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Abstract. The large variety of Fourier transforms in geometric algebras
inspired the straight forward definition of “A General Geometric Fourier
Transform“ in Bujack et al., Proc. of ICCA9, covering most versions in
the literature. We showed which constraints are additionally necessary
to obtain certain features like linearity, a scaling, or a shift theorem. In
this paper we extend the former results by a convolution theorem.
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1. Introduction

The Fourier transform (FT) is a very important tool for mathematics, physics,
computer science and engineering. Since geometric algebras [1] usually con-
tain continuous submanifolds of geometric square roots of minus one [2, 3]
there are infinitely many ways to construct new geometric Fourier transforms
by replacing the imaginary unit in the classical definition of the FT. Every
multivector comes with a natural geometric interpretation so the generaliza-
tion is very useful. It helps to interpret the transform and apply it in a target
oriented way to the specific underlying problem.

Many different definitions of Fourier transforms in geometric algebras
were developed. For example the Clifford Fourier transform introduced by
Jancewicz [4] and expanded by Ebling and Scheuermann [5] and Hitzer and
Mawardi [6], the one established by Sommen in [7] and re-established by
Biilow [8], the quaternionic Fourier transform by Ell [9] and later by Biilow [8],
the spacetime Fourier transform by Hitzer [10], the Clifford Fourier transform
for color images by Batard et al. [11], the Cylindrical Fourier transform by
Brackx et al. [12], the transforms by Felsberg [13] or Ell and Sangwine [14, 15].

We abstracted all of them in one general definition in [16]. There we
analyzed the separation of constant factors from the transform, the scaling
theorem and shift properties. Now we want to derive a convolution theorem.
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It has important consequences for the study of geometric Fourier transforms
and is fundamental for the acceleration of the convolution and the correlation
of multivector fields by means of the fast Fourier transform algorithm.

Although this paper is written to be self-contained we highly recommend
to read the preceding work. Lemmata that were introduced there and will be
needed again will be repeated, but the study of the proofs, that can be found
in [16], will grant a deeper understanding of the geometric context.

We examine geometric algebras GP9,p + ¢ = n € N over RP? [17]
generated by the associative, bilinear geometric product with neutral element
1 satisfying

e;jex +ere; = €0, (1.1)

for all j,k € {1,...,n} with the Kronecker symbol § and

1 Vvj=1,..
ej — .] ) ’p7 (1.2)
-1 Vj=p+1,..,n.

For the sake of brevity we want to refer to arbitrary multivectors

A= Z Z Qj,...5,€j1-+-€5, € gp’q, (13)

k=01<51<...<jp<n
Qjy .5, € R, as

A= Zajej7 (1.4)
J

where each of the 2" multi-indices 7 C {1, ...,n} indicates a basis multivector
of dimension k of G by ej = ej,...e;,, 1 <j1 < ... <jpr<m,ep =€ =1
and its associated coefficient a; = aj,.. ;. € R. For each geometric algebra
GP we will write #P4 = {i € GP9,i? € R~} to denote the real multiples of
all geometric square roots of minus one, compare [2] and [3]. We chose the
symbol .# to be reminiscent of the imaginary numbers.

Throughout this paper we analyze multivector fields A : RP 4 gra,
p'+q¢ =m €N, p+q=n & N. To simplify the notation we will often denote
the argument vector space only by R™, but the reader should keep in mind,
that we assume R™ = RP' ¢,

We defined the general Geometric Fourier Transform (GFT) g, g, (A)
of a multivector field A : R?»4" — GP9 1/ + ¢ =m € N,p+q =n € N in [16]
by the calculation rule

Fee(A)w) = [ ] /=A@ [ e ame, )
" fem feR
with &, u € R™ and two ordered finite sets F1 = {fi(z,u),..., fu(z,u)},
F2 = {f/L+1(ma ’U,), ceey fl,($, u’)} of mappings fl(Q},'U/) (R XR™ — jp,anZ =
1,...,v. We proved some fundamental theorems in dependence on properties
of the functions f;, like existence, linearity, shift and scaling.
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2. Coorthogonality and Bases

Definition 2.1. We call two vectors v, w orthogonal (v L w) if v-w = 0 and
colinear (v || w) if v Aw =0.

