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Abstract. Weighted automata are classical finite automata in which the transitions caigite:
These weights may model quantitative properties like the amount ofneesoneeded for executing
a transition or the probability or reliability of its successful execution. Usieighted automata,
we may also count the number of successful paths labeled by a gareh w

As an introduction into this field, we present selected classical and rexsrits concentrating
on the expressive power of weighted automata.
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1 Introduction

Classical automata provide acceptance mechanisms forsworthe starting point of
weighted automata is to determine the number of ways a wartheaaccepted or the
amount of resources used for this. The behavior of weighttdnzata thus associates
a quantity or weight to every word. The goal of this chaptetoistudy the possible
behaviors.

Historically, weighted automata were introduced in the isapaper by Sctitzen-
berger [85]. A close relationship to probabilistic autoanatas mutually influential in the
beginning [77, 19, 95]. For the domain of weights and theinpatations, the algebraic
structure of semirings proved to be very fruitful. This sded to a rich mathematical
theory including applications for purely language theiorgtiestions as well as practical
applications in digital image compression and algorithorsniatural language process-
ing. Excellent treatments of this are provided by the bo@& B4, 95, 66, 11, 82] and
the surveys in the recent handbook [30].

In this chapter, we describe the behavior of weighted autarbg equivalent for-
malisms. These include rational expressions and serigsbric means like linear pre-
sentations and semimodules, decomposition into simplaviets, and quantitative log-
ics. We also touch on decidability questions (includingd@ahbet’s new proof of a cel-
ebrated result by Krob) and languages naturally assoctattéte behaviors of weighted
automata.

We had to choose from the substantial amount of theory ankicafipns of this topic
and our choice is biased by our personal interests. We hopettthe reader’s appetite
for this exciting field and for consulting the abovementidheoks.

Acknowledgement The authors would like to thank Werner Kuich and Ingmar Mei-
necke for valuable suggestions regarding this chapter.
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Weighted automata 3

a,b a,b
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Figure 1. A nondeterministic finite automaton

2 Weighted automata and their behavior

We start with a simple automaton exemplifying different gibke interpretations of its
behavior. We identify a common feature that will permit usemsider them as instances
of the unified concept of a weighted automaton. S&let {a,b} and@ = {p1,p2} and
consider the automaton from Figure 1.

Example 2.1. Classically, the language accepted describes the behafveofinite au-
tomaton. In our case, this is the language>*.

Now setin(p;) = out(pz) = true, out(p;) = in(ps) = false, andwt(p, ¢, q) = true
if (p,¢,q) is a transition of the automaton afidse otherwise. Then a word;as . .. a,
is accepted by the automaton if and only if

\/ in(qo) A /\ wt(gi—1, @i, ¢;) A out(gn)

q0,q1,---,qn €Q 1<ign

evaluates tarue.

Example 2.2. For any wordw € ¥*, let f(w) denote the number of accepting paths
labeledw. In our casef(w) equals the number of occurrences of the Iditer

Setin(p;) = out(p2) = 1, out(py) = in(p2) = 0, andwt(p, c,q) = 1if (p,c,q) isa
transition of the automaton arxbtherwise. Therf(a; ... a,) equals

Z in(qo) - H wt(gi—1,ai,q;) - out(qn) | - (2.1)

q0,915---,qn €Q 1<isn

Note that the above two examples would in fact work corredpagly for any finite
automaton. The following two examples are specific for theigaar automaton from
Fig. 1.

Example 2.3. Define the functionsn andout as in Example 2.2. But this time, set
wt(p, ¢, q) = 1if (p, ¢, ¢q) is a transition of the automaton apd= p1, wt(p2, ¢, p2) = 2

for c € ¥, andwt(p, ¢, ¢) = 0 otherwise. If we now evaluate the formula (2.1) for a word
w € X*, we obtain the value of the word if understood as a binary number where
stands for the digi® andb for the digit1.
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4 M. Droste, D. Kuske

Example 2.4. Let the deficit of a word) € £* be the numbefv|, — |v|, where|v|, is
the number of occurrences @fn v and|v|;, is defined analogously. We want to compute
using the automaton from Fig. 1 the maximal deficit of a prefiaavord w. To this

aim, setin(p;) = out(p2) = 0 andout(p;) = in(p2) = —oo. Furthermore, we set
wt(p1,b,p;) = 1fori = 1,2, wt(p1,a,p1) = —1, wt(pa,c,p2) = 0 for ¢ € ¥, and
wt(p, ¢,q) = —oo in the remaining cases. Then the maximal deficit of a prefixhef t

wordw = ajas...a, € X*b3* equals

max in(qo) + Z wt(qi—1, a:, ¢;) + out(gy)

q0,91,---:9n 1<i<n

The similarities between the above examples naturally teathe definition of a
weighted automaton.

Definition 2.1. Let S be a set and an alphabet. Aveighted automaton ovetandX is
a quadrupled = (Q, in, wt, out) where

e () is afinite set of states,

e in,out: Q — S are weight functions for entering and leaving a state, resml

e wt: Q X ¥ x Q — S is atransition weight function.

The Ble of S in the examples above is played Bttue, false}, N, andZ U {—oo},
resp., i.e., we reformulated all the examples as weighttmhzata over some appropriate
setsS.

Note also the similarity of the description of the behaviorall the examples above.
We now introduce semirings that formalize the similaritiesween the operationg +,
andmax on the one hand, and, -, and+ on the other:

Definition 2.2. A semiringis a structurd S, +g, -5, 0g, 15) such that

(S, +s,05) is a commutative monoid,
e (S,-s,1g) is amonoid,
e multiplication distributes over addition from the left afrdm the right, and
e 0g-ss=s5-g0g=0gforallses.

If no confusion can occur, we often wrifefor the semiring S, +s, -5, 0s, 15).

Itis easy to check that the structui@s= ({0,1},V,A,0,1), (N,+,-,0,1), and(Z U
{—o0}, max, +, —00,0) are semirings (witld = false and1 = true, B is the semiring
underlying Example 2.1); many further examples are givej28} and throughout this
chapter. The theory of semirings is described in [49]. Thionoof a semiring allows
us to give a common definition of the behavior of weighted mat@a that subsumes all
those from our examples and, with the language sem{ff@™*), U, -,0, {}), we even
capture the important notion of a transducer [9]; HB(E*) denotes the powerset bf.

Definition 2.3. Let S be a semiring andl a weighted automaton ovér. A path in A is
an alternating sequenée= gpa1q; - - . anq, € Q(XQ)*. Itsrun weightis the product

rweight(P) = H wt(qi, Git1, Git1)
o<i<n
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Weighted automata 5

(for n = 0, this is defined to be); theweightof P is then defined by
weight(P) = in(qp) - rweight(P) - out(gy,) -

Furthermore, théabel of P is the wordlabel(P) = ajas . ..a,. Then thebehaviorof
the weighted automataA is the function||A||: ¥* — S with

JAll(w) = ) weight(P). (2.2)
P path with
label(P)=w

Whereas classical automata determine whether a word is taccep not, weighted
automata over the natural semiridgallow us tocountthe number of successful paths
labeled by a word (cf. Example 2.2). Over the semirfbgu {—oc}, max, 4+, —00, 0),
weighted automata can be viewed as determining the maximalat of resources needed
for the execution of a given sequence of actions. Thus, weighutomata determine
guantitative properties.

Notational convention We write P: p % 4 ¢ for “ P is a path in the weighted automa-
ton A from p to ¢ with labelw”. From now on, all weighted automata will be over some
semiring(S, +, -, 0, 1). We will call functions fromX* into S series For such a series

it is customary to writgr, w) for r(w). The set of all series fror* into S will be de-
noted byS (X*)). If Ais a weighted automaton, then we get in particlldf| € S (X*))
and in the above definition, we could have writtglpd||, w) instead of | A||(w).

Definition 2.4. A seriesr € S ((¥*)) isrecognizabléf it is the behavior of some weighted
automaton. The set of all recognizable series is denotegf 15y(>*)).

For a series € S (X*)), thesupportof r is the setupp(r) = {w € ¥* | (r,w) # 0}.
Also, for alanguagd. C X*, we write 1, for the series wit1,,w) = 15 if w € L and
(1,,w) = 0g otherwise;1 , is called thecharacteristic series of.. From Example 2.1,
it should be clear that a seriesn B (¥*)) is recognizable if and only if the language
supp(r) is regular. Later, we will see that many properties of reglaaguages transfer
to recognizable series (sometimes with very similar prooBut first, we want to point
out some differences.

Example 2.5. Let S = (P(X*),U,-,0,{e}) and consider the serieswith (r, wa) =
{aw} for all wordsw € ¥* and lettersz € 3, and(r,e) = 0. Thenr € S™¢(Z*)),
but there is no deterministic transducer whose behavioalsgqu Hence deterministic
weighted automata are in general weaker than general vegighitomata, i.e., a funda-
mental property of finite automata (see Chapter 1) does aosfer to weighted automata.

Example 2.6. Let S = (N, +,-,0,1) anda € X. We consider the serieswith (r, aa) =

2 and(r,w) = 0for w # aa. Then there aré different (deterministic) weighted automata
with three states and behavio(and none with only two states). Hence, another funda-
mental property of finite automata, namely the existencen@fue minimal deterministic
automata, does not transfer.
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6 M. Droste, D. Kuske

Recall that the existence of a unique minimal determiniagtitomaton for a regular
language can be used to decide whether two finite automagptatte same language.
Above, we saw that this approach cannot be used for weightixheata over the semi-
ring (N, +,-,0,1), but other methods work in this case. However, there are hersal
methods since the equivalence problem over the sem(iing {—oc}, max, +, —o0, 0)
is undecidable, see Section 8.

