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MODEL THEORY

Coproduct 2 LI B of o-structures

AU B universe

Ty (R) UZp(R) interpretation

MSO(o) Logic
Br=R(x1,....,xn) | x€X | = | BV | IxpB | IX.B

Propositional formulas Prop
P = x; | Vi | PV P ‘ PAP
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Given
signature o B € MSO(o)
there exist
n>1 B, %2 € MSO(o)" P € Prop

such that for all 2, B
AUB B iff true = P(X1, ..., Xn, Y1, -+ Yn)

with
x; = true iff 1 = 2A and yi = true iff 57 |= B
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WEIGHTED LOGICS AND EXPRESSIONS

(Sa+7'707 l) Semiring

wMSO(o, S) Logic
Ypu=p81s | Yoy | vy
pu=pB s | ooy | ¢ | Bxp | @xv | @Xp

[¢]: Str(o) — S
[61(2) € {0, 1} [Dx-pl() = 2 oeale](@,x = a)

Example  (No,+,-,0,1)
[P x. B y.edge(x, y)] = number of edges

] 15%



WEIGHTED LOGICS AND EXPRESSIONS

Expressions Exp,(S)
ESZ:X,' | Vi | E®dE | Ex®E




WEIGHTED LOGICS AND EXPRESSIONS

Expressions Exp,(S)
ESZ:X,' | Vi | E®dE | Ex®E

(E):S"%x 5" S
(i) (5,t) =si
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Given
signature o B € MSO(o)
there exist
n>1 B, %2 € MSO(o)" E € Exp,(B)

such that for all 2, B
812 UB) = (£) ([F(2), [32](8)
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Given

signature o semiring S ¢ € wMSO(o, S)
there exist

n>1 @t, @% € wMSO(o, S)" E € Exp,(S)

such that for all 2, B
[l (2 UB) = (E)([2 (=), [22](B))
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WEIGHTED FEFERMAN-VAUGHT THEOREM
[l (AL B) = (E)([7' (), [°](B))
Example label,(+), labelp(-), edge(:, ) (No,+,-,0,1)

= |b-b-edges| ® |a-vertices|

= @x. @y.edge(x,y) A labelp(x) A labelp(y) ® @z label 5(

P|b—b| Pla|

&* = &% = (Qb—b|» P}a|) E=(1@y)®(x®y)

m restriction @) x.1) necessary

m “better” coproducts: translation schemes
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RS s [ vey | vy
P

B
Bls| oo | e | Oxe | Qx| BXp

Decomposition

[l (21U B) = (E)([5'1(), [2°1(B))

fails for

®X.®y.1 (N07+"a0a 1)
Rx.QRy.1 (No U {—00}, max, +, —00,0)
Rx.Qy.1 (No U {oo}, min, +, 00, 0)
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

assume

[®x- @ y-1(6/LU6m) = (E)([¢'1(&), [7°1(Em))

S ={1,...,1},0)

k
E= EBI:I

(I+ m)?

(

8i,1
X1

in hi hin
... Qx5 ®y1*1®...®yn’)

= [®x Qy1[(6/U6m)

] 40%
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

assume
[Rx. @y 1](6USm) = (E)([21(S)), [£°](Sm)) Vi, m
S ={1,...,1},0)
o k 8i1 8i,n hi1 hin
E—EB,-:1<XI ®...0X "y Q...Q¥n ) wlog

ai = ([FH(S))F © .. o ([5E)(&))8
bt = ([F1(Em))™ © ... @ (1F2)(Sm))

(I + m)? =[®@x.Ry.1(6,LE,)
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

assume

[®x. @ y-1[(&/USm) = (E)([571(6)), [£°]1(Sm)) vl,m
S ={1,...,1},0)

i hi hin
E:EBLl(xlgl@ LRxp" ®y1’1®...®y,,’) wlog

ai = ([FH(S))F © .. o ([5E)(&))8
bt = ([F1(Em))™ © ... @ (1F2)(Sm))

