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Abstract

We introduce weighted automata over infinite words with Muller ac-
ceptance condition and we show that their behaviors coincide with the se-
mantics of weighted restricted MSO-sentences. Furthermore, we establish
an equivalence property of weighted Muller and weighted Biichi automata
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1 Introduction

One of the cornerstones of automata theory is Biichi’s theorem [6] on the co-
incidence of the class of regular languages of infinite words with the family of
languages definable by monadic second order logic. This led to the development
of several models of automata acting on infinite words, like Biichi, Muller, Rabin
and Streett, cf. [33, 37, 38] for surveys; it also led to practical applications in
model checking and for non-terminating processes, cf. [1, 28, 30].

*Part of this work was done during a research stay of this author at Aristotle University
of Thessaloniki in October 2005. He would like to thank his colleagues for their hospitality.



On the other hand, Schiitzenberger [36] introduced finite automata with
weights which can model quantitative aspects of transitions like use of resources,
reliability or capacity. Schiitzenberger characterized the behavior of such au-
tomata as rational formal power series. For the theory of weighted automata,
see [3, 24, 27, 35] for surveys. Recently, weighted automata were applied in
digital image compression [7, 19, 20, 21] as well as in speech-to-text processing
22, 32].

It is the goal of this paper to extend Biichi’s theorem mentioned above into
the context of weighted automata, thereby obtaining a quantitative version. The
last few years weighted automata over infinite words have attracted the interest
of several researchers. This effort is not a simple generalization of the finitary
case since convergence problems arise depending on the underlying semiring.
This issue is dealt with either by considering special classes of automata [8, 10]
or by restricting the underlying semirings so that convergence problems can be
solved [11, 17, 18, 23, 26, 34].

Very recently, Droste and Gastin [9] extended the result of Biichi and Elgot
[5, 15] to weighted automata over finite words. They introduced a monadic
second order logic with weights and described the semantics of the formulas
obtained as formal power series. The main result of their paper states that the
recognizable formal power series over commutative semirings coincide with the
series definable by certain weighted MSO-sentences.

In this paper, we will introduce weighted Muller automata acting on infinite
words, and we will extend the weighted monadic second order logic of [9] to
infinite words. We describe the behavior of weighted Muller automata as formal
power series on infinite words. Our first main result states the coincidence of
these w-Muller-recognizable series with the semantics of a restricted weighted
MSO logic and also with the semantics of a restricted existential MSO logic.
Furthermore, we prove an equivalence to the important model of weighted Biichi
automata investigated in Esik and Kuich [17, 18]. They have characterized the
behaviors of weighted Biichi automata precisely as the w-rational formal power
series; for further work on this model, see [25, 26]. Combining these results,
we thus obtain a robust notion of weighted automata, logics and rational series
on infinite words. As in [17, 18], we assume our semiring of weights to permit
infinite sum and product operations. Such "complete" semirings have been
investigated in detail in the literature, cf. [4, 14, 24]. In particular, when
considering the Boolean semiring, we obtain Biichi’s result as a very special
consequence.

Next we describe the structure of our paper. In Section 2, we introduce the
notion of totally commutative complete semirings. Furthermore, we define our
concept of weighted Muller automata and prove their basic properties. Section
3 introduces weighted MSO logic [9]. As in [9], we use a restricted MSO logic
without universal set quantifications and with negations applied only to atomic
formulas and universal first order quantifications only to Muller recognizable
step functions. The main result of the paper in Section 4 states that a formal
power series is Muller recognizable iff it is definable in our restricted weighted
MSO logic iff it is definable in restricted existential weighted MSO logic. Biichi’s



classical theorem follows as a very special case. Then in Section 5, we relate
our weighted Muller automata to the weighted Biichi automata of Esik and
Kuich [17, 18], and we show that these two models are equivalent. Finally in
the conclusion, we expose some ideas for further research.

An extended abstract of this paper has appeared in [12]. In the meantime
weighted MSO logics has been investigated for tree automata [13], for picture
automata [29] and for automata on traces [31].

2 Semirings and weighted Muller automata

A semiring (K, +,-,0,1) consists of a set K, two binary operations 4+ and - and
two constant elements 0 and 1 such that

(i) (K,+,0) is a commutative monoid,
(ii) (K,-,1) is a monoid,

(iii) the distributivity laws a- (b+¢)=a-b+a-cand (a+b)-c=a-c+b-c
hold for all a, b, ¢ € K, and

(iv) 0-a=a-0=0foralac K.

The semiring is denoted simply by K if the operations and the constant
elements are understood.

The semiring K is called commutative iff a - b = b - a for all a,b € K.
Now assume that the semiring K is equipped with infinitary sum operations
>, KT — K, for any index set I, such that for all I and all families (a; | i € I)
of elements of K the following hold:

Zai:o’ Zai:aj, Z a; = a; + ay, for j # k, (1)

€0 i€{j} ie{j,k}

Z(Zai) = Zai, if UjesIj =1 and I; N 1 =0 for j # 5, (2)
jeJ i€l iel

S(e-a)=c- (Z a) Y (ai-¢) = (Z ai) . (3)
iel iel iel iel

Then K together with the operations ), is called complete [14, 24].
A complete semiring is said to be totally complete[16], if it is endowed with
a countably infinite product operation satisfying for all sequences (a; | ¢ > 0) of



elements of K the following conditions:

[[t=1 (4)

i>0
!/
[Te-TI« g
i>0 i>0
ag - H Ai4+1 = HCL,’ (6)
i>0 i>0
> a= > Ile (@)
jZliEIj (ihig,...)EIl xIax...57>1
where in the second equation aj = ag ...  Gn,, 05 = Apy41 ... Ap,,... for an
increasing sequence 0 < n; < ng < ..., and in the last equation I, I5,... are

arbitrary index sets.
Furthermore, we will call a totally complete semiring totally commutative
complete if it is commutative and satisfies the statement:

H (ai . bl) = Hai . H bi . (8)

i>0 i>0 i>0
Example 1 The following semirings are totally commutative complete:

e the semiring (NU {oo},+,-,0,1) of extended natural numbers [17],

e the tropical or min-plus semiring (R; U {oo}, min, +, 00,0) where Ry =
{reR|r >0},

e the arctical semiring or max-plus semiring (R4 U {—o0}, max, +, —00,0),

e cach completely distributive complete lattice (cf. [2]) with the operations
supremum and infimum, in particular the fuzzy semiring F' = ([0, 1], sup, inf,
0,1) /26, 34],

In the rest of this section, we introduce the notion of weighted Muller au-
tomata and we establish closure properties of the class of their behaviors. First,
we need some preparations.

Let A be a finite alphabet. A finite word w = apa; ...a,—1 € A*, (a; € A,
0 <1i<n-—1) will also be written as w = w(0)w(l)... w(n — 1) = w(#)o<i<n—1
with w(i) = a;, for 0 < ¢ < n — 1. In the same manner an infinite word w =
apay ... € A¥ is written as w = w(0)w(1)... = w(i);>o with w(i) = a; (i > 0).
For any w € A“ and any m > 0 the infinite suffix w(m + 1)w(m +2)... will be
denoted by w|s,. We shall write also w for the set of natural numbers N.

The quantifier "there exists infinitely many times" will be denoted by 3“.

A (nondeterministic) Muller automaton over Ais a system A = (Q, qo, A, F)
with finite state set Q, initial state qq, transitions A C Q x A x @, and final
state sets F C P(Q).



Let aga; ... € A¥ be an infinite word. A path of A over w is an infinite
sequence of transitions

Pw = (ti)izo

so that t; = (q;, a4, qi+1) € A for all ¢ > 0.
We denote by In%(P,,) the set of states which appear infinitely many times
in P, i.e.,
In®(Py) ={q€Q|3i:ti=(q,ai,q41)}.

A path P, of A over w € A¥ is called successful if In®(P,) € F, that is, the
states which appear infinitely often in P, form a set in F. Then we say that w
is recognized (accepted) by A.

The infinitary language of A consists of all infinite words accepted by A and
is denoted by L., (A).

A Muller automaton A = (Q,qo, A, F) is deterministic if the transition
set A is replaced by a mapping 6 : @ X A — Q. It is well known and will be
important for us that for each Muller automaton A, we can effectively construct
a deterministic Muller automaton with the same language [37, 38].

A language L C A% is called w-recognizable if there is a Muller automaton

A so that L = L, (A).

Given a finite alphabet A and a semiring K, an infinitary formal power series
or series for short, is a mapping S : A¥ — K. We usually write (S, w) instead of
S(w) for w € A“. The support of S is the set Supp(S) = {w € A¥ | (S,w) # 0}.
The class of all power series over A and K is denoted by K ({(A%)).