3 Linear presentations

Let S be a semiring an@; and@,, sets. We will consider a function fro; x Q5 into .S

as a matrix whose rows and columns are indexed by elemetis ahd(-, respectively.
Therefore, we will writeM,, , for M (p, q) whereM € S@1*?@2 p € @, andq € Qo.
For finite setx)+, Q2, @3, this allows us to define the sum and the product of two matrice
as usual:

(K + M)pq=Kpq+ My, (M- N)pr= Z Mp.q - No,r
q€Q2

for K,M € @%@ N ¢ §92%@ pc Q,q € Qq, andr € Q3. Since in semirings,
multiplication distributes over addition from both sidesatrix multiplication is associa-
tive. For a finite se®), theunit matrix £ € S¢*% with E, , = 1 forp = gandE, , = 0
otherwise is the neutral element of the multiplication oftricas. Hencd S?*? . E) is
a monoid. Itis useful to note that with pointwise additiomudtrices,S@*< even forms
a semiring.

Lemma 3.1. Let A = (Q,in, wt,out) be a weighted automaton and define a mapping
e NF — S9OXQ py

p(w)p g = Z rweight(P) . (3.1)
P:p=—raq

Thenyp is a homomorphism from the free monadid to the multiplicative monoid of
matrices(S9*?, . E).

Proof. Let P = ppaip; ... anp, be a path with labelw and letju| = k. ThenP;, =
poai - .. appr 1S au-labeled path,P, = pragy:...anp, IS av-labeled path, and we
haverweight(P) = rweight(P;) - rweight(P,). This simple observation, together with
distributivity in the semiringS, allows us to prove the claim. O

Now let A = (Q,in, wt,out) be a weighted automaton. Definec S{1}*% and
v € §9x{1t by \;, = in(q) andy,; = out(q). With the homomorphism: from
Lemma 3.1, we obtain for any word € ~* (where we identify g1} x {1}-matrix with
its entry):

(JAlLw) = > Mp - p(w)pg - Y1 = A~ p(w) . 3.2)

P.9EQ
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Weighted automata 7

Subsequently, we considar(as usual) as a row vector andas a colum vector and we
simply write \, y € S<.
This motives the following definition.

Definition 3.1 (Schitzenberger [85]). Ainear presentatiorof dimension) (whereqQ is
some finite set) is a tripl€\, 1z, 7) such that\, v € S¢ andu: (£*,-,¢) — (S9*¢, . E)
is @ monoid homomorphism. It defines the sefies ||(A, i, v)|| with

(ryw) = X+ p(w) -y (3.3)
forall w € 3*.

Above, we saw that any weighted automaton can be transformedn equivalent
linear presentation. Now we describe the converse tramsfiion. So let A, 1, ~y) be a
linear presentation of dimensi@p. Fora € ¥ andp, ¢ € Q, setwt(p,a,q) = u(a)p g
in(q) = Ay, andout(g) = ~,, and defined = (Q, in, wt, out). Since the morphism is
uniquely determined by its restriction k¥ the linear representation associated witis
precisely(\, i, v), so by Equation (3.2) we obtajpd|| = ||(), i, )||- Hence we showed

Theorem 3.2. Let S be a semiringy an alphabet, and € S (3*)). Thenr is recogniz-
able if and only if there exists a linear presentation p, ) with r = ||(A, &, 7)||.

This theorem explains why some authors use linear presemtab define recogniz-
able series or even weighted automata.

4 The Kleene-Sclitzenberger theorem

The goal of this section is to derive a generalization of Kkgg classical result on the co-
incidence of rational and regular languages in the realnewés over semirings. There-
fore, first we introduce operations i$((¥*)) that correspond to the language-theoretic
operations union, intersection, concatenation, and Kdtemnation.

Letr; andr; be series. Pointwise addition is defined by

(r1 + 7o, w) = (r1,w) + (re,w) .

Clearly, this operation is associative and has the consenes with valué) as neutral
element. Furthermore, it generalizes the union of langaiagee, in the Boolean semi-
ring B, we havesupp(r; + r2) = supp(r1) Usupp(re) andl gy, = 1x + 1p.

Any family of languages has a union, so one is tempted to addimel the sum of
arbitrary sets of series. But this fails in general sincedtid require the sum of infinitely
many elements of the semirirty(which, e.g. in(N, +, -, 0, 1), does not exist). But certain
families can be summed: a family;);c; of series idocally finiteif, for any wordw €
¥*, there are only finitely many e I with (r;, w) # 0. For such families, we can define

(Zn,w): > (riw).

i€l i€ I with
(ri,w)#0
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Letry, o € S (X*)). Pointwise multiplication is defined by
(r1 @ ro,w) = (ry,w) - (re, w).

This operation is calletHadamard productis clearly associative, has the constant se-
ries with valuel as neutral element, and distributes over additionS 1§ the Boolean
semiringB, then the Hadamard product corresponds to intersection:

supp(r1 ® ) = supp(r1) Nsupp(rz) and 1x © 1y, = 1xnyr

Other simple and natural operations areldfeandright scalar multiplicationthat are
defined by

(s-r,w)=s-(r,w)and(r-s,w) = (r,w) s

for s € S andr € S (3*)). These two scalar multiplications do not have natural cenint
parts in language theory.

The counterpart of singleton languages in the realm of sarie monomials: mono-
mial is a series with [supp(r)| < 1. With w € ¥* ands € S, we will write sw for the
monomialr with (r,w) = s. Letr be an arbitrary series. Then the family of monomials
((r,w)w)wex- is locally finite and can therefore be summed. Then one abtain

r= Z (ryw)w = Z (r,w)w.

we* wesupp(r)

If the support ofr is finite, then the second sum has only finitely many summardshw
is the reason to call a polynomialin this case; the set of polynomials is denofe@*),
s0S (£*) C S ((¥*)). The similarity with polynomials makes it natural to defirmether
product of the series, andr, by

(ry-ro,w) = Z (r1,u) - (r2,v).
Since the wordv has only finitely many factorizations intoandwv, the right-hand side
has only finitely many summands and is therefore well-defifféds important product
is calledCauchy-producof the series; andrs. If r; andr, are polynomials, then, - ro
is precisely the usual product of polynomials. For the Banlsemiring, we get

supp(ry - r2) = supp(ry) -supp(rz) and 1x -1y = 1k,

i.e., the Cauchy-product is the counterpart of concatenatf languages. For any semi-
ring S, the monomialle is the neutral element of the Cauchy-product. It requirdsoats
calculation to show that the Cauchy-product is associatina distributes over the addi-
tion of series. As a very useful consequer(€e(>*)), +, -, 0, 1¢) is a semiring (note that
the set of polynomialss (¥*) forms a subsemiring of this semiring). For the Boolean
semiringB, this semiring is isomorphic tGP(2*), U, -, 0, {¢}), an isomorphism is given
by r — supp(r) with inverseL — 1;.

In the theory of recognizable languages, the Kleene-itardt* of a languagd. is of
central importance. It is defined as the union of all the pewér of L (for n > 0). To
also define the iteration* of a series, one would therefore try to sum all finite powérs
(defined byr® = 1e andr™*! = r™ - 7). In general, the familyr™),,>¢ is not locally
finite, so it cannot be summed. We therefore define the iterati only for » proper: a
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seriesr is properif (r,e) = 0. Then, forn > |w|, one hagr™,w) = 0, so the family
(r™)n>o0 is locally finite and we can set

r* =Y r"orequivalentlyr*,w) = Y (r"w).

n>0 os<ng|w|
For the Boolean semiring and C X+, we get

supp(r*) = (supp(r))* and(1z)" = 11« .

Recall that a language is rational if it can be constructedhfthe finite languages by
union, concatenation, and Kleene-iteration. Here, we tieeanalogous definition for
series:

Definition 4.1. A series fromS (£*)) is rational if it can be constructed from the mono-
mialssa for s € S anda € ¥ U {¢} by addition, Cauchy-product, and iteration (applied
to proper series, only). The set of all rational series isotieth by.S™* ($*)).

Observe that the class of rational series is closed und&arsualtiplication sincese
isamonomials-r =se-randr-s=r-seforre S{X*)ands € S.

Example 4.1. Consider the Boolean semirifiyandr € B (3*)). If r is a rational series,
then the above formulas show thaipp(r) is a rational language sineapp commutes
with the rational operations-, -, and* for series andJ, -, and* for languages. Now
suppose that, converselyupp(r) is a rational lanuage. To show that alsds a ratio-
nal series, one needs that any rational language can bewtest in such a way that
Kleene-iteration is only applied to languagesin. Having ensured this, the remaining
calculations are again straightforward. Thus, indeed,nation of rational series is the
counterpart of the notion of a rational language.

Hence, rational languages are precisely the supports igfsserB*>* (>*)) and rec-
ognizable languages are the supports of seri@if(>*)) (see above). Now Kleene’s
theorem from Chapter 1 impliggrec (X*)) = Br2t{(3*). It is the aim of this section to
prove this equality for arbitrary semirings. This is acleidwby first showing that every
rational series is recognizable. The other inclusion valshown in Section 4.2.

