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1 Introduction

A max-plus automaton is a finite automaton with transition weights in the real numbers. To each word,
it assigns the maximum weight of all accepting paths on the word, where the weight of a path is the
sum of the path’s transition weights. Max-plus automata and their min-plus counterparts are weighted
automata [24] 23] [16] [ 5] over the max-plus or min-plus semiring. Under varying names, max-plus and
min-plus automata have been studied and employed many times in the literature. They can be used to
determine the star height of a language [10], to decide the finite power property [25], 26] and to model
certain timed discrete event systems [7, 8]. Additionally, they appear in the context of natural language
processing [17].

For practical applications, the decidable properties of an automaton model are usually of great inter-
est. Typical problems considered include the emptiness, universality, inclusion, equivalence, sequentiality
and unambiguity problems. We consider the last three of these problems for finitely ambiguous automata,
which are automata in which the number of accepting paths for every word is bounded by a global con-
stant. If there is at most one accepting path for every word, the automaton is called unambiguous. It
is called deterministic or sequential if for each pair of a state and an input symbol, there is at most one
valid transition into a next state. It is known [I4] that finitely ambiguous max-plus automata are strictly
more expressive than unambiguous max-plus automata, which in turn are strictly more expressive than
deterministic max-plus automata.

Let us quickly recall the considered problems and the related results. The equivalence problem asks
whether two automata are equivalent, which is the case if the weights assigned by them coincide on all
words. In general, the equivalence problem is undecidable [15] for max-plus automata, but for finitely
ambiguous max-plus automata it becomes decidable [27, [TT]. The sequentiality problem asks whether for
a given automaton, there exists an equivalent deterministic automaton. This was shown to be decidable
by Mohri [I7] for unambiguous max-plus automata. Finally, the unambiguity problem asks whether
for a given automaton, there exists an equivalent unambiguous automaton. This problem is known to
be decidable for finitely ambiguous and even polynomially ambiguous max-plus automata [I4, 13]. In
conjunction with Mohri’s results, it follows that the sequentiality problem is decidable for these classes
of automata as well.

In this paper, we show that these three problems are decidable for finitely ambiguous max-plus
tree automata, which are max-plus automata that operate on trees instead of words. In the form of
probabilistic context-free grammars, max-plus tree automata are commonly employed in natural language
processing [22]. Our approach to the decidability of the equivalence problem uses ideas from [I1]. We
reduce the equivalence problem to the same decidable problem as [II], namely the decidability of the
existence of an integer solution for a system of linear inequalities [I§]. However, instead of the cycle
decompositions which were used both in [I1] and [21], we employ Parikh’s theorem [19, Theorem 2].
This idea was suggested by Mikolaj Bojanczyk in a discussion following the presentation of the proof
from [2I]. The proof presented here is a revised version of the one from [21].

The decidability of the unambiguity problem employs ideas from [14]. Here, we show how the dom-
inance property can be generalized to max-plus tree automata. To show the decidability of the sequen-
tiality problem for finitely ambiguous max-plus tree automata, we first combine results from [4] and [I7]
to show the decidability of this problem for unambiguous max-plus tree automata, and then combine
this result with the decidability of the unambiguity problem.

Our solution of the equivalence problem can be applied to weighted logics. In [20], a fragment of a
weighted logic is shown to have the same expressive power as finitely ambiguous weighted tree automata.
Over the max-plus semiring, equivalence is decidable for formulas of this fragment due to our results.



2 Preliminaries

For a set X, the power set of X is denoted by P(X) and the cardinality of X is denoted by | X|. For two
sets X and Y and a mapping f: X — Y, we call X the domain of f, denoted by dom(f), and Y the
range of f, denoted by range(f). For a subset X’ C X, the set f(X')={y €Y |z € X': f(z) =y} is
called the image or range of X' under f. For an element y € Y, the set f~1(y) = {x € X | f(x) =y} is
called the preimage of y under f. For a second mapping g: X — Y, we write f = g if for all z € X we
have f(z) = g(z).

An alphabet ¥ is a non-empty finite set. By 3*, we denote the set of all finite words over X. The
empty word is denoted by &, and the length of a word w € ¥* by |w|. The number of occurrences of a
letter @ € ¥ in a word w is denoted by |wl|,. A subset L C ¥* is called a language over .

Let Ng = {0,1,2,...} and N = {1,2,3,...}. By N{, we denote the set of all finite words over Ny. The
set N is partially ordered by the prefix relation <, and totally ordered with respect to the lexicographic
ordering <;. A ranked alphabet is a pair (T',rkr), often abbreviated by T', where T is a finite set and
rkp: I' = Ny a mapping which assigns a rank to every symbol. For every m > 0 we define (") = rkp L(m)
as the set of all symbols of rank m. The rank of I is defined as rk(I") = max{rkr(a) | a € T'}.

The set of (finite, labeled, and ordered) I'-trees, denoted by 1T, is the set of all pairs t = (pos(t), label;),
where pos(t) C N is a finite non-empty prefix-closed set of positions, label;: pos(t) — I' is a mapping,
and for every w € pos(t) we have wi € pos(t) iff 1 < i < rkr(label;(w)). We write ¢t(w) for label;(w).
We also refer to the elements of pos(t) as nodes, to € as the root of ¢, and to prefix-maximal nodes as
leaves. The height of t is defined by height(t) = max,,cpos(t) [w|-

Now let s,t € Tr and w € pos(t). The subtree of t at w, denoted by t[,,, is a I'-tree defined as follows.
We let pos(t[,,) = {v € Nj | wv € pos(t)} and for v € pos(t[,,), we let labely; (v) = t(wv).

The substitution of s into w of t, denoted by t(s — w), is a I'-tree defined as follows. We let
pos(t(s — w)) = (pos(t) \ {v € pos(t) | w <, v}) U {wv | v € pos(s)}. For v € pos(t(s — w)), we let
labely (s (v) = s(u) if v = wu for some u € pos(s), and otherwise labely (s (v) = t(v).

For a € T™) and trees t1,...,t, € Tr, we also write a(t1, ..., t,) to denote the tree ¢ with pos(t) =
{e}Ufiw i€ {1,...,m},w € pos(t;)}, label;(¢) = a, and label;(iw) = t;(w). For a € T'®), the tree a()
is abbreviated by a.

For a ranked alphabet T', a tree over the alphabet T’y = (T'U{o}, rkr U {0 — 0}) is called a I'-contezt.
Let t € Tr, be a I'-context and let wy,...,w, € pos(t) be a lexicographically ordered enumeration of
all leaves of t labeled ¢. Then we call ¢ an n-I'-context and define O;(t) = w; for ¢ € {1,...,n}. For an
n-T'-context ¢ and contexts t1,...,t, € I, we define t(t1,...,t,) = t{t1 = 01(t)) ... (tn — On(t)) by
substitution of ¢1,...,t, into the o-leaves of t. A 1-I'-context is also called a I'-word. For a I'-word s, we
define s = o and s"*! = s(s") for n > 0.

A commutative semiring is a tuple (K,®,®,0,1), abbreviated by K, with operations sum & and
product ® and constants 0 and 1 such that (K, ®,0) and (K,®,1) are commutative monoids, multipli-
cation distributes over addition, and Kk ©0 =0® k = 0 for every k € K. In this paper, we only consider
the following two semirings.

e The Boolean semiring B = ({0,1},V, A,0,1) with disjunction V and conjunction A.

e The maz-plus semiring Ruyax = (RU {—o00}, max, +, —00,0) where the sum and the product oper-
ations are max and +, respectively, extended to R U {—oc} in the usual way.

For a commutative semiring (K, ®,®,0,1) and a number n > 1, the product semiring (K™, ®,,, ®n, 0y, 1,,)
is defined by componentwise operations and the constants 0,, = (0,...,0) and 1,, = (1,...,1). We will
usually denote &,, and ®,, simply by & and ©.