For any L C A%, the characteristic series of L, 11 : A — K is determined
by

1 ifwel
(Lp, w) = { 0 otherwise

for w € A¥.
Let S,T € K ({(A*¥)) and k € K. The sum S+ T, the scalar products kS and
Sk as well as the Hadamard product S ® T are defined elementwise

(S+T7w) = (va) + (va)v
(kS,w) =k - (S,w), (Sk,w)=(S,w)-k,
(SoT,w)=(Sw)- (T,w)

for any w € A¥.

Consider two alphabets A, B and a non-deleting homomorphism h : A* —
B*, i.e., h(a) # ¢ for each a € A. Then h can be extended to a mapping
h: AY — B“ by letting h(w) = (h(w(i)))i>o for each w € A“. If K is complete,
for any power series S € K ((A“)) the series h(S) € K ((BY)) is defined by

(h(S)w)= Y (S

u€h—1(w)

for w € B¥.



Furthermore, if A : A¥ — B¥ is an homomorphism and T' € K ((B“)), then
the series h=1(T) € K ((A%)) is specified by

(A= H(T),u) = (T, ()

for u € A, that is, h~1(T) =T o h.
For the rest of this section, let A be a finite alphabet and K be a totally
complete semiring. We shall simply denote the operation - by concatenation.

Definition 2 A weighted Muller automaton (WMA for short) over A and K
is a quadruple A = (Q,in,wt,F), where @ is the finite state set, in : Q — K
18 the initial distribution, wt : Q X A X Q — K is a mapping assigning weights
to the transitions of the automaton, and F C P(Q) is the family of final state
sets.

Let w = agay... € A¥. A path of A over w is an infinite sequence of
transitions P, := (1;);~¢, so that t; = (gi,a;,gi+1) for all ¢ > 0. The weight of
P, is defined by -

weight(Py) := in(qop) - Hwt(ti).
i>0
The path P, is called successful if the set of states that appear infinitely often
along P, constitute a final state set, i.e.,

In?(P,) € F.
The behavior of A is the formal power series
lA|l : A — K

whose coefficients are determined by

(Ml w) =Y “weight(Py)
P,

w

for w € A%, where the sum is taken over all successful paths P, of A over w.

A series S : A¥Y — K is said to be Muller recognizable if there is a WMA A
so that S = || A]| . We shall denote the family of all such series over A and K by
KMfrec <<Aw>> .

Proposition 3 The class KM~7¢¢ ((A®)) is closed under sum and scalar prod-
ucts from the left. If K is commutative, KM=7¢ ((A®)) is also closed under
scalar products from the right. Furthermore, if K is a totally commutative
complete semiring, then KM="¢¢ ({A®)) is also closed under taking Hadamard
products.

Proof. The closure properties under sum and scalar product are established
by standard constructions on weighted automata: for the sum we can take the
disjoint union of two automata, and for the scalar product we can multiply the



initial weight with the given scalar. Therefore, it remains to treat the Hadamard
product case.

Let A = (Q,in,wt,F) and A" = (Q',in’,wt’, F') be two WMA. We con-
struct the WMA A = (Q,in,wt, F) in the following way. Its state set is
@ = Q x @', and the initial distribution is given by

in(q,q') = in(q)in’ (¢')

for all (q,¢") € Q.
Its weight transition mapping is specified by

{U\E(((L q/)a a, (p’p/)) = wt(Qv a,p)wt/(q’, aap/)

for all (¢,¢'), (p.p') € Q, a € A.
Finally, the family F is constructed as follows:

F={F|pr(F)eF, pr'(F) e F'}

where pr : Q — Q, pr' : Q — Q' are the projections of Q on Q and @',
respectively. B B

Let now w = apa;y ... € A¥ and P, be an infinite path of A over w. Then
there are two paths P, and P/ of Aand A’ respectively, obtained by projections
of Pw in the obvious way. Let us assume that Pw is successful, i.e., there exists
F € F so that InQ(P ) = F. This means that F = pr(F) € F, F’ = pr'(F) €
F' and In®(P,) = F and In®? (P,) = F'. Thus P,, P!, are successful paths.
Keeping the same notations, let us conversely assume P,, and P, to be successful
paths of A and A’ over w, respectively. Thus In?(P,,) = F and In®? (P.) = F’
for some F € F and F' € F'. Now P, and P, compose a path P,, of A over w,
and by construction of F, we have that T n@ (P ) € F, ie., P, is successful.

Thus, for each successful path P, of A over w € Av, there are two uniquely
determined successful paths P, of A and P, of A" over w, and vice-versa.
Taking also into account the extended commutativity law (8) of K, we see that
weight(P,) = weight(P,)weight(P.,). Furthermore, we obtain

(’ A w) = Zweight(lgw)

Z weight( Py, )weight(P,)

PP,
= (Zweight(Pw)> Zweight(P,;)
Pu, P
= (Al w) (A"}, w)

where the sums are taken over all successful paths ISw, P, and P, of .Z, A and
A’, respectively. Thus

1] = 1o )



as required. m

Proposition 4 Let A, B be two alphabets and h : AY — B be a non-deleting
homomorphism. Then h : K ((A¥)) — K ((B¥)) preserves Muller recognizabil-

1ty.

Proof. Consider a WMA A = (Q, in,wt, F) over A and K. For each ¢,¢' € Q
and each a € A with h(a) =by...b,, (b; € B, 1 <i < n), we introduce the new
states p1,...,pn_1 not belonging to @, and let P be the set of all new states
obtained in this way. Let A" = (Q',in/,wt’, F') be the WMA over B and K
whose components are given by

- Q, = Q U Pa
.y _ ’L?”L(q) ifge@ /
- n'(q) = { 0, otherwise forge .
Keeping the above notations we set wt'(gq, b1,p1) = wt(q, a,q’) and wt'(p1,bs, p2) =
.= wt'(pp—1,bn,¢’) = 1 if n > 2, and wt'(¢,01,¢") = >, wi(q,a,q) if
a€A
h(a):b1

n =1, and wt'(t) = 0 for all transitions ¢ not of this form. Finally let

F ={FUP'|FeF and P’ C P}

Consider now a word u € A and a path P, of A over u. We construct a
path P of A" over w = h(u) by replacing each transition (¢, a,q’) of P, by
the sequence (g, b1,p1)(p1,b2,02) - .. (Pn—1,bn,q’) as above if n > 2, and by the
transition (g,b1,¢’) if n = 1. Clearly, P, is successful iff P/, is successful. Con-
versely, given a word w € B* and a path P, of A’ over w, by the distributivity

law (7) we have weight(P),) = >, weight(P,). Thus
nPO=P,
(1] w) = _weight(P,)
P/

w

= Z weight(P,)

P'U/
u€h~—1(w)
= > (A
u€h—1(w)
— (B(IAID, w)
ie.,
Al = A([IALD-
|

Proposition 5 Let h : AY — B be a strict alphabetic homomorphism, i.e.,
h(A) C B. Then for any T € KM= ((B“)) | the series h™1(T) is also Muller
recognizable.



Proof. Assume that A = (Q,in,wt, F) is a WMA over B and K, such that
T = ||A|| . We consider the WMA A" = (Q, in, wt', F) over A and K with weight
mapping wt’ : Q X A X Q — K given by

wt'(q,a,q") = wt(q, h(a),q")

for each ¢q,¢' € @Q and a € A.
Then it is not difficult to formally check that || A’ = A~1(T). =

Proposition 6 The characteristic series 1p, : A — K of any w-recognizable
language L C A% is Muller recognizable.

Proof. Let A = (Q, qo,9, F) be a deterministic Muller automaton accepting L.
We consider the WMA A" = (Q,in,wt, F) over A and K, with

{ 1 ifg=qo

- in(q) = 0 otherwise

1 if§(g,a) =¢
’ _ b
- wi(g,a,q') = { 0 otherwise

for all ¢,¢’ € Q and a € A.
It is evident that for any w € A% it holds that

(A w) =1 iff  we Ly(A)

and thus the series 17, = ||.A’|| is Muller recognizable. m

We will call a power series S : AY — K a Muller recognizable step function

if S = > kjlp, where k; € K and L; C A¥ (1 < j < n and n € N) are w-
1<j<n

recognizable languages. Then by Propositions 3 and 6, S is Muller recognizable.

3 Weighted monadic second order logic

Weighted monadic second order logic (MSO logic for short) was introduced
by Droste and Gastin in [9] in order to obtain a logical characterization of
recognizable formal power series over finite words.