4.1 Rational series are recognizable

For this implication, we prove that the set of recognizalelees contains the monomials
sa andse and is closed under the necessary operations. To show tssrel we have
two possibilities (a third one is sketched after the prodfloéorem 5.1): either the purely
automata-theoretic approach that constructs weighteahaaif,, or the more algebraic
approach that handles linear presentations. We choseéddtgvautomata constructions
for monomials and addition, and the linear presentationthi® Cauchy-product and the
iteration. The reader might decide which approach she refed translate some of the
constructions from one to the other.

There is a weighted automaton with just one statd behavior the monomiak:
just setin(q) = s, out(q) = 1 andwt(q,a,q) = 0 for all a € X. For anya € ¥, there
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is a two-states weighted automaton with the mononuas behavior. 1f4; and.A, are
two weighted automata, then the behavior of their disjomon equalg|.A; || + ||.Az]|-
We next show that also the Cauchy-product of two recognizedties is recognizable:

Lemma 4.1. If r; andry are recognizable series, then saris- r».

Proof. By Theorem 3.2, the serieshas a linear presentation’, .?, v*) of dimensionQ?
with Q' N Q? = (. We define a row vectoh and a column vectory of dimension
Q = Q' U Q? as well as a matrix(w) for w € ¥* of dimensionQ x Q:

1 1 1y2,2 1y2.2
prw) D pt Wy Npt(v) vIATY
A= ()\1 0) M(’LU) = w=uv,vEe v =
0 w2 (w) 7?
The reader is invited to check thatis actually a monoid homomorphism frof®*, -, )
into (S@*Q, .  E), i.e., that(\, i, ) is a linear presentation. One then gets

Aeop(w) -y = A pt(w) Y A2 A DTt (w)y AP (0)

Ry
= (7”1,'(1]) : (7"2,5) + Z (rlau)(TQav)
=
= (ry - ro,w) .
By Theorem 3.2, the serieé§\, i, v)|| = r1 - r2 is recognizable. O

Lemma 4.2. Letr be a proper and recognizable series. Thérns recognizable.

Proof. There exists a linear presentatiox u, ) of dimension@ with r = ||(\, i, 7)]|-
Consider the homomorphispt: (3*,-,¢) — (S9*9, . E) defined, fora € 3, by

(' (a) = pa) +v A p(a) .

Letw = ajas...a, € Xt. Using distributivity of matrix multiplication or, altear
tively, induction onn, it follows

pw)= T[] (a) +vAp(a:)

1<isn

- Z (p(wy) + v A p(wy)) - H YA p(w;)

w=iwrw 2<j<k
wi€E+
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Note that\v = A\ u(e) v = (r,e) = 0. Hence we obtain

Aw)y = > [ Mu(w) +yAp(w) - T v A w(ws) | v
w:wlifk 2<j<k
w; €

= > I Mwi)y

wi€E+
= (", w)
2 aswell as\ i/ (e) v = 0. Hencer* = ||(\, i/, 7)|| + 1e is recognizable. O
276 Recall that the Hadamard-product generalizes the intiosecf languages and that

27 the intersection of regular languages is regular. Theiotig result extends this latter
s fact to the weighted setting (since the Boolean semiringisrautative). We say that two
a9 SubsetsS;, Sy C S commuteif sq - so = s - 51 forall s; € 51, s5 € 5.

20 Lemma 4.3. Let'S; and .S, be two subsemirings of the semirisgsuch thatS; and Sy
21 commute. Ify € Sje°(X*) andry € S5eC((X*), thenry @ ry € S™(X*).

Proof. Fori = 1,2, let A; = (Q;,in;, wt;,out;) be weighted automata ové with
||A;|| = r;. We define the product automatghwith states; x Q, as follows:

in(p1,p2) = ini(p1) - inz(p2)
Wt((plaPQ)a a, ((h» Q2)) - th(pla a, (I1) : Wt2(P2» a, QZ)
out(p1,p2) = outy(py) - outa(ps2)

Then,(||A]],w) = (||A1]| ® ||Az||, w) follows for all wordsw. For example, for a letter
a € ¥ we calculate as follows using the commutativity assumpgiod distributivity:

_ (ing(p1) - inz(p2)) - (wti(p1,a, q1) - wta(p2, a, q2))
([lA[l,a) = > ( - (outy(q1) - outa(g2)) )
(p1,p2),(q1,92)€EQ
_ iny (p1) - wt1(p1,a,q1) - outi(q)

N Z ( -ing(p2) - wta(p2, a, q2) - outa(ga) )

(p1,p2),(q1,92)€Q

Z ini(p1) - wt1(p1,a,q1) - outi(q1)

P1,q1€Q1
Z in2(pz2) - wta(p2, a, g2) - outa(ge)
P2,q2€Q2
= (A1l @) - (IlA2]], @) = (|lAL]] © [|Az]], )
282 D

23 We remark that the above lemma does not hold without the cdativity assumption:
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Example 4.2. Let X = {a,b}, S = (P(X*),U,-,0,{c}), and consider the recognizable
seriesr given by (r,w) = {w} forw € *. Then(r ® r,w) = {ww} and pumping
arguments show that® r is not recognizable.

As a consequence of Lemma 4.3, we obtain that “restrictiohs&cognizable series
to regular languages are again recognizable, more precisel

Corollary 4.4. Letr € S ((¥*)) be recognizable and let C ¥* be a regular language.
Thenr ® 1, is recognizable.

Proof. Let.A be a deterministic automaton acceptibgvith set of states). Then weight
by 1 those tripleqp, a,q) € Q x ¥ x @ that are transitions, the initial resp. final states
with initial resp. final weight byl, and all other triples resp. states with This gives a
weighted automaton with behavidy,. SinceS commutes with its subsemiring generated
by 1, Lemma 4.3 implies the result. O

4.2 Recognizable series are rational

For this implication, we will transform a weighted automafaoto a system of equations
and then show that any solution of such a system is ratiorta. fdllowing lemma will
be helpful and is also of independent interest (cf. [29, iBad]).

Lemma 4.5. Lets,r,r’ € S (X*)) withr proper ands = r - s +r’. Thens = r*r'.

Proof. Letw € X*. First observe that
s=rs+r

=r(rs+7)+1r =ris+ '+

= plvitlg 4 E rir’

0<i<wl|

Sincer is proper, we havér’, «) = 0 for all u € $* andi > |u|. This implies

EEOED SCRIRCOED SN I SRGRI) REOEN DAY

w=uv w=uv \ 0<i<|w| 0<i<|w|

= (s,w). O

Now let A = (Q,in, wt,out) be a weighted automaton. Fpre @, define a new
weighted automatosl, = (Q, in,, wt, out) by in,(p") = 1 for p = p’ andin,(p’) = 0
otherwise. Since all the entry weights of these weightedraata aré) or 1, we have

Al = > in(p)wt(p, a,q)a - [|Ag]| + ) in(p)out(p)e

(P,a,9) €ERQXEXQ peQ
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and forallp € @

A= > wilp,a,q)a-[[A]| + out(p)e.

(P,a,) €EQXEXQ

This transformation proves

Lemma 4.6. Let r be a recognizable series. Then there are rational serigsr; €
S ((X*)) with r;; proper and a solutiofisy, . .., s, ) with s; = r of a system of equations

Xi = Z 7"1“7‘Xj +’I“i . (41)

1<j<n 1<i<n

A seriess is rational over the seriegsy, ..., sy} if it can be constructed from the
monomials and the serias, .. ., s, by addition, Cauchy-product, and iteration (applied
to proper series, only).

We prove by induction on that any solution of a system of the form (4.1) consists of
rational series. Fon = 1, the system is a single equation of the fokm = 11 Xy +
with r11,7 € S™Y(X*)) andry; proper. Hence, by Lemma 4.5, the solutionequals
ri;r1 and is therefore rational. Now assume that any systemmwithl unknowns has
only rational solutions and consider a soluti@n, . . ., s,,) of (4.1). Then we have

Spn = TnnSn + E TnjSj +Tn
1<j<n

and therefore by Lemma 4.5

Sn =Tny Z TnjSj + Tn
1<j<n
In particular,s,, is rational ovef sy, sa, . .., s,—1 } sincer,; andr,, are all rational. Since
(s1,...,8n) IS asolution of the system (4.1), we obtain

8; = Z (Tij + TinThnTng)Sj + TinTpnTn + Ti
1<j<n
forall 1 <4 < n. Sincer;; andr;,, are proper and rational, soisg; + r;, 7}, 7. Hence
(s1,...,8n—1) is asolution of a system of equations of the form (4.1) withl unknowns
implying by the induction hypothesis that the serigs. . ., s, _1 are all rational. Since
sp isrational oversy, ..., s,_1, itis therefore rational, too. This completes the indugtiv
proof of the following lemma.

Lemma4.7. Letr;;, r; € S™(X*)) withr;; proper and let(s, ..., s, ) be a solution of
the system of equations (4.1). Then all the seties. ., s,, are rational.

From Lemmas 4.6 and 4.7, we obtain that any recognizablessisriational. Together
with Lemmas 4.1, 4.2, and the arguments from the beginnirg@gcfion 4.1, we obtain
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Theorem 4.8 (Schitzenberger [85]).Let S be a semiring,> an alphabet, and- €
S {(3*). Thenr is recognizable if and only if it is rational, i.e5™¢{(3*)) = Srat({(¥*).