Let (K,®,®,0,1) be a commutative semiring. A weighted bottom-up finite state tree automaton
(short: WTA) over K and I is a tuple A = (Q,T, u,v) where @ is a finite set (of states), I' is a ranked
alphabet (of input symbols), p: U;l;(:ro) Q™ x T x Q — K (the function of transition weights), and
v: Q — K (the function of final weights). We define A4 = dom(u). A tuple (p,a,q) € A4 is called a
transition and (p, a, q) is called valid if p(p,a,q) # 0. A state ¢ € @Q is called final if v(q) # 0.

We call a WTA over the max-plus semiring a max-plus-WTA and a WTA over the Boolean semiring
a finite tree automaton (FTA). An FTA A = (Q,T, u,v) is also written as a tuple A’ = (Q, T, §, F') where
6={deAa|pu(d)=1}and F={qecQ|v(q) =1}

For a tree t € Tr, a mapping 7: pos(t) — @ is called a quasi-run of A on t. For a quasi-run r on ¢
and a position w € pos(t) with t(w) = a € T™, the tuple

t(t,r,w) = (r(wl),...,r(wm),a,r(w))



is called the transition at w. The quasi-run r is called a (valid) run if for every w € pos(t) the transition
t(t,r,w) is valid with respect to A. We call a run r accepting if r(g) is final. By Run4(¢) and Acc4(t)
we denote the sets of all runs and all accepting runs of A on t, respectively. For a state ¢ € @, we denote
by Run4(,q) the set of all runs r € Run 4(¢) such that r(¢) = q.

For a run r € Run4(t), the weight of r is defined by

wta(t,r) = @ p(t(t,rw)).

wepos(t)

The behavior of A, denoted by [A], is the mapping defined for every ¢ € Tt by [A](t) = @B, cpcc 4 (1) (Wha(t,7)©
v(r(e))), where the sum over the empty set is O by convention. The support of A is the set supp(A) =

{t € Tr | [A](t) # 0}. The support of an FTA A is also called the language accepted by A and denoted

by L£(A). A subset L C Tt is called recognizable if there exists an FTA A with L = £(A).

For a WTA A= (Q,T, u,v), arun of A on a I'-context ¢ is a run of the WTA A’ = (Q,T,, 1/, v) on
t, where p/(¢,q) = 1 for all ¢ € Q and p/(d) = p(d) for all d € A4. We denote Run®(t) = Run 4 (¢)
and for r € Run%(¢) write wt%(¢,r) = wta/(¢,7). For an n-I'-context ¢ € Tr, and states qo, ..., qn, we
denote by Run%(q1, ..., qn,t, qo) the set of all runs r € Run%(¢) such that r(¢) = go and r(0;(t)) = ¢
for every i € {1,...,n}.

Similar to trees, we define restrictions, substitutions, and powers of runs as follows. Let t,s € 1T,
r € Runy(t), w € pos(t), and r; € Run4(s) with rs(¢) = r(w). Then we define r[,, € Runy(t[,,) by
7], (v) = r(wv) for every v € pos(t],,). We define r(r; — w) € Runa(t{(s — w)) by r(rs — w)(v) = rs(u)
if v = wu for some u € pos(s), and r(rs — w)(v) = r(v) otherwise. For a I'-word s and a run € Run%(s)
with r(¢) = 7(01(s)), we let v = O1(s) and define r%?) = {¢ — r(e)} and "1V = p(r) 5 p) €
Run (s"*1) for n > 0.

A WTA A is called deterministic if for every m > 0, a € T and p € Q™, there exists at most
one q € Q with u(p,a,q) # 0. If there exists an integer M > 1 such that |Accq(w)| < M for every tree
t € Tr, we say that A is M-ambiguous. We call A finitely ambiguous if it is M-ambiguous for some
M > 1. A l-ambiguous WTA is also called unambiguous.

We recall that for every recognizable language L C TT, there exists a deterministic FTA A with
L(A)=L.

For a WTA A, we define a relation < on @ by p < ¢ iff there exists a I'-word s € Tp, such that
Run® (g, s,p) # 0. We write p ~ ¢ if p < ¢ and ¢ < p. By [p] we denote the set of all ¢ € Q with p ~ gq.

A WTA A s called trim if for every p € @, there exist t € I, r € Acc4(t), and w € pos(t) such that
p =r(w). The trim part of A is the automaton obtained from .4 by removing all states p € @ for which
no such ¢, r, and w exist. This process obviously has no influence on [A].

3 The Equivalence Problem

For two max-pluss-WTA A; and Ay over an alphabet I, we say that A; dominates Az, denoted by
[A1] > [A2], if for all trees ¢ € Tt we have [A;](t) > [A2](t). We say that A; and Ay are equivalent if
[Ai] = [A2].

The equivalence problem for max-plus (tree) automata asks whether for two given max-plus (tree)
automata A; and Aj, it holds that [A;] = [Az2]. For words, this problem was shown to be undecidable
in general [I5], but it is decidable if both automata are finitely ambiguous [II]. In this section, we
prove that the equivalence problem is decidable for finitely ambiguous max-plus-WTA. Like in [I1],
we reduce the equivalence problem to the decidability of the existence of an integer solution for a
system of linear inequalities [I8]. This latter problem is decidable only for systems over the rationals,
which is why for the equivalence problem, we consider only max-plus-WTA over the max-plus semiring
Qmax = (QU {—00}, max, +, —00, 0) restricted to the rationals. The proof presented here is a revised
version of the one from [21]. It is largely based on ideas from [I1], but employs Parikh’s theorem [19]
Theorem 2] instead of the cycle decompositions which were used both in [I1] and [2I]. This idea was
suggested by Mikolaj Bojariczyk in a discussion following the presentation of the proof from [21]. We
formulate the main result of this section as follows.

Theorem 1. The equivalence problem for finitely ambiguous maz-plus tree automata with transition and
final weights from QU {—o0} is decidable.

In fact, we will show that if A; is a finitely ambiguous max-plus-WTA and Ay any max-plus-WTA,
then it is decidable whether A; dominates As,.



Theorem 2. Let Ay be a finitely ambiguous maz-plus-WTA and As any maz-plus-WTA, both with
transition and final weights from QU {—oo}. It is decidable whether or not [A;] > [Az].

If both automata in Theorem [2] are finitely ambiguous, we can reverse their roles. Consequently,
Theorem [I] is a corollary of Theorem [2} The remainder of this section is dedicated to the proof of
Theorem [2} As part of the proof, we will employ the following concepts.

Let ¥ = {as,...,a,} be an alphabet. The Parikh vector p(w) € Ny of a word w € ¥* is the
vector p(w) = (|w]ay, | W]ags -« -5 |W]a,). For a language L C X*, the Parikh image of L is the set
p(L) = {p(w) |we L}.

A set of vectors J C N is called linear if there exist £ > 0 and vectors «, 51, ..., Br € N{j such that

k
J:{a—|—Zni-ﬁi\nl,...,nkGNO}.

i=1

The set J is called semilinear if it is the union of finitely many linear subsets of N{.

A context-free grammar (short: CFG) [9] is a tuple (N, X, P, S) where (1) N is a finite set of nonter-
minal symbols, (2) ¥ is a finite set of terminal symbols with NNX =0, (3) P C N x (NUZX)* is a finite
set of productions or rules, and (4) S € N is the initial symbol. We usually denote a rule (4, w) € P by
A — w.

Let G = (N, X%, P, S) be a context-free grammar. For u,v € (N UX)* we write u =¢ v if there exists
v, u” € (NUX)* and a production A — w € P such that u = v/ Au” and v = v'wu”. The language
generated by G is the language

LG)={weX"|In>03u,...,u, € (NUX)": S =g u =¢ ... =g Uy =¢ W}
A language L C ¥* is called context-free if there exists a context-free grammar G with L = L(G).

