infered from (MUL 2). (DIS 1) and (DIS 2) are thedistributive laws.
Examples for semirings are the natural numbers including zero with the common addition and
multiplication:N0 = (N0,+, ·, 0, 1) , the Boolean semiringB = ({ f alse, true},∨,∧, f alse, true)
wherefalseandtrueare also written as 0 and 1 and atropical semiringT = (R∪̇{∞},min,+,∞, 0).
Tropical semirings are also calledmin-plus semirings. In this work the Boolean semiring and
three tropical semirings do appear: The nonnegative real numbersR := (R≥0∪̇{∞},min,+,∞, 0),
the rational numbersQ := (Q∪̇{∞},min,+,∞, 0) and the integersZ := (Z∪̇{∞},min,+,∞, 0). In
the following will be proven that theese are semirings indeed.
The operationsmin and+ in R∪̇{∞} are the same as inZ∪̇{∞}, Q∪̇{∞} andR≥0∪̇{∞}. To show
thatZ, Q andR are all semirings it is sufficient to show thatT is a semiring, because if the
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properties from Definition 3.1 can be shown for all elements of R∪̇{∞} they are also valid for all
elements of the setsZ∪̇{∞},Q∪̇{∞} andR≥0∪̇{∞}.

Lemma 3.2. T = (R∪̇{∞},min,+,∞, 0) is a semiring.

Proof. ForT the validity of the axioms for semirings has to be verified. The min-function com-
putes for two elements the smallest one as for the common linear order of the real numbers. The
element ”∞” in R∪̇{∞} =: R is defined to be bigger than all elements ofR which implies that for
all x ∈ R follows that min(x,∞) = x. It holds that∞ + x = x +∞ := ∞ for all x ∈ R and thus
minand+ are binary operations onR, indeed.
(ADD 1): Let x, y, z ∈ R andx be a smallest of them. Thenx ≤ y, x ≤ z andx ≤ min(y, z) imply
that min(min(x, y), z) = min(x, z) = x = min(x,min(y, z)). The cases wherey or z are minimal
work similar.
(ADD 2): Let x ∈ R then eitherx ∈ R which impliesx ≤ ∞ and thus min(∞, x) = x or x = ∞
which also implies min(∞, x) = x. Hence, ”∞” is the neutral element regarding the operation
min.
(ADD 3): For two elementsx, y ∈ R, where without loss of generality it can be assumed thatx ≤ y
(otherwise change the roles ofx andy in the following), it holds that min(x, y) = x = min(y, x)
and hencemin is also commutative.
(MUL 1): The associativity of+ in R follows from the axioms for the real numbers. It remains
to prove, that+ is also associative onR. So assume forx, y, z ∈ R that there is at least one of
x,y or z equal to∞, x say (the other cases work similar). Thenx + y = x andx + z = x. Since
y+ z ∈ R, alsox+ (x+ z) = x follows from which (x+ y) + z= x+ z= x = x+ (y+ z) is clear.
(MUL 2) and (MUL 3) follow directly from the axioms forR since forx ∈ R it holds that 0+x = x
and∞ + x = ∞.
For (DIS 1) and (DIS 2) only (DIS 1) will be shown, because (DIS2) works similar. Let
x, y, z ∈ R and without loss of generalityy ≤ z. Sincex+ y ≤ x+ z it follows thatx+min(y, z) =
x+ y = min((x+ y), (x+ z)). �

Now weighted automata over a semiring will be introduced. Some terms for weighted automata
are the same as for finite automata, and will therefore be adopted.

Definition 3.3. Let Σ be an alphabet,Q a set of states and (K,�,�,O,1) a semiring. Letδ :
Q × Σ × Q→ K andλ, θ : Q→ K. A quintupleA = (Σ,Q, δ, λ, θ) is called an automaton over
K, whereδ is called thetransition function, λ the initial weight andθ theterminal weight.

Since later on a different characterization of weighted automata will be introduced, this is being
called thefunctional characterization. A big difference between finite automata and weighted
automata is the way transitions and the initial and final states are being handled. While in finite
automata the transitions have been defined to be elements ofQ× Σ × Q, for weighted automata
they are a function mapping fromQ×Σ×Q toK. The difference is that in finite automata for given
q, q′ ∈ Q anda ∈ Σ either a transition exists or not, where in weighted automata the transition
always exists and also has a certain value attached to it, namely δ(q, a, q′). The same difference
exists for the initial and terminal states. It is explained exemplarily for the initial states: While
for finite automata a stateq either is an initial state or not, for weighted automata every state is an
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initial state and has attached to itself a certain value, theinitial weight. To illustrate the definition
an example for a weighted automaton overZ follows.

Example 3.4. Let Σ = {a, b} and Q = {q1, q2}. The transition function is defined as fol-
lows: δ(q1, a, q1) = 5, δ(q1, b, q1) = ∞, δ(q1, a, q2) = ∞, δ(q1, b, q2) = 2, δ(q2, a, q1) = ∞,
δ(q2, b, q1) = −1, δ(q2, a, q2) = −2 andδ(q2, b, q2) = ∞. The initial weights areλ(q1) = 1 and
λ(q2) = ∞. The terminal weights areθ(q1) = ∞ andθ(q2) = −3. This automaton looks like:

Paths in weighted automata are defined as for finite automata:For n ∈ N, q0, q1, . . . , qn ∈ Q and
w := a1a2 · · ·an ∈ Σn the sequenceq0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn is a path fromq0 to qn of length
n with the labelw. Since for weighted automata for each two statesq, q′ ∈ Q and each letter
a ∈ Σ there exists a transition fromq to q′ labelled witha a condition (q, a, q′) ∈ E as for finite
automata is not necessary. Similarly there is no restriction on the states in which a path has to
begin and where it has to end, since all states are initial andfinal states. This approach makes it
possible, that for long words there are very many paths but the restriction on the number of paths
of interest will be done by their weight.

Definition 3.5. In a weighted automatonA over a semiring (K,�,�,O,1) theweight of a path

π := q0
a1−→ q1 · · ·qn−1

an−→ qn is defined asσ(π) := λ(q0) �
⊙n

j=1 δ(qi−1, ai, qi) � θ(qn). For a
tropical semiring this translates toσ(π) := λ(q0) +

∑n
j=1 δ(qi−1, ai, qi) + θ(qn).

To give an example have a look at the weighted automaton from Example 3.4 and consider the

pathπ := q2
b−→ q1

a−→ q1
a−→ q2. Since this is an automaton over the tropical semiring, the weight of

π is calculated with the appropriate operations:λ(q2)+δ(q2, b, q1)+δ(q1, a, q1)+δ(q1, a, q2)+θ(q2)

=∞− 1+ 5+∞− 3 = ∞. To give another example consider the pathπ′ := q1
b−→ q2

a−→ q2
a−→ q2.

Its weight isλ(q1) + δ(q1, b, q2) + δ(q2, a, q2) + δ(q2, a, q2) + θ(q2) = 1+ 2− 2− 2− 3 = −4. The
aim for weighted automata over the tropical semiring is to find for a given wordw the path with
the least weight. The weight of this path will then be called the weight ofw. The next definition
will define the weight of a word for general weighted automata.

Definition 3.6. LetA = (Σ,Q, δ, λ, θ) be a weighted automata over a semiring (K,�,�,O,1)
andw ∈ Σn. Theweight of w computed byA is defined as

|A|(w) :=
⊕

q0,qn∈Q π∈{q0

w−→qn}

σ(π).
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For the tropical semiring this translates to

|A|(w) := min
q0,qn∈Q π∈{q0

w−→qn}
σ(π).

A path that realizes this value is called aminimal path. The function|A| is also called theformal
power series ofA. A pathπ is said to besuccessfulif σ(π) , O and a wordw ∈ Σ∗ is called
recognized byA if |A′|(w) , O. Thelanguage ofA is defined asL(A) :=

{
w ∈ Σ∗

∣∣∣|A|(w) , O
}

While finite automata can only either recognize a word or not recognize it, weighted automata
can moreover assign a value to each word. Its weight can also be ”∞” in which case it is not
recognized and does therefore not belong to the language.
To find a minimal path of a word and to specify thus the weight ofthat word is in general not easy
to see from the definition of the considered automaton, sincefor an automaton withmstates and
a word of lengthn there are at mostmn+1 different paths, each of which can possibly be a minimal
one and its weight has therefore to be computed. Taking againExample 3.4 and the wordbaa
it turns out that even for such a short word and this small automaton with only two states there
are already sixteen paths to check. The work can be reduced since it is already known, that there
exists a path with finite weight, so all paths where at least once ”∞” appears in the sum cannot
be minimal. Since the first state in the path needs to have a finite initial weight and the last state
in the path must have finite final weight, the first state isq1 and the last one isq2. Since fromq1

the only arc with finite weight labelled withb leads toq2, it follows that the second state isq2,
and because of similar reasons the third state is alsoq2. So the pathπ′ found above is the only
one with finite weight and thereforetheminimal path.
Since also the Boolean semiring plays an important role in the subsequent, a small result about
the connection between finite automata and weighted automata over the Boolean semiring will
be proven next. But firstly a mapping is needed, that maps every weighted automaton over the
Boolean semiring to a finite automata.

Definition 3.7. LetW be the set of weighted automata over the Boolean semiring andF be the
set of all finite automata. ForA = (Σ,Q, δ, λ, θ) ∈W let ψ : W → F be defined in the following
way: ψ((Σ,Q, δ, λ, θ)) := (Σ,Q, I , F,E), whereI := {q ∈ Q|λ(q) = 1}, F := {q ∈ |θ(q) = 1} and
E := {(q, a, q′) ∈ Q× Σ × Q | δ(q, a, q′) = 1}.

SinceI andF as defined in above are both subsets ofQ andE is a subset ofQ × Σ × Q, the
resulting quintuple (Σ,Q, I , F,E) is a finite automaton. Thusψ is a mapping fromW toF indeed.
Since the Boolean semiring does only contain two elements, namely 0 and 1 the weights of a
transitions and initial or terminal weights can be translated in the following way: If the weight of
a transition in a weighted automatonA is 1 then this transition does exist in the image ofA under
ψ, ψ(A). If otherwise for a triple (q, a, q′) ∈ Q× Σ × Q for the weight holds thatδ(q, a, q′) = 0,
then the transition (q, a, q′) does not exist inψ(A. This translation works similar for the initial
and final states. Having this interpretation in mind it will now be shown, that essentially there
is no difference between finite automata and Boolean automata. It is easy to see thatψ is an
isomorphism.
An automatonA over the Boolean semiring accepts a word if and only if there is a successful path
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labelled with it. This is the case if and only if inψ(A) there is a successful path (in the meaning
for finite automata) labelled with it. Since this is equivalent to ψ(A) accepting the word, the
automataA andψ(A) recognize the same language. Sinceψ is a bijection it follows that for
each weighted Boolean automaton there is a finite automaton that recognizes the same language
and looks very similar and vice versa. This implies that the differences between between finite
automata and Boolean automata are only notational and that finite and Boolean automata are
essentially they same.
In what follows next, a function from a tropical semiring to the set{0, 1} is being defined that
induces a mapping from the set of weighted automata over a tropical semiring to the set of
Boolean automata which is necessary for later chapters where results about Boolean automata
are achieved which can be applied to weighted automata over atropical semiring through this
mapping.

Definition 3.8. Let K = (K,min,+,∞, 0) be a tropical semiring andA = (Σ,Q, δ, λ, θ) an au-
tomaton overK. The functionα : K → {0, 1} is defined as follows:
For x , 1: α(x) := 1 andα(1) := 0.
This induces a mapping̃α from the set of weighted automata overK to the set of Boolean au-
tomata as follows:̃α(A) := (Σ,Q, δ′, λ′, θ′), where forq, q′ ∈ Q anda ∈ Σ it is defined that
δ′(q, a, q′) := α ◦ δ(q, a, q′), λ′(q) := α ◦ λ(q) andθ′(q) := α ◦ θ(q).

It is easy to see that for a weighted automatonA the quintuplẽα(A) is a Boolean automaton.
Using this function it can be defined what it means for weighted automata to be deterministic,
finitely ambiguous, polynomially ambiguous and trim.

Definition 3.9. LetA be a weighted automaton over a tropical semiring. It is called deterministic
if α̃(A) is deterministic,k-ambiguous for a k∈ N if α̃(A) is k-ambiguous andpolynomially am-
biguousif α̃(A) is polynomially ambiguous. It is said to betrim if α̃(A) is trim. The automaton
A is finitely ambiguousif it is k− ambiguous for ak ∈ N.

From all the transitions of a weighted automaton only those are of interest that have finite weight,
since only these can appear in a successful path and can therefore decide over the weight of a
word. Similarly only those states are of interest for initial or final states that have finite initial or
finite weight.

Corollary 3.10. Let A = (Σ,Q, δ, λ, θ) be a trim polynomially ambiguous automaton over a
tropical semiringK = (K,min,+,∞, 0). Then the following hold:
(1) Let q ∈ Q andw ∈ Σ∗. There is at most one successful path fromq to q labelled withw.
(2) Let q, q′ ∈ Q andw ∈ Σ∗. If there are successful paths fromq to q and fromq to q′ labelled
with w, then there does not exist a succesful path fromq′ to q labelled withw.
If A is additionally finitely ambiguous, then also the followingholds:
(3) Letq , q′ ∈ Q andw ∈ Σ∗. If there are successful paths fromq to q′ and fromq′ to q labelled
with w, then none of the paths fromq to q or from q′ to q′ labelled withw are successful.

Proof. If A is a counter-example for one of the assertions (1), (2) or (3), thenα(A) is a counter
example for the corresponding assertion in Lemma 2.15, leading to a contradiction. �
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Another way of characterizing weighted automata is via matrices over the underlying semiring.
It will be called thematrix characterization. Let A and B be two sets. A mappingω from A
to B can also be written as aA-tuple o of elements ofB. This is the same as writing down
the imageo(a) of each elementa of A undero on the position ofa in A. To give an example,
considerA := {2, 3, 5} andB := {⋆, ♯, ♭}. The mappingω is defined asω(2) := ♯, ω(3) := ♯
andω(5) := ⋆. The correspondingA−tuple has on position 2 the image of 2 underω namely
♯, on position 3 the image of 3 which is♯ and on position 5 the image of 5 namely⋆. Soo is
fully characterized by the vector (♯, ♯,⋆). In the characterization of automata via matrices the
mappingsλ andδ are replaced by vectors over the underlying semiring andδ is replaced by a
sequence of matrices.

Definition 3.11. LetK = (K,�,�,O,1) be a semiring,Σ an alphabet andQ a set of states. Let
λ ∈ K1×Q, θ ∈ KQ×1 andδ : Σ 7→ KQ×Q. Then the quintupleA :=

(
Σ,Q, δ, λ, θ

)
is called an

automaton overK. If a ∈ Σ is a letter thenδ(a) is called thetransition matrix of a, λ is thevector
of initial weightsandθ is thevector of terminal weights.

The weight of a single transition fromq to q′ labelled witha is nowδ(a)[q, q′]. The initial weight
of a stateq is λ[q] and the terminal weight isθ[q]. Sinceδ(a), λ andθ are vectors and matrices,
it is possible to multiply them in the common way.

Definition 3.12. For three finite setsA, B andC, a semiringK = (K,�,�,O,1) and two ma-
trices P ∈ KA×B andR ∈ KB×C the matrix product ofP andR is defined as(P � R) [a, c] :=⊕

b∈B (P[a, b] � R[b, c]) for a ∈ A andc ∈ C.

This definition is equivalent to the known definition of the product of two matrices in linear
algebra for the real numbers instead of an arbitrary semiring. The weight of a word is defined
in a very different way than in the formerly introducedfunctional characterization, simply by
”multiplying” the product of the transition matrices with the vector of the initial weights and the
vector of the terminal weights.

Definition 3.13. Let A =
(
Σ,Q, δ, λ, θ

)
be an automaton over a semiringK = (K,�,�,O,1)

andw = a1 · · ·an ∈ Σ∗. Then the weight ofw is defined as

∣∣∣A
∣∣∣ (w) := λ�


n⊙

i=1

δ(ai)

 � θ.

These different characterizations can betranslatedinto one another in the following way. For
a given automaton with the functional characterizationA = (Σ,Q, δ, λ, θ) the corresponding
matrix characterizationA =

(
Σ,Q, δ, λ, θ

)
is defined as follows: Forq ∈ Q let λ[q] := λ(q)

andθ[q] := θ(q). For a ∈ Σ the transition matrix ofa is defined asδ(a)[q, q′] := δ(q, a, q′),
whereq, q′ ∈ Q. For an automaton with the matrix characterizationA =

(
Σ,Q, δ, λ, θ

)
the

corresponding functional characterizationA = (Σ,Q, δ, λ, θ) is defined in the following way: For
q ∈ Q the initial weight isλ(q) := λ[q] and the final weight isθ(q) := θ[q]. For q, q′ ∈ Q and
a ∈ Σ the transition function is defined asδ(q, a, q′) := δ(a)[q, q′].
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These translations can be regarded as bijective mappings that are inverse to each other from the
set of automata in the one characterization to the set of automata in the other one. Translating
an automaton twice, first from the origin characterization to the other and secondly back to the
first, results in the origin automaton. To give an example forthis fact consider the transition
functionδ of an automaton in the functional characterization. The translation ofδ is δ and for
arbitrary statesq, q′ ∈ Q and a lettera ∈ Σ the weight of the transition fromq to q′ labelled
with a is δ(a)[q, q′] := δ(q, a, q′). The second translation from the matrix characterizationδ
into the functional characterizationδ produces for the same transition the weightδ(q, a, q′) :=
δ(a)[q, q′] = δ(a)[q, q′]. So after two translations the characterization is again the original one.
This works similar for the initial weight and the terminal weight. Indeed even the function
calculated for an automaton for a given word does not depend on its characterization, which will
be proven next. Two automata are said tocorrespondto each other if they can be translated into
one another.

Lemma 3.14.LetA = (Σ,Q, δ, λ, θ) andA =
(
Σ,Q, δ, λ, θ

)
two corresponding automata. For all

wordsw ∈ Σ it holds that
∣∣∣A

∣∣∣(w) = |A|(w).

Proof. For a given wordw = a1 · · ·an ∈ Σ∗ it follows by the definitions for weights of paths and
words that

|A|(w) =
⊕

q0,qn∈Q π∈{q0

w−→qn}

σ(π) =
⊕

q0,qn∈Q



⊕

π∈{q0

w−→qn}

σ(π)


=

⊕

q0,qn∈Q



⊕

π∈{q0

w−→qn}

λ(q0) �


n⊙

j=1

δ(qi−1, ai, qi)

 � θ(qn)


=

⊕

q0,qn∈Q


λ(q0) �



⊕

π∈{q0

w−→qn}

n⊙

j=1

δ(qi−1, ai, qi)


� θ(qn)


=

⊕

q0,qn∈Q

λ(q0) �


⊕

q1,q2,...,qn−1∈Q

n⊙

j=1

δ(qi−1, ai, qi)

 � θ(qn)

 =

⊕

q0,qn∈Q

λ(q0) �


⊕

q1,q2,...,qn−1∈Q

(
δ(q0, a1, q1) � δ(q1, a2, q2) � · · ·� δ(qn−1, an, qn)

)
 � θ(qn)

 =

⊕

q0,qn∈Q

λ[q0] �


⊕

q1,q2,...,qn−1∈Q

(
δ(a1)[q0, q1] � δ(a2)[q1, q2] � · · ·� δ(an)[qn−1, qn]

)
 � θ[qn]

 .

Because of the definition of the matrix multiplication this is equal to
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⊕

q0,qn∈Q

(
λ[q0] �

(
δ(a1) � δ(a2) � · · ·� δ(an)

)
[q0, qn] � θ[qn]

)
=

⊕

qn∈Q

( (
λ� δ(a1) � δ(a2) � · · ·� δ(an)

)
[qn] � θ[qn]

)
= λ� δ(a1) � δ(a2) � · · ·� δ(an) � θ =

λ�


n⊙

i=1

δ(ai)

 � θ =
∣∣∣A

∣∣∣(w)

�

Consequently it doesn’t matter in which way automata are written down and therefore in the
following between both characterizations will frequentlybe swapped. For later applications a
corollary will now be stated for automata in the matrix characterization. Letw = a1a2 · · ·an ∈ Σ∗.
The transition matrix of wis defined asδ(w)[q, q′] :=

(
δ(a1) � δ(a2) � · · ·� δ(an)

)
[q, q′] where

q, q′ ∈ Q. For words of length one this is the original definition of a transition matrix.