In this section, we recall from [9] the basic definitions for the reader’s conve-
nience, but now we interpret the semantics of weighted MSO-formulas as formal
power series over infinite words.

Let A be a finite alphabet and V a finite set of first and second order vari-
ables. An infinite word w € A% is represented by the relational structure
(w, <, (Rg)aca) where R, = {i | w(i) = a} for a € A. A (w,V)-assignment
o is a mapping associating first order variables from V to elements of w, and
second order variables from V to subsets of w. If x is a first order variable and
i € w, then o[z — 7] denotes the (w, VU{z})-assignment which associates i to



and acts as 0 on V\ {z}. For a second order variable X and I C w, the notation
o[X — I] has a similar meaning.

In order to encode pairs (w, o) for all w € A¥ and any (w, V)-assignment o,
we use an extended alphabet Ay, = A x {0,1}Y. Each pair (w, o) is a word in
AS; where w is the projection over A and o is the projection over {0, 1}Y. Then
o is a valid (w,V)-assignment if for each first order variable x € V the z-row
contains exactly one 1. In this case, we identify ¢ with the (w,V)-assignment
so that for each first order variable x € V, o(x) is the position of the 1 on the
x-row, and for each second order variable X € V, o(X) is the set of positions
labelled with 1 along the X-row.

It is not difficult to see that the set

Ny ={(w,0) € A} | 0 is a valid (w, V)-assignment }

is w-recognizable.

Let ¢ be an MSO-formula [37, 38]. We shall write A, for Ap,cc(,) and
Ny = Npree(p)- The fundamental Biichi theorem [6] states that for Free(p) CV
the language

Ly(p) = {(w,0) € Ny | (w,0) | ¢}
defined by ¢ over Ay is w-recognizable. We simply write £() = Lrree(p) ()

Conversely, each w-recognizable language L C A% is definable by an MSO-
sentence ¢, i.e., L = L(y).

Now we turn to weighted logics.

Definition 7 The syntaz of formulas of the weighted MSO logic is given by

pi=k|Py(z) | ~Pu(z) |z <y|~(z<y)|z€X|~(zeX)
eV oAy |To.o[IX .0 |[VE.p[VX.p

wherek € K, a € A. We shall denote by MSO(K, A) the set of all such weighted
MSO-formulas .

Next we represent the semantics of the formulas in MSO(K, A) as formal
power series over the extended alphabet Ay, and the semiring K. We assume K
to be a totally commutative complete semiring.

Definition 8 Let ¢ € MSO(K,A) and V be a finite set of variables with
Free(p) C V. The semantics of ¢ is a formal power series |||, € K ((A})) .
Consider an element (w,o) € AY. If o is not a valid assignment, then we put
llelly (w,0) = 0. Otherwise, we inductively define |||\, (w,0) € K as follows:

- Elly (w,0) =k

- [Pa(@)|y, (w,0) = { (1) oi{hfﬁgi(s?) -

L if o(z) <o(y)

0 otherwise

e < ylly (w,0) = {

10



- xeX||v(w,a):{ é if o(z)€o(X)

otherwise
el (w,0) = { 1 if ey, (w,0) =0 provided that ¢ is of the form
v 0 if llglly(w,o)=1" = Pua), (x<y) or (x€X)

le Vel (w,0) = llelly (w, o) + ¢l (w, o)
le AYlly (w,0) = [lelly (w,0) - [¢]], (w, 0)

- Bz olly (w,0) = GZ ellyugey (wsolz — i)

13X -l (w,0) = 2 llelvux (wsolX = 1))

¥ gl (,0) = IT ooy (ool — i)

To define the semantics of VX ., we assume that in K products over index
sets of size continuum exist. Then we put:

- VX elly (w,0) = Il;[ lellvugxy (w,ofX — 1]).

We note that the additional assumption on products in K does not create
a problem since later we exclude universal second order quantification from our
constructions. Also as in [9], we have restricted negation to atomic formulas.
The reason is that if K is not a Boolean algebra, then it is difficult to define
the semantics of the negation of an arbitrary formula. Our restriction is not
essential in comparison to classical MSO logics, since any MSO-formula ¢ is
equivalent (both logically and in the sense of defining the same w-language) to
one in which negation is applied only to atomic formulas.

We simply write [|¢| for || z,.ce(p - If ¢ has no free variables, i.e., if it is a
sentence, then ||| € K ((A“)).

Next, we present several examples of possible interpretations for weighted
formulas, for details see [9].

(i) Consider the semiring K = (NU {o0}, +,+,0, 1) of extended natural num-
bers and assume that ¢ does not contain constants k¥ € K. Then we may
interpret ||| (w, o) as the number of proofs we have that (w, o) satisfies
formula .

(ii) The formula 3z . P,(z) counts how often the letter a occurs in the word.
Of course how often depends on the semiring: Boolean semiring, extended
natural numbers, etc.

(iii) For any formula ¢ without constants over the fuzzy semiring F, we have
that ||¢|| (w, o) # 0 iff (w, o) satisfies ¢.

11



(iv) Let K be an arbitrary finite Boolean algebra (B, V, A, ,0,1). In this case,
infinite sums correspond to suprema and infinite products to infima. For
any formula ¢, we can define the semantics of =y, by ||—¢| (w,0) =
lloll (w, o). Especially, for K = B the 2-valued Boolean algebra our se-
mantics coincides with the usual semantics of classical MSO-formulas,
identifying characteristic series with their supports.

The reader may observe that the above definition is valid for each formula
» € MSO(K, A) and each finite set V of variables containing Free(p). Next we
state that the semantics |¢||,, depends only on Free(p). More precisely,

Proposition 9 Let o € MSO(K, A) and V be a finite set of variables such that
Free(p) CV. Then

lelly (w,0) = [l@ll (w, o] Free(y))

for each (w,0) € A, where o is a valid (w,V)-assignment. Furthermore, |||
is Muller recognizable iff |||\, is Muller recognizable.

Proof. We use the same techniques as in the proof of Proposition 3.3 in [9],
taking into account Propositions 3, 4, 5 and 6. m

Let now Z C MSO(K, A). A series S : AY — K is called Z-definable if there
is a sentence ¢ € Z so that S = ||¢| .

It has been proved in [9] that universal quantifiers do not preserve in general
the recognizability property of power series over finite words. Thus the authors
worked on a restricted framework of weighted MSO logics.

Definition 10 (c¢f. [9]) A formula p € MSO(K, A) will be called restricted if it
contains no universal quantification of the form ¥ X .1, and whenever ¢ contains
a universal first order quantification Yx . 1, then ||| is a Muller recognizable
step function.

The subclass of all restricted formulas of MSO(K, A) will be denoted by
RMSO(K, A). Moreover, a formula ¢ € RMSO(K, A) is restricted existential
if it is of the form 3X;,..., X, . ¢ with v» € RMSO(K, A) and ¢ contains no
set quantification. All such restricted existential formulas will compose the class
REMSO(K,A). We let K™%° ((A%)) (resp. K7¢™° ({A¥})) comprise all series
from K ({A“)) which are definable by some sentence in RMSO(K, A) (resp. in
REMSO(K, A)).

4 The main result

In this section we establish our main result:

Theorem 11 Let A be an alphabet and K any totally commutative complete
semiring. Then

K]Wfrec <<Aw>> — K Tmso <<Aw>> — [remso <<Aw>> .

12



First we show by induction on the structure of RMSO-formulas that K"™%° ((A%)) C
KM=ree ((A%)) . The next Lemmas 12,13,14 are established in a similar way as
the corresponding ones in [9] for the finitary case. Thus, we only indicate their
proofs.

Lemma 12 Let ¢ € MSO(K, A) be atomic. Then ||¢|| is Muller recognizable.

Proof. Assume that ¢ = k € K. Then the one state WMA A = ({¢},in, wt, {{q}})
with in(q) = k and wt(q,a,q) = 1 for all a € A, recognizes |¢| = klaw. Now
assume that ¢ is of the form P,(z) or (x <y) or (z € X), or ¢ is the negation of
one of these formulas. Then ¢ can be considered as a classical MSO-formula and
thus it is recognizable by a deterministic Muller automaton A4 = (Q, qo, 9, F)
over A,. Then, we transform A to the WMA A’ by assigning the initial weight

1 to qo, and the weight 1 to each transition of A. Obviously, A" recognizes ||¢|| .

|

Lemma 13 Let p,1p € MSO(K, A) such that ||¢| and ||¢|| are Muller recog-
nizable. Then ||o V ¢| and || A || are also Muller recognizable.