As a first step, we show in the following lemma that every finitely ambiguous max-plus-WTA A can
be normalized such that all trees, on which there exists at least one accepting run of A, have the same
number of accepting runs. The idea here is that we can simply add dummy runs with low weight for
every tree which does not already have a sufficient number of runs.

Lemma 3. Let A = (Q,T, u,v) be an M-ambiguous maz-plus-WTA. Then there exists a finitely am-
biguous max-plus-WTA A" with [A] = [A'] and |Acca:(t)| € {0, M} for all t € Tr.

Proof. First, we show that for every n € {1,..., M}, the set L, = {t € Tt | |[Acca(t)] > n} is recog-
nizable. For this, we construct an automaton which simulates n runs of A in parallel, keeps track of
which runs are pairwise distinct, and accepts only when all simulated runs are pairwise distinct. Let
A, = (Q" x P({1,...,n}?),T,0,, F,), where P({1,...,n}?) denotes the power set of {1,...,n}?, be
the FTA defined as follows. For a € T' with rkr(a) = m, po,...,Pm € Q™ with p; = (pi1,...,Din), and
Ro,..., Ry C {1,...,n}2 we let ((p1, R1),-- -, (Dm, Rm),a, (Do, Ro)) € &, iff for all i € {1,...,n} we
have p(piis ..., Pmi» @ poi) # —oo and Ry = {(k,l) € {1,...,n}* | por # por} UU;~, R;. Furthermore,
(Po, Ro) € F, iff for all i € {1,...,n} we have v(pg;) # —oo and Ry = {(k,l) € {1,...,n}? | k #1}.

It is easy to see that there is an accepting run of A, on ¢t € T if and only if there are at least n
pairwise distinct accepting runs of A on ¢t. Therefore, £(A,) = L,. Since recognizable tree languages
are closed under complement and intersection, for n € {1,..., M — 1} the languages L, = L, \ L,11 =
{t € Tr | |Acc(t)] = n} are also recognizable and we can find deterministic FTA A/, = (Q,,,T,4,,F})
with £(A]) = LI,.

Now let k be the smallest weight used in A, i.e., with R = pu(A4)Uv(Q) we let k = min(R\ {—o0}).
For n € {1,..., M — 1}, we define the max-plus-WTA A" = (Q.,,T, ul,v!) by

n' n

ifded’ if F!
L S S0 B G
—oo  otherwise —oo otherwise.

Finally, we construct A" as follows. For each n € {1,..., M — 1}, we take M — n copies of A/ and unite
them with A, where we assume that all sets of states are pairwise disjoint. By choice of k, this does not
influence the behavior of A. By choice of the languages L/, every tree which had at least one accepting
run in A now has exactly M accepting runs in A’ and all other trees still have no accepting run in A’. [



Next, we show that every max-plus-WTA A can be normalized such that all final weights are equal
either to —oo or to 0. The idea is that the final weight can be included in the transition weight of the
transition at the root, see also [3].

Lemma 4 ([3]). Let A = (Q,T, u,v) be a maz-plus-WTA. Then there exists a maz-plus-WTA A’ =
(Q, T, u, V") with [A] = [A'], v'(Q') C {—00,0}, and |Acc(t)| = |Acca (t)| for every t € Tr.

Proof. We define a max-plussWTA A" = (Q',T,u/,v') as follows. We let Q' = @ x {0,1} and de-
fine 1/(¢,0) = —oo and /(¢,1) = 0 for all ¢ € Q. For every d = (p1,...,Pm,a,00) € A4, we let
,u/(<p17 0)’ SEE) (pma O)v a, (p07 0)) = :u(d) and :u/((ph O)a EERE) (p"u O)a a, (p07 1)) = ,U,(d) + V(pO)' On all re-
maining transitions we define p’ as —oo.

It is easy to see that for every tree ¢t € T, we have a bijection f: Acca(t) — Acca/(t) given by
(f(r)(e) = (r(e),1) and (f(r))(w) = (r(w),0) for w € pos(t) \ {e}, and for this bijection it holds that
wta(t,r) +v(r(e)) = wta(t, f(r)). O

For the rest of this section, we fix an M-ambiguous max-plus-WTA A; and a max-plus-WTA A,
both with transition and final weights from Q U {—oc}. We write A; = (Q;, T, ui, v;) for i = 1,2. By
Lemma |3, we can assume that for all ¢ € Tp we have |Accq,(t)] € {0, M}. By Lemma {4, we may
furthermore assume that 11 (Q1) C {—00,0} and v5(Q2) C {—o0,0}. Note that [A4;1] > [A2] can only
hold if supp(As) C supp(A;), which is decidable since the supports of A; and A, are recognizable
tree languages [23, [12]. This also follows from the proof of Lemma Therefore, in the forthcoming
considerations we will assume that supp(.Az) C supp(.A;) holds.

We call a tuple ¥ € QM+ an outcome vector if there exists a tree t € T, runs r1,...,7y € Accy, (1),
and arunryry1 € Acca, (t) with Acca, (t) = {r1,...,rafand v = (wta, (¢, 71), ..., Wta, (6, 700), Wha, (8, " ar41))-
We denote the set of all outcome vectors by . We can make the following observation.

Proposition 5. A; does not dominate As iff there exists a vector (v1,...,vap+1) € O such that for all
ie{l,...,M} we have v; < vpry1.

We give an overview of the rest of the proof. We first construct a weighted tree automaton A over
the product semiring (Quax)™ ! such that the weights realized by the runs of A are exactly the vectors
from . We then define Parikh vectors of runs by counting the transitions occurring in a run, just like
the Parikh vector of a word counts the number of occurrences of the letters in a word. By arranging the
weight vectors of the transitions of A as columns into a matrix 2, we see that the weight of a run of A
is simply the result of multiplying the matrix 2 with the Parikh vector of the run.

We proceed to show that the set of Parikh vectors of the accepting runs of A can also be expressed
as the Parikh image of a context free language over the alphabet of transitions from A 4. By Parikh’s
theorem, the Parikh image of a context-free language is semilinear, and thus so is the set of Parikh
vectors of the accepting runs of A.

It follows that the set O can be represented as the image of a semilinear set, namely the set of Parikh
vectors of the accepting runs of A, under a matrix with rational entries, namely the matrix . We then
use Proposition [5| to reduce the dominance problem to the satisfiability problem of systems of linear
inequalities over the rationals with an integer solution. The latter problem is decidable [2 Theorem 3.4].
We begin by constructing .A.

Lemma 6. There exists a weighted tree automaton A = (Q,T', u,v) over the product semiring (Qumax ) 1

such that @ = {wta(t,r) | t € Tr,r € Acca(t)}. The automaton A can be effectively constructed from
Aq and As.

Proof. Welet Q = QM x Q2 x P({1,..., M}?). The first M + 1 entries of the states from @ are used to
simulate the M runs of A; and one run of Ay, and the last entry is used to keep a record of which runs
from A; are distinct in order to ensure that accepting runs of A simulate all accepting runs of A; in the
respective entries. For a € I with rkr(a) = m and po,...,pm € Q with p; = (pi1,- ., pim, Pir+1, Ri),
we define weights as follows. For i € {1,..., M}, we let x; = u1(p1s,-- -, Pmi» @, Poi) and y; = v1(poi),
and we let zp41 = pe(Pirvi+1,- -+ Pmm+1, @, porr+1) and yarp1 = va(posmr+1). Furthermore, we let
R={(k,0)€{1,...,M}? | pox. # poi}U Ui\il R;. Then we define 1 and v by

if M+l and Ry = R
/’L(plv L] 7pm7a7p0) = (xl, 71;M+1) ' (xl’ . 7xM+1) © Q o 0
(—00,...,—00) otherwise
@, ym) i (e ymga) € QM and Ry = {(k, 1) € {1,...,M}? |k # 1}
v(po) =
0 (—00,...,—00) otherwise.



It is easy to see that for an accepting run of A on a tree t, projecting on each of the first M + 1 entries
yields M distinct accepting runs of .A4; and one accepting run of A5 on ¢, and that the transition weights
are preserved by this projection.