Corollary 3.15. Let A = (Σ,Q, δ, λ, θ) be a trim polynomially ambiguous automaton over a
tropical semringK = (K,min,+,∞, 0) andδ(w) its transition matrix forw ∈ Σ.
(1) If for statesq, q′ ∈ Q holds, thatδ(w)[q, q] + δ(w)[q, q′] + δ(w)[q′, q′] < ∞, thenq = q′.
If A is additionally finitely ambiguous, then:
(2) If δ(w)[q, q] + δ(w)[q′, q′] < ∞ for statesq, q′ ∈ Q and min{δ(w)[q, q′], δ(w)[q′, q]} < ∞ then
q = q′.

Proof. (1) Since fromδ(w)[q, q] + δ(w)[q, q′] + δ(w)[q′, q′] < ∞ follows that there is at least
one path labelled withw from q to q, one fromq to q′ and one fromq′ to q′, it is clear that
| (q,w, q) | · | (q,w, q′) | · | (q′,w, q) |, 0 from which Corollary 3.10(2) infers thatq = q′.
(2) Assumingδ(w)[q, q] + δ(w)[q′, q′] < ∞ andδ(w)[q, q′] < ∞ or δ(w)[q′, q] < ∞ implies that
there are paths labelled withw from q to q, from q′ to q′ and either fromq′ to q or from q to q′.
Again with Corollary 3.10(3) follows thatq = q′. �

LetA1 andA2 be finitely ambiguous automata with the same languageL. The last step in this
chapter consist of constructing an automatonA, that computes for every wordw ∈ L the weight
|A1|(w)− |A2|(w). For this purpose firstly an unambiguous automatonA′2 is constructed that has
a completely different alphabet thanA2 but recognizes a similar language and computes a similar
function asA2. Since this automaton is unambiguous, it is possible to construct out ofA′2 an
automatonA−2 that computes the negative function of|A′2|. Since the alphabet ofA′2 is different
from the alphabet ofA1, out ofA1 the automatonA′1 will be constructed which computes a
similar function and recognizes a similar language asA1 but has the same alphabet asA′2. From
A′−2 andA′1 the automatonA will be constructed, that recognizes the same language asA′1 but
computes the function|A′1| + |A′−2 |.
For the construction of the automatonA′−2 it does not suffice to simply multiply the weights on
all the transitions by (−1). SinceA2 is finitely ambiguous, there are possibly several paths with
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different weights for one word. Suppose for a wordw that there do exist the pathsπ1 andπ2

with the weightsd1 < d2. Then the weight ofw in A2 will be less or equal tod1. If now the
weights of all transitions are only multiplied by (−1) the new automaton will again be finitely
ambiguous and will have the same paths asA2. The pathsπ1 andπ2 will still exist in this new
automaton but they will have the weights−d1 > −d2. Since this new automaton also computes
the minimal weight forw, this will be less or equal−d2. Thus the automaton obtained fromA2

by simply multiplying all weights by (−1) does not necessarily compute the negative function of
|A2|. Therefore a more complex construction needs to be done.
In the following an automatonA′2 will be constructed which recognizes the language that consists
of the successful paths ofA2 and which computes for every successful path ofA2 the weight
thatA2 computes for it’s label.

Definition 3.16. For an automatonA = (Σ,Q, δ, λ, θ) over a tropical semiring (K,min,+,∞, 0)
the automatonA′ = (Q × Σ × Q,Q, δ′, λ, θ) is called theunificationof A, whereδ′ : Q × (Q ×
Σ × Q) × Q→ K is such that forq1, q′1, q2, q′2 ∈ Q anda ∈ Σ the transition function is defined as
δ(q1, q′1, a, q

′
2, q2) := δ(q1, a, q2) for q1 = q′1 andq2 = q′2 andδ(q1, q′1, a, q2, q′2) = ∞ otherwise.

The unification of an automaton has the same states and the same initial and terminal weights.
The weights of the transitions ofA′ are the same as inA. The difference between an automaton
A and its unificationA′ is that the label of a transition inA′ contains also the states from and to
which the transition leads. This implies that it is not possible, as for finitely ambiguous automata,
to have the same label for different transitions which means that any label occures only once and
thus the automaton is unambiguous. This will be shown next.

Lemma 3.17.The unification of a finitely ambiguous automatonA is unambiguous.

Proof. It will be shown that there exists only one successful path for each word of the language of
A′. Letw = (q1, a1, q′1)(q2, a2, q′2) · · · (qn, an, q′n) ∈ (Q×Σ×Q)∗. If w is in the language ofA′ then

there is a successful pathπ := p0

(q1,a1,q′1)
−−−−−−→ p1

(q2,a2,q′2)
−−−−−−→ p2 · · · pn−1

(qn,an,q′n)
−−−−−−→ pn in A′ labelled with

w. The weight ofw is |A′|(w) = λ(p0) +
∑n

i=1 δ
′(pi−1, qi, ai, q′i , pi) + θ(pn) < ∞. Since the weight

of the path is finite, it follows that the weight of all transitions are finite and thus fori = 1, . . . , n
holds thatδ(pi−1, qi, a, q′i , p

′
i ) < ∞. Since by definitionδ(p, q, a, q′, p′) < ∞ if and only if p = q

andp′ = q′ it follows, that for i = 1, . . . , n it holds thatpi−1 = qi andq′i = pi. For i = 2, . . . , n it
follows hence, thatq′i−1 = pi−1 = qi. Since only words are of interest that are in the language of
A′, it can therefore be assumed thatw has the form (q0, a1, q1)(q1, a2, q2) · · · (qn−1, an, qn). From
the fact thatδ(pi−1, qi−1, ai, qi, pi) is finite for i = 1, . . . , n follows thatpi = qi andp0 = q0. Thus
the path forw is uniquely determined by the states that occure inw and therefore this unified
automaton is unambiguous. �

The only reason, why the unification has been considered is, that it provides a way to construct
an unambiguous automatonA for which a new unambiguos automatonA− can be found that
recognizes the same language asA but computes the negative function−|A| ofA.

Lemma 3.18. Let A = (Σ,Q, δ, λ, θ) be an unambiguous automaton. The automatonA− =
(Σ,Q,−δ,−λ,−θ) recognizes the same languageL asA and computes for all wordsw ∈ L the
weight |A−|(w) = −|A|(w).
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Proof. Let for a1, . . . , an ∈ Σ andq0, . . . , qn ∈ Q beπ := q0
a1−→ q1

a2−→ q2 · · ·qn−1
an−→ qn a path.

This path is successful forA if and only if λ(q0)+
∑n

i=1 δ(qi−1, ai, qi)+ θ(qn) is finite which is the
case if and only if−λ(q0) +

∑n
i=1−δ(qi−1, ai, qi) + (−θ(qn)) is finite. This is equivalent toπ being

successful forA−. Since the automataA andA− have the same accepting paths it follows that
L(A) = L(A−).
Let π be the successful path forw ∈ L(A). Definingσ− to be the weight ofπ in A− and
observing thatσ−(π) = −λ(q0) +

∑n
i=1−δ(qi−1, ai, qi) + (−θ(qn)) = −σ(π), it follows clearly that

|A−|(w) = σ−(π) = −σ(π) = −|A|(w). �

For two automataA1 andA2 over the same alphabet it is possible to construct a third automaton,
theHadamard productA1+2 that computes the function|A1+2| = |A1| + |A2|. How this is done
will be shown later, but before note that the automata of which it is of interest to calculate the
Hadamard product areA1 andA′−2 . These do not have the same alphabet. Hence fromA1 =

(Σ,Q1, δ1, λ1, θ1) a new automatonAA
′
2

1 needs to be constructed which has the same alphabet and
the same language asA′2 = (Q2 × Σ × Q2,Q2, δ

′
2, λ2, θ2) but calculates a similar function asA1.

Let the automatonAA
′
2

1 be defined byAA
′
2

1 := (Q2 × Σ × Q2,Q1, δ
′
1, λ1, θ1) where forq2, q′2 ∈ Q2,

q1, q′1 ∈ Q1 anda ∈ Σ it is defined thatδ′1(q1, q2, a, q′2, q
′
1) := δ1(q1, a, q′1). A

A′2
1 has the same

alphabet asA′2. In the next lemma will be proven, that it recognizes also thesame language as
A′2.

Lemma 3.19.LetA1 = (Σ,Q1, δ1, λ1, θ1) andA2 = (Σ,Q2, δ2, λ2, θ2) be to automata.
(1) Let w ∈ L(A1) ∩ L(A2) andπ a path labelled withw in A2. Thenπ ∈ L(AA

′
2

1 ) ∩ L(A′2) and

|A1|(w) = |AA
′
2

1 |(π) hold.

(2) Let π ∈ L(AA
′
2

1 ) ∩ L(A′2) andw its label. Thenw ∈ L(A1) ∩ L(A2) and|A1|(w) = |AA
′
2

1 |(π)
hold.

Proof. (1) It is clear by Definition 3.16 ofA′2 thatπ := q0
a1−→ q1

a2−→ q2 · · ·qn−1
an−→ qn ∈ L(A′2).

Sincew = a1 · · ·an ∈ L(A1) there is a successful minimal pathπ1 := p0
a1−→ p1

a2−→ p2 · · · pn−1
an−→

pn in A1 labelled withw. Then by the definition ofAA
′
2

1 above the pathp0
(q0,a1,q1)
−−−−−−→ p1

(q1,a2,q2)
−−−−−−→

p2 · · · pn−1
(qn−1,an,qn)
−−−−−−−−→ pn is successful inAA

′
2

1 and thereforeπ ∈ L(AA
′
2

1 ). Since|A1|(w) = λ1(p0)+∑n
i=1 δ1(pi−1, ai, pi) + θ1(pn) = λ1(p0) +

∑n
i=1 δ

′
1(pi−1, qi−1, ai, qi, pi) + θ1(pn) = |A

A′2
1 |(π), the first

part of the proof follows.
(2) Sinceπ ∈ L(A′2), it follows that∞ > λ2(q0) +

∑n
i=1 δ

′
2(qi−1, qi−1, ai, qi, qi) + θ2(qn) = λ2(q0) +∑n

i=1 δ2(qi−1, ai, qi)+ θ2(qn) ≥ |A2|(w) and thereforew ∈ L(A2). Sinceπ ∈ L(AA
′
2

1 ), it is also clear
that∞ > λ1(p0)+

∑n
i=1 δ

′
1(p
′
i−1, qi−1, ai, qi, p′i )+θ1(pn) for some statesp′0, . . . p

′
n ∈ Q1 and therefore

∞ > λ1(p′0) +
∑n

i=1 δ1(p′i−1, ai, p′i ) + θ1(p′n) ≥ |A1|(w), which leads tow ∈ L(A1). Definingπ1

as above to be the minimal path forw in A1 implies |A1|(w) = λ1(p0) +
∑n

i=1 δ1(pi−1, ai, pi) +

θ1(pn) = λ1(p0) +
∑n

i=1 δ
′
1(pi−1, qi−1, ai, qi, pi) + θ1(pn) = |A

A′2
1 |(π) and finishes the second part of

the proof. �

FromAA
′
2

1 andA′−2 a new automatonA will be constructed that recognizes the same language
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L′ asAA
′
2

1 andA′−2 and it will be shown that for every wordw ∈ L′ this automaton computes the

weight
∣∣∣∣A
A′2
1

∣∣∣∣ (w) + |A′−2 |(w).

Definition 3.20. LetA1 = (Σ,Q1, δ1, λ1, θ1) andA2 = (Σ,Q2, δ2, λ2, θ2) be two finitely ambigu-
ous automata over a tropical semiringK = (K,min,+,∞, 0). TheHadamard productA1 +A2 =

(Σ,Q, δ, λ, θ) ofA1 andA2 is defined as follows:
(1) Q := Q1 × Q2,
(2) Forq1, q′1 ∈ Q1, q2, q′2 ∈ Q2 anda ∈ Σ: δ(q1, q2, a, q′1, q

′
2) := δ1(q1, a, q′1) + δ2(q2, a, q′2),

(3) q1 ∈ Q1 andq2 ∈ Q2: λ(q1, q2) := λ1(q1) + λ2(q2) and
(4) q1 ∈ Q1 andq2 ∈ Q2: θ(q1, q2) := θ1(q1) + θ2(q2).

It is now to be shown, that the Hadamard product of two finitelyambiguous automataA1 and
A2 with the same languageL recognizes also the languageL and does for all wordsw ∈ L really
compute the weight|A1|(w) + |A2|(w).

Lemma 3.21.LetA1 andA2 be two finitely ambiguous automata over a tropical semiringK =
(K,min,+,∞, 0). Then the following holds.
(1) L(A1 +A2) = L(A1) ∩ L(A2).
(2) For allw ∈ Σ∗ it holds that|A1|(w) + |A2|(w) = |A1 +A2|(w).
(3) If A1 is k1−ambiguous andA2 is k2−ambiguous thenA1 +A2 is (k1 · k2)−ambiguous.

Proof. (1) Let for w = a1a2 · · ·an ∈ L(A1) ∩ L(A2) beπ1 := p0
a1−→ p1

a2−→ p2 · · · pn−1
an−→ pn a

successful path inA1 andπ2 := q0
a1−→ q1

a2−→ q2 · · ·qn−1
an−→ qn a successful path inA2. The path

π := (p0, q0)
a1−→ (p1, q1)

a2−→ (p2, q2) · · · (pn−1, qn−1)
an−→ (pn×qn) is a path inA1+A2. Sincep0 and

q0 are initial states ofA1 respectivelyA2, it follows thatλ1(p0) < ∞ andλ2(q0) < ∞ and hence
λ1(p0)+λ2(q0) < ∞ which implies, that (p0, q0) is an initial state ofA1+A2. For i = 1, . . . , n the
transitions (pi−1, ai, pi) and (qi−1, ai, qi) holds, thatδ1(pi−1, ai, pi) < ∞ andδ2(qi−1, ai, qi) < ∞ and
sinceδ(pi−1, qi−1, ai, pi, qi) = δ1(q1, a, q′1)+ δ2(q2, a, q′2), it follows thatδ(pi−1, qi−1, ai, pi, qi) < ∞.
Sinceθ(pn, qn) = θ1(pn)+ θ2(qn) andpn andqn are both final states, which meansθ1(pn) < ∞ and
θ2(qn) < ∞ it follows that alsoθ(pn, qn) < ∞ and therefore that also (pn, qn) is a final state. Thus
the pathπ is successful inA1 +A2 and thusw ∈ L(A1 +A2).
Suppose now for the other direction thatw ∈ L(A1 + A2). There must exist a successful path
π := (p′0, q

′
0)

a1−→ (p′1, q
′
1)

a2−→ (p′2, q
′
2) · · · (p′n−1, q

′
n−1)

an−→ (p′n, q
′
n) labelled withw. Hence the initial

weight of (p′0, q
′
0) as well as the final weight of (p′n, q

′
n) is finite. The fact thatλ(p′0, q

′
0) = λ1(p′0)+

λ2(q′0) < ∞ implies thatλ1(p′0) < ∞ andλ2(q′0) < ∞ and thence alsop′0 andq′0 are initial states
ofA1 andA2, respectively. Similarly follows thatp′n andq′n are finial states. For the transitions
in the same way as above follows fori = 1, . . . , n from δ(p′i−1, q

′
i−1, ai, p′i , q

′
i ) = δ1(q′i−1, ai, q′i ) +

δ2(q′i−1, ai, q′i ) < ∞ thatδ1(q′i−1, ai, q′i ) andδ2(q′i−1, ai, q′i ) are also finite and therefore that the paths

π′1 := p′0
a1−→ p′1 · · · p′n−1

an−→ p′n in A1 and π′2 := q′0
a1−→ q′1 · · ·q′n−1

an−→ q′n in A2 are indeed
successful and labelled withw. This implies thatw ∈ L(A2) ∩ L(A1) from which the result
L(A1 +A2) = L(A1) ∩ L(A2) follows.
(2) Now it is to show that the function calculated byA1 + A2 is the same as the sum of the
functions calculated byA1 andA2. By (1) an arbitrary wordw = a1 · · ·an ∈ Σ∗ is in L(A1 +
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A2) if and only if it is in L(A1) and in L(A2). Assumingw < L(A1 + A2) leads to|A1 +

A2|(w) = ∞ = |A1|(w) + |A2|(w). Let thus bew ∈ L(A1 + A2) and letπ1 andπ2 as above
be the minimal paths inA1 andA2, which implies that|A1|(w) = |A1,π1|(w) and |A2|(w) =
|A2,π2|(w). As seen above, the pathπ is also a successful path ofw inA1+A2 and has the weight
λ(p0, q0)+

∑n
i=1 δ(pi−1, qi−1, ai, pi, qi)+ θ(pn, qn) = λ1(p0)+

∑n
i=1 δ1(pi−1, ai, pi)+ θ1(pn)+λ2(q0)+∑n

i=1 δ2(qi−1, ai, qi) + θ2(qn) = |A1|(w) + |A2|(w) ≥ |A1 +A2|(w).
On the other hand letπ′ as above be the minimal path forw in A1 + A2, which implies that
|(A1 +A2)π′ |(w) = |A1 +A2|(w). The pathsπ′1 andπ′2 as defined above are successful paths for
w inA1 andA2. The sum of their weights is thusλ1(p′0)+

∑n
i=1 δ1(p′i−1, ai, p′i )+ θ1(p′n)+ λ2(q′0)+∑n

i=1 δ2(q′i−1, ai, q′i ) + θ2(q′n) = λ(p′0, q
′
0) +

∑n
i=1 δ(p

′
i−1, q

′
i−1, ai, p′i , q

′
i ) + θ(p

′
n, q
′
n) = |A1 +A2|(w) ≥

|A1|(w) + |A2|(w). Thus for all wordsw in Σ∗ holds that|A1|(w) + |A2|(w) = |A1 +A2|(w).
(3) Letπ := (p0, q0)

a1−→ (p1, q1)
a2−→ (p2, q2) · · · (pn−1, qn−1)

an−→ (pn×qn) be an arbitrary successful
path inA1 + A2 labelled withw. As seen in (1),π can be resolved into two successful paths
π1 := p0

a1−→ p1 · · · pn−1
an−→ pn in A1 andπ2 := q0

a1−→ q1 · · ·qn−1
an−→ qn in A2 both labelled with

w. SinceA1 is k1−ambiguous andA2 is k2−ambiguous, it follows that there are at mostk1 · k2

different pairs of paths whichπ can be resolved into. Thus forA1 +A2 there are at mostk1 · k2

successful paths and henceA1+A2 is k1 · k2−ambiguous. Furthermore the paths inA1+A2 are
exactly the products of paths inA1 andA2. �

Lets now have a look at the connection between the functions computed byA1 andA2 and those
computed byAA

′
2

1 +A′−2 .

Lemma 3.22. Let A1 = (Σ,Q1, δ1, λ1, θ1) andA2 = (Σ,Q2, δ2, λ2, θ2) be finitely ambiguous
automata over a tropical semiringK = (K,min,+,∞, 0). Let furthermore beA′2 the unification

of A2, A
A′2
1 as defined before Lemma 3.19 andA the Hadamard product ofAA

′
2

1 andA′−2 . For
d ∈ K with d ≥ 0 the following conditions are equivalent.
(1) There is a wordw ∈ L(A2) ∩ L(A1) such that|A1|(w) − |A2|(w) > d.
(2) There is a wordw′ ∈ (Q2 × Σ × Q2)∗ such that|A|(w′) ∈ K and|A|(w′) > d.

Proof. Let L := L(A1) ∩ L(A2).
(1)⇒(2). Suppose, that there is a wordw = a1 · · ·an ∈ L for which (1) holds. There ex-
ists a minimal pathπ2 := q0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn in A2 with weight d2 < ∞ la-
belled with w for which holds that|A1|(w) =: d1 > d + d2. Let A′2 be the unification of
A2. Thenw′ := (q0, a1, q1)(q1, a2, q2) · · · (qn−1, an, qn) is a word of the language ofA′2, since

there is a pathπ′2 := q0
(q0,a1,q1−−−−−−→ q1

(q1,a2,q2)
−−−−−−→ q2 · · ·qn−1

(qn−1,an,qn)
−−−−−−−−→ qn in A′2 that has the weight

λ2(q0)+
∑n

i=1 δ
′
2(qi−1, qi−1, ai, qi, qi)+θ2(qn) = λ2(q0)+

∑n
i=1 δ2(qi−1, ai, qi)+θ2(qn) = |A2|(w) = d2.