Proof. It follows from Propositions 3 and 9. =

Lemma 14 For ¢ € MSO(K, A) the series |3z« ¢|| and ||3X « ¢|| are Muller
recognizable provided that ||| is Muller recognizable.

Proof. We establish the case 3x . ¢. The other one is verified in a similar way.
Let V = Free(3z.¢). Then x ¢ V. We consider the non-deleting homomorphism

which erases the z-row. Then, for any (w, o) € A}, we have that

132l (w,0) = 3~ 1¢lvogy (. ole = ) = b (Ielyug ) (w,0).

€W

Since Free(v) C VU {z}, by Propositions 4 and 9, we deduce that |3z . ¢| €
KM—?"ec <<Aw>> o m

The following result deals with the universal first order quantifier. Its proof
contains our main new construction.

Lemma 15 Let ¢ € MSO(K, A) such that ||| is a Muller recognizable step
function. Then the series |Vx « || is Muller recognizable.

Proof. Let W = Free(yp) and V = Free(Vz . p) = W\ {z}. Let also ||¢|| =
> kjlp, with w-recognizable languages L; C A5, (1 < j <n). Without any
1<j<n
loss, we can assume that the family (L;)i1<j<n is a partition of AS},.
We assume first that x € W, and we consider the alphabet A = A x
{1,...,n}. A word in A$ can be written as a triple (w,v, o) where (w, o) € AS,
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and v is a mapping from w to {1,...,n}. Consider the language LC Zﬁ to be
the collection of all words (w, v, o) € A, so that for alli € wand j € {1,...,n}

v(i) =j implies (w,olx —1i]) € L;.

We observe that for each (w, o) € A there is a unique v such that (w,v,0) € L
due to the fact that (L;)1<;<n is a partition of AS),.

We shall prove that L is w-recognizable. For each j € {1,...,n}, we let Ej

be the set of all (w,v,0) € A$), so that for all i € w we have that v(i) = j

implies (w,o[z — i]) € L;. Obviously L= N Ej, thus it suffices to prove
1<j<n

that each language Zj is w-recognizable. Let j € {1,...,n} be fixed. We present

two arguments to show that L; is w-recognizable. The first argument is shorter,
but the second argument has better complexity for doing direct constructions.

Argument 1. We employ Biichi’s theorem.
Since L; is w-recognizable, there is an MSO-sentence ¢; over Ayy such that

Lj = L(pj). Now we construct from ¢; a sentence ¢ over Ayy by replacing all
occurrences of P, 4 (y) in ¢; where a € A and s € {0,1}"Y by \/ Py (y).
1<i<n

For any (w,v,T) € gﬁ}’v we conclude that (w,v,7) = ¢} iff (w,7) = ¢;. Next,
we modify ¢’ to obtain a formula ¢} over Ay, as follows. Each occurrence
of Pla,,5)(y) in <p9 is replaced by Ps)(y) A (z = y) if s(x) = 1, and by
Plag,sn(y) AN—(z = y) if s(z) = 0, where s’ is the restriction of s to V = W\ {z}.
Then ¢} has z as its only free variable. Moreover, for all (w,v,0)[z — i] €

~ w
(Av> where ¢ € w we have
»y

(w,v,0)[r —i] =] iff (w,v,0[z—1]) ).

Now put

@; =Vz. \/ P(a,j,s’)(x) — (p;/
((l,s/)EAv

where — is the usual implication. Then {ﬁ; is an MSO-sentence over ﬁv. We
claim that £(¢;) = L;.

Indeed, let (w,v,0) € A}. Then (w,v,0) = ¢; iff for all ¢ € w, whenever
v(i) = j then

(w,v,0)[z — 1] | ¢f.

As noted before, the latter holds

iff (w,v,0lz —1]) F ¢}

it (w, ol —i]) = ¢;
iff (w,olx —]) € L;.
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This implies our claim, and hence Zj is w-recognizable.

This argument for the corresponding result for finite words [9] is essentially
due to Droste and Gastin (unpublished). For the corresponding result for finite
pictures it appeared in Méurer [29].

Argument 2. We give a direct automata-theoretic proof.
Let A; = (Q,qo,0,F) be a deterministic Muller automaton over Ay ac-
cepting L;, and let card(Q) = m. We shall construct a deterministic Muller

automaton A; = (Q, qo, g, .7?) over Ay, recognizing Zj. Let g be a new state not

belonging to Q. We set Q = @ x (QU{g}) x{0,1})™, @ = (0, (@,0),- .., (7,0)),
and

F= {ﬁ|prk(ﬁ) e FoUFLUF UF", for each2§k§m+1}
where
- Fi={Fx{i}|FeF}fori=0,1,
- F={R S (QU{q}) x {0,1} | 7 € prouig (R},
- F'=A{R" C Q x{0,1} | pryoa3(R") = {0,1}},
and

-k Q — (QU{Q)) x {0,1} (2 <k <m+1) is the k-th projection of Q
onto (Q U {g}) x {0,1},

- prouqg) ¢ (QU{d}) x{0,1} — QU{g} is the projection of (QU{q}) x {0, 1}
onto Q U {g}, and

- prioqy : (QUA{G}) x {0,1} — {0, 1} is the projection of (Q U {q}) x {0,1}
onto {0,1}.

The transition mapping § is determined as follows. For any (q1, (q2,22),-- .,
(qurlv zm+1)), (qlla (qIQ’ Zé)? AR (q;n+1v Z7/n+1)) € Q and (a7 l’ S) € AV, define

6(((11’ (QQa 22)7 ceey (Qm-i-lv Zm-‘rl))a (a'a L S)) = (qiv (qév Zé)’ sy (q1/n+17 Z;nJrl)) as
follows. We put (g1, (a, s[xr — 0])) = ¢}, and foreach 2 <k <m+1 let

. q ifgr=79q
e { 8(ar. (a slx — 0])) if g € Q
Now for each 2 <k <m+ 1 define:
e g/ =7 if there exists 2 <t <k such that ¢ =g}, and
e g =g} otherwise.

Case 1: | #j. Put (q},z}) = (¢ ,25) forany 2<k<m+1.

Case 2: [ =3.
(i) If there exists 2 < g <m+1 such that ¢ = d(qu, (a,s[z — 1]))
then put
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o (¢, 2)=(gF,2) forall 2<k<m+1.

(ii) Otherwise, note that ¢ € (Q\{d(q1, (a, s[x — 1]))})U{q} for each
2 < g<m+1, and card(Q) = m. Hence we can choose the smallest r <m+1
such that ¢;7 =g and put

e ¢, = 6(ar. (a.sle — 1)) and = (1+7)mod2, and
o (q,,2,) = (g ,z) for any k #r.

Let us explain informally the operation of the automaton ./Z(j. Given any word
(w,v,0) € gﬁ, we want to show that (w,v,0) € f/j iff for each ¢ € w, v(i) = j
implies (w,olz — i]) € L;. This means that our deterministic automaton A,
should accept the word (w,v, o) iff the original automaton A; accepts all the
words (w, o[z — 7)) with ¢ € w and v(7) = j. In turn, this means that the unique

path P,y o) of .,Zj over (w, v, o) is successful iff all the unique paths P, o[»—i])
(1 € wand v(i) = j) of A; over (w, o[z — i]) are successful. Thus, /Tj should
have the ability to check simultaneously all the paths P, s[»—i) (i € w and
v(i) = j) of A; and should verify whether they are successful or not. This process
will be implemented by the last m components of the states of /Tj. More pre-
cisely, let (w,v,0) = (@i, li, $i);>¢ > (@i, li,5:) € ﬁv for any i > 0, and ]5(1,}7,”,,,) =
(((ﬁv (qgv Zé)a teey (q;L+17 an+1))a (aiv li7 Si) ’ (qurl’ (qé“, Z§+1)7 LR (q:‘rJ{il’ Z?le)))zzo