5 Semimodules

If, in the definition of a vector space, one replaces the uUyiter field by a semiring,
one obtains a semimodule. More formally, letbe a semiring. AnS-semimodulés a
commutative monoidM, +, 0,,) together with a left scalar multiplicatioi x M — M

satisfying all the usual laws (with, s’ € S andr,r’ € M):

(s+8)r=sr+s'r (s-8")r=s(s'r)
s(r+1")=sr+sr 1r=r
Or = OM

In our context, the most interesting example is theemimoduleS {(>*)) of series
overY.. The additive structure of the semimodule is pointwise @aldiand the left scalar
multiplication is as defined before.

A subsemimodulef the S-semimodule(M, +,0,,) is a setN C M that is closed
under addition and left scalar multiplication. A s€tC M generategshe subsemimod-
ule N = (X) if N is the least subsemimodule containikig Equivalently, all elements of
N can be written as linear combinations of elements ftémThe subsemimodul®’ is
finitely generatedf it is generated by a finite set. A simple example of a subssrdule
of S ((¥*)) is the set of polynomial$ (£*), i.e. of series with finite support. But this
subsemimodule is not finitely generated. The set of consengs is a finitely generated
subsemimodule.

The following is specific for the semimodule of series. Far S (¥*)) andu € ¥*,
the seriesi~!r is defined by

(u™tr,w) = (r,uw)

for all w € X*. A subsemimodulev of S (>*)) is stableif » € N impliesu=!r € N for
allu € ©*.

Theorem 5.1 (Fliess [46] and Jacob [55])Let S be a semiring,X an alphabet, and
r € S{X*)). Thenr is recognizable if and only if there exists a finitely genedaand
stable subsemimodul€ of S (X*)) withr € N.

For the boolean semirin, any finitely generated subsemimoduléBof>*)) is finite.
Therefore the above equivalence extends the well-knowritréat a language is regular
if and only if it has finitely many left-quotients.

Proof. First, let A = (Q,in, wt,out) be a weighted automaton with = ||.4||. For
q € @, definein,: @ — S byin,(¢q) = 1 andin,(p) = 0 for p # ¢, and letA4, =
(Q,ing, wt,out). Let N be the subsemimodule generated{ty4,|| | ¢ € Q}. Since
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r=||All = Y ,cq in(q)]|Ayl|, we getr € N. Note that, fora € X andp € Q, we have

a A = wt(p, a, q)l| Al
q€Q

which allows us to prove by simple calculations thais stable.

Conversely, letN be finitely generated byrq,...,r,} and stable and let € N.
Foralla € ¥ andl < i < n, we havea™'r; = 3, 575 With suitables;; € S.
Then there exists a unique morphigm* — S™*™ with p(a);; = s;; fora € L. By
induction on the length af € 33*, we can show thav—'r; = 3=, ., p(w);;r;. Hence

(ri,w) = (w™lry,e) = Z pw(w)sj(ry, ).

1<gsn

Sincer € N, we haver = Zl@,gn Air; for some); € S. With v; = (r;,¢), we obtain

(rw) =Y A-p(w)sy -y = A~ p(w) -y

1<i,j<n

showing that(\, 1,) is a linear presentation of. Hencer is recognizable by Theo-
rem 3.2. O

Inductively, one can show that every rational series beddag finitely generated and
stable subsemimodule, cf. [11]. Together with the theorbove, this is an alternative
proof of the fact that every rational series is recognizétieTheorem 4.8).

6 Nivat's theorem

Nivat's theorem [75] provides an insight into the concatemaof mappings and, as we
will see, recognizability of certain simple series. Moregsely, it asserts that every
proper recognizable seriese S ((3*)) can be decomposed into three particular rec-
ognizable series, namely an inverse monoid homomorphisin ¥* — P(I'*) with
h: I — ¥*, a recognizable “selection serieg’l: I'* — P(I'*) satisfying(sel,v) C
{v}, and a homomorphism: (I'*,-, ) — (5,-,1). Conversely, assumintya) # e for
all a € T, the composition of. 1, sel, andc is recognizable.

A mappingsel: T* — P(T'*) is aselection serieff (sel,v) C {v} forallv € T'*.
Let fin(T*) denote the set of all finite subsets Bf. Then (fin(T'*),U,-,0,{c}) is a
(computable) subsemiring 81(I"*). For brevity, this subsemiring is denoted foy(I™).

Lemma6.1. (1) If h: I'* — ¥* is a homomorphism with(a) # ¢ for all « € T, then
h=t € fin(T*) (¥*) with (A=, w) = {v € T* | h(v) = w} is a recognizable
series.

(2) A selection seriesel € fin(I'*) (I'*)) is recognizable if and only if its support
K={vel*|ve (sel,v)}isregular.

3) Ife: (T*,-,e) — (S,-,1) is a monoid homomorphism, theris a recognizable
series inS (IT'™)).
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Proof. (1) Sinceh(a) # ¢ for all lettersa € T, the set(h~!, w) is indeed finite, i.e.,
h~! € fin(I'*) (X*)). Furthermore, this series equals, {a}h(a))* which is
rational and therefore recognizable by Theorem 4.8. A#tévaely, one observes
that a weighted automaton with just one state suffices fargbries where the-
transition gets weight ~!(a) for a € T..

(2) We first prove the implication&". So let K be regular. Then, in an arbitrary finite
automaton accepting’, weight anya-labeled transition witHa} (for a € T'), and
weight the initial and final states bj}. This gives a weighted automaton with
behaviorsel.

The other direction follows from more general results onghpport of recogniz-
able series over positive semirings si€e= supp(sel). A direct argument goes
as follows: take a weighted automaton with behagidrand delete all its weights
(and all transitions with weight). This results in a finite automaton that accepts
the support ofel.

(3) This series is the behavior of a weighted automaton wighgne state. O

Next we show that morphisms and inverses of non-deletingphisms preserve rec-
ognizability which is also of independent interest.

Lemma 6.2. Letr € S (T"*)) be recognizable.
(1) Ifh: * — T'* isa homomorphism, then the seriesh € S (X*)) with (roh, w) =
(r, h(w)) is recognizable.
(2) If h: T* — X* is a homomorphism with(a) # ¢ for all « € T, then the series
roh”te S{E*) with (ro h™' w) = 37, ¢, -1, (r; v) is recognizable.

Note thath(a) # ¢ in the second statement impligs(v)| > |v|. Hence, for any
w € ¥*, there are only finitely many wordswith hA(v) = w. Hence the series is well-
defined.

Proof. (1) If (\, i, ) is arepresentation ef theng o h is a morphism and\, poh, )
represents o h, as is easy to check.

(2) By Theorem 4.8 is rational, and an inductive proof shows thath—! is rational,

too. Hence it is recognizable by Theorem 4.8, again. O

Next, if c: I'* — S'is a mapping andel: I'* — fin(I'*) is a selection series, then we
define the serieso sel : I'* — S by

(coselv) = {c(v) if (sel,v) = {v}

0 otherwise.

Theorem 6.3(cf. Nivat [75]). Let S be a semiringX. an alphabet, and- € S (X*)
with (r,e) = 0. Thenr is recognizable if and only if there exist an alphaligta
homomorphisnh: T* — X* with h(a) # ¢ for all a € T, a recognizable selection
seriessel € fin(I'™) (I"*)), and a homomorphism: (I'*,-,e) — (5,-,1) such that
r=coseloh™
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Proof. We first prove the implication<". Let K = supp(sel). By Lemma 6.1(2) K
is regular. Note that o sel = ¢ ® 1. Hencec o sel is recognizable by Corollary 4.4.
Thereforec o sel o h =1 is recognizable by Lemma 6.2(2).

Conversely, letd = (Q, in, wt, out) be a weighted automaton with= ||.A||. Set

F=(QuYEx{1}) xEx (QuWQ x{2}),
h(p',a,q') = a, and

wt(p', a,q’) ifp',qd €Q

in(p) - wt(p, a,q’) ifp'=(p,1),¢' €Q
c(p’,a,q') = { wt(p', a, q) - out(q) ifp' € Q,¢ =(q,2)

in(p) - wt(p,a,q) -out(q) if p'=(p,1),¢' = (¢,2)

0 otherwise

for (p’,a,q’) € T. Furthermore, leK be the set of words

((po,1),a1,p1)(P1,a2,p2) - - . (Pr—1, @n, (Pn,2))

with p; € Q forall 0 < ¢ < n. ThenK is regular and corresponds to the set of path4.in
This allows us to proveér, w) = ([|Al[,w) = 3_,cp-1 () €(v), 1.€.,7 = coselgoh™!
with selg (v) = {v} N K. Butselg is recognizable by Lemma 6.1(2). O

7 Weighted monadic second order logic

Fundamental results byihi, by Elgot and by Trakhtenbrot [18, 39, 92] state that a
language is regular if and only if it is definable in monadica®d order (MSO) logic.
Here, we wish to extend this result to a quantitative settind thereby obtain a further
characterization of the recognizability of a series>* — S, using a weighted version
of monadic second order logic. We follow [26, 28].

We will enrich MSO-logic by permitting all elements 6fas atomic formulas. The
semantics of a sentence from the weighted MSO-logic will lEer/es inS (X*). In
general, this weighted MSO-logic is more expressive thaighted automata. But a
suitable, syntactically defined restriction of the logitiigh contains classical MSO-logic,
has the same expressive power as weighted automata.