Furthermore, for M pairwise distinct accepting runs 71, ...,y of A; and one accepting run 7741 of
As on a tree t, we can construct a mapping R: pos(t) — P({1,..., M}?) such that (rq,...,7p41, R) is an
accepting run of A on t with wtA(¢, (r1,...,7m41, R)) = (Wta, (&, 71), ..., Wta, (£, 700), Wha, (8, "ar41))-

O

Let A = (Q,T, u,v) be the automaton from Lemma |§| and let dy,...,dp be an enumeration of A 4.
We define a matrix Q € QM+UXD by O = (u(d,),. .., u(dp)) where every vector u(d;) is considered to
be a column vector. Furthermore, for a run r of A on a tree t, we define the transition Parikh vector of
r by

p(t,r) = ({w € pos(t) | (¢, r,w) = du}|, ..., [{w € pos(t) | (¢, 7, w) = dp}]).

In the following Lemma, we show that multiplying 2 with every possible transition Parikh vector of A
yields precisely O.

Lemma 7. We have O = {Q-p(t,r) |t € Tr,r € Acca(t)}.

Proof. Let © € O, then by assumption on A, there exists a tree ¢ € T and a run r € Acc4(t) with
U = wt4(t,r). By definition of wt 4 and the commutativity of “+”, it follows that wt4(¢,r) = Q- p(¢, 7).

On the other hand, let ¢ € Tr and r € Acc4(t). Then with the same arguments and our assumption
on A, we have Q - p(t,r) = wta(t,r) € O. O

Next, we construct a context-free language whose Parikh image coincides with the set of possible
transition Parikh vectors of A.

Lemma 8. There exists a context-free language L over the alphabet A4 such that p(L) = {p(t,r) | t €
Tr,r € Accq(t)}. A context-free grammar G generating L can be found effectively from A.

Proof. We define the context-free grammar G = (Q U {S}, A4, P, S), where S is a new symbol, by

P= {S—pl|v(p)cQV}
U{p = (P1;-+Pm:@P)P1---Pm | W(P1,---,Pm.a,p) € QM.

Then L = L(G) is context-free and we see as follows that p(L) = {p(¢,r) | t € Tr,r € Acca(t)}.

“C”: Let w € L. We construct a tree t € Tr and a run r € Acc4(¢) such that p(w) = p(¢,r). Since
w € L, we find words uq,...,u, € (QU A4)* such that u, = w and S =¢ u; =¢ ... =g u,. We
construct by induction for every ¢ € {1,...,n} a I-context ¢; € T, and a run r; € Run%(¢;) such that
v(ri(e)) € QM+ and for every p € Q and d € A4 we have

luilp = [{v € pos(?) | t;(v) = ¢ and 7;(v) = p}|
|ui|la = |[{v € pos(t) | t(t,r,w) = d}|.

For i = 1, we know by the definition of G that u; = p with v(p) € QM*! so we let t; = ¢ and
r1(e) = p. Now assume we have constructed t; and r; with the properties above. We have u; =g u;11,
so by definition of G, there exists a transition d = (py,. .., Pm,a,p) € Ay with p(d) € QM*! and words
w, v € (QUAL)* such that u; = v'pu”’ and w41 = v/dp1 ... pmu”. Thus |u;|p > 1, so by induction
we find v € pos(t;) with ¢;(v) = ¢ and r;(v) = p. We let ;41 = t;{(a(o,...,¢) — v) and define r;11 by
rit1(v') = r;(v') for o' € pos(t;) and ri1(vj) = p; for j € {1,...,m}. It is easy to check that ¢;11 and
ri+1 satisfy all of the above properties.

Since u, = w € A%, the I'-context ¢, is actually a I'-tree, the run r,, € Run$(¢,,) is an accepting run
of A on t,, and we have p(w) = p(u,) = p(tn, 7). Thus, we have p(L) C {p(t,r) | t € Tr,r € Accy(t)}.

“D”: Now let t € Tr and r € Acc4(t). We construct a word w € L with p(w) = p(¢,r). For this, we
construct by induction for every v € pos(t) words uy, ..., u, such that r(v) =g u1 =¢ ... =g Un, Uy €
A%, and p(un,) = p(tl,,rl,). We proceed by a reverse induction on the length of v. For |v| = height(t),
we let n =1 and u; = t(¢, r,v), then we have r(v) =g u1, un € A%, and p(u,) = p(t,,r[,)-

For |v] < height(t), we assume that t(¢t,r,v) = d = (p1,-..,Pm,a,p) and that for every i € {1,...,m}
V..l < Wkl € Ay, and p(u)) = Pt Tl

we have words uy’,...,uy, with p; =¢ ull) =G ... =G Un/, Un,



Since 7 € Acc4(t), we have u(d) € QM+ so by the definition of G, we have p =¢ dp; ...pm. Thus,
we see that

P=c¢dpi...Pm

=q dugl)Pz < Pm =G .- =G du(l)PQ -Pm

=G dui}fﬁ )P3 Pm =G ---=>a duglll)u%)pg, ... Pm

=G duglll) . (m 11)u§m) =G ... =G duglll) g:i)
From this, we obtain words ui,...,u, € (QU A4)* with p =¢ u1 =¢ ... =¢ u, such that w, =
dull) - a7 € Ay, and therefore plun) = p(d)+ 70 p(u) = D+ T, Dl 110) = Bit],er],)
For v = ¢, we thus obtain words uq,...,u, such that r(¢) =¢ u; =g ... =g Un, Un € A%, and
p(u,) = p(t,r). Due to r € Acca(t) we have r(¢) € QM+!, which means that S =¢ r(e). Therefore
un € L, which shows that p(L) D {p(t,r) | t € Tr,r € Acca(t)}. O

Finally, we recall Parikh’s theorem, after which we are ready to conclude the proof of Theorem [2]

Theorem 9 ([I9, Theorem 2|,[6]). For every context-free language L, the set p(L) is semilinear. Fur-
thermore, indices k, k1, ...,k and vectors oV, [3}1) eNY (ie{l,....k},je{l,...,k}) with

k ki )
D) =Jta® + 3 n; 57 [nn,. i, € Nob
i=1 Jj=1

can be effectively found from every context-free grammar generating L.

Proof of Theorem[3 Let L be as in Lemma By Lemmamand Lemma we then have O = {Q-p(¢,7) |
tedp,r€Acca(t)} ={Q 0|7 6 ]p(L)}

For L, let k, ky, ..., kg, a® ﬁ eNP (ie{l,....k},je{l,...,k}) be asin Theorem@ Then

0= J{2-aD+> n;- Q-8 | n1,... np, € No}.
i=1 j=1

Let @wy,...,wp41 be the rows of . Then by Proposition 5] A; does not dominate Ay iff there exist
i€{l,...,k} and nq,...,ny, € Ny such that for every [ € {1,..., M} we have

ki ki
@y - Z ﬁj(z)) n; < Wp41 alt Z W41 ﬁ() “n;.
In other words, for every i € {1,...,k} we have a system of linear inequalities
ki ) ki .
oo+ 3 @ B Xy < wnrer 0D+ (@arg - BY) - X (=1,...,M)
Jj=1 j=1
0<X; G=1,....k),

and A; does not dominate As iff one of these systems possesses an integer solution. The first M
inequalities of each system form a system of the form A’X < 0 for a matrix A’. The satisfiability of
this system with a non-negative integer solution is equivalent to that of the system A’X < —1 since
every non-negative integer solution X of the first can be inflated by a sufficiently large integer C to a
solution C'- X of the latter system. Thus, we effectively need to check the satisfiability of systems of the
form AX < b for a matrix A and a vector b, both with entries from Q, with an integer solution. By [2]
Theorem 3.4], the satisfiability of such systems with an integer solution is decidable, so we can decide
whether A; dominates A5 or not. O



4 The Unambiguity Problem

The unambiguity problem asks whether for a given max-plus-WTA A, there exists an unambiguous max-
plus-WTA A" such that [A] = [A’]. In this section, we show that the unambiguity problem is decidable
for finitely ambiguous max-plus-WTA. We follow ideas from [14, Section 5], where the decidability of
this problem was shown for finitely ambiguous max-plus word automata. The unambiguity problem is
in fact known to be decidable even for polynomially ambiguous max-plus word automata [I3]. We leave
the question open as to whether the same holds true for polynomially ambiguous max-plus-WTA.