By Lemma 3.17 it follows that this is the only path forw′. Lemma 3.18 implies that|A′−2 |(π) =
−d2.
Consider now the automatonA1. Let π1 := p0

a1−→ p1
a2−→ p2 · · · pn−1

an−→ pn be the mini-
mal path forw with the weightd1 < ∞ for A1. The automatonAA

′
2

1 has been defined as be-

fore Lemma 3.19.w′ is a word also recognized byAA
′
2

1 , sinceπ′1 := p0
(q0,a1,q1)
−−−−−−→ p1

(q1,a2,q2)
−−−−−−→

p2 · · · pn−1
(qn−1,an,qn)
−−−−−−−−→ pn is a successful path forw′. The pathπ′1 has the weightλ1(p0) +
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∑n
i=1 δ

′
1(pi−1, qi−1, ai, qi, pi) + θ1(pn) = λ1(p0) +

∑n
i=1 δ1(pi−1, ai, pi) + θ1(pn) = d1. This implies

|A1|(w) ≥
∣∣∣∣A
A′2
1

∣∣∣∣ (w′). If there were another pathπ′ in AA
′
2

1 labelled withw′ with weight less
thand1, this path could also appear forA1 with the same states but the labelw instead ofw′.
Since the weight ofw′ in AA

′
2

1 is equal to the weight ofw in A1 the existence of such a path

π′ would contradict the assumption that|A1|(w) = d1. Therefore
∣∣∣∣A
A′2
1

∣∣∣∣ (w′) ≥ d1 which implies∣∣∣∣A
A′2
1

∣∣∣∣ (w′) = d1.

Now consider the Hadamard productA of AA
′
2

1 andA′−2 . From Lemma 3.21 follows that

|A|(w′) =
∣∣∣∣A
A′2
1

∣∣∣∣ (w′) + |A′−2 |(w′) = d1 − d2 > d. Sinced1 < ∞ andd2 < ∞ it follows that
also|A|(w′) < ∞ and therefore|A|(w′) ∈ K.
(2)⇒(1). Letw′ := (q0, a1, q1)(q1, a2, q2) · · · (qn−1, an, qn) be the word for which|A|(w′) > d. By

Lemma 3.21 it follows that also
∣∣∣∣A
A′2
1

∣∣∣∣ (w′) + |A′−2 |(w′) > d. Let d1 :=
∣∣∣∣A
A′2
1

∣∣∣∣ (w′) and−d2 :=
|A′−2 |(w′). By the construction ofA′−2 and its unambiguity it is clear that the automatonA′2
calculates the weightd2 for w′. Let π′2 := q′0

(q0,a1,q1−−−−−−→ q′1
(q1,a2,q2)
−−−−−−→ q′2 · · ·q′n−1

(qn−1,an,qn)
−−−−−−−−→ q′n be

the path inA′2 for w′. Since fori = 1, . . . , n it holds thatδ′2(q
′
i−1, qi−1, ai, qi, q′i ) < ∞, it follows

that qi = q′i for i = 0, . . . , n. SinceA′2 is the unification automaton ofA2, it follows that
δ2(qi−1, ai, qi) = δ′2(qi−1, qi−1, ai, qi, qi) for i = 1, . . . , n, λ2(q0) < ∞ andθ2(qn) < ∞ and thus the

pathπ2 := q0
a1−→ q1

a2−→ q2 · · ·qn−1
an−→ qn is successful forw := a1 · · ·an and has the weight

λ2(q0)+
∑n

i=1 δ2(qi−1, ai, qi)+θ2(qn) = λ2(q0)+
∑n

i=1 δ
′
2(qi−1, qi−1, ai, qi, qi)+θ2(qn) = d2 ≥ |A2|(w).

SinceL(A′−2 ) = L
(
AA

′
2

1

)
it follows that w′ ∈ L

(
AA

′
2

1

)
. The automatonAA

′
2

1 was constructed

such that for any word (p1, b1, p′1)(p2, b2, p′2) · · · (pm, bm, p′m) of L(AA
′
2

1 ) with weightd the word
b1b2 · · ·bm can be recognized byA1 and has the same weight. Therefrom it follows thatw ∈
L(A1) and

∣∣∣∣A
A′2
1

∣∣∣∣ (w′) = |A1|(w). For the wordw holds that|A1|(w) − |A2|(w) ≥
∣∣∣∣A
A′2
1

∣∣∣∣ (w′) −
|A′2|(w′) = d1 − d2 > d. �
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4 Prerequisites

4.1 Metatransitions

Transitions in finite automata lead from one state to anotherand are labelled with a certain letter
of the underlying alphabet. For a given stateq and a lettera it is possible for nondeterministic
automata that there are different statesq′ andq′′ where a transition fromq labelled witha leads
to. So if the automaton is in one state and receives a letter itis not known into which state it is
going to move. In this section a new kind of transition for finitely ambiguous Boolean automata
is being introduced, the metatransition. Metatransitionsdo not consist of two states and a letter,
but of four setsP0, P1, R0 andR1 of states and the transition matrixδ(a) of a lettera. For a given
setP0 of states and a lettera the set of statesP1 contains all those states, where transitions from
elements ofP0 labelled witha lead to. If the automaton is in one state from the setR1 and has
reada to get there thenR0 is the set of states, where it can have been before. The advantage of
metatransitions is that for a given letter and a set of statesP0 it is determined what the second set
of statesP1 is, similarlyR0 is determined byR1 and the given letter.
The automata considered in this chapter are, for easier reading, written down in the matrix nota-
tion of weighted automata overB. If thus a given stateq has the terminal weightθ(q) = 0 this is
interpreted asq not being a final state. The same interpretation applies to initial states and tran-
sitions: If for two statesq, q′ ∈ Q and a lettera the transition has weightδ(a)[q, q′] = 0 this shall
mean that there is no such transition in the automaton. Sinceit will be dealt a lot with Boolean
matrices an abbreviation will be introduced: ForP,R ⊆ Q and a Boolean matrixB ∈ BQ×Q the
restriction B↾P×R of B from Q× Q to P× R is defined in the following way:B↾P×R∈ BP×R such
that for (q, q′) ∈ P× R the entryB↾P×R [q, q′] = 1 if and only if B[q, q′] = 1. A subsetP of the
setQ will sometimes be written in the vector notationP ∈ {0, 1}Q, whereP[q] = 1 if and only if
q ∈ P.

Definition 4.1. For P0,P1,R0,R1 ⊆ Q whereQ is a finite nonempty set and a Boolean matrix
A ∈ B(P0∩R0)×(P1∩R1) the quintuple

(
P0
R0

A P1
R1

)
is called ametatransitionif

(1) (P0 ∩ R0) · A = (P1 ∩ R1) and
(2) A · (P1 ∩ R1) = (P0 ∩ R0).

Two metatransitionst1 =
(

P0
R0

A1
P1
R1

)
andt2 =

(
P′1
R′1

A2
P2
R2

)
are calledconcatenable, if P1 = P′1 and

R1 = R′1. In this case theconcatenationof t1 andt2 is defined byt1 ◦ t2 :=
(

P0
R0

A1 · A2
P2
R2

)
where

A1 · A2 is the common product of matrices.

It is now to show that the concatenation of two metatransitions as defined above is a metatransi-
tion indeed.

Lemma 4.2. The concatenation of two metatransitions is welldefined.

Proof. Let t1 :=
(

P0
R0

A1
P1
R1

)
and t2 =

(
P1
R1

A2
P2
R2

)
be two concatanable metatransitions. Since

A1 ∈ B(P0∩R0)×(P1∩R1) andA2 ∈ B(P1∩R1)×(P2∩R2) it is possible to multiplyA1 with A2 and the product
A1 · A2 is in B(P0∩R0)×(P2∩R2). It remains hence to show, that the quintuple

(
P0
R0

A1 · A2
P2
R2

)
fulfilles

the properties of a metatransition.
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(1) Sincet1 andt2 are metatransitions, it holds that (P0∩R0) ·A1 = (P1∩R1) and (P1∩R1) ·A2 =

(P2∩R2). Using the associativity of the matrix multiplication it follows that (P0∩R0) · (A1 ·A2) =
(P0 ∩ R0) · A1 · A2 = (P1 ∩ R1) · A2 = (P2 ∩ R2).
(2) From similar reasons it can be infered that (A1 · A2) · (P2 ∩ R2) = A1 · A2 · (P2 ∩ R2) =
A1 · (P1∩R1) = (P0∩R0). Hence, the concatenation of two concatanable metatransitions is again
a metatransition. �

In order to write down the concatenation of more than two metatransitions it is of big interest
whether the concatenation is associative, since if it is, the order of concatenating can be ignored.

Lemma 4.3. The concatenation of metatransitions is associative.

Proof. Let for i ∈ {1, 2, 3} be ti :=
(

Pi−1
Ri−1

Ai
Pi

Ri

)
. Note thatt1 is concatenable witht2 and t2 is

concatenable witht3. Then

(t1 ◦ t2) ◦ t3 =

((
P0

R0
A1

P1

R1

)
◦
(
P1

R1
A2

P2

R2

))
◦
(
P2

R2
A3

P3

R3

)
=

(
P0

R0
A1 · A2

P2

R2

)
◦
(
P2

R2
A3

P3

R3

)
=

(
P0

R0
A1 · A2 · A3

P3

R3

)
=

(
P0

R0
A1

P1

R1

)
◦
(
P1

R1
A2 · A3

P3

R3

)
=

(
P0

R0
A1

P1

R1

)
◦
((

P1

R1
A2

P2

R2

)
◦
(
P2

R2
A3

P3

R3

))
= t1 ◦ (t2 ◦ t3).

�

Consider a Boolean automaton and a lettera of its alphabet. For a set of statesP0 and a state
q′ it is determined whether there exists a transition leading from a state inP0 to q′ labelled
with a. The states to which a transitions from states inP0 labelled witha lead to are already
determined byP0 and the transition matrix ofa, B say. If there is a transition fromP0 to q′

labelled witha then there must exist a stateq ∈ P0 from which this transition starts and therefore
B[q, q′] = δ(a)[q, q′] = 1. For the statesp′ which are not targets of such a transition it is clear
thatB[q, p′] = 0 for all q ∈ P0. Since in the setP1 are exactly the states which are attainable from
P0 undera it follows thatP1 is uniquely determined byB andP0 throughP1 = P0 · B. Consider
another setR1 of states for the same automaton. For a given stateq and a lettera it is determined
by B whether or not there is a transition leading fromq to R1 labelled witha. The statesq from
which there is a transition to a stateq′ in R1 are exactly those, for whichB[q, q′] = 1. So only
for these statesq holds that 1=

⋃
q′∈R1

B[q, q′] · R1[q′] =: R0[q]. Let for all other statesp ∈ Q be

R0[p] := 0. Consequently a metatransition
(

P0
R0

B↾(P0∩R0×(P1∩R1)
P1
R1

)
is already determined byP0,

B andR1. This motivates the next definition.

Definition 4.4. Let P0,R1 ⊆ Q, B ∈ BQ×Q, P1 := P0 · B, R0 := B · R1 andA := B↾(P0∩R0)×(P1∩R1).
Themetatransition induced by P0, B and R1 is defined bytP0,B,R1 :=

(
P0
R0

A P1
R1

)
.

The claim thattPO,B,R1 is a metatransition indeed will be proven next.

Lemma 4.5. For P0,R1 ∈ Q andB ∈ BQ×Q tP0,B,R1 is a metatransition.
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Proof. (1) The equality (P0∩R0)·A = (P1∩R1) will be proven by showing (P0∩R0)·A ⊇ (P1∩R1)
and (P0 ∩ R0) · A ⊆ (P1 ∩ R1). For the former consider anx ∈ P1 ∩ R1 ⊆ P1. It holds that
1 = P1[x] = (P0 · B)[x] =

⋃
y∈P0

P0[y] · B[y, x] =
⋃

y∈P0
B[y, x], which implies the existence of

a y ∈ P0 such thatB[y, x] = 1. The fact thatx ∈ R1 implies that alsoy ∈ B · R1 = R0, since
R0[y] =

⋃
x∈R1

B[y, x] · R1[x] =
⋃

x∈R1
B[y, x] = 1. Thusy ∈ P0 ∩ R0 and x ∈ P1 ∩ R1. Since

A = B↾(P0∩R0)×(P1∩R1) andB[y, x] = 1 it follows, thatA[y, x] = 1. Finally
(
(P0 ∩ R0) · A

)
[x] =⋃

y∈P0∩R0
(P0 ∩ R0)[y] · A[y, x] =

⋃
y∈P0∩R0

A[y, x] = 1 and thereforex ∈ (P0 ∩ R0) · A.
The second inclusion follows from the definition ofA ∈ B(P0∩R0)×(P1×R1). Supposex ∈ (P0∩R0)·A.
Since 1= (P0 ∩ R0) · A[x] =

⋃
y∈P0∩R0

(P0 ∩ R0)[y] · A[y, x] =
⋃

y∈P0∩R0
A[y, x] there must be a

y ∈ P0 ∩ R0 such thatA[y, x] = 1 which is only possible forx ∈ P1 ∩ R1.
(2) The second condition from Definition 4.1,A · (P1∩R1) = (P0∩R0), can be shown by similar
means. The proof is basically the same, with the difference that the coordinates in the matrixA
are interchanged as well asx with y, P with Rand the indices 0 and 1 onP andQ. Lety ∈ P0∩R0.
So there must be anx ∈ R1 such thatB[y, x] = 1, sinceR1 = B · R0. Sincey ∈ P0 it follows, that
x ∈ P0 · B = P1. On the other hand, sinceA ∈ B(P0∩R0)×(P1×R1) it follows that if y ∈ A · (P1 ∩ R1),
alsoy ∈ (P0 ∩ R0) holds.

�

There exists a slight notational problem with the restriction A = B↾(P0∩R0)×(P1∩R1) of a Boolean
matrix B. The matrixA is of dimension (P0 ∩ R0) × (P1 ∩ R1) ⊆ Q× Q. If the inclusion is strict,
then the matrixA is smaller thanB. If A is written down in the common way, the columns and
rows are not labelled, so it is unclear which row or column ofB does not appear inA. Hence, if
the matrixA is explicitly written down in an example, it will be written as aQ×Q matrix where
for (p, q) < (P0∩R0)× (P1∩R1) the entriesA[p, q] := 0. In calculating this makes no difference,
but in examples it is easier to overview. However in those subsequent results that do not require
A to be written down explicitely, the former definition applies.
Consider as an example for an induced metatransition the sets Q := {1, 2, 3, 4}, P0 := {1, 2}
andR1 := {2, 3}. These can by the above convention also been written asP0 := (1, 1, 0, 0) and
R1 := (0, 1, 1, 0). Now consider the Boolean matrix

B =



0 1 0 1
1 0 0 1
0 1 1 0
0 0 0 1


.

Using Definition 4.4 it follows that

P1 := P0 · B = (1, 1, 0, 0) ·



0 1 0 1
1 0 0 1
0 1 1 0
0 0 0 1


= (1, 1, 0, 1)
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and

R0 := B · R1 =



0 1 0 1
1 0 0 1
0 1 1 0
0 0 0 1


·



0
1
1
0


= (1, 0, 1, 0).

SinceP0 ∩ R0 = (1, 0, 0, 0) andP1 ∩ R1 = (0, 1, 0, 0) it follows, thatA is a 1-by-1-matrix, which
has its only entry (’1’) at position (1, 2). SoA would be equal to (1){1}×{2}. To make it easier to
follow the example,A is written as

A :=



0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0


.

To see wether or nott :=
(

P0
R0

A P1
R1

)
is a metatransition one has only to check the conditions (1)

and (2) from Definition 4.1:

(1) (P0 ∩ R0) · A = (1, 0, 0, 0) ·



0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0


= (0, 1, 0, 0) = (P1 ∩ R1) and

(2) A · (P1 ∩ R1) =



0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0


·



0
1
0
0


= (1, 0, 0, 0) = (P0 ∩ R0).

The necessary properties are all fulfilled, and thust is a metatransition. This implies that in an
automaton with the set of statesQ that contains a transition matrixB induced by a lettera, for
any state inP1 for example 4 there is a state inP0 for example 2 and a transition that leads from
2 to 4 labelled witha. Similarly for any state inR0 for example 3 there exists a state inR1 for
instance 3 and a transition labelled witha leading from 3 to 3.

It was clear from the explanation above that a metatransition induced by a single lettera is
already determined byP0, δ(a) andR1. Now consider a wordw = a1a2 · · ·an. For a given set of
statesP0, it is determined where transitions labelled witha1 lead to, namely toP0 · δ(a1) =: P1.
Similarly it is clear where transitions labelled witha2 from P1 lead to, and so on. Sow andP0

already determine where a sequence of transitions labelledwith w can lead to fromP0. These are
the states reachable fromP0 underw. Consider furthermore a set of statesRn and the same word
w. The setRn−1 contains all the states from which a state inRn can be reached with a transition
labelled withan and can therefore be defined asRn−1 := δ(an) · Rn. Similarly the states inRn−1

can be reached from the states inδ(an−1) · Rn−1 =: Rn−2. If the sequence of setsR0,R1, . . . ,Rn

is constructed in this manner, the automaton has to be in a state of Ri−1 before reading the letter
ai, if after readingw it arrives in a state ofRn. Hence the origin states for transitions labelled
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with w and leading to states inRn are already determined byRn andw. That this rather heuristic
approach really works will be shown next.

Lemma 4.6. Let B1, B2 ∈ BQ×Q andP0,R1,P1,R2 ⊆ Q. If tP0,B1,R1 andtP1,B2,R2 are concatenable,
thentP0,B1,R1 ◦ tP1,B2,R2 = tP0,B1·B2,R2.

Proof. SincetP0,B1,R1 andtP1,B2,R2 are concatenable it follows from Definition 4.1 thatP0 ·B1 = P1

andR1 = B2 · R2. DefiningR0 := B1 · R1 andP2 := P1 · B2 gives the affected metatransitions
the formtP0,B1,R1 =

(
P0
R0

B1↾(P0∩R0)×(P1∩R1)
P1
R1

)
andtP1,B2,R2

(
P1
R1

B2↾(P1∩R1)×(P2∩R2)
P2
R2

)
. UsingA1 :=

B1 ↾(P0∩R0)×(P1∩R1) and A2 := B2 ↾(P1∩R1)×(P2∩R2) and the definition of induced metatransitions it
follows thattP0,B1,R1◦tP1,B2,R2 =

(
P0
R0

A1
P1
R1

)
◦
(

P1
R1

A2
P2
R2

)
=

(
P0
R0

A1 · A2
P2
R2

)
. From the same definition

follows thattP0,B1·B2,R2 =

(
P0
R0

(B1 · B2)↾(P0∩R0)×(P2∩R2)
P1
R1

)
. It remains thus to show, that

B1↾(P0∩R0)×(P1∩R1) ·B2↾(P1∩R1)×(P2∩R2)= (B1 · B2)↾(P0∩R0)×(P2∩R2) .

To see ”≤”, considerx ∈ P0 ∩ R0 andz ∈ P2 ∩ R2 for which (A1 · A2)[x, z] = 1 holds. Since
matrix multiplication implies that (A1 · A2)[x, z] =

⋃
y∈P1∩R1

A1[x, y] · A2[y, z] = 1, there must
be ay ∈ P1 ∩ R1 such thatA1[x, y] = 1 = A2[y, z]. From P1 ∩ R1 ⊆ Q it follows that also
(B1 · B2)[x, z] = 1.
For the proof of the other direction, ”≥”, consider anyx ∈ P0 ∩ R0 andz ∈ P2 ∩ R2 for which
(B1 · B2)[x, z] =

⋃
y∈Q B1[x, y] · B2[y, z] = 1 holds. There must exist ay ∈ Q which fulfills

B1[x, y] = 1 = B2[y, z]. Sincex ∈ P0 and 1=
⋃

x∈P0
P0[x] ·B1[x, y] = P1[y] it follows thaty ∈ P1.

In the same wayz ∈ R2 andB2[y, z] = 1 imply that 1=
⋃

z∈R2
B2[y, z] · R2[z] = R1[y] and thus

y ∈ R1. Therefrom it is clear thaty ∈ P1 ∩ R1 which yields (A1 · A2)[x, z] = 1. �

From this lemma follows for induced metatransitionstP0,B1,R1 andtP1,B2,R2 and the transformation
matrices ofw1 andw2, B1 = δ(w1) andB2 = δ(w2) that the metatransition induced byP0, the
concatenation ofw1 andw2 andR2, tP0,B1·B2,R2, is equal to the concatenation of the metatransitions
induced byP0, B1 andR1 andP1, B2 andR2, tP0,B1,R1 ◦ tP1,B2,R2, if it does exist.