For any 1 < £k < m + 1, we denote by pri (ﬁ(wm’g)) the k-th projection of

Pu,v,0) defined by pry (P(w,v’(,)) = (q{, (ai,li,si),qiﬂ)izo and pry, (P(w’v,a)) =
((q,@z}%), (ai,liy i), (q,i“,z,i“))po for2<k<m+1.
Furthermore, assume that the sequence 0 < 41 < iy < ... contains all the
occurrences of j along (w,v,0). Then the automaton .Zj simulates the path
P, o[z—0)) of Aj over (w, o[z — (]) along its first projection, where the notation
o[z — 0] means that at any place ¢ > 0 we have s;[z — 0] (observe that this is
not a valid assignment). The states of any other k-th projection (2 < k < m+1)
of ]S(wﬂ,’a) remain stable at (g,0), as long as the automaton acts on the prefix
(aislis $i)o<icq, - Then at iy, .Zj sets (g T, 20T = (8(¢™, (ag,, 50, [z — 1)), 1).
In the sequel, .,Zj runs the suffix path P, o[z—i,])|>4, along its second projection.
At the second occurrence of j, i.e., [;, = j the automaton .Zj will start to run
the suffix path P, ¢[z—i,))|>i,- More precisely, if qéﬁ'l = 5(qi"‘, (aiy, Sip [T — 1]))
then it is clear that Pl o[z—i,])|>is = Plw,ofe—is])|>i.- Thus, .Zj simulates the
suffix path Py, o[z—i,])|>i, along the second projection of ﬁ(w,v,o‘)' Otherwise,
it sets (g2, 22 = (6(¢¥?, (aiy, si,[r — 1])),1). Now the following happens.
Either qg = qg for an index i’ > iy + 1, or g5 # ¢4 for any i > iy + 1. Since
(w,olz = d1])|si = (w, oz — dz])|>i in the first case we get Py ojz—iy))|>ir =
P(w’a[zﬁiz])bi/. Thus, the automaton sets qg = ¢ and runs the suffix path
Plw,olz—is))|>ir along the second projection of ]S(wﬂ,’a). In the latter case, .Zj

simulates the suffix path P, s[z—i,))|>i, along the third projection of ﬁ(wﬂ,ﬁ).
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The same procedure is followed for each occurrence of j. It will follow for
each p > 1 and for each path P, oz—i,)) (p > 1) that there exists a 2 <

k <m+1 such that the suffix Py oz—i,)) >, = PrQuig) (prk (]S(wm,(,) \>Z—p)> .

Moreover, we shall have pryg 1} <p7"k (In@ (ﬁ(w7v,o)|>ip)>) = {0} or {1}. The
contribution of the set {0, 1} in the states is to ensure that there is a time where
a path of the original automaton is simulated along the same state components
of the new automaton. Now the path P, ) is successful iff for each 2 <

E<m+1, prg (In@ (P(w,v’g))) € FoUF, UF' UF". On the other hand, we
have that for each p > 1, In® (P(wﬂ[gg_,ip])) C Q. Thus, Is(wﬂw) is successful iff
Plw,ole—i,)) (for each p > 1) is successful, i.e., iff for each i € w, v(i) = j implies
(w,olz — 1) € Lj

A word (w,v,0) € A} with v(i) # j for any i € w, is accepted by A;
with the successful path ﬁ(wﬂw) with pry (InQ (]B(w,vﬂ))) = {(g,0)} for any
2<k<m+1. ~

On the other hand, taking into account the definition of §, for any word

(w,v,0) € g\“j it cannot happen that for any 2 < k < m+1, prou(g (prk (Iné (]S(ww,g))))
= Ry U{q}, for some () # Ry C Q, or pry (Iné (ﬁ(w_’v’g))) e F".
Next, we formally show that

(w,v,0) € Ly, (.ZJ) iff whenever v(i) = j then (w, o[z — i) € L, (A;).

Let (w,0,0) = (ai,lis51)i59 € Lo (A;) and P = (0l (6 2), -+ (Ghrg1s Zng))s
(ai, liy 8i) s (qi"“, (qé“, zé“), o ;ﬂl, zﬂil)))izo be the unique successful path

of .Zj over (w,v,0). Thus, for each 2 < k < m + 1, prg (In@ (ﬁ(w’vﬁg))) €
FoUFL UF UF". We distinguish the following cases:

(a) pri (Inéj (JS(UM,’{,))) e F'UF" for each 2 <k <m+1, and
(b) there exists 2 < k < m + 1 such that pry (Iné (ﬁ(wﬂ,yg))) € Fo U Fi.
Case (a): pry (Iné (ﬁ(wyv,g))) e FFUF" foreach 2 <k <m-+1.

(a.1) pri (Iné (P(w’v’a))) = {(q,0)} for each 2 < k < m+ 1. By definition

of § this implies that for any i € w, v(4) # j.
(a.2) pri (InQ (ﬁ(wﬂ,,c,))) € {{(7,0)},{(q,1)}} foreach 2 < k < m +1

and there is a k' such that pry (Iné (P(w,v,a))) = {(g,1)}. By definition of &
Case 2 (ii) this means that there is an index i1 >0and a2 <g<m+1 such
that ¢; € Q. But then we should have ¢5 € @ which implies that for any v >,
qg € Q. Thus, pro (In@ (f’(w’v,a))) C @ x {1} which is a contradiction.

(a.83) There exists 2 < k < m+ 1 and a set § # R C @ such that

PrQuig) (prk (Iné (P(ww,g)))) = RU{g}. Consider an index 7 > 0 such that
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¢ € R. Then by definition of g, we obtain that ¢4 € Q. In turn, this implies
that for any ¢/ > 4, it holds qg € Q. Thus, pro (InQ (?(w,v’g))> C @ x{1}
which is a contradiction.

(a.4) There exists 2 < k < m+ 1 and a set ) # R C @ such that

Prio,1} (prk (InCj (P(w,v’g))>) = {0,1}. Then, the same argument used in (a.3)
contradicts this case. o
Case (b): There exists 2 < k < m+1 such that pry (InQ (P(w,wg))) € FoUF.

Then, there is at least one index ¢ € w such that v(i) = j. Let us assume that
the non-empty finite or infinite sequence 0 < i; < i3 < ... contains all the
occurrences of j along (w,v,0), i.e.,ly =ly = ... =j. It is clear that

(w,a[m - iPD|>ip = (w7a[:1c - ilD|>iP

for any p > 1.

Next, we show by induction on p that for any p > 1, the path Py o(z—i,))
of A; over (w, o[z — ip]) is successful. We start with p = 1. Let Py g[z—i,]) =
(tﬁl)po be defined by til = (¢, a4, 6(q", ;) where g° = go and

{ (ai,silt = 0]) f0<i<iygori>i

Q; =

(a;, silt — 1)) ifi=14

By definition of g, for any i > 0 we get
L qi if0<i<i
) ¢, ifi>d
Thus, Ply,oz—i])|>in = Prou(a (p?"z (13(1”7U7a)|>i1>> . On the other hand
In® (P(w,o'[;p%il])|>i1) = In® (P(w’g[wHil])) C @ which implies that
PrQuid (pr2 (InQ (]5(,,1,71,70))>) C Q. Since pra (InQ (]B(w,ua))) € FoUF, (in
fact it holds pro (Iné (]3(,,,71)700) € Fi, by definition of g) we have In® (P(w’(,[mé,;l])) €
F, as wanted.
Now, we deal with the second occurrence of J, ie, wiph the case p = 2 and
b = j. Let Plu,ole—is)) = (t?)izo with ;2 = (¢*, Bi,6(q™, 8i)) where ¢*° = qq
and
(aj,siflr = 0]) if0<i<igori>iy
Bi= (a;, silx = 1)) ifi=1q
Taking into account the definition of g, we distinguish the next cases:
Subcase (A): ¢} # ¢** for any i > i5. Then we have
gt if 0 <i<is
T 7N g ifi> i
Thus 112 (Pu,ole—is)|>i2) = Proua (7”"3 (I”Q (15 (ww,v)))) and 25 =1 for
each i > ip. This implies that prou(g (prg (Ina2 (ﬁ(w,ug)))) e F, ie.,
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pra (In@ (ﬁ(ww,a))) € F,. We conclude that In® (P(w,a[x_)h])) e F.
Subcase (B): ¢! = ¢*2t1. Then we have

gi if0<i<ip

T =Y @ ifi>in

ThUS, InQ (P(w,a[rc—>i2])|>i2) = PrQui{g} (lm"2 (InQ (]S(w,v,o)))> and so InQ (P(11),z7[m—>i2])) €
F.
Subcase (C): ¢i>™! # ¢*2*! and there exists an index f > iy + 1 such that
qg = ¢*/. In this case, we get

¢ if0<i<iy

¢ ifi>f
Again, we obtain In®? (P(w’g[iﬂiz])|>i2) = ProQu{q (p?"g (Iné (ﬁ(w,v’a)))> and
thus In®@ (P(w,”[m_,lé])) e F.
We conclude that the path P, 5[z—i,]) is successful.