Theorem 10. For a finitely ambiguous maz-plus-WTA A, it is decidable whether there exists an unam-
biguous maz-plus-WTA A" with [A] = [A’]. If A" exists, it can be effectively constructed.

The rest of this section is dedicated to the proof of Theorem In the following, we will employ
the concept of an A-circuit of a WTA A. For a WTA A = (Q,T,u,v), a I'-word s € Tr,, and a
run r € Run%(s) with r(g) = 7(01(s)), the pair (s,r) is called an A-circuit. We call (s,r) small if
height(s) < 2|Q].

Now let A be a finitely ambiguous max-plus-WTA. We decompose A into unambiguous max-plus-
WTA as follows.

Lemma 11. Let A be a finitely ambiguous maz-plus-WTA over ', then there exist finitely many unam-
biguous maz-plus-WTA Ay, ..., Ay over T with [A] = max,[A;] and supp(A;) = ... = supp(Anr).

Proof. By [20, Theorem 1] we can find finitely many unambiguous max-plus-WTA Aj;,..., Ay over T'
with [A] = max [4;]. We write A; = (Qi, T, jui, 1) Let L = UM, supp(A;) and let & be the smallest
weight used in the automata A;, ..., Ay, ie., for R = Uﬁl(pi(AAi)Uui(Qi)) we let k = min(R\ {—o0}).

The language L is recognizable, therefore for i € {1,..., M}, the language L; = L \ supp(A4;) is also
recognizable and there exists a deterministic FTA A} = (Q},T', 0}, F]) with L(A}) = L;. We define the
max-plus-WTA A7 = (Q;,T, i/, v") by

if : if ¢ € F}
Mgl(d)Z{H if d € J; and I/{,(q):{li if g € Fj

—oo otherwise —oo otherwise.
We assume without loss of generality that Q; N Q) = () and define A = (Q; UQ}, T, p/,v; Uv!) with

pi(d) ifde Ay,
pl(d) = pl(d) ifd e Ay
—00 otherwise

as the union of A; and A/. Then A/ is unambiguous since A; is unambiguous, A/ is deterministic, and
supp(A;) Nsupp(A}) = 0. Furthermore, for ¢ € supp(A;) we have [A}](t) = [A:](¢).

For every t € supp(AY), there exists some j € {1,..., M} with ¢t € supp(.A;) and due to the choice
of k we have [A;](t) > [AY](t). In conclusion, for all ¢ € {1,..., M} we have that A}’ is unambiguous,
supp(AY’) = L, and max}, [A/"] = max}, [A;] = [A]. O

Let Aj,..., Ay be unambiguous max-plus-WTA with supp(A4;) = ... = supp(Ay) and [A] =
max [A;]. The product automaton B = (Q,T, u,v) of Ay,..., An is a weighted tree automaton over
the product semiring (Rp,ax)? which, intuitively, executes all of the automata A, ..., Ay in parallel.
We write A; = (Q;,T, i, v;) for i € {1,..., M} and define B as the trim part of the automaton B’ =
(Q, T, 1/, V") defined as follows. We let Q' = Q1 X ... x Qp and for a € T with rkp(a) = m and
Po,- -, Pm € Q' with p; = (pi1, ..., pins) we define, with x; = pi(p1i, - - . Pmi, @, pos) and y; = v3(poi),

T1yeeo s TAL) if (x1,...,20) €RM

—00,...,—00) otherwise

’ ayM) if(yh'"vyM)e]R]w
—00,...,—00) otherwise.

Then B is unambiguous and for ¢t € Tt we have [B](t) = ([A1] (%), ..., [Anm](®)).



Definition 12 (Victorious coordinate). Let s € Tr, be a I'-context, € Runi(s), and write wt(s,r) =
(K1,...,k0n). We define wt;(s,7) = x; and wt(s,r) = max}, wt;(s, 7).

A coordinate i € {1,..., M} is called victorious if wt;(s,r) = wt(s,r). The set of all victorious
coordinates of (s,r) is denoted by Vict(s,r). For q € Q we define

Viet([q]) = N Vict(s, )
(s,r) small B-circuit
r(e)€ld]

where the empty intersection is defined as {1,...,M}. For P C Q, we let Vict(P) = (,cp Vict([p)).
We have the following lemma which relates victorious coordinates to the decidability of the unambiguity
problem.

Lemma 13. There exists an unambiguous maz-plus-WTA A" with [A] = [A'] if and only if for all
t € Tr and all r € Accg(t) we have Vict(r(pos(t))) # 0. The latter property is called the dominance
property and is denoted by (P). The dominance property is decidable, and therefore so is the unambiguity
problem.

Proof. Here, we only show that (P) is decidable. We defer the proof that (P) is a necessary condition
to Lemma The proof for the sufficiency of (P) takes some more preparation and is split into several
lemmata.

(P) is decidable as follows. We can consider @ as an (unranked) alphabet and construct an FTA which
accepts exactly the accepting runs of B, i.e., all pairs (pos(t), r) for some t € Tr and r € Accp(t). Also, for
every subset P C @) we can construct an FTA which accepts all trees in Ty in which every p € P occurs
at least once as a label. By taking the intersection of these two automata and checking for emptiness, we
can decide for every P C () whether there exists ¢ € Tt and r € Accg(t) with P C r(pos(t)). Checking
whether all P for which this is true satisfy Vict(P) # 0 is equivalent to checking (P). Note that Vict(P)
can be effectively computed since there are only finitely many small B-circuits. O

First, we prove that (P) is a necessary condition, i.e., that from the existence of an unambiguous
automaton A" with [A] = [A’] it follows that B satisfies (P).

Lemma 14. If there exists an unambiguous max-plus-WTA A" = (Q',T, p',v") with [A] = [A’] then B
satisfies (P).

Proof. We proceed by contradiction and assume that A’ as above exists and that (P) is not satisfied.
Then there exists a tree ¢ € Tr and a run r € Accp(t) with Vict(r(pos(t)) = 0. We let C be the set of all
small circuits which are relevant to show this, i.e., C = {(s,75) small B-circuit | [rs(e)] N r(pos(t)) # 0}.

Let (s,r5) € C and q = r4(¢). We may assume that q € r(pos(t)) due to the following argument.
If q € r(pos(t)) does not hold, there exists some p € r(pos(t)) with p ~ q. Then there exist I-words

s, sp € Tr, and runs r§ € Run3(q, sB,p) and rg € Run};(p,sg,q). Thus, with s’ = sB(sg) and
re = r8(rg — 01(sh)), we obtain a circuit (s’,ry) with ry(e) = p and r¢(01(s§)) = q. We can insert

(s',rs) into t and r to obtain a tree ¢ and a run 1’ € Accp(t') with q € r'(pos(t')).
Now let ¢1,...,¢, be an enumeration of C. We write ¢; = (s;,7;) and let q; = 7;(¢), wq, € pos(t)
with r(wq;) = q;, and w; = 01(s;). We may assume that ¢y, ..., ¢, are ordered such that wq, <;... <

Wgq,,- Then for every ¢ € {1,...,n}, we can insert the circuit (SLQ l,rl»Q \(11;7,)) at wq, to obtain a tree

t = <s|an‘ — Wq, ) (s‘lQll — Wq,) € Tr together with a run ri; = r<r‘nQ/|<w> — Wq, ) <r|1QI|<w> —

Wq,) € Accp(t’). For simplicity, we assume that the root of each circuit (SLQ ‘,riQ |<wi>) is still at position

Wq, in t.
Since supp B = supp A’, we find a run 7’4, € Acca (t'). By pigeon hole principle, we find 0 <
m; < n; < |Q'| for each ¢ € {1,...,n} such that r'y, (wq,w;"") = r's, (wq,w;"). We thus obtain runs

v

r& € Run®y, (s™~™¢) through r{*(w) = 'y, (wq,w) such that each (s*~™ ) is an A’-circuit. We let

§ = s""™ and 7P = r?i_m"’<w”>. Then (3;,78) are B-circuits with Vict(c;) = Vict(5;,7P) for all i.
For o = (v1,...,v,) € NI, we denote by t; the tree obtained by adding v; copies of §; to t’ for each
ie{l,...,n}, ie., the tree tz = t/(50" — wq, ) --- (§]* = Wq,). Then we see that the runs
ra((r) T 5w, ) - ()T 5 wg,) € Aces(t)
P ()P T g ) - ()T s wg w™) € Acca ()

are accepting on tz.