For the convenience of the reader we will recall basic bamkgd of classical MSO-
logic, cf. [91, 57]. Let® be an alphabet. The syntax of formulad$O(X), the monadic
second order logic ovex, is usually given by the grammar

pu=Po(@) [z<y|reX|~p|pVe|Trp|IXp

wherea € X, z, y are first-order variables, arXl is a set variable. We |dtree(p) denote
the set of all free variables of.

As usual, a wordw = a;...a, € X* is represented by the relational structure
(dom(w), <, (Ry)aex) Wheredom(w) = {1,...,n}, < is the usual order odom (w)
andR, = {i € dom(w) | a; = a} fora € X.

Let V be a finite set of first-order or second-order variables(VAw)-assignment
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o is a function mapping first-order variables¥hto elements oflom(w) and second-
order variables iV to subsets oflom(w). For a first-order variable andi € dom(w),
oz — ] denotes thé)V U {z}, w)-assignment which mapsto ¢ and coincides withr
otherwise. Similarlyg[X + I] is defined forl C dom(w). Fory € MSO(X) with
Free(p) C V, the satisfaction relatiofw, o) |= ¢ is defined as usual.

Subsequently, we will encode a pdin, o) as above as a word over the extended
alphabety, = X x {0,1}Y (with £y = X). We write a word(a1,01) ... (an,0,) over
Yy as(w, o) wherew = ay ... a, ando = oy ... 0,. We call(w, o) valid, if it is empty
or if for each first order variable € V, there is a unique positionwith o;(z) = 1. In
this case, we identify with the (V, w)-assignment that maps each first order variable
to the unique position with ¢;(2) = 1 and each set variabl¥ to the set of positions
with ¢;(X) = 1. Clearly the language

Ny = {(w,0) € 3}, | (w,0) is valid}
is recognizable (here and later we wrli¢, for (3y,)*). If Free(p) C V, we let

Ly(p) = {(w,0) € Ny | (w,0) = ¢}

We simply writeX, = Xgvee(p)s No = Nivee(p), @NAL(9) = Liyee(p) (#)-

By the Blchi-Elgot-Trakhtenbrot theorem [18, 39, 92], a languagge X* is regular
if and only if it is definable by some MSO-sentence. In the pafdhe implication=,
given an automaton, one constructs directly an MSO-seattrat defines the language
of the automaton. For the other implication, one shows itidely the stronger fact that
Ly () is regular for each formula (whereFree(p) C V). Our goal is to proceed
similarly in the present weighted setting.

We start by defining the syntax of our weighted MSO-logic a$2®, 28] but we
include arbitrary negation here.

Definition 7.1. The syntax of formulas of theveighted MSO-logiover S and¥ is given
by the grammar

pu=s|Pu(z) [z<y|zeX|~p|loVolpAep
| Iz | Va.p | 3X .0 | VX @

wheres € S anda € ¥. We letMSO(S, X) be the collection of all such weighted
MSO-formulasp.

Next we define th&’-semantics of formulag € MSO(S, X) as a serief],,: X}, —
S.

Definition 7.2. Letp € MSO(S, X) andV be a finite set of variables wiffree(¢) C V.
TheV-semantic®f ¢ is the seriegy],, € S (X},)) defined as follows. Letw, o) € X3,.
If (w,o) is not valid, we pufy],,(w, o) = 0. If (w,o) with w = a; ...a, is valid, we
define[y¢],,(w,o) € S inductively as in Table 1. Note that the prodddt. (., is
calculated following the natural order of the positioruin For the produci [ x 4o (u):
we use the lexicographic order on the powersetwfi(w).

For brevity, we write[¢] for ]y, (,,)- Note thatifiy is a sentence, i.&ree(p) = 0,
then[p] € S (X*)).
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Table 1. MSO(S, ) semantics

@ [ely (w, o) © [ely(w, o)

s s YV | [¥]y(w,0)+ [e]y(w,0)

1 ifagm =
Pl {0 IO'[ﬁe(rV\)/isea vAe | Wlyw,o) - lely(w,o0)
z<y {1 enmise B | Y Whywole i)
0 otherwise iedom(w)
1 ifo(z) € o(X) _ .
reX {0 otherwise vz.g iEdEn[(w) [¥]y(w, ofz = i)
_ 1 if ], (w,0) =0
v {0 otherwise Xy IC(;( )[[z/z]]v(w,a[X = 1])

vxo | [ Wlywolx 1)

ICdom(w)

Similar definitions of the semantics occur in multivaluedi@ cf. [51, 50]. In par-
ticular, a similar definition of the semantics of negatedrfolas is also used for @&lel
logics. We give several examples of possible interpretataf weighted formulas:

)

)

©)

(4)

Let S be an arbitrary bounded distributive latti¢6, v, A, 0, 1) with smallest el-
ement 0 and largest element 1. In this case, sums corresposubtema, and
products to infima. For instance, we hgyeV ¢] = [¢] V [¢] for sentences, .
Thus our logic may be interpreted as a multi-valued logicparticular, if S = B,
the 2-valued Boolean algebra, our semantics coincidesthdtlusual semantics of
unweighted MSO-formulas, identifying characteristidsgmith their supports.
The formuladz. P, (x) counts how ofteru occurs in the word. Heréjow often
depends on the semiring: e.g., natural numbers, Booleainisgnintegers modulo
2,...

LetS = (N, +,-,0,1) and assume does not contain constantsE N and negation
is applied only to atomic formulaB, (z), x < y, orz € X. Then[y](w, o) gives
the number of ways a machine could present to show (that) = . Indeed,
the machine could proceed inductively over the structure.ofFor the atomic
subformulas and their negations, the number should be 1epéntling on whether
the formula holds or not. Now, {f¢](w, o) = m and[y](w, o) = n, the number
for ¢ Vv ¥](w, o) should bem + n (since any reason fap or ¢ suffices), and for
[ A Y] (w, o) it should bem - n (since the machine could pair the reasonsdor
resp.y arbitrarily). Similarly, the machine could deal with exdstial and universal
quantifications.

The semiringd = (NU{—o0}, max, +, —o0, 0) is often used for settings with costs
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or rewards as weights. For the semantics of formulas, a eligie in a disjunction

or existential quantification is resolved by maximum. Caigfion is resolved by

a sum of the costs, andr.p can be interpreted by the sum of the costs from all
positions.

(5) Consider the reliability semiring = ([0, 1], max, -,0,1) and¥X = {a1,...,a,}.
Assume that every letter; has a reliabilityp; € [0, 1]. Lete = Vz. /[, (Pq, () A
pi). Then([¢], w) can be considered as the reliability of the ward: X*.

(6) PCTL is a well-studied probabilistic extension of computatiotnae logic CTL
that is applied in verification. As shown recently in [1R]TL can be considered
as a fragment of weighted MSO logic.

The following basic consistency property of the semantefsition can be shown by
induction over the structure of the formula using also Lenth2a

Proposition 7.1. Lety € MSO(S, ) andV be a finite set of variables witFiree(¢) C
V. Then

[[go]]v(w, 0) = [[50]] (U), J|Free(ga))
for each valid(w, o) € Xj,. Also, the serie§,] is recognizable iff],, is recognizable.

Our goal is to compare the expressive power of suitable feagsnof MSO(S, X))
with weighted automata. Crucial for this will be closure pedies of recognizable series
under the constructs of our weighted logic. In general hegihegation, conjunction, or
universal quantification preserves recognizability.

Example 7.1. Let S = (Z, +, -, 0, 1) be the ring of integers and consider the sentence
¢ =3x.P,(z)V ((—1) A Jz.Py(x)) .

Then([¢], w) is the difference of the numbers of occurrences ahdb in w. Note that
([-¢],w) = 1 if and only if these numbers are equal, [sap] = 1, for a non-regular
languagel.. Therefore]—y] is not recognizable (see Theorem 9.2 below).

Example 7.2. Let ¥ = {a, b}, S = (P(2*),U, -, 0, {}), andy = Vz.((Pa(z) A {a}) Vv
(Py(x) A {b})). With r the series from Example 4.R,] = r which is recognizable. On
the other handjy A ¢] = r @ r is not recognizable.

Example 7.3. Let S = (N, +,-,0,1). Then([3z.1],w) = |w| and([Vy.3z.1],w) =

|w|'“" for eachw € ¥*. So[3z.1] is recognizable, bufvy.3x.1] is not recogniz-
able. Indeed, lefd = (Q,in, wt,out) be any weighted automaton ovér Let M =

max{in(p), out(p), wt(p, a,q) | p.q € Q, a € £}. Then(||Al|,w) < |Q|*" . prlwl+2

for eachw € X%, showing||A|| # [vy.3z.1]. Similarly, ([vX.2],w) = 22" for each
w € ¥*, and[VX.2] is not recognizable due to its growth.

These examples lead us to consider fragmentd®® (.5, X). As in [12], we define
the syntax oBoolean formula®f MSO(S, X) by

pu=Po(@) [z<y|re X |~p|pAp|Vrp|VX.p
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wherea € ¥. Note that in comparison to the syntax ®MISO(X), we only replaced
disjunction by conjunction and existential by universabntifications. Now, clearly,
[¢]y(w,0) € {0,1} for each Boolean formuleg and (w,o) € X3, if Free(p) C V.
Expressing disjunction and existential quantificationsibgation and conjunction resp.
universal quantifications, for each € MSO(X) there is a Boolean formulg such
that [¢] = 1.(,), and conversely. Hence Boolean formulas capture the fullepf
MSO(X).