Lemma 4.7. Let P,R ⊆ Q, B ∈ BQ×Q andA = B↾(P∩R)×(P∩R) such thatA = A · A. If A[q, q′] = 1
holds forq, q′ ∈ P∩ R, then there is ans ∈ P∩ Rsuch that 1= A[q, s] = A[s, s] = A[s, q′].

Proof. Let n := |Q|. SinceA = A2 it follows for all k ∈ N that Ak+2
= Ak · A2

= Ak · A =
Ak+1. By inductionAk

= A follows for all k ∈ N. Since 1= A[q, q′], also 1 = An[q, q′] =⋃
q=x0,x1,...,xn=q′∈P∩R

⋂n−1
i=0 A[xi , xi+1]. Hence there do exist somex0, . . . , xn ∈ P ∩ R such that for

i ∈ {0, . . . , n − 1} it holds thatA[xi , xi+1] = 1. Since there are at mostn different elements
in P ∩ R, there must exist 0≤ k < l ≤ n such thatxk = xl =: s. From 1 = A[xk, xk+1] =
A[xk+1, xk+2] = · · · = A[xl−1, xl] =

⋂l−1
i=k A[xi , xi+1] it follows that Al−k[s, s] = 1 = A[s, s].

SinceA[q, x1] = · · · = A[xk−1, xk] = 1 it follows that Ak[q, s] = 1 = A[q, s]. Similarly from
A[s, xl+1] = · · · = A[xn+1, q′] = 1 follows thatA[s, q′] = 1. �

From the fact thatAk
= A for all natural numbersk, in which caseA is said to beidempotent, one

could come to the wrong conclusion thatA = I , the identity matrix, having ’1’ only on the main
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diagonal. The exampleA =

(
1 1
0 1

)
shows that this is not the case, since

A · A =
(
1 1
0 1

)
·
(
1 1
0 1

)
=

(
1 1
0 1

)
= A , I .

Definition 4.8. If a metatransitiont is concatenable with itself andt ◦ t = t then it is called
idempotent.

Since an idempotent metatransition is by definition concatenable with itself it must have the form(
P
R A P

R

)
where the sets of states before and after the metatransitionare equal. Furthermore the

matrix inside the metatransition has to be idempotent, since
(

P
R A2 P

R

)
=

(
P
R A P

R

)
◦

(
P
R A P

R

)
=

t ◦ t = t =
(

P
R A P

R

)
.

Lemma 4.9. Let B ∈ BQ×Q be a transformation matrix of a trim and finitely ambiguous automa-
ton andP,R⊆ Q. If tP,B,R is idempotent, thenB↾P×R= I .

Proof. Sincet =
(

P
R A P

R

)
with A := B↾(P∩R)×(P∩R) is a metatransition, it holds by definition that

A · (P∩ R) = (P∩ R) and (P∩ R) · A = (P · R). For q ∈ P∩ R it is clear that 1= (P∩ R)[q] =(
A · (P∩ R)

)
[q] =

⋃
q′∈P∩R A[q, q′] · (P∩ R)[q′] and therefore there does exist aq′ ∈ P∩ R such

that A[q, q′] = 1. Similarly, since 1= (P ∩ R)[q] =
⋃

q′′∈P∩R(P ∩ R)[q′′] · A[q′′, q] there must
be aq′′ such, thatA[q′′, q] = 1. Because of Lemma 4.7 it follows fromA[q, q′] = 1 that there
is ans′ ∈ P ∩ R such that 1= A[q, s′] = A[s′, s′] = A[s′, q′]. From A[q′′, q] = 1 it follows by
the same lemma that there must be ans′′ such that 1= A[q′′, s′′] = A[s′′, s′′] = A[s′′, q]. From
A[s′′, q] = 1 = A[q, s′] it follows that A2[s′′, s′] = 1 = A[s′′, s′]. SinceB is the transformation
matrix of a trim and finitely ambiguous automaton, Corollary3.15 applies. FromA[s′′, s′] = 1
and the fact thatA[s′, s′] = 1 = A[s′′, s′′] Corrolary 3.15(1) infers thats′′ = s′ =: s. By the
same argument it follows fromA[s, q] = A[q, s] = A[s, s] = 1 thats= q. Hence,A[q, q] = 1 for
q ∈ P∩ R.
Let now q, q′ ∈ P ∩ R such thatA[q, q′] = 1. From the previous part followsA[q, q] = 1 =
A[q′, q′]. Again by Corollary 3.15(2) it is clear thatq = q′. So if A[q, q′] = 1 it follows, that
q = q′ and for anyq ∈ P ∩ R it is the case thatA[q, q] = 1, which delivers the desired result
A = I . �

A permutation matrix is a matrix, that has in each column and each row exactly one entry ’1’
and all other entries are 0. It is called a permutation matrixbecause if it is multiplied from the
right side to a vector, then the positions in that vector are being permutated. To give an example,
consider the matrix

A =



0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1
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and the vectorP =
(
1 2 3 4

)
over the semiring (N,+, ·). Then

P · A =
(
1 2 3 4

)
·



0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1


=

(
3 1 2 4

)
.

In A there is a 1 in the position (2, 3) so the multiplication withP from the left side puts the second
element ofP on the third position. This works similar for the other positions and in total only the
positions ofP are swapped. In this example a vector with elements from the natural numbers was
chosen, since the permutation is easier to see here. For Boolean vectors the permutation works
in the same way.

Lemma 4.10.Let B ∈ BQ×Q be a transformation matrix of a trim and finitely ambiguous automa-
ton andP0,R1 ⊆ Q. If tP0,B,R1 is concatenable with itself, thenB↾(P0∩B·R1)×(P0·B×R1) is a permutation
matrix.

Proof. SincetP0,B,R1 is self concatenable, it holds thatP0 ·B=P0=:P andB·R1=R1=:R. Defining
A := B↾(P∩R)×(P×R), the metatransition istP0,B,R1 =

(
P
R A P

R

)
. The matrixA is a permutation matrix

if and only if for all x ∈ P∩R there exists exactly oney ∈ P∩Rsuch thatA[x, y] = 1 and for every
y ∈ P∩R there is only onex ∈ P∩R for which A[x, y] = 1 holds. SinceA · (P∩R) = P∩R, for a
givenx ∈ P∩R it holds that 1= (P∩R)[x] =

(
A · (P∩R)

)
[x] =

⋃
y∈P∩R A[x, y] · (P∩R)[y]. Thus

there must be ay ∈ P∩R for whichA[x, y] = 1. In the same way follows from (P∩R) ·A = P∩R
that for a giveny ∈ P∩ R there is at least onex ∈ P∩ R such thatA[x, y] = 1.
The trickier part is to show that in each column and each row there is no more than one entry
that is not zero. Considering the rows firstly, for contradiction it is assumed that there were an
x−1 ∈ P∩R for which existx0, x′0 ∈ P∩Rsuch thatA[x−1, x0] = 1 = A[x−1, x′0]. If this assumption
leads to the conclusion thatx0 = x′0, this part of the proof is finished and it is thus shown that in
every row there is exactly one non-zero entry.
Since (P∩R)·A = P∩Randx−1 ∈ P∩Ranx−2 ∈ P∩Rexist for whichA[x−2, x−1] = 1. By the same
argument follows that there must be anx−3 for which A[x−3, x−2] = 1 and by induction follows
that for all natural numbersn there is ax−n ∈ P∩ Rwith the property thatA[x−n−1, x−n] = 1. In a
similar way follows fromA · (P∩ R) = P∩ R that for x0 andx′0 there exist somex1, x′1 ∈ P∩ R
such thatA[x0, x1] = 1 andA[x′0, x

′
1] = 1. By induction it follows that for alln ∈ N there are

somexn, x′n ∈ P∩ R such thatA[xn−1, xn] = 1 andA[x′n−1, x
′
n] = 1. Since the chains are built up

inductively one more criterion, called the periodicity, can be considered in the construction. In
case that for ak ∈ N0 it turns out that there is aj < k such thatxj = xk, let xk+1 be defined as
xk+1 := xj+1. This is possible because ifA[xj , xj+1] = 1, clearly also 1= A[xk, xk+1] = A[xj , xj+1]
holds. In the same way the chain of thex′k will be constructed. For the construction of thex−k

for k ∈ N>1 a similar criterion will be introduced. Suppose for ak ∈ N>1 it turns out that there
is a natural numberj < k such thatx−k = x− j thenx−k−1 := x− j−1 which meets the requirement
A[x−k−1, x−k] = 1.
If n := |P ∩ R| then there do exist natural numbers 0< i < j < n + 2 and 0< i′ < j′ < n + 2
such, thatxi = xj and x′i′ = x′j′ simply because there are no more thann states and thus there



32 4.1 Metatransitions

must occur at least one state twice in each sequence. It can beassumed without loss of generality
that i′ ≤ i since if it were the other way round, in the following the parts of thexk and thex′k
could be interchanged. Because of the periodicity it follows that there are somea, a′, b, j ∈ N
such that for everyk ≥ j holds thatxk = xk+a, x′k = x′k+a′ andx−k = x−k−b. Let c be a common
multiple of a, a′ andb which satisfiesc ≥ j. Define some statesq := xc = x3·c, q′ := x′c = x′3·c
and p := x−c = x−3·c. SinceA[x−k−1, x−k] = 1 holds for allk ∈ N that alsoA2·c[p, p] = 1.
Similarly follows thatA2·c[p, q] = 1, A2·c[q, q] = 1, A2·c[p, q′] = 1 andA2·c[q′, q′] = 1. Because
A = B↾(P∩R)×(P∩R) andB is the transition matrix of a trim finitely ambiguous automaton, from
1 = B2·c[p, p] = B2·c[p, q] = B2·c[q, q] Corollary 3.15(2) infers thatp = q. Similarly follows from
1 = B2·c[p, p] = B2·c[p, q′] = B2·c[q′, q′] that p = q′ and thereforeq = q′. SinceAc[q, q] = 1,
Ac[q, x0] = 1 andAc[x0, q] = 1, with Corollary 3.15(1) follows thatq = x0 and equallyq = x′0.
This finishes the proof of the fact that in every row there is atmost one non-zero entry.
The proof of the same result for the columns works similarly,with the difference that for the
negative indices now two different sequences are possiblex−k and x′−k for k ∈ N0 and for the
positive indices there does remain only one sequence. The proof works equally because the core
assumptions likeA · (P∩R) = P∩Rand (P∩R) ·A = P∩Rare invariant regarding the side from
which is being multiplied. �

Using this result and the fact that every permutation of a finite set has finite order it is easy to
infer Lemma 4.9: Sincet is induced by a finitely ambiguous automaton and idempotent,it is also
selfconcatenable and Lemma 4.10 applies. Then the matrixA in t is a permutation which has has
ordero ≤ |Q|. SinceAo

= A it follows thatAo−1
= I = A.

Definition 4.11. LetA = (Σ,Q, δ, λ, θ) be a Boolean automaton,B ∈ BQ×Q the transition matrix
for a ∈ Σ andP0,R1 ⊆ Q. The metatransitiontP0,B,R1 is said to beinduced byA, the letter a and
the sets P0 and R1.

This induction can be extended from letters to words, in the following way.

Definition 4.12. LetA = (Σ,Q, δ, λ, θ) be a trim and finitely ambiguous automaton over a tropi-
cal semiring anda1a2 · · ·an = w ∈ L(A) a word of its language. Let furthermoreP0 := (α◦λ)(Q)
andRn := (α ◦ θ)(Q). For j = 1, . . . , n andp, q ∈ Q let B j[p, q] := (α ◦ δ)(p, a j , q), P j := P j−1 ·B j

andRj−1 := B j · Rj. UsingA j := B j↾(P j−1∩P j−1)×(P j∩Rj ) thesequence of metatransitions t1, t2, . . . , tn

induced byA and wis defined byt j :=
(

P j−1

Rj−1
A j

P j

Rj

)
= tP j−1,B j ,Rj

The reason for which metatransitions were introduced at allis that they contain all successful
paths for a given word in the following sense. The explanation will be done for Boolean au-
tomata, but works alike for finitely ambiguous automata overan arbitrary min-plus-semiring.
Let w = a1a2 · · ·an andP0 := {q ∈ Q|λ(q) = 1} be the set of states that have the initial weight
1. Since every successful path has to start in a state with theinitial weight 1 it follows that every
successful path starts inP0. Since for successful paths the weight on the transitions are all 1 it
follows that the second state in the pathq1 has to be one for which there exists a stateq0 in P0

such thatδ(q0, a1, q1) = 1. This determines the set of states that can be the second state of a
successful path forw, P1. Following this argument, fori = 1, . . . , n it follows that thei−th state
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in a successful path has to be inPi. On the other hand, definingRn := {q ∈ Q|θ(q) = 1} which
is called the set of final states, it follows that every successful path has to finish in a state ofRn,
since otherwise its weight would be zero, contradicting itssuccessfulness. Therefrom follows
that a transition with weight 1 has to exist from itsn − 1−st state to a state inRn which implies
that then− 1−st state of the path is inRn−1. Following this argument fori = n, . . . , 1 implies that
the i−th state is inRi. Putting these results about thePi and theRi together, it follows that for
every successful pathπ := q0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn the i−th stateqi lies in Pi ∩ Ri. This
means for anyi−th element on a successful path,qi, that it can be reached from an initial state
by the metatransitions induced by the set of initial states,a1a2 · · ·ai−1 andRi as well as from it
a final state can be reached through the metatransitions induced byPi, the wordaiai+1 · · ·an and
the set of final states.
To illustrate this, consider the following example withQ = {1, 2, 3, 4, 5}, the initial statesP0 :=
{1, 2, 3, 4}, the final statesR4 := {2, 3, 4, 5} a wordpetewhich has 3 successful paths:

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

p e t e

The path starting in state 5 is not successful, because 5 is not an initial state. Similarly the
path starting in 2 and leading to 1 is not successful because 1is not a final state. Furthermore
can be seen that in the successful paths the predecessor and successor of each state is uniquely
determined.
If the word of concern is long enough in dependence of the number of states|Q| of the automaton,
the states that are reached by successful paths do repeat, i.e. there existi < j ∈ N such that
Pi ∩Ri = P j ∩Rj. If the word is even longer, there do furthermore exist somek < l ∈ N such that
the transition matrix between these sets of statesPk∩Rk = Pl ∩Rl is the identity. This implies for
an arbitrary stateq ∈ Pk ∩ Rk that there is a path leading fromq to q underw := ak+1ak+2 · · ·al.
Hence, all paths have cycles between thek−th and thel−th state.

Lemma 4.13.Let 22·|Q| · |Q|! ≤ m ∈ N andt1, t2, . . . , tm be concatanable metatransition induced
by the trim and finitely ambiguous automatonA = (Σ,Q, δ, λ, θ), w = a1 · · ·am ∈ L(A) and sets
P0 ⊆ Q andRn ⊆ Q. Then there are somei, j ∈ N with 0 ≤ i < j ≤ m such that the product
ti+1 ◦ ti+2 ◦ · · · ◦ t j is an idempotent metatransition.

Proof. By Definition 4.11 holds thatAi := δ(ai). Since the metatransitions are concatenable, it
follows for i = 1, . . . ,m that Pi−1 · δ(ai) = Pi andδ(ai) · Ri = Ri−1 and thei−th metatransition
is ti =

(
Pi−1
Ri−1

Ai
Pi

Ri

)
. Since both thePi as well as theRi are subsets ofQ, there are only 2|Q|
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different possibilities forPi andRi and therefore the number of possibilities to combine thePi

andRi is at most 2|Q| · 2|Q| = 22·|Q|. Hence, 22·|Q| is also an upper bound for the different pairs
of sets that can occure in the metatransitions. Since at least 22·|Q| · |Q|! metatransitions appear
in the sequence which implies that there are at least 22·|Q| · |Q|! + 1 different pairs of sets, it
follows that at least one pair of sets,P×Rsay, must appear at least22·|Q| ·|Q|!+1

22·|Q| ≥ |Q|!+1 times. Let
I := {i ∈ N0|Pi×Ri = P×R} =: {x0, x1 . . . , xn}where fori < j holds that alsoxi < xj. Consider for
i = 1, . . . , n the metatransitiont′i that is induced byP, the substringaxi+1axi+2 · · ·axi+1 andR. With
A′i :=

∏xi+1
j=xi+1 A j it follows that t′i =

(
P
R A′i

P
R

)
. Thus a new sequence ofn ≥ |Q|! metatransitions

which are selfconcatenable is defined. Define a new sequence of matrices byCi :=
∏i

j=1 A′j
for i = 1, . . . , n. Since theAi are permutation matrices, so are their products, theA′i and thus
also theCi. Since there are only|Q|! permutations of the setQ, one of which is the identity, it
follows that there are also only|Q|! different permutation matrices, one of which is the identity
matrix. If none of theCi is I , there do exist two numbersa andb with a < b ∈ N such that
Ca = Cb. DefiningD :=

∏b
i=a+1 A′i it follows, thatCb = Ca · D (⋆). Since for any permutationp

there exists an inverse permutationp−1 such that the product ofp andp−1 is the identity, which
maps all elements of the underlying set to themselves, thereexists also a matrixC−1

a such that
C−1

a ·Ca = C−1
a ·Ca = I is the identity matrix. Thus, multiplying the equality (⋆) with C−1

a from
the left side implies thatD = I . The metatransitiont induced byP, the wordaxa+1+1axa+1+2 · · ·axb

andR looks like
(

P
R

∏xb
i=xa+1+1 Ai

P
R

)
=

(
P
R

∏b
i=a+1 A′i

P
R

)
=

(
P
R D P

R

)
=

(
P
R I P

R

)
. SinceI · I = I , t is

idempotent and from Lemma 4.6 follows, thatt = txa+1+1 ◦ txa+1+2 ◦ · · · ◦ txb. If otherwise one of
theCi, Ca say, is the identity matrix, the metatransition induced byP, ax1+1ax1+2 · · ·axa andR is
idempotent by the same reason. �

4.2 Elementary Cycles

Consider a sequence of metatransition induced by an automaton and a word of its language.
Idempotent pieces can be cut out or taken to a higher power, while the sequence of metatran-
sitions obtained by this procedure is still induced by a wordof the concerned automaton and
furthermore contains all successful paths of the received word. To show this property, in the
following elementary cycles are to be introduced. Considera long sequence of metatransitions
induced by a wordw recognized by the finitely ambiguous automaton. By Lemma 4.13 it is
known that there are some idempotent chunks inside. This implies that all successful paths forw
are cycles in these chunks. If for two numbersi ≤ j ∈ N holds thatti ◦ · · · ◦ t j is idempotent and
for all natural numbersa < b betweeni and j holds thatta ◦ · · · ◦ tb is not idempotent, the subse-
quence of metatransitionsti , ti+1, . . . , t j will be called anelementary cycle. It will now be inferred
from Lemma 4.13 that the number of metatransitions in one elementary cycle is bounded.

Lemma 4.14. An elementary cycle of an automaton with|Q| states contains at most 22·|Q| · |Q|!
metatransitions.

Proof. Since an elementary cycles contains by definition no idempotent subsequence and be-
cause Lemma 4.13 told that every sequence of more than 22·|Q| · |Q|! metatransitions contains an
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idempotent subsequence, it follows that an elementary cycle can at most consist of 22·|Q| · |Q|!
metatransitions. �

Now a whole sequence of metatransitions can be decomposed into disjoint elementary cycles.

Definition 4.15. Let t1, . . . , tn be a sequence of metatransitions induced by a finitely ambiguous
automatonA = (Σ,Q, δ, λ, θ) and a wordw = a1 · · ·an where fori = 1, . . . , n the i−th metatran-
sition is ti =

(
Pi−1
Ri−1

Ai
Pi

Ri

)
. Let l ∈ N0. The setD = {(p1, r1), (p2, r2), . . . , (pl , r l)} ⊆ N × N is called

adecomposition of the sequence of metatransitions into elementary cyclesif
(1) for i = 1, . . . , l hold thatpi ≤ r i,
(2) for i = 2, . . . , l hold thatr i−1 < pi and
(3) for i = 1, . . . , l the sequence of metatransitionstpi , . . . , tr i is an elementary cycle.
The sequences of metatransitionst1, . . . , tp1−1, tr l+1, . . . , tn andtr i−1+1, . . . , tpi−1 for i = 2, . . . , l are
calledrestpieces.

