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QUANTITATIVE MONITOR AUTOMATA

A = (Σ,Q, I ,F , n, δ,Val) Quantitative Monitor Automaton

Σ finite alphabet

Q, I ,F states (initial,final)

n number of monitor counters

δ ⊆ Q × Σ× Q × (Z ∪ {s, t})n transitions

Val : ZN → R ∪ {∞} valuation function

e.g. minimum, maximum, long-term average
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EXAMPLE

q0 q1 q2
(restock, s, 0)

(restock, t, s)

(demand, 1, 0)

(restock, s, t)

(demand, 0, 1)

⇒ sequence 5, 3, 7, 4, . . . of demands per week

valuation function to compute long-time average, minimum, ...
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MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA
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670%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Jβ ? ψ1 : ψ2K(w) =

{
Jψ1K(w) if w |= β

Jψ2K(w) otherwise

673%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Jβ ? ψ1 : ψ2K(w) =

{
Jψ1K(w) if w |= β

Jψ2K(w) otherwise

676%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Jβ ? ψ1 : ψ2K(w) =

{
Jψ1K(w) if w |= β

Jψ2K(w) otherwise

JVal x .ζxK(w) = Val((JζxK(w [x → i ]))i≥1)

679%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

J
⊕x ,Z y .ψK(w) =

682%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

J
⊕x ,Z y .ψK(w) =

x̄−1∑
i=x+1

JψK(w [y → i ]) if x ∈ Z and ∃x̄ ∈ Z : x̄ > x

⊥ otherwise

685%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

J
⊕x ,Z y .ψK(w) =

x̄−1∑
i=x+1

JψK(w [y → i ]) if x ∈ Z and ∃x̄ ∈ Z : x̄ > x

⊥ otherwise

ϕ = inf Z .
(
∀z .(z ∈ Z ↔ Prestock(z)) ? Val x .

(⊕x ,Z y .1
)

:∞
)

688%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Muller automata: Val x .ψ

zi = JψK(w [x → i ]) JVal x .ψK(w) = Val(z0, z1, z2, . . .)

691%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Muller automata: Val x .ψ

zi = JψK(w [x → i ]) JVal x .ψK(w) = Val(z0, z1, z2, . . .)

w = a0a1a2a3a4 . . . −→
(
a0

z0

)(
a1

z1

)(
a2

z2

)(
a3

z3

)(
a4

z4

)
. . .

“correct weights” is a recognizable property

694%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

Muller automata: Val x .ψ

zi = JψK(w [x → i ]) JVal x .ψK(w) = Val(z0, z1, z2, . . .)

w = a0a1a2a3a4 . . . −→
(
a0

z0

)(
a1

z1

)(
a2

z2

)(
a3

z3

)(
a4

z4

)
. . .

“correct weights” is a recognizable property

697%



MONITOR LOGICS FOR QUANTITATIVE MONITOR AUTOMATA

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= k | β ? ψ : ψ

ζx ::= ⊥ | β ? ζx : ζx |
⊕x ,Z y .ψ

ϕ ::= β ? ϕ : ϕ | min(ϕ,ϕ) | inf x .ϕ | inf X .ϕ | Val x .ζx

QMA: Val x .ζx ϕ = Val x .
(⊕x ,Z y .1

)


restock
s
⊥
1




demand
1
⊥
0




demand
1
⊥
0




restock
t
s
1




demand
⊥
1
0

 · · ·
6100%


