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other structures (trees, pictures, ...) map trees, pictures, ...of weights
Option 3: Strong bimonoids “semirings” without distributivity
m lattices with 0 and 1 [Droste, Vogler '10]

u (N()a +7 +7 07 O)
| 10
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Br=R(xa,....xn) | xeX| =8| pVE|Ixp|3IXB

Ypu=Blslvev oy
pu=pFlsledeleoe[@xe|Oxy | DX
Why automata?

E.g. Graphs

over (No,+,-,0,1)
[D x. D y-edge(x, y)]

over (Z U {—o0}, max, +, —00,0)

max 0 + 0 max (1+0)
[ X.(clique(X) © Ox.0® (1 x € X))]

R relation symbol

[Droste, Gastin '09]

label ()  labelp(-)  edge(:,-)

number of edges

largest clique
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E.g. Graphs label ()  labelp(:)  edge(-,-)

over (No,+,-,0,1)
[D x. D y-edge(x, y)]

number of edges

over (Z U {—o0}, max, +, —00,0) clique(X) true iff X clique

max 0 + 0 max (1+0)
[ X.(clique(X) © Ox.0® (1 x € X))]

largest clique



Br=R(xa,....xn) | xeX| =8| pVE|Ixp|3IXB R relation symbol
pu=pglslyvey Yoy

pi=flsleoeleor|Bxe|OxyP B Xp

Why automata? [Droste, Gastin '09]
E.g. Graphs label ()  labelp(:)  edge(-,-)

over (No,+,-,0,1)
[D x. D y-edge(x, y)]

number of edges

over (Z U {—o0}, max, +, —00,0) clique(X) true iff X clique

max 0 + 0 max (1+0)
[ X.(clique(X) © Ox.0® (1 x € X))]

largest clique

restrictions on (©) x.¢ and (-) X.¢ motivated?
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FEFERMAN-VAUGHT THEOREM

satisfaction
formula 8 s structure A

Feferman-Vaught theorem

question about union of structures AL B

)
questions about A = combine answers = questions about B
E.g. Graphs B = label=? AL B = label=? & at least 2 vertices labeled a
AU B k= label=2 = A = label=? v B = labelZ? V A |= labelZ! A B = labelZ!
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Bi=R(x1,....,xn) | x€X | B BVE|Ix[|IX.B MSO
P:=xi|yi|PVP|PAP Propositional formulas Prop
ve=Bls|lyeyv|voy

pui=PBlsledeleop[@xe|Oxv DXy wMSO
E:=x |yi|E®E|EGE Expressions
Given 5 € MSO
there exist n>1 5L, 52 € MSO™ P € Prop

such that for all structures A,B

[B1(A L B) = true iff

P(X1,... Xny Y1, -, Yn) = true

x; = true iff B} = A
y; = true iff % = B

where
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where
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Bi=R(x1,....,xn) | x€X | B BVE|Ix[|IX.B MSO
P:=xi|yi|PVP|PAP Propositional formulas Prop
pu=Blslyvay oy

pu=0lslee e[ @xe|OxY|DXp wMSO
E:=x |yi|E®E|EGE Expressions
Given 5 € MSO
there exist n>1 B, B% € MSO™ E € Exp(B)

such that for all structures A,B

[B1(AL B) = true iff (EN(IBYI(A), [72](B)) = true
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Bi=R(x1,....,xn) | x€X | B BVE|Ix[|IX.B MSO
P:=xi|yi|PVP|PAP Propositional formulas Prop
pu=plslvev|voy

pu=0lslee e[ @xe|OxY|DXp wMSO
E:=x |yi|E®E|EGE Expressions
Given 5 € MSO
there exist n>1 B, B% € MSO™ E € Exp(B)

such that for all structures A,B

[B1(AUB) = (E)([5(A), [321(B))
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Bi=R(x1,...,xn) | xeX |8 |BVE|Ix[|3IXB MSO
P:=xi|yi|PVP|PAP Propositional formulas Prop
pu=PBlslyeylyoy

pu=Plsleoelvop|Dxe | Ox DX wMSO
E:=x|yi|E®E|EGCE Expressions
Given (S,®,,0,1) commutative v € wMSO(S)
there exist n>1 @t, 7% € wMSO"(S) E € Exp(S)

such that for all finite structures A,B

[el(ALB) = (E)([£'1(A), [£°1(B))

QY  [Ravve et al. '14] [Droste, P '18]
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Bi=R(x1,....,xn) | x€X | 2B | SVL|Ix[|IXF FO
P:=xi|yi|PVP|PAP Propositional formulas Prop
pu=plslveylpoy

pr=Blsloopleoe|Dxe| Ox+EXp wFOg
E:=x|yi|E®E|EGOE Expressions
Given (S,®,®,0,1) commutative » € wFOg(S)
there exist n>1 @, @? € wFOL(S) E € Exp(S)

such that for all finite structures A,B

[el(A x B) = (E)([2'](A), [°1(B))

Thm [Droste, P '18]
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[el(ALB) = (E)([£'1(A), [£°](B))

Example label,(+), labelp(-), edge(-, -)
= |b-b-edges| - |a-vertices]|
= @x. @y.edge(x,y) A labelp(x) A labelp(y @@z label,(
P|b—b| Plal
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Example label, (), labelp(+), edge(-, -) (No, +,-,0,1)
= |b-b-edges| - |a-vertices]|
= @x. @y.edge(x./ y) A labelp(x) A labelp(y) © @ z.label (
Plb—b| #lal
@t = % = (Plb=b|> P)a]) E=(x1®y1) O (x®y)
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[el(ALB) = (E)([£'1(A), [£°](B))

Example label, (), labelp(+), edge(-, -) (No,+,-,0,1)

= |b-b-edges| - |a-vertices]|

= @x. G}y.edge(x7 y) A labelp(x) A labelp(y) © @ z.label (

P|b—b| Plal

@ = @% = (Po—b|» Pa]) E=(x1®y1)0(x®y)
Restrictions on () x.¢ and (-) X.¢ necessary decomposition fails for
Ox.Py1 |A|lA (No, +,-,0,1)
Ox.Oyl |A? (Z U {—o0}, max, +, —00,0)
OX1 2lAl (Z U {—oc}, max, +, —00, 0)
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Bru=Pax) [x<ylxeX[=B]BVS|3x5]|3X.0
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restriction to first order?
Ambiguity of automata

unambiguous
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FRAGMENTS

Bu=Pax) | x<y|xeX|[-B[BVE|IxE]3X.B
Yi=Bls|voyY Yoy
pu=P0lsle@eleop|@xp| Oxy | DXp

restriction to first order? restriction to only () x.?
Ambiguity of automata Run(w) = {Runs r on w with weight(r) # 0}
unambiguous [Run(w)| <1 Ox
finitely ambiguous |[Run(w)| < M DB, O xi
polynomially ambiguous |[Run(w)| < P(|w]) Bl Dxi - Dxi, ©xi

a7b b a,b a,b

a b
oS08 oS- 00
reutzer, Riveros '
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