This definition yields that in a decomposition of a sequence of metatransitions all successful paths
perform cycles in the elementary cycles. Lemma 4.14 impliesthat the length of an elementary
cycle is bounded. Considering one decompositon, the restpieces are chunks of metatransitions
that are not inside an elementary cycle of that decomposition. It is however possible for the same
sequence of metatransitions that a different decomposition exists, such that metatransitions from
the restpieces are inside of elementary cycles.
A pathπ := q0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn for which q0 = qn =: q holds is called a cycle fromq
to q. For a natural numberr and a cycleπ defineπr := (q

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ q)r . Similarly
for a word w = a1 · · ·an and a natural numberr define inductivelyw0 := ǫ, the empty word
consisting of no letters andwr := wr−1w which is the concatenation ofwr−1 andw. It will now
be shown that paths remain successful if the cycles they perform inside of elementary cycles are
taken to an arbitrary power.

Lemma 4.16. Let A be a trim andk−ambiguous automaton with the set of statesQ. For
a1a2 · · ·an = w ∈ L(A) let t1, . . . , tn be the sequence of metatransitions induced byA andw.
Let D := {(p1, r1), (p2, r2), . . . , (pl , r l)} be a decomposition oft1, . . . , tn. Defining pl+1 := n + 1
andr0 := 0 let for i = 1, . . . , l beui := api · · ·ar i and fori = 0, . . . , l let vi := ar i+1 · · ·api+1−1. For
r ∈ N0 let w[r ] := v0ur

1v1ur
2 · · ·ur

l vl. Let furthermore beπ[r ] be the path where forj = 1, . . . , l

the cycleπ′j := qpj−1

apj ···ar j−−−−−→ qr j is being replaced by
(
π′j

)r
. Then the following statements are

equivalent:
(1) The pathπ := q0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn is successful forw.
(2) π[r ] is successful forw[r ] for all r ∈ N0.
(3) π[0] is successful forw[0] .

Proof. Since the matrix in an idempotent metatransition is the identity matrix it follows that for
j = 1, . . . , l the path fromqpj−1 to qr j is a cycle.
The case ”(2)⇒ (3)” is clear, since if for all natural numbersr the pathπ[r ] is successful forw[r ]

then obviously so is forr = 0 the pathπ[0]
= π for w[0] .

For the direction ”(1)⇒ (2)” consider for j = 1, . . . , l the cycleπ′j from qpj−1 to qpj−1 labelled
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with u j. The pathπ′rj leads fromqpj−1 to qpj−1 and is thus also a cycle labelled withur
j. Thus inπ

theπ′j can be replaced byπ′rj and the resulting pathπ[r ] is successful and its label isw[r ].
The direction ”(3)⇒ (1)” follows similarly. Letπ be defined as above and letπ[0] be the path that
evolves fromπ by replacing the cyclesπ′j by the statesqpj−1 =: qcj for j = 1, . . . , l. Assuming
thatπ[0] is successful forw[0] and since the labels of theπ′j are theu j it is possible to replace the
statesqcj by π′j for j = 1, . . . , l yielding thesuccessfulpathπ[1] labelled withw. �

For later use now a bound on the number of decompositions is given.

Lemma 4.17.For a sequence of metatransitionst1, . . . , tn there exist no more thann2·n different
decompositions oft1, . . . , tn.

Proof. It holds thatpi ≤ r i for i = 1, . . . , d andpi < r i+1 for i = 1, . . . , d − 1. This implies that
pi < pi+1 for i = 1, . . . , d − 1 and sincepd ≤ n it follows thatd ≤ n. For each pair there are at
most n2

2 possibilities. Which leads to at most
(

n2

2

)n
< n2·n possible decompositions. �

It does not necessarily hold that an idempotent subsequencecorresponds to an elementary cycle
firstly because an idempotent subsequence can contain more than 22·|Q|·|Q|! metatransitions, while
it has been shown that elementary cycles contain at most 22·|Q| · |Q|! metatransitions and secondly,
because a decomposition can also be empty although there areidempotent subsequences. By
the above a sequence of metatransitions can be decomposed into idempotent chunks of length
less than or equal to 22·|Q| · |Q|! which are called elementary cycles. Now a special form of
decomposition is being introduced, where a bound on the number of metatransitions that are not
in elementary cycles is given that does not depend on the length of the inducing word but only
on the number of states of the automaton of interest.

Definition 4.18. The decomposition{(p1, r1), (p2, r2), . . . , (pl, r l)} of a sequence of metatransi-
tions t1, . . . , tn is calledregular, if n − ∑l

i=1(r i − pi + 1) ≤ (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|! and the
number of restpieces is at most 22·|Q| · |Q|! + 1.

Since for this decomposition thei−th elementary cycle containsr i − pi + 1 metatransitions for
i = 1, . . . , l, there aren − ∑l

i=1(r i − pi + 1) metatransitions that are not in an elementay cycle.
The number (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|! can be explained in the following way. If a single
restpiece consists of more than 22·|Q| · |Q|! metatransitions, it can be shown that it contains an
elementary cycle. If there are more than 22·|Q| · |Q|! +1 restpieces it is possible to shift elementary
cycles around in a way that results in a new decomposition that contains fewer restpieces. In
casen − ∑l

i=1(r i − pi) > (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|! at least one of the above holds and it will
be shown in the following lemma how a regular decomposition can then be constructed. In a
regular decomposition it is furthermore the case that the elementary cycles are inside of at most
22·|Q| · |Q|! + 2 blocks.

Lemma 4.19. Let A be a finitely ambiguous automaton with|Q| states andw ∈ L(A) a word
of its language. There exists a wordw′ ∈ L(A) with |A|(w) = |A|(w′) and|w| = |w′| such that a
regular decomposition of the sequence of metatransitions induced byw′ exist.
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Proof. Let t1, . . . , tn be the sequence of metatransitions induced byw ∈ L(A) and fori = 1, . . . , n
let ti =

(
Pi−1
Ri−1

Ai
Pi
Ri

)
. Two elementary cyclestp, . . . , tr andts, . . . , tu are said to be of the same type

if the product of metatransitions in between them is idempotent. Since this is the case ifPr = Pu,
Rr = Ru andAr+1 · . . . · As−1 is idempotent, there are only 22·|Q| · |Q|! different types possible.
Let D = {(p1, r1), (p2, r2), . . . , (pl , r l)} be a decomposition oft1, . . . , tn. If for a < b thea−th and
theb−th elementary cycles are of the same type andra + 1 < pb, it is possible to shift theb−th
elementary cycle to the right end of thea−th constituting a sequence of metatransitions that is in-
duced by another word recognized byA. In detail this shifting works in the following way. Let
for i = 1, . . . , pa − 1 and i = rb + 1, . . . , n be t′i := ti, for i = ra + 1, . . . , ra + 1 + (rb − pb)
be t′i := ti+pb−ra−1 and for i = ra + 1 + rb + 1 − pb, . . . , rb be t′i := ti−rb−1+pb. This consti-
tutes a new sequence of metatransitionst′1, . . . , t

′
n which differs from the first one only by the

fact that the metatransitions from theb−th elementary cycle are shifted to the left by the num-
ber of metatransitions in between thea−th and theb−th elementary cycle and the metatran-
sitions in between these elementary cycles are shifted to the right by the length of theb−th
elementary cycle. Since thea−th and theb−th elemetary cycles are of the same type, it fol-
lows that the transition matrix in between them is the identity and therefore in between them
every path performs a cycle. Furthermore does every path perform a cycle inside theb−th
elementary cycle. Hence it is possible to cut out the metatransitions from theb−th elemen-
tary cycle starting onpb and pasting them on positionra + 1. This only interchange the or-
der of these two cycles but does not change the weights of the paths and therefore those and
only those paths are successful after the shifting that weresuccessful before. Thus the word
w′ that induces the sequence of metatransitionst′1, . . . , t

′
n is in the language ofA and has the

same weight and the same length asw. The decomposition that comes out of this procedure is
D′ := {(p1, r1), . . . , (pa, ra), (ra+1, ra+1+rb−pb),

(
pa+1+(rb−pb+1), ra+1+(rb−pb+1)

)
, . . . ,

(
pb−1+

(rb− pb+1), rb−1+ (rb− pb+1)
)
, (pb+1, rb+1), . . . , (pl , r l)} =: {(p′1, r ′1), (p′2, r ′2), . . . , (p′l , r ′l )}. In this

decomposition two elementary cycles of the same type that had at least one restpiece in between
them before have come tight together, having deleted one restpiece. This is the first rule and it
can be applied as long as there are more than 22·|Q| · |Q|! + 1 restpieces. Since there are at most
22·|Q| · |Q|! different types the existence of more than 22·|Q| · |Q|! + 1 restpieces implies that there
are more than 22·|Q| · |Q|! elementary cycles that have restpieces in between each twoof them and
hence at least two of these elementary cycles are of the same type and can by this rule be shifted
together.
Let for a decompositionD′ := {(p′1, r ′1), (p′2, r ′2), . . . , (p′l , r ′l )} exist onek ∈ {1, . . . , l − 1} such
that p′k+1 − 1 − r ′k > 22·|Q| · |Q|!, be p′1 > 22·|Q| · |Q|! + 1, or n − r ′l > 22·|Q| · |Q|!. In each
of these cases a restpiece with more than 22·|Q| · |Q|! metatransition exists and by Lemma 4.13
inside of this restpiece it is possible to find an elementary cycle. Thus in either case a new
elementary cycle will be defined and added to the decomposition. In the first case this is
the elementary cycle that goes froma > r ′k−1 to b < p′k with a ≤ b. The new decomposi-
tion looks likeD′′ := {(p′1, r ′1), (p′2, r ′2), . . . , (p′k−1, r

′
k−1), (a, b), (p′k, r

′
k) . . . , (p

′
l , r
′
l )}. In the second

case the new elementary cycle goes froma ≥ 1 to b < p′1 where a ≤ b and the new de-
composition looks likeD′′ := {(a, b), (p′1, r

′
1), (p

′
2, r
′
2), . . . , (p

′
l , r
′
l )}. In the latter case the new

elementary cycles goes froma > r ′l to b ≤ n with a ≤ b and the new decomposition is
D′′ := {(p′1, r ′1), (p′2, r ′2), . . . , (p′l , r ′l ), (a, b)}. This is the second rule. It can be repeated as of-
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ten as there are restpieces longer than 22·|Q| · |Q|!. Applying this rule reduces the number of
metatransitions not in an elementary cycle by at least one, since this is the minimum length of an
elementary cycle.
With these two rules it is possible to construct a regular decomposition out of each decomposi-
tion. Let D = {(p1, r1), (p2, r2), . . . , (pl , r l)} be a nonregular decomposition. By Definition 4.18
follows thatn−∑l

i=1(r i − pi + 1) > (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|!. This equivalent to the fact that
more than (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|! metatransitions are not inside an elementary cycle which
implies that there are more than (22·|Q| · |Q|! + 1) restpieces of metatransitions or that there is at
least one restpiece of length greater than 22·|Q| · |Q|!. The following step is repeated as long as the
decomposition achieved is not regular.
If there exists one restpiece of length greater than 22·|Q| · |Q|!, it is possible with the second
rule to define a new elementary cycle inside that restpiece. The hereby achieved decomposition
D′′ = {(p′′1 , r ′′1 ), (p′′2 , r

′′
2 ), . . . , (p′′l′′ , r

′′
l′′)} has fewer metatransitions not in elementary cycles. If oth-

erwise it is the case that the number of restpieces is greaterthan 22·|Q| · |Q|! + 1, it is possible with
the first rule to shift elementary cycles of the same type together until the number of restpieces is
at most 22·|Q| · |Q|!+1. Since no new elementary cycles were defined, for this new decomposotion
D′ = {(p′1, r ′1), (p′2, r ′2), . . . , (p′l′ , r ′l′)} still holds thatn−∑l′

i=1(r
′
i −p′i +1) > (22·|Q| · |Q|!+1)·22·|Q| · |Q|!.

Since there are no more than 22·|Q| · |Q|! + 1 restpieces it follows that there must be a restpiece
that contains more than(2

2·|Q| ·|Q|!+1)·22·|Q| ·|Q|!
22·|Q| ·|Q|!+1 = 22·|Q| · |Q|! metatransitions. For this restpiece again

rule one applies which puts a new elementary cycle into it. The suchlike achieved decomposition
D′′ = {(p′′1 , r ′′1 ), (p′′2 , r

′′
2 ), . . . , (p′′l′′ , r

′′
l′′)} contains more elementary cycles than the original one.

After performing this step it holds that a decomposition fora word with the same weight and the
same length has been found for which holds thatn−∑l′′

i=1(r
′′
i − p′′i + 1) < n−∑l

i=1(r
′
i − p′i ). If this

step is performed repeatedly eventually a decompositionD∗ = {(p∗1, r∗1), (p∗2, r∗2), . . . , (p∗l∗ , r∗l∗)} is
being constructed for which holds thatn − ∑l∗

i=1(r
∗
i − p∗i + 1) ≤ (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|!. It

remains to construct out ofD∗ a decomposition with at most 22·|Q| · |Q|! + 1 restpieces. Suppose
thatD∗ contains more than 22·|Q| · |Q|! +1 restpieces. It is possible with the first rule to reduce the
number of restpieces to 22·|Q| · |Q|! + 1. If there are now some restpieces of length greater than
22·|Q| · |Q|! +1, it is possible with the second rule to find an elementary cycle in it. Applying these
two rules repeateldly leads after less than (22·|Q| · |Q|!+1)·22·|Q| · |Q|! repetitions to a decomposition
with at most 22·|Q| · |Q|! + 1 restpieces which is therefore regular. Since only the two rules have
been applied to gain this decomposition, it follows that it is the decomposition of a sequence of
metatransitions induced by a wordw′ which has the same length and the same weight asw. �

With the last lemma it is now possible to infer that if there isa wordw in the language ofA that
has positive weight, then there is also a word that has the same weight and the same length asw
and furthermore a regular decomposition.

4.3 Combinatorical Results

The constantm := max
{|δ(q, a, q′)|

∣∣∣q, q′ ∈ Q∧ a ∈ Σ} is the maximum weight one transition can
have. Only automata withm> 0 are considered, since if otherwisem= 0, the computed function
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is trivial. Since an elementary cycle has at most the length 22·|Q| · |Q|! and corresponds to a number
of paths, each of which consisting of at most 22·|Q| · |Q|! transitions, it follows that the maximum
weight each of these paths can reach is 22·|Q| · |Q|! ·m=: m. Similar as for words, theweight of an
elementary cycle tb, . . . , tc is defined to be the minimal weight of a path in this cycle. Consider
the paths with finite transition weights in an elementary cycle from ak−ambiguous automaton,
π j := q( j,b−1)

ab−→ q( j,b) · · ·q( j,c−1)
ac−→ q( j,c) for j = 1, . . . , p ≤ k. The weight of this elementary

cycle is minj=1,...,p

{∑c
i=b δ(q( j,i−1), ai, q( j,i))

}
≤ (c− b+ 1) ·m≤ 22·|Q| · |Q|! ·m. This implies that an

elementary cycle has at most the weightm.
For a regular decomposition there are at most (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|! metatransitions not in
elementary cycles. Thus the sum of weights of metatransitions that are not in elementary cycles
is at mostm · (22·|Q| · |Q|! + 1).
Nextly some combinatorical results will be presented. As stated above, an elementary cycle has a
weight between−mandm. In the next lemmas some properties of sequences of integersbetween
−m andm will be presented. The properties proven for these sequences of numbers will also
hold for sequences of elementary cycles.

Lemma 4.20.Let m ∈ N andN,P ⊆ N with |N| = |P| = m2. Let furthermore fori ∈ N and j ∈ P
be−xi , yj ∈ N0 with x ≥ −m andyj ≤ m. Then there existI ⊆ N andJ ⊆ P with |I | ≤ m and
|J| ≤ m such that

∑
i∈I xi +

∑
j∈J yj = 0.

Proof. If for one n ∈ N holds thatxn = 0 then it can be defined thatI := {n} andJ := ∅ which
implies

∑
i∈I xi +

∑
j∈J yj = xn = 0. If there is onep ∈ P such thatyp = 0 then similarly define

I := ∅ andJ := {p} which implies
∑

i∈I xi +
∑

j∈J yj = yp = 0. Thus it can be assumed without
loss of generality that for alli ∈ N holdsxi < 0 and for all j ∈ P thatyj > 0. Since there are
bothm2 numbers from 1 tom in N andP, there must exist two numbersr = xi for somei ∈ N
ands = yj for some j ∈ P such that−r ≥ 1 ≤ s and−r ≤ m ≥ s which do both occure at least
m times, since if they did not exist, each number between 1 andm appeared at mostm− 1 times
and thus the total amount of numbers would be less or equal to (m− 1) ·m which contradicts the
assumption that|N| = |P| = m2. Let thus beI ′ := {i ∈ N|xi = r} andJ′ := { j ∈ P|yj = s}. Since
|I ′| ≥ m≤ |J′|, there are subsetsI ⊆ I ′ with |I | = s andJ ⊆ J′ with |J| = −r for which holds that∑

i∈I xi +
∑

j∈J yj = s · r + (−r) · s= 0. �

Let C be a set of elementary cycles, for which holds that there are at leastm2 elementary cycles
with nonpositive weight andm2 with nonnegative weight inC. The above lemma shows that
there exists a subset ofS ⊆ C such that the sum of weights of the elementary cycles inS is zero.

Lemma 4.21.Let m, e, r ∈ N andE,R ⊆ N with |E| = e and|R| = r. Let furthermore fori ∈ E
and j ∈ R be xi , yj ∈ Z such that−m ≤ xi ≤ m and−m ≤ yj ≤ m hold. Let furthermore be
d :=

∑
i∈E xi +

∑
j∈R yj > 0. If e ≥ m2 · (m+ 1)+m · r + d, then there exists a subsetI ⊆ E with

|I | ≤ 2 ·m such that
∑

i∈I xi = 0.

Proof. If there is ani ∈ E such thatxi = 0, the lemma is already clear withI = {i}. Thus suppose
for all i ∈ E that xi , 0. Let n :=

∣∣∣{i ∈ E|xi < 0}
∣∣∣ and p :=

∣∣∣{i ∈ E|xi > 0}
∣∣∣ be the number

of positive and negativexi, which implies thate = n+ p. Let furthermoreN :=
∑

i∈E,xi<0 xi and
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P :=
∑

i∈E,xi>0 xi be the sum of the negative and the sum of the positive numbers.Now it will be
shown thatn ≥ m2 andp ≥ m2. Note first thatN+P =

∑
i∈E xi and thenceN =

∑
i∈E xi −P. Since

N ≥ −m·n andP ≥ p it follows that−m·n ≤ N =
∑

i∈E xi−P ≤ ∑
i∈E xi−p =

∑
i∈E xi−e+n which

implies (m+1)·n ≥ e−∑i∈E xi. The assumption fore implies that (m+1)·n ≥ m2·(m+1)+m·r+d−∑
i∈E xi. For j ∈ R it follows from yj ≤ m that

∑
j∈R yj ≤ m· r. This and the definition ofd implies

(m+1)·n ≥ m2·(m+1)+m·r+∑i∈E xi+
∑

j∈R yj−
∑

i∈E xi = m2·(m+1)+m·r+∑ j∈R yj ≥ m2·(m+1),
which yieldsn ≥ m2.
In a similar way it can be infered thatp ≥ m2: Clearly holds thatP =

∑
i∈E xi − N. Since

P ≤ m · p andN ≤ −n it follows thatm · p ≥ P =
∑

i∈E xi − N ≥ ∑
i∈E xi + n =

∑
i∈E xi + e− p

which implies that (m+ 1) · p ≥ e+
∑

i∈E xi ≥ m2 · (m+ 1)+m · r +∑
i∈E xi +

∑
j∈R yj +

∑
i∈E xi =

m2 ·(m+1)+m·r+∑i∈E xi+
∑

j∈R yj+
∑

i∈E xi+

(∑
j∈R yj −

∑
j∈R yj

)
. Since

∑
i∈E xi+

∑
j∈R yj = d ≥ 0

it follows that (m+ 1) · p ≥ m2 · (m+ 1)+m · r −∑
j∈R yj ≥ m2 · (m+ 1) and hencep ≥ m2.