Now the class oflmost unambiguous formulas MSO(S, X) is the smallest class
containing all constantse S and all Boolean formulas which is closed under disjunction,
conjunction, and negation.

Itis useful to introduce the closely related notion of retiagble step functions: these
are precisely the finite sums of seried; wheres € S andL C X* is regular. By
induction it follows that[,] is a recognizable step function for any almost unambiguous
formulay € MSO(S,X). Conversely, ifr: ¥* — S is a recognizable step function,
by the Hichi-Elgot-Trakhtenbrot theorem, we obtain an almost urigoous sentence
with r» = J¢].

Fory € MSO(S, %), letconst(y) be the set of all elements 6foccurring ing. We
recall that two subsetd, B C S commute, ifa-b=b-aforalla € A, b € B.

Definition 7.3. A formula ¢ € MSO(S, X)) is syntactically restrictedif it satisfies the
following conditions:
(1) for all subformulas) A ¢’ of ¢, the setsonst(¢)) andconst(y)’) commute or) or
1" is almost unambiguous,
(2) wheneverp contains a subformuldz.) or -, theny is almost unambiguous,
(3) wheneverp contains a subformuleX .« theny is Boolean.
We letsrMSO(S, X) denote the collection of all syntactically restricted falas from
MSO(S, ¥).

Also, aformulap € MSO(S, X0) is calledexistentia if it has the formd X . ... 3X,,.¢
wherer contains only first order quantifiers.

Theorem 7.2 (Droste and Gastin [28])Let S be any semiringY. an alphabet, and
r: X* — S aseries. The following are equivalent:
(1) ris recognizable.
(2) r = [¢] for some syntactically restricted and existential senggmof MSO(S, X).
(3) r = [¢] for some syntactically restricted sentencef MSO(S, X).

Proof (sketch). (1= (2): We haver = |[|A|| for some weighted automatad =
(Q,in, wt,out). Then we can use the structure.4fto define a sentence as required
such that|A|| = [¢].

(2) — (3): Trivial.

(3) — (1): By structural induction we show for each formuac stMSO(S, X)) that
[¢] = ||A]| for some weighted automatod over X, and.S, whereS,, = (const(y)) is
the subsemiring of generated by the sebnst(yp). For Boolean formulas, this is easy.
For disjunction and existential quantification, we useategproperties of the class of rec-
ognizable series. For conjunction, the assumption of Diedimi7.3(1) and the particular
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induction hypothesis allow us to employ the constructiamfiemma 4.3. lfp = Vz.¢
wherey is almost unambiguous, we can use the descriptidnybfs a recognizable step
function to construct a weighted automaton with the behgid. O

Note that the case = Vx.1) requires a crucial new construction of weighted au-
tomata which does not occur in the unweighted setting singgeneral, we cannot reduce
(weighted) universal quantification to existential quécdition.

A semiringS is locally finiteif each finitely generated subsemiring is finite. Examples
include any bounded distributive lattice, thus in partécudll Boolean algebras and the
semiring([0, 1], max, min, 0, 1). Another example is given bff0, 1], min, 4, 1,0) with
x @y =min(l,z + y).

We call a formulap € MSO(S, ) weakly existentialif whenevery contains a sub-
formulaV X .1, theny is Boolean.

Theorem 7.3 (Droste and Gastin [26, 28])Let S be locally finite andr: ¥* — S a
series. The following are equivalent:

(1) ris recognizable.

(2) r = [¢] for some weakly existential sentengef MSO(S, X).
If moreover,S is commutative, these conditions are equivalent to thevigtig one:

(3) r = [¢] for some sentenag of MSO(S, X).

The proof uses the fact that # is locally finite, then each recognizable series
S ((X*)) can be shown to be a recognizable step function.

Observe that Theorem 7.3 applies to all bounded distrieutitices and to all fi-
nite semirings; in particular, witly = B it contains our starting point, thei8hi-Elgot-
Trakhtenbrot theorem, as a very special case.

Given a syntactically restricted formula of MSO(SS,X), by the proofs of Theo-
rem 7.2 we carconstructa weighted automatos such that|.A|| = [¢] (provided the
operations of the semiring are given in an effective way, i.eS, is computablg Since
the equivalence problem for weighted automata over corbprféelds is decidable by
Corollary 8.4 below, we obtain:

Corollary 7.4. LetS be a computable field. Then the equivalence problem whgter
[+] for syntactically restricted sentences of MSO(S, X) is decidable.

In contrast, the equivalence problem for weighted autorimtadecidable for the
semirings(N U {oo}, min, 4, 00,0) and (N U {—oc0}, max, +, —o0,0) (Theorem 8.6).
Since the proof of Theorem 7.2 is effective, for these semg#ialso the equivalence prob-
lem for syntactically restricted sentences\d8O (S, X) is undecidable.

8 Decidability of “rqy = r3?”

In this section, we investigate when it is decidable whetiergiven recognizable series
are equal. For this, we assurido be a computable semiring, i.e., the underlying set of
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S forms a decidable set and addition and multiplication capdréormed effectively. In
the first part, we fix one of the two series to be the constargswith value0.

Let P = (), p,) be alinear presentation of dimensi@nof the series: € S (X*)).
Forn € N, letUF = ({\u(w) | w € %, |w| < n}) andUF = ({Dp(w) | w € *}),
soUP andU” are subsemimodules &ft''*%. ThenU c U Cc US--- Cc UP =
U,.en U, and each of the semimodul&y’ is finitely generated.

Lemma 8.1. The set of all pair{ P,n) such thatP is a linear presentation an&@/?” =
U{’H is recursively enumerable (here, the homomorphisfrom the presentatio® is

m

given by its restriction t@).

Proof. Note that7” = UF_, if and only if every vecton(w) with [w| = n+ 1 belongs
to UL if and only if for eachw € ©* of lengthn + 1,

Ai(w) =Y sy Au(v)

vEL™
jol<n

for somes, € S. A non-deterministic Turing-machine can check the sohitghof this
equation by just guessing the coefficieptsand checking the required equality. O

Corollary 8.2. Assume that, for any linear presentatiéh U” is a finitely generated
semimodule. Then, from a linear presentatif dimensiorR, one can compute € N
with UP = U” and finitely many vectors, , . .., z,, € S{H*@ with ({21,...,2,}) =
Ur.

Proof. SinceU? is finitely generated, there is somec N such thatU” = U’ and
thereforeU” = UYF_,. Hence, for some: € N, the pair(P,n) appears in the list from
the previous lemma. Theii? = UL = ({\u(v) | v € 2%, [v| < n}). O

Clearly, every finite semiring satisfies the condition of teeollary above, but not all
semirings do.

Example 8.1. Let S be the semiringN, +, -, 0, 1) and consider a presentatiéhwith

A= (1 0) andu(w) = ((1) “{") :

ThenU? is generated by all the vectof$ m) for0 < m < nsothat(l n+1) ¢
U,ﬁrl \ UP; henceU” is not finitely generated.

As a positive example, we have the following.

Example 8.2.If S'is a skew-field (i.e., a semiring such tifat +, 0) and(S\ {0}, -, 1) are

groups), then we can considgl’ as a vector space. Then the dimensions of the spaces

Ul c s111Q are bounded byQ| anddim(U;”) < dim(UfL,) implying U, = U”.
Hence, for any skew-field, in the corollary above we can set= |Q)|.

We only note that all Noetherian rings (that include all pagnial rings in several
indeterminates over fields, by Hilbert's basis theoremijsBathe assumption of Corol-
lary 8.2.
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Theorem 8.3(ScHhitzenberger [85]).Let .S be a computable semiring such that, for any
linear presentation?, UF is a finitely generated semimodule. Then, for a linear presen
tation P, one can decide whethg?|| = 0.

Proof. We have to decide whethgry = 0 for all vectorsy € U”. By the previous
lemma, we can compute a finite lig, . . . , z,,, of vectors that generafé. So one only
has to check whethar,v = 0for 1 <i < m. O]

Example 8.3. If S is a skew-field, a basis df¥ can be obtained in time:| - |Q|?
(where the operations in the skew-fiesdare assumed to require constant time). The
algorithm actually computes a prefix-closed set of wards . . , ugim ) such that the
vectors\u(u;) form a basis ot/ (cf. [83]). This basis consists of at mds}| vectors
(cf. Example 8.2), each of siZz€)|. Hencel| P|| = 0 can be decided in timg||Q|3.

If Sis afinite semiring, thetV” = U5, Hence the vectorsy(w) with [w| < |S]/9!

form a generating set. To check whethef(w)~y = 0 for all such wordsw, time |E||S|‘Q‘
suffices. Within the same time bound, one can decide whétRgr= 0 holds.

Corollary 8.4. Let S be a computable ring such that, for any linear presentation
U” is a finitely generated semimodule. Then one can decide tolitear presentations
P, and P, whether|| Py || = || Pz||.

Proof. SinceS is aring, there is an elementl € S withz+(—1)-x = 0foranyz € S.
Replacing the initial vectoA from P, by —), one obtains a linear presentation for the
series(—1)||P;||. This yields a linear presentatidd with ||P|| = ||Pi|| + (=1)||P2]|.
Now ||P1|| = || P:|| if and only if || P|| = 0 which is decidable by Theorem 8.3. O

Remark 8.5. Letn; andns be the dimensions dP, and P, respectively. Then the linear
presentation” from the proof above can be computed in time: n, and has dimension
n1 +ne. If Sis a skew-field, then we can therefore decide whelftigt| = || P;|| in time
|Z[(n1 +n2)?.

