
A FEFERMAN-VAUGHT
DECOMPOSITION THEOREM FOR
WEIGHTED MSO LOGIC

Manfred Droste, Erik Paul

Leipzig University

QuantLA



formula β
satisfaction←−−−−−−−→ structure A

Feferman-Vaught theorem

question about union of structures A t B

⇑

combine answers

⇒ ⇒
questions about A questions about B

10%



formula β
satisfaction←−−−−−−−→ structure A

Feferman-Vaught theorem

question about union of structures A t B

⇑

combine answers

⇒ ⇒
questions about A questions about B

11%



formula β
satisfaction←−−−−−−−→ structure A

Feferman-Vaught theorem

question about union of structures A t B

⇑

combine answers

⇒ ⇒

questions about A questions about B

12%



formula β
satisfaction←−−−−−−−→ structure A

Feferman-Vaught theorem

question about union of structures A t B

⇑

combine answers

⇒ ⇒
questions about A questions about B

13%



MODEL THEORY

σ = (Rel, ar) signature

Rel = {R1, . . . ,Rm} relation symbols

ar : Rel→ N arity function

Ex. labela(·) labelb(·) edge(·, ·)

A = (A, I) σ-structure

A finite universe

I(R) ⊆ Aar(R) (R ∈ Rel) interpretation

25%



MODEL THEORY

σ = (Rel, ar) signature

Rel = {R1, . . . ,Rm} relation symbols

ar : Rel→ N arity function

Ex. labela(·) labelb(·) edge(·, ·)

A = (A, I) σ-structure

A finite universe

I(R) ⊆ Aar(R) (R ∈ Rel) interpretation

26%



MODEL THEORY

σ = (Rel, ar) signature

Rel = {R1, . . . ,Rm} relation symbols

ar : Rel→ N arity function

Ex. labela(·) labelb(·) edge(·, ·)

A = (A, I) σ-structure

A finite universe

I(R) ⊆ Aar(R) (R ∈ Rel) interpretation

27%



MODEL THEORY

Disjoint union A t B of σ-structures

A t B universe

IA(R) t IB(R) interpretation

MSO(σ) logic

β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

Propositional formulas Prop

P ::= xi | yi | P ∨ P | P ∧ P

38%



MODEL THEORY

Disjoint union A t B of σ-structures

A t B universe

IA(R) t IB(R) interpretation

MSO(σ) logic

β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

Propositional formulas Prop

P ::= xi | yi | P ∨ P | P ∧ P

310%



MODEL THEORY

Disjoint union A t B of σ-structures

A t B universe

IA(R) t IB(R) interpretation

MSO(σ) logic

β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

Propositional formulas Prop

P ::= xi | yi | P ∨ P | P ∧ P

311%



CLASSICAL FEFERMAN-VAUGHT THEOREM

Given

signature σ β ∈ MSO(σ)

there exist

n ≥ 1 β̄1, β̄2 ∈ MSO(σ)n P ∈ Prop

such that for all structures A,B

A t B |= β iff P(x1, . . . , xn, y1, . . . , yn) = true

where
xi = true iff β1

i |= A

yi = true iff β2
i |= B

412%



CLASSICAL FEFERMAN-VAUGHT THEOREM

Given

signature σ β ∈ MSO(σ)

there exist

n ≥ 1 β̄1, β̄2 ∈ MSO(σ)n P ∈ Prop

such that for all structures A,B

A t B |= β iff P(x1, . . . , xn, y1, . . . , yn) = true

where
xi = true iff β1

i |= A

yi = true iff β2
i |= B

413%



CLASSICAL FEFERMAN-VAUGHT THEOREM

Given

signature σ β ∈ MSO(σ)

there exist

n ≥ 1 β̄1, β̄2 ∈ MSO(σ)n P ∈ Prop

such that for all structures A,B

A t B |= β iff P(x1, . . . , xn, y1, . . . , yn) = true

where
xi = true iff β1

i |= A

yi = true iff β2
i |= B

415%



WEIGHTED LOGICS AND EXPRESSIONS

qualitative answers −→ quantitative answers

(S ,⊕,⊗, 0,1) semiring

Example (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K = number of edges

wMSO(σ, S) logic [Droste and Gastin, ICALP ’05]

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ

ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |
⊕

x .ϕ |
⊗

x .ϕ |
⊕

X .ϕ

JϕK : Str(σ)→ S JβK(A) ∈ {0,1}

Example (R ∪ {−∞},
⊕

max,

⊗

+,

0

−∞,
1

0) clique(X ) ∈ MSO

J
⊕

X .
(
clique(X )⊗

⊗
x .0⊕ (1⊗ x ∈ X )