Let A ⊆ E such thati ∈ A if and only if xi < 0 andB ⊆ E such thati ∈ B if and only if
xi > 0. Lemma 4.20 implies that there are some setsC ⊆ A andD ⊆ B with |C| ≤ m ≥ |D| such
that

∑
i∈C xi +

∑
i∈D xi = 0. Henceforth for the setI := C ∪ D ⊆ E holds that

∑
i∈I xi = 0 and

|I | ≤ 2 ·m. �

Let a regularly decomposed sequence of metatransitions induced by a word an a finitely ambigu-
ous automaton containe elementary cycles andr = 22·|Q| · |Q|! + 1 restpieces. Since both, the
elementary cycles as well as the restpieces have each a weight between−m andm, thexi can be
considered to be the weight of the elementary cycle with number i andyi can be considered to
be the weight of thej−th restpiece. Furthermored =

∑e
i=1 xi +

∑r
j=1 yj is the weight of the word,

which is supposed to be greater than zero. The lemma now says:If a regular decomposition
of metatransitions contains more thanm2 · (m+ 1)+m · r + d elementary cycles then there is a
subset of these elementary cycles whose sum of weights is zero. It will be shown later that these
elementary cycles can be cut out and the resulting sequence of metatransitions is still induced by
a word, that has the same weight as the original word but is shorter.
The next aim is to generalize this application to several paths of finitely ambiguous automata,
where the difficulty appears that the sum of weights of the transitions in anelementary cycle may
differ from one successful path to another. But still it is only allowed that such sets of elemen-
tary cycles are cut out, for which holds that the sum of their weights in all successful paths is
zero. Now it is the aim to find such sets of elemenatary cycles.For the construction the term
zerocluster will be introduced.

Definition 4.22. Let e,m, p ∈ N and D ⊆ N with |D| = e. For j = 1, . . . , p and i ∈ D let
−m≤ xi, j ≤ m. A zerocluster of level 1 is a subsetI1 ⊆ D for which holds that

∑
i∈I x1,i = 0. For

r = 2, . . . , p a zerocluster of levelr is a setIr ⊆ D that is the union of zeroclusters of levelr − 1
and for which holds that

∑
i∈Ir

xr,i = 0.

To apply this onto elementary cycles letp be the number of successful paths for a word rec-
ognized by a finitely ambiguous automaton ande the number of elementary cycles in a regular
decomposition. A zerocluster of level 1 is just a subset of elementary cycles for which holds that
in the first path the sum of weights of the transitions in this zerocluster is zero. Forr = 2, . . . , r
a zerocluster of levelr is again a subset of elementary cycles for which the weight ofthe sum of
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transitions in ther−th path in this zerocluster is zero, but which furthermore consists of zeroclus-
ters of the levelr−1 which implies that also the transitions in the pathr−1 in this zerocluster sum
up to zero. The recursiveness of this definition leads to the conclusion that the sum of weights of
transitions in a zerocluster of levelp are zero in each successful path.
Now it is the aim to find a zerocluster of levelp. At first in the first path as many elementary
cycles as possible will be distributed into zeroclusters oflevel 1. Now the second path is consid-
ered. It is now the aim to distribute as many zeroclusters of level 1 into zeroclusters of level 2.
This process will be repeated until a zerocluster of levelp is reached, wherep is the number of
successful paths for the given word. Then all elementary cycles inside this zerocluster of level
p are being cut out and it will be shown that the resulting sequence of metatransitions is also
induced by a word of the given automaton and furthermore has the same weight as the given
word. Since the aim is to find a zerocluster of levelp which consists of zeroclusters of levelp−1
which consist of zeroclusters of level 1 which consist of elementary cycles, it is of interest to
find an upper bound on the number of elementary cycles that constitute a zerocluster of levelp.
By Lemma 4.21 follows that if there are enough elementary cycles, there exists a zerocluster of
level 1 that does not contain more than 2·m elements. The same lemma can be applied to infer
that if there are enough zeroclusters of levelr − 1, there is also a zerocluster of levelr that does
not contain more than a certain number of elementary cycles.
In the following a result on sequences of natural numbers is stated that will be used in the con-
struction of the bound for the number of elementary cycles that are necessary for a zerocluster of
level p to exist.

Lemma 4.23.Let r0,m∈ N. If for a sequence of numbers(rs)s∈N holds that

rs = (m · 22s−1 ·m2s−1)2 · (m · 22s−1 ·m2s−1
+ 1)+ 22s−1−1 ·m2s−1

+m · rs−1,

then alsors ≤ 22s+2 ·m2s+2
+ r0 ·ms.

Proof. First note fors≥ 1 that

rs = (m · 22s−1 ·m2s−1)2 · (m · 22s−1 ·m2s−1
+ 1)+ 22s−1−1 ·m2s−1

+m · rs−1 =

(22s−1 ·m2s
)2 · (22s−1 ·m2s

+ 1)+ 22s−1−1 ·m2s−1
+m · rs−1 =

22s+1−2 ·m2s+1 · (22s−1 ·m2s
+ 1)+ 22s−1−1 ·m2s−1

+m · rs−1 =

22s+1−3+2s ·m2s+1
+2s
+ 22s+1−2 ·m2s+1

+ 22s−1−1 ·m2s−1
+m · rs−1.

Now the statementrs ≤ 22s+2 · m2s+2
+ r0 · ms for s ∈ N0 is proven by induction. Fors = 0 the

assumption is true, sincer0 ≤ 24 · m4
+ r0. Supposuing that it is also true for ans ∈ N leads to

the following inequalities fors+ 1:

rs+1 = 22s+2−3+2s+1 ·m2s+2
+2s+1
+ 22s+2−2 ·m2s+2

+ 22s−1 ·m2s
+m · rs ≤
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22s+2−3+2s+1 ·m2s+2
+2s+1
+ 22s+2−2 ·m2s+2

+ 22s−1 ·m2s
+m · (22s+2 ·m2s+2

+ r0 ·ms) =

22s+2−3+2s+1 ·m2s+2
+2s+1
+ 22s+2−2 ·m2s+2

+ 22s−1 ·m2s
+ 22s+2 ·m2s+2

+1
+ r0 ·ms+1 <

22s+2−3+2s+1 · (m2s+2
+2s+1
+m2s+2

+m2s
+m2s+2

+1) + r0 ·ms+1 <

22s+2−3+2s+1 · 4 ·m2s+2
+2s+1
+ r0 ·ms+1

= 22s+2−1+2s+1 ·m2s+2
+2s+1
+ r0 ·ms+1 <

22s+3 ·m2s+3
+ r0 ·ms+1

= 22(s+1)+2 ·m2(s+1)+2
+ r0 ·ms+1.

Hence the assumption is true also fors+ 1. By induction the result follows for alls ∈ R. �

Lemma 4.24. Let p, e, r0,m ∈ N, E ⊆ N with |E| = e, R0 ⊆ N with |R0| = r0 and for i ∈ E,
i′ ∈ R0 and j = 1, . . . , p let −m ≤ xi, j ≤ m and−m ≤ yi′, j ≤ m. Let furthermore be

∑
i∈E xi, j +∑

i′∈R0
yi′ , j =: d j for j = 1, . . . , p and suppose forj′ < j holds thatd j′ ≤ d j < 22j−1−1 · m2j−1

. If
e≥ 22p+2 ·m2p+2

+mp · r0 + 1 then there exists a zerocluster of levelp that contains no more than
22p−1 ·m2p−1 numbers.

Proof. The proof works by induction overj = 1, . . . , p − 1. For each level zeroclusters of this
level are put together until the number of integers that are not inside one is less than a certain
bound. Sincee is big enough it follows that it is possible to find a zerocluster of the next level.
This step is repeated by induction until a zerocluster of level p has been reached.
Firstly Lemma 4.21 is used to show that there is a zeroclusterof level one. Since fori ∈ E holds
that−m≤ xi,1 ≤ mande≥ 22p+2 ·m2p+2

+mp · r0+1 ≥ m2 · (m+1)+m· r+m> m2 · (m+1)+m· r+d
it follows that a setI1,1 ⊆ E exists, such that

∑
i∈I1,1

xi,1 = 0 and|I1,1| ≤ 2 ·m. This set constitutes
a zerocluster of level 1. Since anym2 · (m+ 1)+m · r0 +m integers contain a zerocluster of level
1, it follows that after having collected possible zeroclusters together, less thanm2 · (m+ 1)+m ·
r + 2 · m =: r1 integers remain that are not inside of a zerocluster. The sumof integersx2,i for
which holds thatx1,i is not in a zerocluster is thus at mostm · (m2 · (m+ 1)+m · r0 + 2 ·m)

.
Assume for ans< p that zeroclusters of levelshave been put together out of zeroclusters of level
s−1 and that it has been figured out that the number of integersxs−1,i which are not in a zerocluster
of level s− 1 is less or equal tors−1. Furthermore assume that a zerocluster of levels contains at
most 22

s−1 ·m2s−1 numbers. Thus for one zerocluster of levels, Is, it holds that−m·22s−1 ·m2s−1 ≤∑
i∈Is

xs+1,i ≤ m · 22s−1 ·m2s−1. Now again a situation for Lemma 4.21 has been established, with
22s−1 · m2s

instead ofm, rs−1 instead ofr0 and 22
s−1−1 · m2s−1

instead ofd. From Lemma 4.23
follows that (22

s−1 ·m2s
)2 · (22s−1 ·m2s

+ 1)+m · rs−1 + 22s−1−1 ·m2s−1 ≤ 22s+2 ·m2s+2
+ms · r0. Since

e≥ 22p+2 ·m2p+2
+mp·r0+1 > 22s+2 ·m2s+2

+ms·r0 ≥ (22s−1·m2s
)2·(22s−1·m2s

+1)+m·rs−1+22s−1−1·m2s−1
,

it follows by Lemma 4.21 that a setIs+1,1 ⊆ E can be found for which holds that
∑

i∈Is+1,1
xi,s+1 = 0

and|Is+1,1| contains at most 2·
(
22s−1 ·m2s

)
zerclusters of levels. SinceIs+1,1 consists of zerclusters

of level s it follows that |Is+1,1| ≤
(
22s ·m2s

)
·
(
22s−1 ·m2s−1

)
= 22s+1−1 · m2s+1−1 and therefore a
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zerocluster of levels+ 1 contains at most 22
s+1−1 ·m2s+1−1 numbers.

If s+ 1 = p then this is the desired result. Otherwise, ifs+ 1 < p then zeroclusters of levels+ 1
can be split of from the given integers until the number of integers not in a zerocluster of level
s+ 1 is less than 22

s+2 ·m2s+2
+ r0 ·ms

=: rs. �

From this result it is now being inferred that for a long enough sequence of vectors of natural
numbers whose sum is positive in each component there is a subsequence that can be cut out
without causing the sum of the remaining vectors to get nonpositive in any coordinate.

Lemma 4.25.Let p, e, r,m∈ N, E ⊆ N with |E| = e, R⊆ N with |R| = r and fori ∈ E, i′ ∈ Rand
j = 1, . . . , p let −m ≤ xi, j ≤ m and−m ≤ yi′, j ≤ m. Let furthermore be

∑
i∈E xi, j +

∑
i′∈R yi′, j =:

d j > 0 for j = 1, . . . , p. If e≥ 22p+2 ·m2p+2
+mp · r +1 then there exists a nonempty setI ⊆ E such

that for all j = 1, . . . , p it holds that
∑

i∈E\I xi, j +
∑

i′∈R yi′, j > 0.

Proof. Assume without loss of generality thati < j impliesdi < d j. If this were not the case, the
coordinates could be numerated such that it is. If for allj = 1, . . . , p holds thatd j < 22j−1−1 ·m2j−1

then by Lemma 4.24 follows that there exists a zeroclusterIp ⊆ E of level p. Thence clearly∑
i∈E\Ip

xi, j +
∑

i′∈R yi′, j =
∑

i∈E xi, j +
∑

i′∈R yi′, j = d j > 0 for all j = 1, . . . , p. Suppose thus that there

is a j for which d j > 22j−1−1 ·m2j−1
and let j′ be the minimal one with this property. Then for all

j < j′ it holds thatd j < 22j−1−1 ·m2j−1
and by Lemma 4.24 follows, that there exists a zerocluster

I j′−1 of level j′ − 1 with no more than 22
j′−1−1 · m2j′−1−1 elements. For allj ≥ j′ it holds that∑

i∈I j′−1
xi, j ≤ m·22j′−1−1 ·m2j′−1−1

= 22j′−1−1 ·m2j′−1
< d j which implies

∑
i∈E\I j′−1

xi, j +
∑

i′∈R yi′, j > 0.
For j < j′ clearly

∑
i∈E\I j′−1

xi, j +
∑

i′∈R yi′, j =
∑

i∈E xi, j +
∑

i′∈R yi′, j > 0. �
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5 Equivalence

In this chapter it will be proven that for two given finitely ambiguous automata over the tropical
semiring overQ it is decidable, wether or not they are equivalent. Equivalent means here that
they recognize the same language and that they compute the same weight for every word of this
language.
This will be shown in three steps. Firstly it will be presented that the equivalence problem
for two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0) is decidable if and only if it
is decidable whether a finitely ambiguous automaton over (Q∪̇{∞},min,+,∞, 0) recognizes a
word for which it calculates a positive weight. Secondly it will be shown that the latter problem
is decidable if and only if it is decidable whether or not a finitely ambiguous automaton over
(Z∪̇{∞},min,+,∞, 0) recognizes a word for which it calculates positive weight. Thirdly will be
shown that this positive weight problem is decidable.
LetA1 andA2 be two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0). It is a known
result which can be found for example in [8] that it is decidable whetherA1 andA2 recognize the
same language. If they do not recognize the same language there is a wordw that is recognized
by only one,A1 say. This implies that|A1|(w) , |A2|(w) and thus they are not equivalent.
For two automata that recognize different languages it is therefore decidable whether they are
equivalent. Suppose thus that the considered automataA1 andA2 recognize the same language.
If the automata recognize the same language, there can be constructed two automataA′1 andA′2
with an alphabet that consists only of letters which occure in words of their common language.
Since the automata are supposed to be trim, a letter occures in a word of the common language
if and only if there exists a transition labelled with this letter that has finite weight. Since the
other letters only occure in words that do not belong to the language the automataA′1 andA′2
also recognize the languageL. Therefore it can be assumed that both automata have the same
alphabet.
Lets firstly state what it means for two automata to be equivalent.

Definition 5.1. Two weighted automataA1 = (Σ,Q1, δ1, λ1, θ1) andA2 = (Σ,Q2, δ2, λ2, θ2) over
a semiringK are calledequivalentif for all words w ∈ Σ∗ holds that|A1|(w) = |A2|(w).

Definition 5.2. The following problem is called theequivalence problem for finitely amiguous
automata over(Q∪̇{∞},min,+,∞, 0):
LetA1 andA2 be two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0). Does there exist
an algorithm that stops after a finite number of computation steps and gives as an output either
”yes” or ”no”, where ”yes” means thatA1 andA2 are equivalent and ”no” means that they are
not?

If there is such an algorithm, the problem is said to bedecidable. An algorithm can be for in-
stance to look at every word in the language of length less than a constant depending only on the
number of states ofA1 andA2 and check whether both automata compute the same weight for
it. This algorithm might take long, but after a number of steps that is known before it can be told,
whether for all words of the language both automata compute the same weight. It will be shown
in the subsequent that this is an algorithm that decides the equivalence problem.
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For the first part a finitely ambiguous automatonA is being constructed as in the chapter on
weighted automata from Definition 3.16 to Lemma 3.22, for which holds that for every constant
d ∈ Q≥0 there is a word inL(A1) ∩ L(A2) with |A1|(w) − |A2|(w) > d if and only if there is a
word w′ ∈ (Q2 × Σ ×Q2)∗ such that|A|(w′) ∈ K and|A|(w′) > d. This automaton will be used to
simplify the equivalence problem to the positive weight problem.

Definition 5.3. LetK be a semiring. The following problem is called thepositive weight problem
for finitely ambiguous automata overK = (K,�,�,O,1).
Let A be a finitely ambiguous automaton overK. Does there exist an algorithm that takes as
inputA and stops after a finite number of computation steps with either ”yes” or ”no”, where
”yes” means that there is a wordw ∈ L(A) with |A|(w) > 1 and ”no” means thatA computes a
weight less or equal to1 for all words in its language?

Now will be shown that for the decidability of the equivalence problem it suffices to prove the de-
cidability of the seemingly simpler positive weight problem over the rational min-plus-semiring.

Lemma 5.4. If the positive word problem is decidable for automata over the rational tropical
semiring then also the equivalence problem is decidable.

Proof. Let A1 andA2 be two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0). As
shown in the introductory section of this chapter it can be assumed thatA1 andA2 have the same
languageL. Assume furthermore that the positive word problem is decidable for the rational min-
plus-semiring. LetA be the Hadamard product ofAA

′
2

1 andA′−2 andA′ the Hadamard product

of AA
′
1

2 andA′−1 as in Definition 3.20 and before. Since the positive word problem is decidable,
it is also decidable whether there exists a wordw′ such that|A|(w′) > 0 or |A′|(w′) > 0. By
Lemma 3.22 withd = 0 this is equivalent to the existence of a wordw for which holds that
|A1|(w) − |A2|(w) > 0 or |A2|(w) − |A1|(w) > 0. This is equivalent to the existence of a wordw
for which |A1|(w)−|A2|(w) , 0. Since the above is decidable, it follows that also the equivalence
problem is decidable. �

Now it suffices to show the decidability of the positive word problem forautomata over the ratio-
nal semiring. In the second step it will be shown that this problem is equivalent to the decidability
of the positive word problem for finitely ambiguous automataover (Z∪̇{∞},min,+,∞, 0).

Lemma 5.5. The positive word problem for finitely ambiguous automata isdecidable over
(Q∪̇{∞},min,+,∞, 0) if and only if it is decidable over (Z∪̇{∞},min,+,∞, 0).

Proof. The direction ”⇒” is easy to see, since every automaton over (Z∪̇{∞},min,+,∞, 0) is an
automaton over (Q∪̇{∞},min,+,∞, 0). If thus the problem is decidable for automata over the
rational tropical semiring it is clear that it is also decidable for the tropical semiring over the
integers.
For the other direction assume that the positive word problem is decidable for finitely ambiguous
automata over (Z∪̇{∞},min,+,∞, 0). LetA = (Σ,Q, δ, λ, θ) be a finitely ambiguous automaton
over (Q∪̇{∞},min,+,∞, 0). Now a finitely ambiguous automatonA′ over (Z∪̇{∞},min,+,∞, 0)
is being constructed, that recognizes a word of positive weight if and only ifA does. Let
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d := min
{
n ∈ N|∀q,q′∈Q,a∈Σ : δ(q, a, q′) · n ∈ Z ∧ λ(q) · n ∈ Z ∧ θ(q) · n ∈ Z

}
.

The automatonA′ = (Σ,Q, δ′, λ′, θ′) with δ′(q, a, q′) := δ(q, a, q′) · d, λ′(q) := λ(q) · d and
θ′(q) := θ(q) · d is an automaton over (Z∪̇{∞},min,+,∞, 0). Letw ∈ Σ∗. It holds that

d · |A|(w) = min
q0,qn∈Q π∈{q0

w−→qn}

d ·
λ(q0) +

n∑

j=1

δ(qi−1, ai, qi) + θ(qn)



 =

min
q0,qn∈Q π∈{q0

w−→qn}

d · λ(q0) +
n∑

j=1

(d · δ(qi−1, ai, qi)) + d · θ(qn)

 =

min
q0,qn∈Q π∈{q0

w−→qn}

λ(q0)
′
�

n⊙

j=1

δ′(qi−1, ai, qi) � θ′(qn)

 = |A
′|(w).

Therefrom follows thatA computes positive, finite weight forw if and only if A′ computes
positive, finite weight forw. Since it is by assumption decidable forA′ whether it accepts a
word of positive weight it is therefore also decidable forA. �

It will be shown in the third part that the positive word problem is decidable. This is done by
showing firstly that if the given automatonA accepts a word with positive weight, it also accepts
a positive weighted word shorter than a constant that depends only onA.
The chapter about metatransitions finished with Lemma 4.25.This lemma approximately told
that if a long sequence of vectors is considered, whose sum isgreater than 0 in every component,
it is possible to find a subsequence of these vectors whose sumis zero in every component. This
result may now directly be applied to the positive word problem.
It will firstly be shown that for a given automaton and a positive weighted word of its language
longer than a certain constant there exists a shorter word inthe same language that has positive
weight, too. For this purpose consider a regular decomposition of metatransitions induced by
this word into elementary cycles. Let

m := 22·|Q| · |Q|! ·max
{
|δ(q, a, q′)|, |θ(q)|, |λ(q)|

∣∣∣q, q′ ∈ Q, a ∈ Σ, δ(q, a, q′) , ∞
}
.

