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CLASSICAL FEFERMAN-VAUGHT THEOREM

Given
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there exist

n ≥ 1 β̄1, β̄2 ∈ MSO(σ)n P ∈ Prop
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A t B |= β iff P(x1, . . . , xn, y1, . . . , yn) = true

where
xi = true iff β1

i |= A

yi = true iff β2
i |= B
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WEIGHTED LOGICS AND EXPRESSIONS

qualitative answers −→ quantitative answers

(S ,⊕,⊗, 0,1) semiring

Example (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K = number of edges

wMSO(σ, S) logic [Droste and Gastin, ICALP ’05]

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ

ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |
⊕

x .ϕ |
⊗

x .ϕ |
⊕

X .ϕ

JϕK : Str(σ)→ S JβK(A) ∈ {0,1}
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RESULTS OF THE PAPER: OVERVIEW

restrictions on product quantifiers necessary

counterexamples exist

same restriction as in [Droste and Gastin, ICALP’05]
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translations schemes  modify unions

infinite structures bicomplete semirings

specific semirings no restrictions

De Morgan algebras, locally finite semirings
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RESTRICTION

ψ ::= β | s | ψ ⊕ ψ | ψ ⊗ ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ψ |

⊕
X .ϕ

Decomposition

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

fails for

⊗
x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊗
x .
⊗

y .1

|A|2

(R ∪ {∞},min,+,∞, 0)⊗
X .1

2|A|

(R ∪ {∞},min,+,∞, 0)
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RAMSEY THEOREM

Let X infinite set

[
X
2

]
= {subsets T ⊆ X with |T | = 2}

f :
[
X
2

]
→ {1, . . . , k}

Then

∃Y ⊆ X infinite with f �[Y2 ] ≡ constant
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∃Y ⊆ X infinite with f �[Y2 ] ≡ constant

11131%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B)) ∀A,B

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

min
i=1

ali + bmi

12134%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B)) ∀A,B

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

min
i=1

ali + bmi

12136%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

min
i=1

ali + bmi

12139%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm)

=
k

min
i=1

ali + bmi

12142%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm)

=
k

min
i=1

ali + bmi

12144%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm)

=
k

min
i=1

ali + bmi

12147%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

min
i=1

ali + bmi

12150%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

assume

J
⊗

x .
⊗

y .1K(Sl t Sm) = 〈〈E 〉〉(Jϕ̄1K(Sl), Jϕ̄2K(Sm)) ∀l ,m

Sl = ({1, . . . , l}, ∅)

E =
⊕k

i=1

(
x
g1,i
1 ⊗ . . .⊗ x

gn,i
n ⊗ y

h1,i
1 ⊗ . . .⊗ y

hn,i
n

)
wlog

ali = (Jϕ̄1
1K(Sl))g1,i ⊗ . . .⊗ (Jϕ̄1

nK(Sl))gn,i

bmi = (Jϕ̄2
1K(Sm))h1,i ⊗ . . .⊗ (Jϕ̄2

nK(Sm))hn,i

(l + m)2 = J
⊗

x .
⊗

y .1K(Sl t Sm) =
k

min
i=1

ali + bmi

12152%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13155%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13157%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

2 2 1 1 3 1

2 1 2 3 2 2

1 3 1 2 1 2

3 2 1 2 1 3

1 2 3 2 2 1

1 2 1 3 1 2

J m

l

λ

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13160%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ

?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13163%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ

?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13165%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ

?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13168%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ

?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13171%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2

≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13173%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13176%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13178%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2

...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13181%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

= (λ+ µ)2 − 2(λ− l)(µ−m)

13184%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

(l + m)2 = al1 + bm1

(λ+ m)2 = aλ1 + bm1

(l + µ)2 = al1 + bµ1

(λ+ µ)2 ≤ aλ1 + bµ1

= (λ+ m)2 − bm1 + (l + µ)2 − al1

= (λ+ m)2 + (l + µ)2 − (l + m)2
...

< (λ+ µ)2

13186%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

=⇒ contradiction

13189%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

=⇒ contradiction

13192%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

=⇒ contradiction

13194%



RESTRICTION: (R ∪ {∞},MIN,+,∞, 0)

(l + m)2 =
k

min
i=1

ali + bmi ∀l ,m

choose jlm with (l + m)2 = al jlm + bmjlm

1 1

1

J m

l

µ

λ ?

Ramsey: define f :
[N
2

]
→ {1, . . . , k}

{l ,m} 7→ jlm for l < m

Let

Y ⊆ N infinite with f �[Y2 ] ≡ j

l < λ < m < µ ∈ Y

=⇒ contradiction

13197%


