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commutative semiring
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automaton
Vip— K

transition weights

final weights
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Runs

r: pos(t) = Q run
p( transitions ) # 0
Run(t) v( root ) #0
Pe

p1 e P2
(P11, P12, 3, P1) e e
(b, p21) e e °
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r: pos(t) — Q run
Run(t)

wu( transitions ) # 0
v( root ) #0
wt(r)

v( root ) ® [] p( transitions )
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r: pos(t) — Q run
wu( transitions ) # 0
() v( root ) #0
wt(r) v( root ) ® [ u( transitions )

[AD(2) = >, we(r)

(plla P12, 4, Pl)

(b7 P21)
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@ = labely(x) | edgei(x,y) | x € X | mp | @AY | Ix.p | X
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@ = labely(x) | edgei(x,y) | x € X | mp | @AY | Ix.p | X

= |Kk|000]|000| x| XX.0|Tx.0
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@ = labely(x) | edgei(x,y) | x € X | mp | @AY | Ix.p | X

= |Kk|000]|000| x| XX.0|Tx.0
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@ = labely(x) | edgei(x,y) | x € X | mp | @AY | Ix.p | X

= |Kk|000]|000| x| XX.0|Tx.0

[e] = 1zy)

[Ex.labely(x)]: t — |t|a
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Logics

MSO

¢ = labely(x) | edge;(x,y) | x € X | 7o | ¢ A9 | Ix.p | IX.p
QMSO
Oi=p|k|0®O|000| x.0|XX.0]MNx.0

|
[e] = 1z
[Ex.labely(x)]: t — |t|a

Theorem (Droste/Gastin/Vogler)

Weighted Tree Automata = restricted QMSO




Unamb
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fin-amb

poly‘amb

|[Run(t)| < P(|pos(t)])
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Ambiguity

Ambiguity

unamb |Run(t)| <1

fin-amb |[Run(t)| < C

T Run(t)] < P(|pos(t)])

Theorem

unamb = My.0
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Ambiguity

Ambiguity

unamb |Run(t)| <1

fin-amb |[Run(t)| < C

poly-amb Run(e)| < P(|pos(t)])
unamb = My.0

fin-amb = My, &---& My.0,
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Ambiguity

Ambiguity

unamb |Run(t)| <1

fin-amb |[Run(t)| < C

poly-amb Run(®)] < P([pos(®)])
unamb = My.0

fin-amb = MNy6, @©---@ My.60,

poly-amb = Yxi...Yxg.Mly. 01 @©--- @ Exi...Xxg,.ly.0,
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Finite Ambiguity

Finitely Ambiguous

FJ

[A] = [Ai & ... @ [Ad]

Unambiguous
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Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”
(Q, T, p,v) (Q,T, us, vB)




Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”
(Q, T, p,v) (Q,T, us, vB)

l powerset

construction

(P(Q), F,mB, HB)



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”
(Q7 rv/‘al/) (Q7r7,u/]B7VB)
powerset
construction

(Q X P(Q)v ra/“ ©mp, v QHB) A (P(Q)’ r7mB>nB)
product



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”
(Q7 r')/[al/) (Q7F7M]B7VB)

powerset
construction

(Q X P(Q)v ra/“ ©mp, v QnB) A (P(Q)? r7mB>nB)
product

trim

Schiitzenberger Covering



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”

(Q7 r')/[al/) (Q7F7M]B7VB)
powerset
construction
(@ xP(Q),T, p ©@mp,v ©np) «———— (P(Q),T, mp,np)
product
trim
Schiitzenberger Covering ((q1, P1),---,(gm, Pm), a,(q, P))

[equivalent

((Q{La Pl)? R (qina Pm)a a, (q, P))



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

“booleanize”
(Q7 r')/[al/) (Q7F7M]B7VB)

l powerset

construction

(@ xP(Q),T, n©mp,v ©ng) ——— (P(Q), I, mp, np)
product

trim

Schiitzenberger Covering ((g1,P1),---,(gm, Pm),a,(q, P))

[equivalent

T ((QLPI)?"'a(qinaPm)aav (q, P))
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Finite Ambiguity: [A] = [Ai] @ ... & [A,]

di1,di2... Ty
do1,dxn... T»

dni,dp2... T,



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic
order

di1,di2... Ty
do1,dxn... T»

dni,dn2... T



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic

order
/ /
d117d12... Tl dll,dlz...
/ /
d217d22... Tz d21,d22...