Thenm is a bound for the sum of weights of the transitions in an elementary cycle as well as for
the sum of weights of the transitions between two blocks of elementary cycles, since either of
them contains at most 22·|Q| · |Q|! metatransitions where each of them has a weight whose absolute
value is less or equal to the maximum of absolute values of alltransitions. By Definition 4.18 of
regular decompositions the number of restpiecesr is at most 22·|Q| · |Q|! + 1. e is now the number
of elementary cycles andp the number of different paths. The numberxi, j for i = 1, . . . , e and
j = 1, . . . , p is the weight of thej−th path in thei−th elementary cycle whose absolute value is
bound bym. Similarly the numbersyi′, j for i′ = 1, . . . , r and j = 1, . . . , p are the weights of the
restpieces and their absolute values are bound bym.
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Lemma 5.6. Let A = (Σ,Q, δ, λ, θ) be ak−ambiguous automaton over (Z∪̇{∞},min,+,∞, 0).
Let w ∈ L(A) with |A|(w) > 0. If

|w| > 22·|Q| · |Q|! ·
(
22k+2 ·m2k+2

+mk ·
(
22·|Q| · |Q|! + 3

)
+ 4+ 22·|Q| · |Q|!

)
=: 22·|Q| · |Q|! · H(A)

then there exists a wordv ∈ L(A) with |v| < |w| and|A|(v) > 0.

Proof. Lemma 4.19 implies, that there exists a wordw′ = a1 · · ·an in L(A) with the same weight
and the same length asw and which has a regular decomposition of its induced metatransitions.
By Definition 4.18 follows that there are only 22·|Q| · |Q|! + 1 restpieces. Since in every path the
weight consists of the weight of the transitions plus the initial weight and the final weight and
it holds that the initial and final weights are both smaller than m, it will be said that there are
two more restpieces which correspond to the initial weight and the final weight. This makes it
easier to express the weight of paths. Since there are more than 22·|Q| · |Q|! ·H(A) metatransitions
and the restpieces as well as the elementary cycles contain at most 22·|Q| · |Q|! of them it follows
that there are at mostH(A) of them. As seen above, the number of restpiecesr is bounded by
22·|Q| · |Q|! + 3 which implies that there aree> 22k+2 ·m2k+2

+mk · (22·|Q| · |Q|! + 3)+ 1 elementary
cycles.
Let henceI = {(p1, r1), (p2, r2), . . . , (pe, re)} be the regular decomposition of the metatransitions
induced byw′ into elementary cycles,E := {1, . . . , e} andR := {1, . . . , r}. For thep ≤ k suc-
cessful paths ofw′, π j := q j,0

a1−→ q j,1
a2−→ q j,2 · · ·q j,n−1

an−→ q j,n for j = 1, . . . , p let d j be their
weight. Furthermore define forj = 1, . . . , p and i ∈ E that xi, j :=

∑r i
s=pi

δ(q j,s−1, as, q j,s), the
weight of the transitions of thej−th path in thei−th elementary cycle, for which clearly holds
that−m ≤ xi, j ≤ m. Defining for i′ ∈ R \ {1, r}, where 1 corresponds to the initial weight and
r to the final weight, thatp′i′ is the first andr ′i′ the last position of thei′−th restpiece let for

j = 1, . . . , p and i′ ∈ R \ {1, r} beyi′, j :=
∑r ′

i′
s=p′

i′
δ(q j,s−1, as, q j,s) be the weight of the transitions

in the j−th path in thei′−th restpiece. Definingy1, j := λ(q j,0) to be the initial andyr, j := θ(q j,n)
to be the final weight of thej−th path implies clearly that−m ≤ yi′, j ≤ m for i′ ∈ R. Since
the weight of the word is greater than zero, it follows thatd j > 0. Now a situation for Lemma
4.25 has been reached. It follows that there exists a nonempty subsetJ ⊆ E for which holds that∑

i∈E\J xi, j +
∑

i′∈R xi′, j > 0.
The product of the metatransitions in an elementary cycle isby definition idempotent. Further-
more Lemma 4.16 inferred that a path with some idempotent chunks inside is successful if and
only if the path where the idempotent chunks are cut out is successful. This can be applied to the
current situation in the following way. Consider a successful pathπ for w′ with weightd > 0.
The pathπ′, that emerges fromπ by cutting out those transitions that are in the elementary cycles
in J, is successful if and only ifπ is. The weight of this path isσ(π′) =

∑
i∈E\J xi, j +

∑
i′∈R xi′, j > 0.

This consideration can be done for all successful paths forw′. Let v be the label ofπ′. Since the
successful paths labelled withv are exactly the reduced successful paths forw′, it follows that
the weight ofv is greater than 0. �

Using this lemma it is now possible to prove a result from which it is easy to infer the decidabilty
of the positive word problem.
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Lemma 5.7. Let A be as in lemma 5.6 with the languageL. The following statements are
equivalent:
(1) There is a wordw ∈ L with |A|(w) > 0.
(2) There is a wordw′ ∈ L with |w′| ≤ 22·|Q| · |Q|! · H(A) =: ω and|A|(w′) > 0.

Proof. The direction ”(2)⇒ (1)” is clear, since if there exists a word with positive weight in L
shorter thanω + 1, there clearly exists a word inL with positive weight.
The direction ”(1)⇒ (2)” can be shown by an inductive application of Lemma 5.6 onw. �

The effort now lies in finding an algorithm that finishes after a certain number of computation
steps, which depends only on the automaton of interest and that tells after finishing the compu-
tation whether a word with positive weight is accepted. One algorithm that decides the problem
tests all words of length less than or equal toω whether they have positive weight.

Lemma 5.8. For a finitely ambiguous automatonA = (Σ,Q, δ, λ, θ) over (Z∪̇{∞},min,+,∞, 0)
it is decidable whether it recognizes a word with positive weight.

Proof. This will be proven by stating an algorithm explicitly, thatdecides the problem for a given
automaton. Let<Σ be an arbitrary total order on the alphabetΣ. This ordering can be extended
to a total order on the setΣ∗ in the lexical way. Letb < (|Σ| + 1)ω be the number of different
wordsw1, . . . ,wb in L(A) with length less or equal toω sorted by the above defined ordering. An
algorithm that ends after at mostb steps is the following. Calculate|A|(w1). If it is greater than
0 then the answer is ”yes” and the algorithm stops. Suppose the algorithm has not finished while
processing all the words tillwi includingwi. If i = b then the answer is ”no” and the algorithm
stops. If otherwisei < b then|A|(wi+1) is being calculated. If it is greater than zero, the algorithm
stops and the answer is ”yes”. Otherwise the algorithm carries on.
This algorithm however terminates after at mostb steps giving as an answer either ”yes” or ”no”,
where ”yes” means there is a word of length less or equal toω with positive weight and ”no”
means there isn’t. Lemma 5.7 infers then that it is decidablewhetherA recognizes a word of
positive weight. �

Now it can be inferred that the positive word problem is also decidable for finitely ambiguous
automata over (Q∪̇{∞},min,+,∞, 0).

Corollary 5.9. For a finitely ambiguous automatonA = (Σ,Q, δ, λ, θ) over (Q∪̇{∞},min,+,∞, 0)
it is decidable whether it recognizes a word with positive weight.

Proof. Since the positive word problem is decidable for finitely ambiguous automata over the
semiring (Z∪̇{∞},min,+,∞, 0) and this decidability is equivalent to the decidability of the posi-
tive word problem for finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0) by Lemma 5.5, it
follows that the latter problem is also decidable. �

Now after all one main result of this text can be proven.

Corollary 5.10. LetA1 andA2 be two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0).
It is decidable whetherA1 andA2 are equivalent.
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Proof. Since Lemma 5.4 has shown that the equivalence problem is decidable if the positive
word problem for automata over (Q∪̇{∞},min,+,∞, 0) is, the decidablility of the equivalence
problem follows from Corrolary 5.9. �

One may ask whether it is possible to extend the arguments used above to show the decidability
of finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0) to (R∪̇{∞},min,+,∞, 0). This is not
possible since it has been used in Lemma 5.5 that the weights in automata over can be multiplied
by a natural number to constitute a new automaton over (Z∪̇{∞},min,+,∞, 0). For automata
over (R∪̇{∞},min,+,∞, 0) this doesn’t work, because two irrational weights for example

√
5,√

2 and a rational weight for example 1 might appear, which are no multiples of one common
number inr ·Z\ {0}, wherer ∈ R. This makes it impossible to prove a reduction result as Lemma
5.5.
Another possible question is whether this proof can be extended from finitely ambiguous au-
tomata to polynomially ambiguous automata. This is not possible, since for the use of metatran-
sitions it is essential that the automata considered have atmostk ∈ N successful paths for all
words. In particular Lemma 4.9 does not hold for polynomial ambiguous automata.
In this chapter an algorithm has been provided that decides whether two finitely ambiguous au-
tomata are equivalent. An example shall show that it is not possible to use this algorithm to
practically decide equivalence. Consider two automata which are both unambiguous and have
each only two states. Let the alphabet consist of two letter and let the weights on the transitions
be either one or zero. By the construction the addition automaton has four states and an alphabet
that consists of 2· 2 · 2 = 8 letters. The estimate of Lemma 5.7 tells that for all words of length
less or equal to 3.2 · 1036 have to be checked whether they have weight greater than zero. For an
alphabet with 8 letters this means, that about 101030

words have to be checked. While the chosen
example is about the simplest possible combination it is already practically impossible to decide
with the provided algorithm whether these two automata are equivalent. This algorithm will
therefore be of no use for any more complex problem. The provided result is rather of theoretical
interest: Knowing that the equivalence problem is not decidable for polynomially ambiguous
automata, the above shows what is at most possible.
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6 Similarity

In this chapter the property of similarity will be introduced and it will be proven that it is decid-
able whether two finitely ambiguous automata over the semiring (Q∪̇{∞},min,+,∞, 0) are simi-
lar. Two automata are similar if the function calculated by them differs at most by a constant inQ.
Similarity is a weaker property than equivalence, since thefunctions calculated by two equivalent
automata are the same on the set of all words, differing thus by less than every positive constant
and implying that the automata are in particular similar. Similarity is introduced to demarcate
automata that compute about the same function from automatafor which the computed weights
differ by more than an arbitrarily chosen constant. In order to show that for two given finitely
ambiguous automata over (Q∪̇{∞},min,+,∞, 0) it is decidable whether they are similar it will
be proceeded as for the decidability of the equivalence problem. Firstly the problem will be re-
duced to the heavy word problem for one automaton over (Q∪̇{∞},min,+,∞, 0). It will secondly
be shown that this problem is equivalent to the heavy word problem over (Z∪̇{∞},min,+,∞, 0).
This problem will thirdly be decided by giving an algorithm that finishes after a finite number of
steps.
By the same reasons as above, this chapter is confined to automata that recognize the same lan-
guage: For two automata that have different languages there exists a word recognized by only on
of them. For this word the difference of weights is∞ and hence, the automata are not similar.
Since it is decidable whether two automata recognize the same language (see for instance [8]),
the similarity problem for two automata with different languages can be decided. Now a rigid
definition is given.

Definition 6.1. Two automataA1 andA2 over (Q∪̇{∞},min,+,∞, 0) with the common language
L := L(A1) = L(A2) are calledsimilar if there is a constantd ∈ N such that for every wordw ∈ L
holds, that−d ≤ |A1|(w) − |A2|(w) ≤ d. FurthermoreA1 is said toexceedA2, if for all d ∈ N
there is a wordwd ∈ L such that|A1|(wd) − |A2|(wd) > d.

It can be seen easily that two automata are either similar or one of them exceeds the other one.

Lemma 6.2. Let A1 andA2 be two finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0)
with the same languageL. Then the following statements are equivalent.
(1)A1 andA2 are not similar.
(2)A1 exceedsA2 orA2 exceedsA1.

Proof. For the direction ”(1)⇒ (2)” suppose that for everyd ∈ N there exists a wordwd ∈ L
for which either−d > |A1|(wd) − |A2|(wd) or |A1|(wd) − |A2|(wd) > d holds. LetK ⊆ N be
the set of natural numbersd for which −d > |A1|(wd) − |A2|(wd) and M ⊆ N be such that
|A1|(wd) − |A2|(wd) > d if and only if d ∈ M. It is clear thatK ∪ M = N, since for allwd

whered ∈ N one of the above holds. Hence,K or M has to be an infinite set. Suppose without
loss of generality that|M| = ℵ0. Then for allk ∈ N there exists ad ∈ M for which d ≥ k and
|A1|(wd) − |A2|(wd) > d ≥ k. HenceA1 exceedsA2.
For the other direction ”(2)⇒ (1)” assume without loss of generality thatA1 exceedsA2, since
otherwise only the roles ofA1 andA2 would have to be interchanged in the following. Then for
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everyd ∈ N there exists a wordwd ∈ L such that|A1|(wd) − |A2|(wd) > d. Hence, there is no
constantk such that for everyw ∈ L holds that|A|(w) − |A′|(w) ≤ k and thusA1 andA2 are not
similar. �

In the following it will be shown that it is decdibale whethertwo finitely ambiguous automata
over (Q∪̇{∞},min,+,∞, 0) are similar. For this purpose the similarity problem is stated.

Definition 6.3. The following problem is called thesimilarity problem for finitely amiguous
automata over(Q∪̇{∞},min,+,∞, 0):
Let A1 andA2 be two finitely ambiguous automata over the semiring (Q∪̇{∞},min,+,∞, 0).
Does there exist an algorithm that stops after a finite numberof computationsteps and gives as
an output either ”yes” or ”no”, where ”yes” means thatA1 andA2 are similar and ”no” means
that they are not?

This problem will be shown to be equivalent to a problem that is easier to deal with, the big
weight probelm

Definition 6.4. The following problem is called thebig weight problem for finitely ambiguous
automata over a semiringK = (K,�,�,O,1):
LetA be a finitely ambiguous automaton overK. Is there an algorithm that takesA as input,
finishes after a finite number of computation steps and gives as a result either ”yes” or ”no”,
where ”yes” means that for everyd ∈ K \ {O} there exists a wordwd ∈ L(A) for which holds
that |A|(wd) > d and ”no” means that there exists an upper bound for the weightof the words
accepted byA?

Lemma 6.5. If the big weight problem for automata over (Q∪̇{∞},min,+,∞, 0) is decidable then
so is the similarity problem.

Proof. Let the big weight problem be decidable. LetA1 andA2 be two finitely ambiguous
automata with the same languageL over the semiring (Q∪̇{∞},min,+,∞, 0). Let furthermoreA
be the Hadamard product ofAA

′
2

1 andA′−2 andA′ the Hadamard product ofAA
′
1

2 andA′−1 as in
Lemma 3.22.A1 andA2 are similar, if and only if there exists a constantd such that for all words
w ∈ L holds−d ≤ |A1|(w)− |A2|(w) ≤ d. By the contraposition of Lemma 3.22 this equivalent to
the fact that for all wordsw′ recognized byA holds that|A|(w′) ≤ d and|A′|(w′) ≤ d, which is by
definition equivalent toA andA′ not to recognize words with big weights. SinceA andA′ are
both finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0), this is by assumption decidable.
Thus also the similarity problem for finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0) is
decidable. �

Nextly will be shown that the big weight problem for automataover (Q∪̇{∞},min,+,∞, 0) is
decidable if and only it is decidable for automata over (Z∪̇{∞},min,+,∞, 0).

Lemma 6.6. The following statements are equivalent:
(1) The big weight problem is decidable for automata over (Q∪̇{∞},min,+,∞, 0).
(2) The big weight problem is decidable for automata over (Z∪̇{∞},min,+,∞, 0).
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Proof. (1)⇒ (2) Every finitely ambiguous automaton over (Z∪̇{∞},min,+,∞, 0) is an automa-
ton over (Q∪̇{∞},min,+,∞, 0). If thus the big weight problem is decidable for automata over
the rational tropical semiring it is also decidable for automata over the integer tropical semiring.
For the other direction we can follow the same strategy as in Lemma 5.5. �

To prove the decidability of the big weight problem for automata over (Z∪̇{∞},min,+,∞, 0) the
following lemma will show that it suffices to have a look at all decompositions of all words
shorter than a certain bound instead of checking all, possibly infinitely many, words accepted by
the automaton.

Lemma 6.7. Let A be ak−ambiguos automaton over (Z∪̇{∞},min,+,∞, 0) which recognizes
the languageL. The following statements are equivalent:
(1) For alld ∈ N there is a wordwd ∈ L such that|A|(wd) > d.
(2) There exists a wordw = a1a2 · · ·an ∈ L with a regular decomposition into elementary cycles
D = {(p1, r1), (p2, r2), . . . , (pl, r l)} of its induced metatransitions and a subsetI ⊆ D of elementary
cycles for which holds that the weight in the elementary cycles of I is greater than zero for all
successful paths ofw.
(3) There exists a wordw = a1a2 · · ·an ∈ L with n ≤ 22·|Q| · |Q|! · (22p+2 ·m2p+2

+22·|Q| · |Q|! +1) =: ξ
and a decomposition into elementary cyclesD = {(p1, r1), (p2, r2), . . . , (pl , r l)} of its induced
metatransitions for which holds that the weight inside the elementary cycles ofD is greater than
zero for all successful paths ofw.

Proof. (3)⇒ (1). Let w be a word recognized byA andD a decomposition of the metatran-
sitions induced byw into elementary cycles such that for each succesful path ofw the sum of
weights of the transitions in the elementary cycles ofD is greater than zero. Since the product of
metatransitions inside an elementary cycle is idempotent it follows by Lemma 4.16 that it is pos-
sible to repeat the metatransitions of an elementary cycle without causing the word that induces
the resulting sequence of metatransitions not to be recognized by the automaton anymore. Thus
the wordw[2] that emerges fromw by repeating the substrings that correspond to the elementary
cycles ofD will also be recognized byA. Similarly the wordw[r ] that evolves fromw by raising
all the substrings that correspond to the elementary cyclesof D to ther−th power will be recog-
nized. It is now to show that the sequence of weights of the words

(
w[r ]

)
r∈N

computed byA is
not bounded.
For this purpose consider a succesful pathπ = q0

a1−→ q1
a2−→ q2 · · ·qn−1

an−→ qn of w and let
D = {(x1, y1), (x2, y2), . . . , (xs, ys)}. Since elementary cycles perform cycles in all paths it follows
for i = 1, . . . , s thatqxi−1 = qyi . Hence, the chunks from the elementary cycles can simultaneously
be raised to an arbitrary powerr ∈ N and a succesful path for the resulting word

wr = a1a2 · · · (ax1ax1+1 · · ·ay1)
ray1+1 · · ·axs−1(axsaxs+1 · · ·ays)

rays+1an

is

π[r ]
= q0

a1−→ q1 · · ·qx1−1(
ax1−−→ qx1 · · ·qy1−1

ay1−−→ qy1)
r

ay1+1

−−−→ qy1+1 · · ·
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· · ·qxs−1(
axs−−→ qxs · · ·qys−1

ays−−→ qys)
r

ays+1−−−→ qys+1 · · ·qn−1
an−→ qn.

Definingxs+1 := n+ 1, the weight ofπ[r ] is

|Aπ[r] |(w[r ]) = λ(q0) +
x1−1∑

i=1

δ(qi−1, ai, qi) +
s∑

j=1

r ·
yi∑

i=xj

δ(qi−1, ai, qi) +
xj+1−1∑

i=yj+1

δ(qi−1, ai, qi)

 + θ(qn) =

|Aπ|(w) + (r − 1) ·
s∑

j=1

yi∑

i=xj

δ(qi−1, ai, qi).

By assumption the weight of the transitions inside the elementary cycles ofD are positive for
each path. Forπ the weight of the transitions in the elementary cycles ofD is

s∑

j=1

yi∑

i=xj

δ(qi−1, ai, qi) := c > 0.