*7

For the induction step, let p > 1 and let us assume that the path P(wﬁ[xéip,])
is successful for any 1 < p’ < p. Let Py op—i,)) = (t§p> be determined by
i>0

£ = (¢#',7%, 8(q*, 7)) where ¢#° = go and
(@i, silt = 0]) it 0<i<ipori>i,

= { (ai,sifr — 1)) ifi =1,
We distinguish the following cases:
Subcase (A'): ¢} # ¢#' for any i > i) and any 2 < g < m + 1 such that
q4 # . Then, we shall have ¢. = ¢ for each i > i,, where 7 < m + 1 is the
smallest index such that qff” = ¢. Moreover, we have zf?’H =1+ zf”) mod 2
and since ¢ = ¢*' for each i > i,, by 5 we get 2zl = 2 for each i >
ip- Thus we have prouiz (pr,« (In‘"j (ﬁ(w,vﬁ)))) = In@ (P(wya[zﬁip])) C Q,
Prio,1} (prr (In@ (ﬁ(w’vwg))>) = {sz’ﬂ} (i.e., it is either {0} or {1}), and

since Py,v,0) 18 successful, we obtain pr, (In@ (ﬁ(w,vﬁ))) € Fo U Fq, ie.,
In® (P(wyg[x_,ip])) € F, as required.

Subcase (B'): ¢*"' = ¢#ir 1 for some 2<g<m+1.

Then, by Case 2 (ii) of the construction of ¢ it follows that after at most g — 1
steps we can determine a 2 < g’ < g such that prous (prg/ (In@ (ﬁ(w’v}go)) =

InQ (P(w,o[w—n‘p])) - Q, and Prio,1} (pT’g/ <Iné (P(w,vﬂ)))) is either {O} or
{1} . Taking into account that ]S(wﬂ,,o) is successful, we get pry/ (InCj (]S(wﬂ,’a))) €
Fo U F1 and thus In® (P(w,a[mﬁip])) e F.

Subcase (C'): qZ{’H # ¢ *! for any 2 < g < m+1 and there exists an index
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f>i,+1and a2<g <m+1such that qg, = ¢#f. Let f be the least index
with the above property, and let r < m + 1 be the smallest index such that
¢" = @; this exists since card(Q) = m. By definition of §, for each 0 < i < f we
have )
g if0<i<i,
gt = ¢ ifi,<i<f .
g, ifi=f
Then by Case 2 (i) of the construction of & we obtain after at most ¢’ — 1
steps a 2 < ¢’ < ¢ < m + 1 such that ¢#! = qZU for any ¢ > f. Thus

In% (P ofe—iy)) = Prouia) (pfg” (I n? (ﬁcw,vm) )) and pryo,1} (PW (I n® (Ew,v,a)) ))

equals either {0} or {1} . Since Py, ¢ is successful, we have that Py o[z—i,)) €
Fo U F1ie, P oei,) 18 also successful.
We have shown that for each ¢ € w with v(2) = j, (w, o[z — 1]) € L, (A;).

Next, we show the converse implication. To this end, let (w,v,0) = (ai, 1, $i);>( €
gﬁj such that for each ¢ € w with v(i) = j, (w, o[z — i]) € L;. Keeping the above

notations we shall show that the path P, ) is successful.
First, assume that I; # j for each ¢ € w. Then for each 2 < k < m + 1, we

have pry, (In@ (]B(w,ua))) ={(g,0)}. Thus, In@ (]S(ww,a)) € F as wanted.
Now, let 0 < iy < ip < ... be the sequence containing all the occurrences of
j along (w,v,0). We claim that for each 2 < k <m+1
Pri (ITLQ (ﬁ(wmyg))) S {ITLQ (P(H,,U[m_,ip])) X {0} |p > 1} U
{ITLQ (P(w,o'[asﬂip])) X {1} | P Z 1} U .7:/ U ]:N.

Indeed, choose any index 2 < f < m+1 such that pry (Iné (ﬁ(wﬂ,’g))) ¢ F'U

F". Then prouig (prf (InQ (ﬁ(wﬂ)’g)))) C Qand pryo 1} <p7’f ([nQ (]B(wﬂ,,g))))

is either {0} or {1} . Let pry (P(wﬂ,ﬁ)) = ((q}, z}), (as,viy 8i), (qjﬁ'l, z;+1>)i20 .

Since prouigy (prf (Iné (ﬁ(w’vyg)))) C (@ there exists an index ¢’ such that

q} € Q for any i > i’. We choose i’ to be the least index with this property. Then

by definition of § we have li—1 = j. On the other hand, pryg 13 (prf (InCj (Zs(w7v7a))>) =
{0} or {1}, implies that there is an index i” > 4’ such that for each ¢ > ",

Prio,1} ((prf (ﬁ(w,ma)))z) equals either {0} or {1} . According to g, this means

that .A; does not apply to any f-component state of the suffix path ]B(wﬂ,,(,) %

any operation described in Case 2 (ii) of the construction of 5. Then by
Case 2 (i) of 5, we obtain that PrQu{g) (pr (ﬁ(w,v,g)|>ip>) = Plw,ole—iy))|>ips
for some i, > i" (p > 1). Hence, we get proug <prf (In@ (ﬁ(wwyg)))) =

In® (P(w,o[z—nlp])) which implies our claim. Thus, (w,v,0) € L, (./Tj) .
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We conclude that £, (JZJ> = Ej as required.

_ Now, we can effectively construct a deterministic Muller automaton say
A = (Q,qo,9,F) over Ay, accepting L. Then we convert A to a WMA A =
(Q,in,wt, F) in the following manner:

. o ]. lf q = qo
- in(q) _{ 0 otherwise °’ and

) k; ifd(q,(a,j,8)) =4
- wt(q,(a,J,S),Q’)Z{ 0 Othgw(isej =4 ,

for all ¢,¢' €Q,a € A, s € {0,1}".

Since A is deterministic, for each (w,v,0) € L there is a unique path P, =
(ti);>o in A such that | Al (w,v,0) = weight(P,) = [Jwt(t;) in A, whereas
= i>0

JA|| (w,v,0) = 0 for each (w,v,0) € A%\ L.
For each i > 0 note that if v(¢) = j, then wt(¢;) = k; by construction of A,
and also (w, oz —4]) € Ly, so l¢llyy .y (w,olz — i) = k;.
We consider now the strict alphabetic homomorphism
h:AY — AY
defined by h(a, k, s) = (a, s) for each (a, k, s) € Ay. B
Then for any (w, o) € A, and the unique v such that (w,v,0) € L, we have

h([ Al (w, o) = [l All (w, v, 0)

= [Jwt(t:)

i>0

= [T llellvoge; (w olz — i)
€W

= V2. ol (w, 0).

We conclude that ||Vz . || = h(]|.A]|) which by Proposition 4 is Muller recogniz-
able.

To complete our proof it remains to treat the case © ¢ W. Then V = W. Con-
sider the formula ¢’ = @ A (z < x). Then ||¢’|| is Muller recognizable by Lemma
13, and moreover, ||¢[ly g,y = 1€ lyug, - We thus obtain, ||V . ¢ = [[Vz . ¢'||
which has already been proved to be Muller recognizable. m

Now we can establish one inclusion of our main result:
Proposition 16 K™% ((A¥)) C KM=ree ((A“)) .
Proof. This is immediate by Lemmas 12,13,14 and 15. m

In the sequel, we shall establish the inclusion K ~7¢¢ ((A“)) C KTemse ({A@)).
The notion of unambiguous weighted MSO-formulas and some notation from [9]
will be useful for our constructions. Note that here these notions are interpreted
over infinite words.
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Definition 17 The class of unambiguous formulas in MSO(K, A) is defined
inductively as follows:

o All atomic formulas of the form Py(x), (x < y) or (x € X) and their
negations are unambiguous.

o If p, 1 are unambiguous, then ¢ AN, Vx . and VX . are also unam-
biguous.

o If o, v are unambiguous and Supp(||¢||) N Supp(||¥]]) = @, then o V¢ is
unambiguous.

o Let ¢ be unambiguous and V = Free(yp). If for any (w,0) € A3 there is at
most one element i € w such that ||¢|l .y (w,olz — i) #0, then 3z, ¢
18 unambiguous.

o Let ¢ be unambiguous and V = Free(p). If for any (w,0) € A3 there is
at most one subset I C w, such that ¢l x) (w,o[X — I]) # 0, then
X . ¢ is unambiguous.

Then the following three results can be derived just as in [9]. Proposition
20 may also be of independent interest.

Proposition 18 Let ¢ € MSO(K, A) be unambiguous. We may also regard ¢
as a classical MSO-formula defining the language L(¢) C A%, Then |¢|| = 1.,
18 a Muller recognizable step function.