By assumption, there exists I € {1,...,n} such that ﬂle Vict(c;) # 0 and ﬂfill Vict(¢;) = 0. In
the following, we show that sz;rll Vict(e;) # 0, which yields the desired contradiction. For k,1 € Ny, let
tht = t(k,.. k,1,0,...,0), Where [ is at index I + 1. Since A’ is unambiguous, we see that with = [A'](t0,0),

ko =wta(51,7) + ... +wta(3r,77), and A = WtA/(§[+1,T}4+1)7 we have
[[.A/]] (th) =x+ ks + I\

for all k,1 € Ng.

Due to the definition of victorious coordinates, we can find a number N € Ny such that for all [ > N,
the tuple [B](to,;) has its maximum in some victorious coordinate from Vict(cyy1); this is because with
every repetition of a circuit, non-victorious coordinates fall behind victorious coordinates in terms of
weight by a small fixed margin. Then for every I’ > 0, we have

[Al(to.n+) = [Al(to.n) + 1" - wt(3r41,77,1).
Since [A'] = [A], it follows that

wt(S741,7711) = [Al(to.v+1) = [Al(ton) = 2+ (N + 1A = (2 + NX) = A,

Similarly, due to the assumption that ﬂi[:l Vict(e;) # (0, we can find for every I € Ny a number
M; € Ny such that for all k& > M;, the tuple [B](¢r,;) has its maximum in some victorious coordinate
g1 € ﬂle Vict(e;). We let M = max;Z ) M. By pigeon hole principle, there exist l1,l> € {0,..., M} with
Il <ly and j;; = ji,- Then we see that, again due to [A'] = [A], we have

(la — )Wty Gryn, 7)) = [ANtazg,) — [AN(txrg,) = (I — L)

It follows that
~ B ~ B
Wt(8741,7741) = A= wtj,, (814157741)s

which means that j;, € Vict(er41). Since jj, € ﬂilzl Vict(c¢;) also holds, we have ﬂf;l Vict(c;) # 0,
which is a contradiction to the choice of I. In conclusion, ¢t and r as chosen do not exist and therefore
B satisfies (P). O

Next, we address the sufficiency of (P). In the following, we assume that B satisfies (P) and construct
an unambiguous max-plus-WTA A’ with [A'] = [A].

The idea behind A’ is as follows. The states of A’ will be taken from R} x @Q. From a bottom-up
perspective, A’ remembers in each R, -coordinate the weight which B would have assigned to the run
in this coordinate “so far”. Since this can become unbounded, we normalize the smallest coordinate to 0
in each transition, make this coordinate’s weight the transition weight, and remember only the difference
to this weight in the remaining coordinates. Still, these differences can become unbounded. Therefore,
once the difference exceeds a certain bound (2N +1)C, the coordinates with small weights are discarded
by being set to —oo and only the large weights are remembered. Here, N is the maximum possible
number of nodes of a tree over I of height at most 2|Q|. The constant C'is the largest difference between
all weights occurring in the automata Ay, ..., Ay

We can show that the coordinate [ which in B eventually yields the largest weight will not be discarded
as follows. First, we can show that the weight of a victorious coordinate of a run will never be smaller
than the largest weight (over all coordinates) minus NC'. Second, we can show that if k is victorious, then
the weight of coordinate [ will never be smaller than the weight of £ minus NC + C. Our assumption is
that (P) holds, so there exists some victorious coordinate in every accepting run. Therefore, the weight
of | will never be smaller than the largest weight minus (2/V + 1)C and is never discarded.

Formally, we define A’ as follows.

Construction 15. We let

2|Q|

N = " rk(I")" = max{|pos(t)| | t € Tt, height(t) < 2|Q|}
=0

R= U (1i(Aa,) Uvi(Q:))

10



C = max R — min(R \ {—o00}).

For x = (x1,...,237) € RM | we denote the smallest weight of x by

max?
x =min{xz; |1 <i< M,z; # —o0},

and define the normalization of x by

x=x—(X,...,%).
We construct an unambiguous max-plus-WTA A" = (Q',T, i/, ') with [A] = [A'] and Q' C RM x Q
as follows.

Rule 1 For (a,q) € Agn (T x Q) with x = u(a,q) € RM we let (x,q) € Q" and /' (a, (x,q)) = %.

Rule 2 Assume we have d = (p1,...,Pm,a,Po) € Ap with x = pu(d) € RM and (z1,p1), ..., (Zm, Pm) €
Q' for some z1,...,2, € RM . Welet t =x+ > ", z; and define y € RM _ through

max

{—oo if t; < max{t; | 1 <j < M} — (2N +1)C
Yi =

t; otherwise.
We let (X, PO) € Q/ and Nl((zlv pl), ey (va pm)a a, (Za pO)) = y

Rule 3 Assume (z,p) € Q' and x = v(p) € RM. Then we let v/(z, p) = max, (z; + z;).

Note that from the above definition, it is not obvious that @’ is finite, which is what we will show
later on. The following is clear from the construction.

Proposition 16. The projection 7: Q' — @, (z,p) — p induces a bijection between the accepting runs
of B and A’. In particular, A" is unambiguous.

Using a simple induction we can show the following relationship between the runs of A’ and B.

Lemma 17. Let t € Ty, r € Rung(t), and r' = 77 1(r) € Runy (t). We write r'(¢) = (z,p), then for
everyl € {1,..., M} we have

(1) if zi # —oo then wty(t,r) = wta (t,7') + 2

(#) if z1 = —oo then for some w € pos(t) we have Wty (t],,,71,) < Wt(t],,7y) — (2N +1)C.
Proof. We proceed by induction on the height of ¢. If height(t) = 0, the statement follows from
Rule 1. Otherwise, we let a = t(e), m = rk(a), and 7' (z) = (z;, p;) fori € {1,...,m}. Since z; # —o0, we
know by Rule 2 that z; # —oo holds for all ¢ € {1,...,m}. Thus, by induction we have wt;(¢[;,r[;) =
wt s (¢];,7'1;) + 2z for all ¢ € {1,...,m}. It follows by Rule 2 that with x = u(p1,...,Pm,a,p) and
y=p1'((z1,P1),- - (ZmsPm), @ (z,p)) we have

wty(t,r) = a1 + Zth(t[iﬂ”“)

i=1

=x; + Z(WtA/ (t Lis r! FZ) + Zil)
=1

=z+y+ > wha(tl,r'l)

i=1

=wta (t,7") + 2.