Hence the sequence of weights of thew[r ] along theπ[r ],

(∣∣∣Aπ[r]

∣∣∣
(
w[r ]

))
r∈N
=

( |Aπ| (w) + (r − 1) · c)r∈N

is not bounded. Sinceπwas chosen arbitrarily, this holds for all successful pathsfor w and hence,
for all successful paths for thew[r ]. Since the sequence of weights of

(
w[r ]

)
r∈N

is not bounded, it

follows that for alld ∈ N there is anr ∈ N such that|A|(w[r ]) > d.
Next the direction ”(1)⇒ (2)” will be shown. By assumption there are words of arbitrarily huge
weight. Letm′ := max

{
|δ(q, a, q′)|, |θ(q)|, |λ(q)|

∣∣∣q, q′ ∈ Q, a ∈ Σ
}

be as above the highest weight
a transition, an initial state or a final state can have. Let furthermorem := 22·|Q| · |Q|! · m′. By
assumption there exist a wordw′ ∈ L := L(A) for which |A|(w′) > m · (22·|Q| · |Q|! + 3) := c
holds. By Lemma 4.19 there exists a wordw for which |A|(w) = |A|(w′) and whose sequence
of metatransitions can be regularly decomposed into elementary cycles. Since the length of each
restpiece in such a decomposition is bounded by 22·|Q| · |Q|!, for each path the weight of one
restpieces is less thanm. Furthermore the initial weights and the final weights are less thanm for
each path. Because in such a decomposition at most 22·|Q| · |Q|! + 1 restpieces appear, the weight
of the paths inside the restpieces, the initial weight and the final weight sum up to a number
less thanc. Since the word has a weight bigger thanc it follows that every successful path has
a weight bigger thanc. Hence, the weight each successful path has in the elementary cycles is
greater thanA(w) − c > 0.
The idea of the proof of the direction ”(2)⇒ (3)” is similar as in the proof of Lemma 5.6. It will
firstly be shown that if a word of length greater than 22k · m2k

exists, whose induced sequence
of metatransitions can decompose regularly toD and for which there exists a subsetI ⊆ D of
elementary cycles such that for each successful path forw the sum of weights of the transitions in
I is positive, there exists also a shorter word with the same properties. Henceforth by induction
is shown that then there also exists a word of length less or equal to 22k ·m2k

with these properties.
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Let w ∈ L with p ≤ k successful paths for which holds that its decomposition of induced meta-
transitions into elementary cyclesD′ = {(p′1, r ′1), . . . , (p′l′ , r l′)} is regular and for which holds, that
there exists anD = {(p1, r1), . . . , (pe, re)} ⊆ D such that forj = 1, . . . , p the sum of weights
inside the elementary cycles for each successful pathπ j := q j,0

a1−→ q j,1
a2−→ q j,2 · · · pn−1

an−→ q j,n,∑l
i=e

∑r i
s=pi

δ(q j,s−1, as, q j,s), is greater than zero. LetE := {1, . . . , e}. Now Lemma 4.25 applies.
Let r = 0 andR = ∅ and fori ∈ E and j = 1, . . . , p be xi, j :=

∑r i
s=pi

δ(q j,s−1, as, q j,s). It holds that
−m≤ xi, j ≤ msince the decomposition is regular. Now two different cases are possible.
Firstly assume, thate ≤ 22p+2 · m2p+2

. Since inD′ \ D contains only elementary cycles, it is
possible by Lemma 4.14 to cut out the letters that belong to the elementary cycles inD′ \ D
resulting in a wordw′. Since the decomposition considered was regular, the number of meta-
transitions that were not inside of elementary cycles is bounded by (22·|Q| · |Q|! + 1) · 22·|Q| · |Q|!.
Since the elementary cycles inD contain each at most 22·|Q| · |Q|! metatransitions, it follows that
|w′| ≤ 22·|Q| · |Q|! · (22p+2 ·m2p+2

+22·|Q| · |Q|!+1). There exists a decomposition of the metatransitions
induced byw′ into the elementary cyclesD for which holds that the sum of the weights of the
transitions in these elementary cycles is greater than zerofor each path.
Secondly assume, thate > 22p+2 ·m2p+2

. By Lemma 4.25 there exists a nonempty subsetI1 ⊆ E
such that also for the set of elementary cyclesC1 := {(pi , r i)|i ∈ E \ I1} holds that the sum of
weights of all paths in the elementary cycles ofC1 is positive. Now it is possible to infer by
induction that there exists anr ∈ N and a setIr such that in the setCr there are at most 22p+2 ·m2p+2

elementary cycles and the sum of their weight is positive in each successful path. Letk ∈ N and
suppose thatIk , ∅ has been defined such thatCk := {(pi , r i)|i ∈ E \⋃k

j=1 I j} contains elementary

cycles whose sum of weight is positive in each successful path. If Ck ≤ 22p+2 ·m2p+2
then this is the

desired result. Otherwise it is possible to infer with Lemma4.25, that there exists a nonempty
subsetIk+1 such thatCk+1 := {(pi, r i)|i ∈ E \ ⋃k+1

j=1 I j} contains elementary cycles whose sum of
weight is positive in each successful path and for which holdthat |Ck+1| < |Ck|. This produces
a sequence of sets of elementary cycles with a decreasing number of elements. Hence, after
r ≤ e− 22p+2 ·m2p+2

steps a setCr is reached with at most 22p+2 ·m2p+2
elements whose elementary

cycles contain transitions which weigh more than zero in each path. With this set can be inferred
as above that there exists a wordw′ that induces a sequence of metatransitions for which there
exists a decomposition into elementary cycles that has the subsetCr . �

This lemma provides the basis for an algorithm that decides the big weight problem for finitely
ambiguous automata over (Z∪̇{∞},min,+,∞, 0).

Lemma 6.8.The big weight problem for finitely ambiguous automata over (Z∪̇{∞},min,+,∞, 0)
is decidable.

Proof. The decidability will be shown in stating an algorithm explicitly that solves the problem.
Let A = (Σ,Q, δ, λ, θ) be ak−ambiguous automaton over (Z∪̇{∞},min,+,∞, 0). Let < be an
arbitrary total order onΣ which induces a total order onΣ∗ in the lexical way. There areb <
(|Σ| + 1)ξ wordsw1, . . . ,wb in L(A) of length at mostξ. By Lemma 4.17 fori = 1, . . . , b there are
di ≤ ξ2·ξ decompositions of the wordwi . Now check for eachi = 1, . . . , b and eachj = 1, . . . , di

whether the weight of the metatransitions induced bywi is positive in all successful paths forwi

in the elementary cycle of thej−th decomposition. It is decidable whether such a decomposition
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exists, because there are only finitely many combinations. By Lemma 6.7 there exists a pair
(i, j) for which this is the case if and only if for everyd ∈ N there exists a wordwd ∈ L such
that |A|(wd) > d which in turn is equivalent toA recognizing a word of arbitrarily big weights.
Hence the big word problem is decidable. �

Now the main results of this chapter can be proven.

Corollary 6.9. For finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0) the big weight prob-
lem is decidable.

Proof. Since by Lemma 6.6 the big word problem for automata over (Q∪̇{∞},min,+,∞, 0) is
decidable if and only it is for automata over (Z∪̇{∞},min,+,∞, 0) and by Lemma 6.8 it is decid-
able for automata over (Z∪̇{∞},min,+,∞, 0), the result follows. �

Corollary 6.10. The similarity problem is decidable.

Proof. By Corollary 6.9 the big weight problem for automata over (Q∪̇{∞},min,+,∞, 0) is
decidable. Lemma 6.5 infers from this the decidability of the similarity problem for automata
over (Q∪̇{∞},min,+,∞, 0). �

In order to prove one result on the form of a sequence of words whose sequence of weights
is unbounded, in the following a remark will tell that if in a path all cycles are replaced by a
multiple r of themselves, then the weight of the path changes exactly bythe weight of the cycles
multiplied byr. Thus the function that calculates the weight of a path is linear in dependance of
r.

Remark 6.11. Let the automatonA, w ∈ L(A), the metatransitionst1, . . . tn and their decompo-
sition D := {(p1, r1), (p2, r2), . . . , (pl , r l)} be as in Lemma 4.16. Let furthermorepl+1 := n+ 1 and
for r ∈ N0 definew[r ] := a1 · · ·ap1−1

(∏k
j=1(apj · · ·ar j )

rar j+1 · · ·apj+1−1

)
and a successful path for

w[r ] beπ[r ] as in Lemma 4.16. Then the weight ofw[r ] alongπ[r ] is

∣∣∣Aπ[r]

∣∣∣(w[r ])
= r ·

(∣∣∣Aπ

∣∣∣(w) −
∣∣∣Aπ[0]

∣∣∣(w[0]))
+

∣∣∣Aπ[0]

∣∣∣(w[0]).

Now a result on similarity is being stated which tells that iffor two automata one exceeds
the other, there is a sequence of words that produces an unbounded sequence of differences
of weights and has a very canonical form.

Lemma 6.12.LetA1 andA2 be trim and finitely ambiguous automata over (Q∪̇{∞},min,+,∞, 0)
with the same languageL. Then the following conditions are equivalent:
(1)A1 exceedsA2.
(2) ∃l∈N : ∃v0,v1,...,vl ,u1,u2,...,ul∈Σ+ : ∀r∈N : v0ur

1v1ur
2 · · ·ur

l vl =: w[r ] ∈ L and
(|A1|(w[r ]) − |A2|(w[r ])

)
r∈N

has no upper bound.

Proof. The direction ”(2)⇒ (1)” is easy to see, since for anyd ∈ N there is ans ∈ N such, that
|A|(ws) − |A′|(ws) ≥ d, and thereforeA exceedsA′.
For the second direction ”(1)⇒ (2)” let as in the construction from Definition 3.16 to Lemma
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3.22 beA the Hadamard product ofAA
′
2

1 andA′−2 . By Lemma 3.22 it follows thatA recognizes
words of arbitrary weight. Lemma 6.7 implies from this that there exists a wordw′ ∈ L(A) and
a decomposition into elementary cyclesD of its induced metatransitions for which holds that
the weight inside the elementary cycles ofD is greater than zero for all successful paths ofw′.
Let π′ be a successful path forw′ and consider the wordw′[r ] and the pathπ′[r ] for r ∈ N as in
Lemma 4.16. Since each successful path has a positive weightin the transitions belonging to the
elementary cycles ofD, it follows that|Aπ′ |(w′)−|Aπ′[0] |(w′[0]) =: cπ′ > 0. Applying Remark 6.11
implies that the sequence of weights for the sequence of paths is|Aπ′[r] |(w′[r ]) = r ·cπ+

∣∣∣Aπ′[0]

∣∣∣(w′[0])

for r ∈ N and is therefore not bounded. Since this holds for all successful paths forw′ it follows
that also the weights of the sequence of words

(
w′[r ])

r∈N are not bounded. Observing thatw′ is a
word in L(A) it is clear that it is of the form (q0, a1, q1)(q1, a2, q2) · · · (qn−1, an, qn). Let w be the
label of w′ andw[r ] be the label ofw′[r]. From the proof of Lemma 3.22 can be seen that the
sequence of weights of (w[r ])r∈N is also unbounded. �

The above results do not provide a method of practical use to decide for two automata whether
they are similar. The great number of necessary computationsteps arises mainly from Lemma
4.13, which tells that the number of elementary cycles that contain an idempotent subsequence
is 22·|Q| · |Q|! + 1 and the search for zeroclusters of thek−th level, since the existence of a zero-
cluster of levelk can only be inferred if there are about (2· m)2k

elementary cycles. Sincem is
a multiple of 22·|Q| · |Q|! + 1 already the base of this exponential expression is huge formoderate
automata. Furthermore in the proof it was necessary to checkall possible decompositions of
these long words which adds another level to the exponentialexpression. It might be possible to
find a lower bound for the number of decompoitions for a sequence of metatransitions than the
one in Lemma 4.17, but this doesn’t change the fact that the above is a theoretical result.



7 Matrices 57

7 Matrices

From the decicability of the big weight problem for finitely ambiguous automata it is possible to
infer a statement regarding matrices: For a given matrixA ∈ Qm×n it is decidable whether for all
vectorsb ∈ Qm there is a vectorx ∈ Nn such that for each of themcoordinates ofA · x holds that
(A · x)i > bi, wherei = 1, . . . ,m. This is proven by constructing anm−ambiguous automaton,
whose cycles have exactly the weights of the entries in the matrix.

Definition 7.1. Let for m, n ∈ N be A ∈ Qm×n with the entriesai j := (A)i, j . The automaton
A = (Σ,Q, δ, λ, θ) associated to Ais defined as follows:
Σ := {b1, b2, . . . , bn, a},
Q :=

{
(i, j)

∣∣∣i = 1, . . . ,m, j = 1, . . . , n
}
,

for i = 1, . . . ,mand j = 1, . . . , n−1 it is defined, thatδ
(
(i, j), a, (i, j+1)

)
:= 0 and fori = 1, . . . ,m

and j = 1, . . . , n letδ
(
(i, j), b j, (i, j)

)
:= ai j . For all otheri1, i2 ∈ {1, . . . ,m} and j, j1, j2 ∈ {1, . . . , n}

it is defined, thatδ
(
(i1, j1), b j, (i2, j2)

)
:= δ

(
(i1, j1), a, (i2, j2)

)
:= ∞,

for i = 1, . . . ,m and j = 2, . . . , n let λ
(
(i, j)

)
:= ∞ and for j = 1 letλ

(
(i, j)

)
:= 0 and

for i = 1, . . . ,m and j = 1, . . . , n− 1 let θ
(
(i, j)

)
:= ∞ and for j = n let θ

(
(i, j)

)
:= 0.

To give an example for an associated automaton consider the 2× 3− matrix

A :=

(
1 −3

2 0
7
3 5 −3

)
.

The set of states of the associated automaton isQ :=
{
(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)

}
and

it has the alphabetΣ = {b1, b2, b3, a}. In the following picture the automaton is drawn. Transi-
tions that do not appear have infinite weight. Likewise only those states are marked as initial or
final states for which the initial or final weight is zero. The other states do all have initial and
final weight∞.

a a

a a

1

1

2

2

3

3

1

−35

_−3
2 0

_
3
7

b b b

b b b

It is easy to see that the language of this automaton is
{
(b1)i1a(b2)i2a(b3)i3

∣∣∣i1, i2, i3 ∈ N0
}
. Further-

more it is clear that this automaton is two-ambiguous. Thesetwo statements will now be proven
for associated automata in general.
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Lemma 7.2.Let form, n ∈ N beA ∈ Qm×n with the entriesai j := (A)i, j. The associated automaton
A to A is m−ambiguous andL(A) =

{
(b1)i1a(b2)i2a · · · (bn)in

∣∣∣i1, i2, . . . , in ∈ N0
}
.

Proof. It is firstly shown thatL(A) =
{
(b1)i1a(b2)i2a · · · (bn)in

∣∣∣i1, i2, · · · , in ∈ N0
}
. For the inclu-

sion ”⊆” consider a successful path inA. It begins in a state (i, 1) wherei ∈ {1, . . . ,m} since these
are the only initial states. Being in state (i, 1) the automaton can readb1 an arbitrary number of
times,i1 say. After this it has to reada leading to (i, 2), since every other letter leads to transitions
with infinite weight. Being in state (i, 2) the automaton can readb2 arbitrary often,i2 times, say.
This process goes on till the automaton reaches the state (i, n). From this state the letterbn can
be readin times, after which the automaton finishes. Having a look at the label of the achieved
path, it turns out that it is (b1)i1a(b2)i2a · · · (bn)in wherei1, . . . , in ∈ N0. Hence every word inL(A)
has the above form.
Now it has to be shown with the inclusion ”⊇” that every word of the above form is inL(A). Let
for this purpose bei1, . . . , in ∈ N0 and consider the wordw := (b1)i1a(b2)i2a · · · (bn)in. It is easy to
see that the path

(1, 1)
(

b1−→ (1, 1)
)i1 a−→ (1, 2)

(
b2−→ (1, 2)

)i2 a−→ · · · a−→ (1, n)
(

bn−→ (1, n)
)in

is successful forw. Its weight is mink=1,...,m

{∑n
j=1 ak j · i j

}
.

To prove thatA is m− ambiguous it is sufficient to consider a wordw = (b1)i1a(b2)i2a · · · (bn)in

from L(A) and show that there are onlym successful paths labelled withw. For i = 1, . . . ,m the
path

πi := (i, 1)
(

b1−→ (i, 1)
)i1 a−→ (i, 2)

(
b2−→ (i, 2)

)i2 a−→ · · · a−→ (i, n)
(

bn−→ (i, n)
)in

is successful. It remains to show that these are the only ones. Every succesful path has to begin
with one of the states (i, 1). From then every successive state in the path is already determined by
the current state: Being in a state (i, j) and receiving the letterb j the automaton has to stay in the
state (i, j). Receiving the lettera it has to move to the state (i, j +1). Following this argument for
j = 1, . . . , n it turns out that a successful path forw is already determined by its first state which
leads to the conclusion that there are onlym different successful paths, because there are onlym
initial states. Hence the automaton ism−ambiguous. �

Now a connection between the matrix problem and the functioncomputed by the associated
automaton can be developed.

Lemma 7.3. Let for m, n ∈ N be A ∈ Qm×n with the entriesai j := (A)i, j andA the automaton
associated toA. Then the following statements are equivalent.
(1) For allb ∈ Qm there exists a vectorx ∈ Nn

0 such that fori = 1, . . . ,m holds that (A · x)i > bi.
(2) There exists a wordw in L(A) such that|A|(w) > 0.

Proof. For the direction ”(1)⇒ (2)” let x = (x1, . . . , xn) be such that (A · x)i > 0 for i = 1, . . . ,m.
Such a vector exists by assumption sinceb can be chosen to be the zerovector. Consider the
wordw := (b1)x1a(b2)x2a · · · (bn)xn. The weight of this word is the minimal weight of a successful
path labelled withw. By the proof of Lemma 7.2 it follows that fori = 1, . . . ,m the pathsπi :=
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(i, 1)
(

b1−→ (i, 1)
)x1 a−→ (i, 2)

(
b2−→ (i, 2)

)x2 a−→ · · · a−→ (i, n)
(

bn−→ (i, n)
)xn

are the successful paths forw.

For i = 1, . . . ,m the weight of the pathπi is
∑n

j=1 δ
(
(i, j), b j, (i, j)

) · xj =
∑n

j=1 ai j · xj = (A · x)i > 0.
Since all successful paths forw have positive weight it follows that also|A|(w) > 0.
For the direction ”(2)⇒ (1)” let w be a word for which|A|(w) > 0. By Lemma 7.2w has
the form (b1)i1a(b2)i2a · · · (bn)in for somei1, . . . , in ∈ N0. Defining x′ := (i1, . . . , in) it follows
by the same argument as in the proof of the converse directionthat (A · x′)i = σ(πi) := ti > 0

for i = 1, . . . ,m. Let b = (b1, . . . , bm) ∈ Qm and defineξ := max
{⌊

bi
ti

⌋ ∣∣∣∣i = 1, . . . ,m
}
+ 1. For

i = 1, . . . ,m and withx := ξ · x′ ∈ Nn
0 it follows with these definitions that

(A · x)i = ξ · (A · x′)i ≥
(
1+

bi

ti

)
· ti = ti + bi > bi.

Hence for allb ∈ Qm there exists an appropriatex ∈ Nn such that (A · x)i > bi for all i =
1, . . . ,m. �

It is now easy to infer with one of the decidability results ofthe latter chapter that the above
problem is decidable.

Corollary 7.4. For a givenm× n−matrix A overQ wherem andn are natural numbers it is
decidable whether for all vectorsb ∈ Qm there is a vectorx ∈ Nn such that (A · x)i > bi for
i = 1, . . . ,m.

Proof. By Lemma 7.3 for a given matrixA it is the case that for every vectorb there exists a
vectorx such that all components ofA · x− b are greater than 0 if and only if the associated au-
tomaton recognizes a word for which it computes positive weight. By Lemma 7.2 the associated
automaton is a finitely ambiguous automaton over (Q∪̇{∞},min,+,∞, 0). By Corrolary 5.9 the
positive weight problem for the associated automaton is decidable and therefore so is the above
matrix problem. �
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8 Conclusions and Next Steps

It has become clear at the end of the sections on the equivalence and the similarity problem,
that it is not possible to extend the proofs directly to polynomially ambiguous automata. It can
furthermore be seen that the equivalence problem is undecidable for polynomially ambiguous
automata, since in his proof of the undecidability of the equivalence problem [7] Krob only used
polynomially ambiguous automata. Since the equivalence problem and the similarity problem
are quite similar, I think that it should be also possible to show the undecidability of the similarity
problem for polynomially ambiguous automata. This would close the theory about the similarity
and equivalence of weighted automata over the tropical semiring for the types of automata intro-
duced above, since it would have been shown that the problemsare undecidable for polynomially
ambiguous automata and by this paper decidable for finitely ambiguous automata.
I can imagine that it is possible to extend the above results from the tropical semiring of the ra-
tional numbers to the tropical semiring of the algebraic numbers. It has been described at the end
of Chapter 5 why this extension can not be done by a direct application of the above methods to
the bigger semiring. But since there are only a finite number of weights in each automaton, there
exists ana ∈ R for which holds that all the weights of this automaton are inQ[a]. For automata
over such a semiring it seems to me to be possible to apply the above methods.
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