Lemma 19 For each classical MSO-formula ¢ not containing set quantifica-
tions (but possibly including atomic formulas of the form (x € X)), we can
effectively construct two unambiguous MSO(K, A)-formulas ¢ and ¢~ such
that [t || = 1) and lo~ || = 12(-e)-

Proposition 20 For any classical MSO-sentence ¢, we can effectively con-
struct an unambiguous MSO(K, A)-sentence ¢ defining the same language, i.e.,

V] = 1z¢p)-
If ¢ is an unambiguous formula and ¢ any MSO(K, A)-formula, we put
(p =)=~ V(e AY).

In particular, if ¢ = (z € K) and ¢ = k where k € K, then for any (w,0) € A}
with o a valid (w, V)-assignment, we have

|k ifo(z) € o(X)
[(z € X) = klly, (w,0) = { 1 otherwise

hence ||(z € X) — k||,, is a Muller recognizable step function, and we get

IV« (2 € X)) = K)lly, (w, o) = K7L
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We also let
min(y) :=Vz.y <z

and

(y=z+1)=(z<y)A-(y<z)AVz.(z<zVy<z)t.

Furthermore, for set variables X1, ..., X,, we put

partition(X1,...,X,,) := V. \/ (x € X;) A /\ﬁ(ac € Xj)

i=1,...,m VE
Now we are ready to show
Proposition 21 KM=rec ((A@)) C Kremso ((A“)) .

Proof. Let A = (Q,in,wt, F) be a WMA over A and K. Weset T = Qx AxQ.
For each triple (p,a,q) € T, we consider a set variable X, ., and let V =
{Xpaq | (D,a,q) € T}. We choose an enumeration Xi,...,X,, of V, where
m = |Q|*|A| . Now we define the unambiguous formula

Y(X1, ... Xp) = partition(X1,..., Xp)T A\ Vo (2 € Xpag) — Pa(x) T A

(p,a,q)€T
+

Ve.Vy. | (y=z+1) — \/ (x € Xpag) N (Y€ Xgpr)

P,q,TEQ
a,be A

Let w = apay ... € AY. We show that there is a bijection between the set of
paths in A over w, and the set of (w, V)-assignments o satisfying v, i.e., such
that ||¢|| (w,0) = 1. To this end, we consider a path P, = (t;),~, of A over
w, with t; = (¢4, a4, gi+1) for all ¢ > 0. We define the (w,V)-assignment op, by
op,(Xpaq) = {i | (¢i,0i,qi41) = (p,a,9)}. Tt is obvious that [|[¢]| (w,op,) =
1. Conversely, let o be a (w,V)-assignment such that ||¢|| (w,o) = 1. Then,
for any = € w there are uniquely determined p,q € @ and a € A, due to
partition(X1, ..., X,,), so that ¢ € 0(X), q,4). Furthermore, for y = = + 1 we
shall also have y € X, 5, for unique r €  and b € A. In this way, we obtain a
unique path P, of A over w, such that op, = 0.
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We consider now the formula

@(Xla"'aXm) = w(XhaXm)/\ V. /\ ((wEXp,a,q) HWt(P»CL,Q)) A

(p,a,q)€T

Jy. [minw) A\ (Y € Xpag) Ain(p)) | | A

(p,a,q)€T
V y€Xpag|A
(p,a,q)€T

\/ Jz.Vy.(z <y)— a€F
FeF

Az | <2 A V2 e Xy

qEF PERQ

acA

Intuitively, the semantics of the formula following \/ 3z .Vy, checks if a path
FeF
P, of A over a word w € A%, is successful or not, by taking a non-zero or the
zero value, respectively.
Consider now an infinite word w = apa; ... € A¥, a path P, = (t;);~o of
A over w, and let op, its associated assignment. For ¢t € T, we let P,(t) =
{i | t; = t}. If P, is not successful, by the semantics of the formula started

with \/ 3z.Vy, we obtain ||¢l|,, (w,op,) = 0. Otherwise, it holds that
FeF

lelly (w,op,) = in(qo) - HW(% ai, giv1) = weight(Py,).
i>0

Let £ = 3X;...3X,, . o(X1,...,X.n). Due to the above bijection, we get for
w e AY

€]l (w) = > lelly (w; o)

o (w,V)—assignment

=> lely (w,op,)
Py,
= Z weight(Py,)

P,, successful

= (A, w).

We conclude that
[All = [I€]l € K™ ((A”)).

Now the proof of Theorem 11 is immediate by Propositions 16 and 21.

Corollary 22 (Biichi’s Theorem) An infinitary language is w-recognizable
iff it is definable by a MSO-sentence.
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5 Weighted Biichi automata

In this section, we consider weighted automata over infinite words with Biichi
acceptance condition which were introduced by Esik and Kuich [17, 18]. We
show their equivalence to our model with Muller acceptance condition.

Let A be any alphabet and K be a totally complete semiring.

Definition 23 (/17, 18]) A weighted Biichi automaton (WBA for short) over
A and K is a quadruple A = (Q,in,wt, F), where Q is the finite state set,
i : Q — K 1is the initial distribution, wt : @ x A x Q — K is a mapping
assigning weights to the transitions of A, and F C @ is the final state set.

Given an infinite word w = agay ... € A%, a path P, of A over w is an
infinite sequence of transitions P, := (£;),~,, so that t; = (i, as,qi+1) for all
i > 0. The weight of P, is the value B

weight(Py) :=in(qo) - Hwt(ti).
>0

The path P, is called successful if at least one final state appears infinitely
often, i.e.,
In®(P,) N F # 0.

The behavior of A is the infinitary power series
lA|l : A — K

with coefficients specified for w € A% by

(LAl w) =Y weight(P,,)
P’u.)

where the sum is taken over all successful paths P, of A over w.

A series S : AY — K is called w-recognizable if there is a WBA A such that
S = ||A|l. The class of all w-recognizable series over A and K is denoted by
KW7T€C <<Aw>> .

Next, we show that the class of w-recognizable series over A and K coincides
with the class of Muller recognizable series over A and K. We shall need some
preliminary matter.

A WMA A = (Q,in,wt, F) has a unique initial state if there is a distin-
guished state gg € @ such that for any g € @

1 ifg=qo
0 otherwise

and go ¢ F for each F € F.

n(q) =

Lemma 24 For any WMA A = (Q,in,wt,F) we can effectively construct a
WMA A" = (Q',in',wt', F'") with a unique initial state such that |A'|| = ||All .
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Proof. Let ¢’ be a new state not belonging to Q. We set Q' = Q U {¢'} and
F' = F. The initial distribution in’ and the weight mapping wt’ are defined by:

-in'(¢) =0 forall g€ Q,
-in'(¢) =
p,a,q) = wt(p,a,q) forall p,qg € Q,a € A, and

t'(¢',a,q) = > in(p) - wt(p,a,q) forall g € Q,a € A.
peQ

To any other transition we assign value zero.
It is a routine matter to formally show that the WMA A and A’ have the
same behavior. m

Theorem 25 Let A be an alphabet and K any totally complete semiring. Then
w—ree <<Aw>> _ KM—rec <<Aw>> )

Proof. Let A = (Q,in,wt, F') be a WBA over A and K. Then we construct
the WMA A’ = (Q,in, wt, F) by letting F = {S C Q| SNF # (}. Thus given
an infinite word w € A“, any successful path P, of A over w is also successful
in A’, and vice-versa. Thus (||A'||,w) = (]| 4] ,w) , showing ||A’|| = || A]|.
Conversely, let A = (Q,in, wt, F) be a WMA over A and K with unique initial
state.

Case 1: card(F)=1,ie., F = {F} for a set F' C Q.

We consider the WBA A = (Q,m wt, F ) whose components are specified by
the next clauses.

- Q=QU@xP(Q),
- in(q) =in(q) for all ¢ € Q, and
i?t(q,R) =0 forallge @ and R C Q,

- F={(a.F)|qeF}.