Assume z = —oo and let w be a prefix-maximal position with the property that for (z’, p’) = r’'(w)
we have 2] = —oo. By Rule 1, w cannot be a leaf. We let a = t(w), m = rk(a), v’(w) = (2o, Po), and
r'(wi) = (z;,p;) for i € {1,...,m}. By choice of w, we have z; # —oco for all i € {1,...,m}, so by
(1) we have Wty (¢, T Twi) = Whar (€] i 7' 1wi) + za for all 4 € {1,...,m}. Let x = u(p1,...,Pm,a Po)
and y = p/'((z1,pP1),- -+, (Zm, Pm), @, (Z0,Po)). Then since zp; = —oo, there exists by Rule 2 some
je{l,..., M} such that zp; # —oo and z; + 221 zit < z0j +y — (2N 4+ 1)C. Thereby, we have

th(truﬂ rrw) = + Zth(trwﬂ rrwi)
=1

11



Ty + Z(Wt-A’(t rwi7 T/ rwz) + Zil)
=1

205 Y+ Y Whar (i Ti) — N +1)C

=1
= z0j + wta(tl,,7l,) — (2N +1)C
Wt (ty,71,) — (2N +1)C
< wt(t],,7,) — (2N + 1)C.

A

O

The dominance property (P) is defined only through small circuits. Thus, in order to use (P), we
describe in the following how to decompose pairs (¢,7) of a T-tree or a I'-word ¢ and a run r of B on ¢ into
small circuits. Intuitively, we cut circuits from the bottom of the tree using the pigeon hole principle.

Construction 18. Let t € Tt be a I-tree or a I'-word and r € Rung(t). A circuit decomposition of t
and r is a stub (to,ro), where to € Tr, with height(to) < 2|Q| and r9 € Runjp(t), together with a finite
sequence of small B-circuits (s1,71), ..., (Sp, ) defined as follows. If height(¢) < 2|Q|, then we let tg = ¢
and rg = r and conclude the decomposition. Otherwise, we cut a small circuit from ¢ and r.

If ¢ is a I'-tree, we proceed as follows. We choose uv € pos(t) with |uv| = height(¢) and |v| = |Q|. By
pigeon hole principle, we find v <, w1 <, we <, wv with r(w1) = r(wz). We let s = (t(o — w9))|
then for w € pos(s) we see that

w1y

height(t) > Jwyw| = [wi| + [w] > [u| + |w| = height(t) — [Q] + |w]

from which |w| < |@| and therefore height(s) < |@Q| follows. Thus from r we obtain a small circuit (s, ")
through " (w) = r(wyw) for w € pos(s). With ' = t(t[,,, — w1) we obtain from 7 a run r’ € Rung(t’)
through +" = r(r[,, — w1). We continue the decomposition with ¢' and r’. This procedure ends after
finitely many steps.

If t is a I'-word, we proceed in the following way in order to ensure that the process above never creates
a 2-I'-context when cutting a circuit. If there exists a position v’ € pos(t) which is prefix-independent
from (1 (¢) and for which height(¢[,,) > |Q|, we let uv € pos(t) with v’ <, uv, |uv| = |v’| + height(¢[,,),
and |v] = |Q|. By pigeon hole principle, we find u <, w1 <, wy <, wv with r(w1) = r(wsz). We let
s = (t(o = wa))I,,, then for w € pos(s) we see that

0] + height(t],,) > [wiw| = |wi| + [w| = [u] + |w] = [v'| + height(¢[,,) — Q] + |w]|

from which |w| < |@Q| and therefore height(s) < |@Q| follows. Thus from r we obtain a small circuit (s, ")
through 7 (w) = r(wyw) for w € pos(s). With ¢’ = t(t[,,, — w1) we obtain from r a run 7’ € Runjp(t')
through »" = r(r[,, — w1). Note that both s and t' are I'-words since v’ is prefix-independent from
O1(t). We continue the decomposition with ¢ and 7.

If ¢ is a I'-word but height(¢],,) < |Q| for all v’ € pos(t) which are prefix-independent from ¢;(¢), we
proceed as follows. First, we show that |01(t)] > |Q]. We know that height(¢) > 2|Q)|, thus there exists a
position w € pos(t) with |w| > 2|Q|. If w <, O1(t), it immediately follows that |01 (¢)| > |@Q|. Otherwise,
since O1(t) is a leaf, w and () are prefix-independent and we can write w = vivy and Q1 (t) = vjvy for
some i,7 € Ny with ¢ # j. As vi is prefix-independent from (1 (¢), we see that |v1| < height(¢],;) < |Q]
and therefore |vi| > 2|Q| — |Q| = |Q|. In particular, we have |01(t)] > |vj| > |Q)-

Since [01(t)| > |Q|, we can write ¢1(t) = wv with |v] = |Q|. By pigeon hole principle, we find
u <p wi <p we <p uv with r(wy) = r(wz). We let s = (t(o — w2))[,,, and show that height(s) < 2|Q)|.
Let w € pos(s). If uw <, ¢1(¢), we have |w| < |v] = |Q|. Otherwise, if uw is prefix-independent from
01(t), we can write uw = uwv'iv; and Oq(t) = uv'jv; for some 4,5 € Ny with ¢ # j. Then uv'i is prefix-
independent from §;(¢) which means we have |v;| < height(t[,,.;) < |Q|. Due to |[v'jv,| = |v] = |Q], we
see that [v'| < |Q| and therefore |w| = |v'iv;| < |Q]+ 1+ |Q|. Therefore, we have height(s) < 2|Q|. Thus
from r we obtain a small circuit (s, ") through r"(w) = r(wiw) for w € pos(s). With t' = t(t],,, — w1)
we obtain from r a run 7’ € Runy(t') through " = r(r[,, — w1). Note that both s and ¢’ are I'-words
since wy <, ¢1(t). We continue the decomposition with ¢’ and .
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In the following lemma, we show that the weights of victorious coordinates never become much smaller
than the maximum weight over all coordinates.

Lemma 19. Let t € T, be a T-tree or a T-word and r € Rung(t). If k € Vict(r(pos(t))) then
wt(t,r) > wt(t,r) — NC.

Proof. Take a circuit decomposition of ¢ and r as in Construction |18 with stub (to,7¢) and small circuits
(81,71), -+ (Sn,7n). Since |pos(tg)] < N, we have for all j € {1,..., M} that

n
Wi (t, 1) = wty(to, 7o) + Y Wti(si,75)
i=1

Z Wtj(to, 7’0) —NC + Z Wtj(Si, T’i)
i=1

= Wtj(t7 T) — NC.
This is true in particular for j with wt(¢,r) = wt; (¢, 7). O

We are now able to show that @Q’ is finite. We proceed by contradiction and show that if Q' was
infinite, we would be able to find arbitrarily long successions (z,,p) = ... = (z1,p) in Q' with z1,...,z,
pairwise distinct. Then we show that such successions can in fact not be arbitrarily long, as from
every z; to the next, the difference in weights of at least one non-victorious coordinate to the victorious
coordinates grows by at least J, where ¢ is a fixed constant. Thus, after some z;, these differences exceed
(2N + 1)C for all all non-victorious coordinates, and all subsequent z; remain constant.

Lemma 20. Q' is a finite set.

Proof. We show first that if @’ is infinite, then for at least one p € @ we can find arbitrarily long
successions (z,,p) < ... = (z1,p) with zq,...,z, pairwise distinct. Let Py C Q' be the set of all states
added to @' by Rule 1. For i > 0, let P71 C Q' be the set of all states added to @’ by Rule 2 using
only states (z1,P1),-- -, (Zm, Pm) € P;. Then for all i > 0 we have P; C P41, Py1 \ P # () since Q is
infinite, and P; is finite.

Let ¢ > 0 and (z,p) € Piy1 \ Pi. Then there are (z1,P1),-- -, (Zm,Pm) € P; with at least one
(zj,p;) € P;\ Pi—1 such that (z,p) is added to Q" by Rule 2 using (z1,p1),..., (Zm,Pm) € F;, and a
valid transition (p1,...,Pm,a, P) € Ag. In particular, we have (z,p) = (z;, p;).