Let S be a finite semiring. Then from € S and weighted automata f¢|P; || and
for || P;||, one can construct automata accepffnge ~* | (|| P;||, w) = s} fori = 1,2.
This allows us to decidgP; || = || Pz]|| in doubly exponential time. I§ is a finite ring,
this result follows also from the proof of the corollary aband Example 8.3.

However, the following result is in sharp contrast to Canll8.4. For two series ands
with values inN U {—oo}, we writer < s if (r,w) < (s,w) for all wordsw.

Theorem 8.6 (cf. Krob [63]). There is a serieso0q: ¥ — N U {—oo} such that
the sets of weighted automaté over the semiringN U {—oo}, max, +, —o0, 0) with
[[A]| = rgood (With 7400q4 < |[A]l, resp.) are undecidable.

We remark that analogous statements hold for the sem(iing { oo}, min, +, 0o, 0)
(wherergooa > |[|A]| is undecidable). As a consequence, the equivalence problem
of weighted automata over these two semirings is undeadgbis undecidability was
shown by Krob). The original proof by Krob is rather involveetucing Hilbert's 16"
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S U{$}/1 a/0 a/2 S U{$}/1

b/1
T U{$}/1 a/0 a/2 Y U{$}/1
AU{$}/IQ by,b_,b?/1 QAU{I),EB}HQ
> O “
b/1

Figure 2. Automata for the proof of Theorem 8.6

e1 problem to the equivalence problem. Colcombet presenteati@al simplification at
ez the Dagstuhl seminar “Advances and Applications of Aut@rat Words and Trees” in
ez 2010 starting from the undecidability of the question wieeta 2-counter machingl

ees accepts the numbér (this undecidable problem has also been used by AlmagorBok
s and Kupferman in [3] to show the undecidabilities of the dioes ||.A|| = ||B|| and

s ||A]| < ||B]| for weighted automata over this semiring). The followingislight exten-
e7  Sion of Colcombet'’s proof that he kindly allowed us to pulblis this survey.

es Proof. Let A be a 2-counter machine, i.e., a nondeterministic finiteraaton over the
o alphabetd = {a4,a_,a7,b1,b_,b2}. For awordw € (AU {a,b,$})*, let m4(w)
eo denote the projection onté*.
601 A counter trace is a wordh € $a*(Aa*b*)* $ such thatr 4 (w) is accepted by the
ez finite automaton4 and, for any maximal factor of the forai™b"ca™ b with ¢ € A,
sa 0ne of the following holds:
ec=a,,m'=m+1,andn’ =n ec=by,m' =m,andn’ =n+1
ec=a_,m+1=m,andn’ =n ec=b_,m' =m,andn’ +1=n

ec=a,,m' =m=0,andn’ =n e c=b,m' =m,andn’ =n =0
694

695 Then a numbem € N is accepted by the 2-counter machifdf there exists a counter
s tracesw € $a™(Aa*b*)*$. By Minsky’s theorem, we can assume that the set of numbers
e7 m accepted byA is undecidable. Le€T denote the set of all counter traces and let
s CT,, = CTN$Sa™(Aa*b*)*$ form € N.

Note that no counter trace contains any factor from theotig set:

ar(AU{b,$HU(AU{$})b a_ Uadb*ar U{ara}
Ubra™(AU{$}) U (AU{S$,a})b_ Ubra™bU {bb-}
699 Therefore, letw € CT,qg if w € $a*(Aa*b*)*$ does not contain any such factor and

w0 if m4(w) is accepted by the finite automat@n(note that this set is regular). Furthermore,
101 18t CTyegm = CTreg N $a™(Aa*b*)*$. We will now construct a recognizable series
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72 such thai(r, w) = |w| forw € CT, (r,w) > |w| forw € CTyee \ CT, and(r, w) = —oo
703 forw ¢ CT.

704 Consider the first weighted automaton from Fig. 2 (where AU {a, b}). Its behav-
75 ior maps a wordv € $a*(Aa*b*)*$ to

max{|w|, |w| + £ | Ik € N:w € $(X*AU {e})a*b a; a** (AU {b})Z* U {c})$}.

s If we exchange the weightsand2 at the twoa-loops, the behavior fap € $a*(Aa*b*)*$
707 y|6|dS

max{|w|, |w| + €] Ik € N: w € $(Z* AU {e})a b ara™* (AU {B})T* U {e})$} .

s By taking the union of these two weighted automata, we ot#tagcognizable serieg |
w0 that mapaw € $a*(Aa*b*)*$ to

max{|w|, |w| + £ |3k € N:w € $(Z* AU {e})a"b a a TFE((AU (BT U {e]})$}.

no i.e., (rq,,w) = |wl| if and only if any maximal factor ofv of the forma™b*a a'*™™
m  satisfiesn = n (and(rq, ,w) > |w| otherwise).

712 Similarly, one can construct a recognizable serjessuch that, fow € $a* (Aa*b*)*$,
ns  we have(r, ,w) = |w| if and only if any maximal factor ofv of the forma' ™™b*a_a"
nse  satisfiesn = n (and(r,_,w) > |w| otherwise).

715 Next consider the second weighted automaton from Fig. 2dktsavior maps a word
ne w € $a*(Aa*b*)*$to

max{|w|, [w| +£] Ik eN:we X AU {E})(Izckfe*({(lj;7b{é}l)j?% ()
a U *U{e .

n7  As above, we get a recognizable serigssuch that, forw € $a*(Aa*b*)*$, we have
ns (rq,w) = |w| if and only if any maximal factor ofv of the forma™b*{b,b_, b;}a"
no  satisfiesn = n (and(r,, w) > |w| otherwise).

720 Hence, there is a recognizable seriésuch that, for a wordv € $a*(Aa*b*)*$,
= we have(r’,w) = |w]| if and only if any maximal factor of any of the following forms
22 satisfiesn = n:

a™b* a+a1+n a1+mb*a_an Clmb*{b_i_, b_, b?}an,
b a* bt b _a*b b™{ay,a_,as}a*b"

723 For all other wordsw € $a*(Aa*b*)*$, we have(r’,w) > |w|. From this series, we
22 easily get the recognizable series- ' ® 1¢r,_, satisfying

reg
=|w| forweCT

(r,w) > |w|  forw € CTyee \ CT
= —oo otherwise.

725 Now define the recognizable serigg.q andr,, for m € N as follows:

(r,w) forw € CTreg,m

ood, W) = L, (r,w)) and(ry, w) = i
(rgood; w) = max(|w| + 1, (r,w)) (T, w) {(Tgoodaw) otherwise.
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Then we have forn € N

Tgood = T'm <= (Tgood, W) = (T'm,w) forallw € CTyeg m
< (r,w) > |w|forallw € CTeg,m
— CT,, =0
<= m is not accepted by the 2-counter machite

Since by our assumption o this last statement is undecidable, the first claim follows.
Note thatr,, < 7good. HENCET,, = 74004 IS €quivalent to sayinGeood < 7m.
Therefore the second claim holds as well. O

9 Characteristic series and supports

The goal of this section to investigate the regularity ofshpport of recognizable (char-
acteristic) series.

Lemma 9.1. Let S be any semiring and, C X* a regular language. Then the charac-
teristic seriesl ;, of L is recognizable.

Proof. Take a deterministic finite automaton acceptingnd weight the initial state, the
transitions, and the final states withand all the non-initial states, the non-transitions,
and the non-final states with Since every word has at most one successful path in the
deterministic finite automaton, the behavior of the weighdatomaton constructed this
way is the characteristic series bfover S. O

For all commutative semirings, also the converse of thiswanholds. This was first
shown for commutative rings where one actually has thevielig more general result:

Theorem 9.2(ScHhitzenberger [85] and Sontag [89])et .S be a commutative ring, and
letr € S™c({(X*)) have finite image. Ther!(s) is recognizable for any € S.

It remains to consider commutative semirings that are majsti LetS be a semiring.
A subsetl C Sis called arideal, if forall a,b € I ands € Swe haveu+b, a-s, s-a €
I. Dually, a subset” C S is called afilter, if for all a,b € F ands € S we have
a-b, s+ a€ F. Given a subsetl C S, the smallest filter containing is the set

F(A)={a1---an+s|a; € Aforl1 <i<n, ands € S}.

Lemma 9.3 (Wang [94]). Let S be a commutative semiring which is not a ring. Then
there is a semiring morphism onit

Proof. Consider the collectiod of all filters F' of S with 0 ¢ F'. SinceS is not a ring,
we haveF({1}) € C. By Zorn’s lemma,(C, C) contains a maximal elemedt with
F({1}) € M. We defineh: S — B by lettingh(s) = 1if s € M, andh(s) = 0
otherwise. Clearly,(0) = 0 andh(1) = 1.
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Now leta, b € S. We claim that:(a+b) = h(a)+h(b). By contradiction, we assume
thata,b ¢ M buta+ b € M. Then0 € F(M U {a}) and0 € F(M U {b}). SinceS is
commutative, we have = m - a™ + s = m’ - b" + s’ for somem,m’ € M, n,n’ € N
ands, s’ € S. This implies thad = m - m/ - (a+ b)"*t" + 5" for somes” € S. But now
a+be M impliesO € M, a contradiction.