The weight mapping of A is determined by

- u%(p, a,q) = wt(p,a,q) forall p,q € Q,a € A,

- wt(p,a, (q,{q})) = wit(p,a,q) forallpc Q\F,q€ Fac A,

- wi((p, R), a, (g, RU{g})) = wi(p,a,q) forall p,g€ F,R¢ F,a € A,
(

g

(
- wt((p, F

a, (¢, {q})) = wt(p,a,q) forall p,q € F,a € A.
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To any other transition we assign value zero.
Let now w € A“ and P, = (t;),», be a successful path of A over w, with
t; = (i, a;,qi41) for all i > 0. We can assume that qq is the initial state of A,
since otherwise weight(P,) = 0. Thus gy ¢ F. Then there is a unique minimal
"start point" on P,, say state g;, so that ¢; € @ \ F' and each state after g¢;

along P, belongs to F. Let us consider the path P, = (ﬂ)po of A over w, in
the following way: -

-forall0<i<j, t; =t

- for i = j, & = (g5,05, (¢541,{gj11}) € Q@ x Ax (@ x P(Q)),

- for all ¢ > j, either
ti = (g, Ri) i, (qig1, R U{qis1})) f R € Fandt;y = ((gi—1, Ri—1) ,ai-1,
(¢iyR;)) or ifi—1=jand R, ={q;} & F,
or

ti = ((¢;, F),ai, (giy1,{qis1})) iftio1 = ((gi-1, Ri1),ai-1, (q;, F)) orif
i—1=jand F ={¢}

Since P, is successful, it is clear that the path P,, of A is also successful and
wt(t;) = wt(t;) for all i > 0. Thus weight (ﬁw> = weight(P,). On the other
hand, the reader should observe, that we can find infinitely many successful
paths of A over w with reference to P, just by changing from Q to @ x P(Q)
at any state ¢; with ¢ > j, along P,. But according to the mapping wt the

weight of each such path equals 0. We conclude that for any successful path P,
of A over w with non-zero weight, there exists a unique successful path P, of A
over w, with the same weight. The converse is established in a similar manner.
We obtain that for any word w € A%,

(JA] , w Zwezght
= Zweight (Pw)
Py

All, w).

Case 2: card(F) > 1,say F ={Fy,...,F,}.

For each j € {1,...,n}, let A; = (Q,in,wt,{F;}). Clearly, | Al = Z 1A
=

By Case 1, for each j there exists a WBA ZJ with ||A;| = HAJH . A disjoint

n

union of these automata produces a WBA A with HJZH =
j=1

. Hence

HVZH = ||A]|, and the proof is completed. m
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6 Conclusion

We introduced weighted Muller automata over totally complete semirings. We
verified that the family of their behaviors coincides with the class of infinitary
formal power series obtained as semantics of weighted restricted MSO-sentences,
provided that the underlying semiring is totally commutative complete and also
with the family of behaviors of weighted Biichi automata investigated by Esik
and Kuich [17, 18]. We do not know if this family coincides with the class
of series specified by all weighted MSO-sentences. Also, the question arises
whether Theorem 11, in particular the construction of a WMA A for a given
MSO-formula ¢ can be made effective. The problem is the universal quantifier:
Given a WMA for ¢ as described in the proof of Lemma 15, how do we obtain
the values k; and WMA for the languages L;? In the case of finite words and
given a field K, Droste and Gastin [9] could use results from the literature on
formal power series to obtain a construction. Therefore, also in our situation
we should consider specific semirings.

Acknowledgement. The authors are very thankful to Andreas Maletti (Dres-
den) who discovered a mistake in our original proof of Lemma 15.

References

[1] A. Arnold, Finite Transition Systems, International Series in Computer
Science, Prentice Hall, 1994.

[2] R. Balbes, P. Dwinger, Distributive Lattices, University of Missouri Press,
1974.

[3] J. Berstel, C. Reutenauer, Rational Series and Their Languages, EATCS
Monographs in Theoretical Computer Science, vol. 12, Springer-Verlag,
1988.

[4] S. L. Bloom, Z. Esik, Iteration Theories, EATCS Monographs on Theoret-
ical Computer Science, Springer, 1993.

[5] J. R. Biichi, Weak second-order arithmetic and finite automata, Z. Math.
Logik Grundlager Math. 6(1960) 66-92.

[6] J. R. Biichi, On a decision method in restricted second order arithmetic, in:
Proc. 1960 Int. Congr. for Logic, Methodology and Philosophy of Science,
(1962), pp.1-11.

[7] K. Culik II, J. Kari, Image compression using weighted finite automata,
Computer and Graphics, 17(1993) 305-313.

[8] K. Culik, J. Karhumiki, Finite automata computing real functions, STAM
J. Comput. 23(4)(1994) 789-814.

28



[9]

[10]

11]
12]
13]
14]
[15)
116]

[17]

[18]

M. Droste, P. Gastin, Weighted automata and weighted logics, Theo-
ret. Comput. Sci., to appear; extended abstract in: 82nd ICALP, LNCS
3580(2005) 513-525.

M. Droste, D. Kuske, Skew and infinitary formal power series, Theoret.
Comput. Sci. 366(2006) 189-227; extended abstract in: 30th ICALP, LNCS
2719(2003) 426-438.

M. Droste, U. Piischmann, Weighted Biichi automata with order-complete
weights, Int. J. of Algebra and Computation, to appear.

M. Droste, G. Rahonis, Weighted automata and weighted logics on infinite
words, in Proceedings of DLT 06, LNCS 4036(2006) 49-58.

M. Droste, H. Vogler, Weighted tree automata and weighted logics, Theoret.
Comput. Sci. 366(2006) 228-247.

S. Eilenberg, Automata, Languages and Machines, vol. A, Academic Press
1974.

C. Elgot, Decision problems of finite automata design and related arith-
metics, Trans. Amer. Math. Soc. 98(1961) 21-52.

Z. Esik, W. Kuich, On iteration semiring-semimodule pairs. To appear.

7. Esik, W. Kuich, A semiring-semimodule generalization of w-regular lan-
guages I. Special issue on "Weighted automata" (M. Droste, H. Vogler,
eds.) J. of Automata Languages and Combinatorics 10(2005) 203-242.

Z. Esik, W. Kuich, A semiring-semimodule generalization of w-regular lan-
guages II. Special issue on "Weighted automata" (M. Droste, H. Vogler,
eds.) J. of Automata Languages and Combinatorics 10(2005) 243-264.

U. Hafner, Low Bit-Rate Image and Video Coding with Weighted Finite
Automata, PhD thesis, Universitit Wiirzburg, Germany, 1999.

Z. Jiang, B. Litow and O. de Vel, Similarity enrichment in image compres-
sion through weighted finite automata, in: COCOON 00, LNCS 1858(2000)
447-456.

F. Katritzke, Refinements of data compression using weighted finite au-
tomata, PhD thesis, Universitit Siegen, Germany, 2001.

K. Knight, J. Graehl, Machine transliteration, Comput. Linguist.
24(4)(1998) 599-612.

K. Krithivasan, K. Sharda, Fuzzy w-automata, Inf. Sci. 138(2001) 257-281.

W. Kuich, Semirings and formal power series: Their relevance to formal
languages and automata theory. In: Handbook of Formal Languages (G.
Rozenberg, A. Salomaa, eds.), vol. 1, Springer, 1997, pp. 609-677.

29



[25]

[38]

W. Kuich, On skew formal power series, in: Proceedings of the Confer-
ence on Algebraic Informatics (S. Bozapalidis, A. Kalampakas, G. Rahonis,
eds.), Thessaloniki 2005, pp. 7-30.

W. Kuich, G. Rahonis, Fuzzy regular languages over finite and infinite
words, Fuzzy Sets and Systems, 157(2006) 1532-1549.

W. Kuich, A. Salomaa, Semirings, Automata, Languages, EATCS Mono-
graphs in Theoretical Computer Science, vol. 5, Springer-Verlag, 1986.

R. P. Kurshan, Computer-Aided Verification of Coordinating Processes,
Princeton Series in Computer Science, Princeton University Press, 1994.

I. M&urer, Weighted picture automata and weighted logics, in: Proceedings
of STACS 2006, LNCS 3884(2006) 313-324.

K. McMillan, Symbolic Model Checking, Kluwer Academic Publishers, 1993.

I. Meinecke, Weighted logics for traces, in: Proceedings of CSR 2006, LNCS
3967(2006) 235-246.

M. Mohri, F. Pereira and M. Riley, The design principles of a weighted
finite-state transducer library, Theoret. Comput. Sci. 231(2000) 17-32.

D. Perrin, J. E. Pin, Infinite Words, Elsevier 2004.

G. Rahonis, Infinite fuzzy computations, Fuzzy Sets and Systems,
153(2005) 275-288.

A. Salomaa, M. Soittola, Automata-Theoretic Aspects of Formal Power
Series. Texts and Monographs in Computer Science, Springr-Verlag, 1978.

M. Schiitzenberger, On the definition of a family of automata, Inf. Control
4(1961) 245-270.

W. Thomas, Automata on infinite objects, in: Handbook of Theoretical
Computer Science, vol. B (J. v. Leeuwen, ed.), Elsevier Science Publishers,
Amsterdam 1990, pp. 135-191.

W. Thomas, Languages, automata and logic, in: Handbook of Formal Lan-
guages vol. 3 (G. Rozenberg, A. Salomaa, eds.), Springer, 1997, pp. 389-485.

30