J+mP = [@x@yI(SIUSn) =  min ai+ b

i=1
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

assume

[®x. @ y-1[(&/USm) = (E)([571(6)), [£°]1(Sm)) vl,m
S ={1,...,1},0)

i hi hin
E:EBLl(xlgl@ LRxp" ®y1’1®...®y,,’) wlog

ai = ([FH(S))F © .. o ([5E)(&))8
bt = ([F1(Em))™ © ... @ (1F2)(Sm))

(4m? = [@xQ@ylSUS) = min a5+ by

1=
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K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(/ + m)2 =an+ bm
()\ + m)2 =ay + bml
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K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(/ + m)2 =an+ bm
()\ + m)2 =ay + bml
(I +p)? = an + bu
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(I + m)2 =an + bm
(A +m)? = ay; + bm
(/ + M)2 =an + bul

(A +p)? < ax + bu
A H ? = (A+m)? = by + (I + p)* — an
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(I +m)?=a; + by
()\ + m)2 =ay + bml
(I +p)? = an + bu

A+ 1)? < ayt + b

A\ H 7 = (A+m)? = by + (I + p)* — an
= (A +m)? + (1 + p)? = (I +m)?
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(/ + m)2 =an + bm

J m_ M
()\ + m)2 =ay + bml
B (I +p)? = an + bu
/ H H
A+ 1)? < ayt + b

) H 7 = (A+m)? = by + (I + p)* — an
= (A+m)? + (I +p)* = (I + m)?
= (A+p)> —2A = 1)( — m)
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RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

K
(/er)2 =min aj + bmj VI, m

i=1

choose ji, with (/+ m)2 = ajj,, + bmj,,

(/ + m)2 =an+ bm
()\ + m)2 =ay + bml
(I +p)? = an + bu

A+ 1)? < ayt + b

) H 7 = (A+m)? = by + (I + p)* — an
= (A +m)? + (I +p)? = (1 + m)?
< (A4 p)?
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if solution exists for

(R x- @ y1U(6 USm) = (ENI NS [F21(Sm) VI, m

= solution for

k
(I 4+ m)? = nin aj; + bii VI, m

]

71%



RESTRICTION: (Ny U {00}, MIN, 4, 00, 0)

if solution exists for

(R x- @ y1U(6 USm) = (ENI NS [F21(Sm) VI, m

= solution for
k
(I+m)* = mi

]

{1 aji + bmi VI, m

= solution for coloring problem
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o,T signatures
® = (¢u, (PR) ReRel(r)) o-7-translation scheme
du, or € MSO(0) {z} = Free(ou)

{z1,. -, Zar(r)} = Free(¢r)
A= (AT) o-structure
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TRANSLATION SCHEMES

o, T signatures
® = (¢u, (PR)ReRel(r)) o-T-translation scheme
ou, or € MSO(0) {z} = Free(oy)

{z1,. .., zar(r)} = Free(¢r)

A= (AT) o-structure

T-structure ®*(2A)
U={acA|(,z— a) F ou} universe

R~ {3e UR) | (A z — 3) = ¢r} interpretation
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TRANSLATION SCHEMES

Example 1

o succ(+, )
T <(.’.)
du true
P« IX(neXNneXAN...

849,
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TRANSLATION SCHEMES

Example 2 - Subtree

o=T edge(+, -), marked(-)
T=(T,7I) directed rooted tree
¢edge edge(zh 22)
du Jx.(marked(x) A x < z)
®*(%) subtree at marked

s B>
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TRANSLATION SCHEMES

Given
signatures o, T semiring S ¢ € wMSO(T, S)

o-T-translation scheme ¢

there exists

¢ € wMSO(o, S)

such that for all o-structures 2l

[CT(®*(21)) = [l ()

R(x1, ... Xn)~PR(X1, ..., Xn) Ix.o=Ix(Pu(x) AL
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TRANSLATION SCHEMES AND FEFERMAN-VAUGHT

[Cl(e* (A1 B)) = [Pl (AL B)
= (E)([#1(2), [£°](B))

Example o =71 = edge(, ), label,(+), labely(-)

¢ = 3x.Jy.(edge(x, y) A labela(x) A labelp(y))

ot = (¢, 3x.(leaf(x) A labela(x)))

©? = (¢, 3y.(root(y) A labely(y))) E=x1VyiV(x2Ay)
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