Now let H > 0, n > H|Q|, and p € P, \ P,—1. Then according to the argumentation we just did,
we can find (z,,pn) = ... =< (2o, Po) With (zg,po) € Py and (z;,p;) € P; \ P, for i > 0. In particular,

(20,P0),- - -, (Zn, Pn) are pairwise distinct. By pigeon hole principle, at least one p € @ occurs H or
more times among po,...,Pn. Hence, we find 44 < ... < iy with p;, = ... = p;,;, = p and have
(2if,P) 3 ... 2 (24,p) with z;,,...,2;, pairwise distinct.

Now we show that there can be no arbitrarily long successions (z,,p) < ... <X (z1,p) with z1,...,2,

pairwise distinct in Q. This shows in particular that ' must be finite. We define the constant

0= min wt(s,r) — max{wt;(s,7) | wt;(s,r) < wt(s,r)}
(s,r) small B-circuit
wt; (s,r)<wt(s,r) for some @

where the minimum over the empty set is defined as co. Assume we have (x,p) < (y,p) with x # y.
Then there exists a I-word s € T, with a run ' € Run®%, ((y, p), s, (x, p)). By projecting r to Q, we
obtain a run r € Rung(p, s, p). Take a circuit decomposition of s and r as in Construction [18 with stub
(s0,70) and small circuits (s1,71),-..,(Sn, ). Note that now, (sg,79) is also a small circuit. Since B
satisfies (P), there exists k € Vict(r(pos(t))). Due to Lemma [I7(ii)| and Lemma [19] we have a2,y € R.

For all i € {0,...,n} and j € {1,..., M}, we have either wt;(s;,7;) = wtp(s;,7;) or wt;(s;,7;) <
wty(si, i) — 9. Hence, for all j € {1,..., M} we have either z, —z; = yp — y; or xp —x; > yr — y; + 0.
Since x # y, we have xj, — x; > yr — y; + 0 for at least one j € {1,..., M}.

Now let (zn,p) < ... = (z1,p) be a succession as above with zi,...,2, pairwise distinct. Then
in every step from z; to z;;1, for at least one non-victorious coordinate the difference the victorious
coordinates grows by at least §. If this differences exceeds (2N + 1)C, the coordinate is set to —oo.
Thus, at some point all non-victorious coordinates are —oo. It follows that n cannot be arbitrarily
large. O
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Next, we show that if a coordinate yields the maximum weight in B, then during the whole com-
putation of the weight of the run, the distance to the maximum weight does not exceed the bound
(2N +1)C.

Lemma 21. Let t € Tr and r € Accp(t). If for 1 € {1,..., M} we have [A](t) = [Ai](t), then for all
w € pos(t) we have wty(t],,7[,) > Wt(t],,7l,) — (2N +1)C.

Proof. Welet w € pos(t), t' = t{o — w), and let 7’ be the run on ' we obtain from r through ' (v) = r(v).
We write 7(¢) = (g1, ..,qm) and let k € Vict(r(pos(t))). By assumption, we have

vi(q) +wt (', r") + wty(t s 71w) = ve(qr) + wWte (7)) + wtg (¢ s 1)
Due to Lemma we have
wt (', r") < wt(t', ') < wtp(t',r") + NC.
Thus, applying Lemma [19| also to wty(¢[,,, [, ) we can conclude

Wt (0, 7 Tw) = vk(qe) — vi(q) + Wt 7") — wte(#',7") — NC + wtg (¢ s 1)
> _C = NC + wt(tl,,rl.) — NC

We are now ready to show that the behaviors of A’ and A coincide.
Lemma 22. We have [A] = [A'].

Proof. Tt is clear that supp. A = supp B = supp A’. Let t € supp.A and let r € Accp(t) and 7’ € Acca (t)
be the unique accepting runs on ¢t. We write 1/(¢) = (z,q) and let | € {1,..., M} with [A4](t) =
max [A;](¢t). Combining Lemma and Lemma we see that we have z; # —oo. Thus, by
Lemma [T7(i)| we have for all i € {1,..., M} that

vi(ai:) + zi < viq:) + wti(t, r) — wta (£,7)
= [A](t) — wta (t,7)

< [AD®) — wtar(t,7")

=wlq) +w ( r) — wa(t,r')
=uv(q) +=
Therefore, again by Lemma we have

[Al(t) = max[ A (1)
= [A] ()

vi(q) + wti(t,r)
Vl(Ql) + wt g/ (t, T/) + 2

= wt (¢, ) + mj\glx(yl(ql) + z;)

= wta (t,7") +7'(2,q)
[AD®).

In conclusion, A’ is an unambiguous max-plus-WTA with [A] = [A'].
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5 The Sequentiality Problem

The sequentiality problem asks whether for a given max-plus-WTA A, there exists a deterministic max-
plus-WTA A’ such that [A] = [.A’]. The term “sequentiality” stems from the fact that in the weighted
setting, deterministic automata are also often called sequential. In this section, we show that the sequen-
tiality problem is decidable for finitely ambiguous max-plus-WTA. For words, this is known due to [I4].

Let A = (Q,T, u,v) be an unambiguous max-plus-WTA. We say that A satisfies the twins property
[17, 4] if the following holds. Whenever for p, ¢ € @ there exists a tree u € Tt such that Run4(u,p) # 0
and Rung(u,q) # 0 and a T-word s € T, and runs r, € Run®%(p, s,p) and r, € Run®%(q, s, q), then
wt& (s, 7p) = Wt (s, 7q).

Lemma 23. Let A = (Q,T, u,v) be a trim unambiguous maz-plus-WTA. There exists a deterministic
maz-plus-WTA A" with [A] = [A’] if and only if A satisfies the twins property. If it exists, it can be
effectively constructed.

Proof. Tf A satisfies the twins property, we know due to [4, Lemma 5.10] that a deterministic max-plus-
WTA A’ with [A’'] = [A] can be effectively constructed.

We show that the twins property is also a necessary condition. The proof follows the idea for the
proof of [I7, Theorem 9]. Let p,q € @ such that there exists a tree u € Tr with runs r? € Runy4(u, p)
and 79 € Run4(u,q) and a I'-word s € Tp, with runs r, € Run®%(p, s,p) and r, € Run%(q, s, ¢). Since A
is trim, there exist I'-words 4, and @, with runs 7, € Run’%(p, 4,,p’) and 7, € Run®(q, 4, ¢') such that
p’ and ¢’ are final.

We define ") = i, (s" (1)) and £ = d,(s"(u)) for n > 1. Then since A is unambiguous, we see
that with the constants A\, = wt%(s,7,) and A\, = wt%(s,74) and the constants x, = wta(u,r7?) +
wt% (Gp, 7p) + v(p') and kg = wt a(u, 79) + wt% (dg, 7q) + v(q’) we have

[AI(ESY) = iy + 1,
[AIFY) = kg + 1A

for all n > 1.

Now let A’ be a deterministic max-plus-WTA with [A'] = [A] and let k1 be the largest weight in
terms of absolute value which occurs in A’, excluding —oo. Since A’ is deterministic, we see that for the
constant ko = |k1|(|pos(ip)| + |pos(iy)| + 2), we have

IFADESY) — FANES)] < o

for all n > 1.
In particular, we have

[k = kg + 1A = Al = [TAI(ESY) = LAI (V)] < s
for all n > 1. This can only hold if A\, = A;. Thus, A satisfies the twins property. O

Lemma 24 ([, Theorem 5.17]). For an unambiguous maz-plus-WTA A it is decidable whether A
satisfies the twins property.

Theorem 25. For a finitely ambiguous max-plus-WTA A it is decidable whether there exists a de-
terministic maz-plus-WTA A" with [A] = [A']. If such an automaton A’ exists, it can be effectively
constructed.

Proof. Let A be a finitely ambiguous max-plus-WTA. Due to Theorem [10] we can decide whether there
exists an equivalent unambiguous max-plus-WTA. If this is not the case, A can also not be determinizable.
Otherwise we can effectively construct an unambiguous max-plus-WTA A’ with [A] = [A’]. Due to
Lemma we can decide whether A’ satisfies the twins property, which according to Lemma is
equivalent to deciding whether A is determinizable. O
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