/ !
dnladn2--- T nl>~n2 - -
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Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic

order
d117d12... Tl d{l,diz...
d217d22... Tz dél’d£2"'
v /
differ ; r'#r

!/ !
dn]_,dn2... Tn n1»Y9p2 - - -



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic

order
d117d12... Tl d{l,diz...
d217d22... Tz dél,déZ...
\./ /
differ ; r'#r
dn]_,dn2... Tn ,/117 ;72...
(p. P)
dit, dio ...

oy, doa . ..

dnla dn2 cee



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic

order
d117d12... Tl d{l,diz...
d217d22... Tz dél,déZ...
\./ /
differ ; r'#r
dn]_,dn2... Tn ,/117 ;72...
(P, P)
di1,d12. ..
d1, 3 ... — separate final states

dnla dn2 cee



Finite Ambiguity: [A] = [Ai] @ ... & [A,]

lexicographic

order bounded
d117d12... Tl d{l’d{2"‘
d217d22... Tz dél,déZ...
~— ,
differ : r#r
dnladn2--' ITn ,/117 ,/72
(P, P)
di1,d12 - ..
do1, da2 . .. — separate final states

dnla dn2 cee
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deg(A)

[Run(t)[ < P([pos(t)[)
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|
k-poly-amb |Run(t)| < P(|pos(t)|)
deg(A) min k

deg(P) = k

Q = {PO,Pla P2, q}

«O>r «Fr «=>»

«E)»
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|
k-poly-amb |Run(t)| < P(|pos(t)|)
deg(A) min k

deg(P) = k

Q = {PO,Pla P2, q}
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|
k-poly-amb |Run(t)| < P(|pos(t)|)
deg(A) min k

deg(P) = k

Q = {PO,Pla P2, q}

«O>r «Fr «=>»
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|
k-poly-amb |Run(t)| < P(|pos(t)|)
deg(A) min k

deg(P) = k

P(x) = x?

Q = {PO,Pla P2, q}
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Polynomial Ambiguity

Theorem
Polynomially Ambiguous
[A] = [Ai] & ... & [A4]
standardized
P(x) = x?

Q = {po, p1, P2, 9}



Polynomial Ambiguity

Theorem
Polynomially Ambiguous
[A] = [Ai] & ... & [A4]
standardized
P(x) = x?

Q = {po, p1, P2, 9}

(g,9,a,p)



Polynomial Ambiguity

Theorem
Polynomially Ambiguous
[A] = [Ai] & ... & [A4]
standardized
P(x) = x?

Q = {po, p1, P2, 9}

(9.9,a,p)
i

(q17 q2,4d, p)



|
Run(t; wy ... wg,di...dk)
P(x) = x?

d; at w;
Q = {po, p1, P2, 9}
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Theorem

Polynomial Ambiguity: [A] = [Ai] @ ... ® [A,]

A std + deg(A) = k

m dtransitions dj ...d, 3C

-,

VYt Vw : |[Run(t; w,d)| < C A VrVi:dier

Run(t; wy ... wg,di...dk)

P(x) = x?

d; at w;
Q = {po, p1, P2, 9}



Theorem

Polynomial Ambiguity: [A] = [Ai] @ ... ® [A,]

A std + deg(A) = k

m dtransitions dj ...d, 3C

-,

VYt Vw : |[Run(t; w,d)| < C A VrVi:dier

Run(t; wy ... wg,di...dk)

P(x) = x?

d; at w;
Q = {po, p1, P2, 9}

di



Theorem

Polynomial Ambiguity: [A] = [Ai] & ... @ [A4]

A std + deg(A) = k

m dtransitions dy ...d, 3C

VtVw: [Run(t; w,d)| < C A VrVi:dier
m Jt, 4C
|t,] < Cn A |Run(t,)| > n*
P(X):X2 QZ{PO7P1:P27‘7}

di



Theorem

Polynomial Ambiguity: [A] = [A1] @ ... D [A,]

A std + deg(A) = k

m dtransitions dy ...d, 3C

VtVw: [Run(t; w,d)| < C A VrVi:dier
m Jt, 4C
|t,] < Cn A |Run(t,)| > n*
P(X):X2 QZ{P07P1:P27‘7}

di



Theorem

Polynomial Ambiguity: [A] = [A1] @ ... D [A,]

A std + deg(A) = k

m dtransitions dy ...d, 3C

VtVw: [Run(t; w,d)| < C A VrVi:dier
m Jt, 4C
|t,] < Cn A |Run(t,)| > n*
P(X)—X2 QZ{PO7P1:P27‘7}
|t =2n+1

d



Polynomial Ambiguity: [A] = [A1] @ ... D [A,]

Theorem
A std + deg(A) = k
m dtransitions dy ...d, 3C

-,

Vt YW : [Run(t;w,d)| < C A VrVi:dier

m Jt, 4C
|t,] < Cn A |Run(t,)| > n*

P(X):X2 QZ{PO7P1:P27‘7}

d



Polynomial Ambiguity: [A] = [Ai] & ... @ [A4]

Theorem
A std + deg(A) = k
m dtransitions d; ... d, 3C

Vt VYW : [Run(t; w,d)| < C A VrVi:dier

m Jt, 4C
|t,] < Cn A |Run(t,)| > n*

P(X):X2 QZ{PO7P1:P27‘7}

d