Finally, we claim thati(a - b) = h(a) - k(D). If a,b € M, then alsaib € M, showing
our claim. Now assume ¢ M butab € M. As above, we have = m - a™ + s for some
m € M,n € N,ands € S. Butthend = m-a"-b" +s-b" = m - (ab)" + sb™ € M by
ab € M, a contradiction. O

Theorem 9.4(Wang [94]). Let S be a commutative semiring andd C ¥*. ThenL is
regular iff 1, is recognizable.

Proof. One implication is part of Lemma 9.1. Now assume thats recognizable. 15
is a ring, the result is immediate by Theorem 9.25lis not a ring, by Lemma 9.3 there
is a semiring morphism from S to B. Let.A be a weighted automaton with4|| = 1.
In this automaton, replace all weightdy i (s). The behavior of the resulting weighted
automaton over the Boolean semiriigs 1, € B (¥*)). HenceL is regular. O

Now we turn to supports of arbitrary recognizable serieste@dy forS = Z, the
ring of integers, such a language is not necessarily regalaExample 7.1). One can
characterize those semirings for which the support of aoggeizable series is regular:

Theorem 9.5(Kirsten [59]). For a semiringS, the following are equivalent:

(1) The support of every recognizable series dvés regular.
(2) For any finitely generated semiringf C S, there exists a finite semiring;,, and
a homomorphismy: S’ — Sg, withn=1(0) = {0}.

It is not hard to see that positive (i.e., zero-sum- and zivisor-free) semirings like
(N, +,-,0,1) and locally finite semirings (lik¢Z/4Z)“ or bounded distributive lattices)
satisfy condition (2) and therefore (1). By [60], also zeton-free commutative semi-
rings likeN x N satisfy condition (1) and therefore (2).

Given a semiringS, by Lemma 9.1, the clas&R(S) of all supports of recognizable
series ovelS contains all regular languages. Closure properties ofdassSR(S) have
been studied extensively, see e.g. [11]. A further resuhtasollowing.

Theorem 9.6(Restivo and Reutenauer [81]Let .S be a field and. C X* a language
such thatZ and its complemer* \ L both belong t&SR(S). ThenL is regular.

In contrast, we note the following result which was also obse by Kirsten:

Theorem 9.7. There exists a semiring such thatl, € SR(S) (and evenl , is recogniz-
able) for any languagé. over any finite alphabet.

Proof. LetT" = {a,b} andT'y = ' U {$}. Furthermore, lel's = {7 | v € I's} be a
disjoint copy ofl's. The elements of the semiring are the subsets (IT$*F$* and the
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addition of S is the union of these sets (with neutral elem®nfTo define multiplication,
let L, M € S. ThenL ® M consists of all wordsiv € T's I's* such that there exists a
wordw € I'g* with uw € L andw**Vv € M. Alternatively, multiplication ofL and M
can be described as follows: concatenate any word ftomith any word fromi/, delete
any factors of the formc for ¢ € I'g, and place the result intb ® M if and only if it
belongs tﬂ*F$*. For instance, we have

{ab$} - {Sa,8ba,a} = {ab$$a, ab$$ba, ab$a} and
{ab$} © {$a,$ba,a} = {@ba, aa}
since the above procedure, when applied!® anda, results inab$a ¢ T's I's* . Then
it is easily verified thatS, U, ®, 0, {¢}) is a semiring.
Now let L C I'*. Define the linear presentatidd = (), u,~) of dimensionl as
follows:

/\1 — {$} ® Lrev
wla);y ={a}forael
m = {8}
Forv € I'*, one then obtains
{e} ifvel
0 otherwise.

(1PILv) = {8} 0 L™ o {5} © {5} = {

This proves that the characteristic seried.aé recognizable for any. C I'*. To obtain
this fact for any languagé C >*, leth: ¥* — I'* be an injective homomorphism. Then

le = ]lh(L) oh

which is recognizable by Lemma 6.2(1). O

An open problem is to characterize those (non-commutasiga)iringssS for which
the support of evergharacteristicand recognizable series is regular.

10 Further results

Above, we could only touch on a few selected topics from tich Area of weighted

automata. In this section, we wish to give pointers to matmgiotesearch results and
directions. For details as well as further topics, we refer teader to the books [38,
84, 66, 11, 82] and to the recent handbook [30] with extensivgeys including open

problems.

Recognizability Some authors use linear presentations to define recogeizeties [11].
The transition relation of weighted automata given in thiapter can alternatively be
considered as @ x @Q-matrix whose entries are functions fratito S. A more general
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approach is presented in [83, 82] where the entries areifinsctrom>:* to S. Here, the
free monoidX* can even be replaced by an arbitrary monoid with a lengthtiomc

The surveys [40, 42, 43] contain an axiomatic treatmenterhtion and weighted
automata using the concept of Conway semirings (i.e., sgsiequipped with a suitable
*-operation).

The abovementioned books contain many further properfiasamgnizable series
including minimization, Fatou-properties, growth belayirelationship to coding, and
decidability and undecidability results.

The coincidence of aperiodic, starfree, and first-ordemdéfe languages [86, 73]
has counterparts in the weighted setting [26, 27] for sigtalbmirings. An open prob-
lem would be to investigate the relationship between detfdand quantifier-alternation
(as in [90] for languages). Recently, the expressive powareighted pebble automata
and nested weighted automata was show to equal that of a tedigfansitive closure
logic [13].

Recall that the distributivity of semirings permitted usstoploy representations and
algebraic proofs for many results. Using automata-théocenstructions, one can obtain
Kleene and Bichi type characterizations of recognizable series fongtbimonoids [35].
These strong bimonoids can be viewed as semirings withatrtillitivity assumption,
also cf. [32].

Weighted pushdown automata A huge amount of research has dealt with weighted
versions of pushdown automata and of context-free gramnidrs books [84, 66] and
the chapters [64, 78] survey the theory and also infer puseiguage-theoretic decid-
ability results on unambiguous context-free languageg. libh of equivalent formalisms
(weighted pushdown automata, weighted context-free gramsnsystems of algebraic
equations) has recently been extended by a weighted logjc [7

Quantitative automata Motivated by practical questions on the behavior of techinic
systems, new kinds of behaviors of weighted automata hase ibeestigated [20, 21].
E.g., the run weight of a path could be the average of the wighthe transitions.
Various decidability and undecidability results, clospreperties, and properties of the
expressive powers of these models have been establishe?il[2RP].

Discrete structures Weighted tree automata and transducers have been investiga
e.g., for program analysis and transformation [87] and fsadiption logics [7]. Their
investigation, e.g. [10, 15, 16, 65, 36], was also guided dsuits on weighted word
automata and on tree transducers, for an extensive surgdy g

Distributed behaviors can be modelled by Mazurkiewiczdsad he well-established
theory of recognizable languages of traces [25] has a waigbbunterpart including a
weighted distributed automata model [45].

Automata models for other discrete structures like pidy#s], nested words [5],
texts [37, 54], and timed words [4] have been studied extehsiCorresponding weighted
automata models and their expressive power have beenigatestin [44, 72, 71, 33, 79].

Weighted automata on infinite words were investigated fageprocessing [24] and
used as devices to compute real functions [23]. A discogrgerameter was employed
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sss in [31, 34] in order to calculate the run weight of an infinitatlp. This led to Kleene-
s Schitzenberger and logical descriptions of the resulting biehs. Alternatively, semi-
ss7  rings with infinitary sum and product operations allow us &ie the behavior analo-
ss  gously to the finitary case and to obtain corresponding te$dl, 28]. Also the quan-
sso litative automata from above have been investigated fonitefiwords employing, e.g.,
g0 accumulation points of averages to define the run weightfofita paths [20, 21, 32].
s1  Weighted Muller automata anp-trees were studied in [7, 80, 70].

sz Applications Since the early 90s, weighted automata have been used fgressed

ss3  representations of images and movies which led to vari@arithms for image transfor-
s« Mation and processing, cf. [56, 1] for surveys.

865 Practical tools for multi-valued model checking have besretbped based on weighted
ss automata over De Morgan algebras, cf. [22, 17, 67]. De Mogajgabras are particular
sz bounded distributive lattices and therefore locally firg@mirings. Weighted automata
ss have also been crucially used to automatically prove teation of rewrite systems, cf.
so  [93] for an overview.

870 In network optimization problems, the max-plus-semifi&g/{ —oo}, max, +, —o0, 0)
snn IS Often employed, see the corresponding chapter in thislblzok.
872 For quantitative evaluations, reachability questiong] scheduling optimization in

sra  real-time systems, timed automata with cost functions faraigorous current research
era  field [8, 6, 14]

875 In natural language processing, an interesting strand plicgtions is developing
se  Where weighted tree automata play a central role, cf. [62f@&9surveys. Toolkits for
sz handling weighted automata models are described in [614 2lirvey on algorithms for
srs  Weighted automata with references to many further appdicatis given in [74].

879 We close with three examples where weighted automata weptoged to solve long-
s0  Standing open questions in language theory. First, thevalgmice of deterministic multi-
s1  tape automata was shown to be decidable in [52], cf. alsa [&cond, the equality
g2 Of an unambiguous context-free language and a regular é@y@goan be decided using
sz Weighted pushdown automata [88], cf. also [76]. Third, teeidability and complexity
ssa  Of determining the star-height of a regular language weterdened using a variant of
sss  Weighted automata [53, 58].
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