)
K = largest clique
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WEIGHTED FEFERMAN-VAUGHT THEOREM

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

⊗
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)⊗ (x2 ⊕ y2)
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RESULTS OF THE PAPER: OVERVIEW

restrictions on product quantifiers necessary

counterexamples exist

same restriction as in [Droste and Gastin, ICALP’05]

 characterization of weighted finite automata

products of structures A× B  first order logic

translations schemes  modify unions

infinite structures bicomplete semirings

specific semirings no restrictions

De Morgan algebras, locally finite semirings
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RESTRICTION

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

Decomposition

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊗
x .
⊗

y .1

|A|2

(R ∪ {−∞},max,+,−∞, 0)⊗
X .1

2|A|

(R ∪ {−∞},max,+,−∞, 0)
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Decomposition

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)

⊗
x .
⊗

y .1

|A|2

(R ∪ {−∞},max,+,−∞, 0)⊗
X .1

2|A|

(R ∪ {−∞},max,+,−∞, 0)
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2|A|
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RESTRICTION
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ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
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RESTRICTION
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x .ϕ |
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Decomposition
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RESTRICTION

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

Decomposition

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)⊗
x .
⊗
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X .1 2|A| (R ∪ {−∞},max,+,−∞, 0)
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RESTRICTION

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

Decomposition

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)⊗
x .
⊗

y .1 |A|2 (R ∪ {−∞},max,+,−∞, 0)⊗
X .1 2|A| (R ∪ {−∞},max,+,−∞, 0)
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RAMSEY THEOREM

Let X infinite set

[
X
2

]
= {subsets T ⊆ X with |T | = 2}

f :
[
X
2

]
→ {1, . . . , k}

Then

∃Y ⊆ X infinite with f �[Y2 ] ≡ constant
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RAMSEY THEOREM

Let X infinite set

[
X
2

]
= {subsets T ⊆ X with |T | = 2}

f :
[
X
2

]
→ {1, . . . , k}

Then

∃Y ⊆ X infinite with f �[Y2 ] ≡ constant
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B)) ∀A,B

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

max
i=1

ali + bmi
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗
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⊗
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⊗
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⊗
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max
i=1

ali + bmi
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume
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nK(Sm))hn,i

(l + m)2 = J
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⊗
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k

max
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ali + bmi
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
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g1,i
1 ⊗ . . .⊗ x
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h1,i
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nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm)

=
k

max
i=1

ali + bmi
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y
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1 ⊗ . . .⊗ y
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)
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1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i
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⊗
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=
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max
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume
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⊗
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Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm)

=
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max
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
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(
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 = aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

2 3 1 2 1 2

2 1 2 3 2 3

1 3 1 2 1 2

3 2 1 2 1 3

1 2 3 2 2 1

1 2 1 3 1 2

J m

l

λ

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1
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= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
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max
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1 1
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1 1

J m

l

µ

λ

(l + m)2 = al1 + bm1
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...
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1 1

J m

l

µ

λ

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1
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= (λ+ µ)2 − 2(λ− l)(µ−m)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1 1

J m

l

µ

λ

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 = aλ1 + bµ1
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= (λ+ µ)2 − 2(λ− l)(µ−m)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
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max
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ali + bmi ∀l ,m
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= (λ+ µ)2 − 2(λ− l)(µ−m)

1390%



RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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1 1

1 1
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µ
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(l + µ)2 = al1 + bµ1

(λ+ µ)2 = aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

< (λ+ µ)2
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1 1

J m

l

µ

λ

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

jlm = jlµ = jλm = jλµ

=⇒ contradiction
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)
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Let

Y ⊆ N infinite with f �[Y2 ] ≡ j
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jlm = jlµ = jλm = jλµ

=⇒ contradiction
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm
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2 3 2 3

2 1 2

1 3

1

J m

l

λ

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

jlm = jlµ = jλm = jλµ

=⇒ contradiction
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

2 2

2 2

J m

l

µ

λ

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

jlm = jlµ = jλm = jλµ

=⇒ contradiction
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RESTRICTION: (R ∪ {∞},MAX,+,∞, 0)

(l + m)2 =
k

max
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

2 2

2 2

J m

l

µ

λ

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

jlm = jlµ = jλm = jλµ =⇒ contradiction
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