Definition 2.2. We call two blades A, B orthogonal (A 1 B) if all of their

generating vectors are mutually orthogonal and colinear (A || B) if all vectors
from one blade are colinear to all vectors in the other one.

For a vector v and a blade B = by A ... A by the following equalities hold

vl BosvB=vAB&v -B=0svB=(-1)9Buv, 1)

v|BevB=v-Bo&vAB=0&vB=(-1)""1Buv, '

compare [17, 18]. That inspires the next definition.
Definition 2.3. We call two blades A and B coorthogonal if AB = +BA.

Notation 2.4. A blade can alternatively be written as an outer product of
vectors or as a geometric product of orthogonal vectors. For blades A =
ai A...Nay, and B = by A ... A b, we will use the notations span(B) :=
span(by,....,b,), A® B :=span(A) @ span(B) C R”9 AN B :=span(A4) N
span(B) C R?, (A, B) := dim(AN B) and a(A, B) := dim(A ® B) =
p+ v — B(A,B). For a set of blades B = {Bjy,..., Bs},d € N we use the
notation span(B) = EBZZI span(By) and «(B) = dim(span(B)).

Lemma 2.5. The basis blades ex, of GP'? that are generated from an orthogonal
basis of RP? are mutually coorthogonal.

Proof. All orthogonal basis vectors of RP+? satisfy

—epe;, forj#keN
€€ = k& o j 7& (22)
ere;, for j =k
in every geometric algebra G”49. So for two basis blades e; = €)1, Gus €k =

€k ksl <1 <o < ju<n,l <k <. <k, <n with dimensions p,
respectively v we get

ejer = (—1)#V_ﬁ(ej’e’°)ekej, (2.3)

where S(ej,er) = [{l € N,l € j and [ € k}| is the number of indices appear-
ing in both sets, respectively the dimension of the meet of the two blades. O

Lemma 2.6. For two coorthogonal blades A and B there is an orthonormal
basis V = {v1,...,v44,B)} of A D B C RP7 such that both can be expressed
as real multiples of basis blades, that means A = sgn(A)|Alv;,..v;, and
B = sgn(B)|B|vg, ...V, ,a,b € R with the signum function being 1 or —1.

Proof. We know from [17] that every blade A spans a vector space span(A),
that this vector space has an orthonormal basis, how it can be produced and
that for span(B) C span(A) there is a unique blade A | g := B™'- A orthog-
onal to B, such that span(B) Nspan(A,g) = 0,span(B) Uspan(A,g) =
span(A).
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Therefore we can separate the space A©GB = (ANB)Uspan(A | (anB))U
span(B | (anp)) into three disjoint parts and immediately know that A N
B is orthogonal to both A, (anp) and B (ang). Since span(A(ang)) N
span(B | (anp)) = 0 all basis vectors ai,...,a,_ga,B) of Ai(anp) sat-
isfy a1,...,a,_ga,B) & span(B(anB)) so Vj = 1,...,u — B(A,B) : a; A
B | (anB) # 0. For the product of a vector and a blade we have

a;B | anB) =a; - BianB) +a; N B1(anB)

=(-1)"PABIB | anpy-aj + (-1)"PABB | anp) Aa;

(2.4)

and since a; A B # 0 necessarily a; - B = 0 has to be valid Vj = 1,..., 4 —
B(A, B) in order to satisfy coorthogonality. That is equivalent to A (anp) L
B | (anB) and therefore unifying the orthonormal bases of all three parts
form an orthonormal basis of A @ B. Let by,...,b,_ga,B) be the basis of
span(B), ¢y, ..., cg(a,B) be the basis of AN B then the blade A has can be
written as A = sgn(A)|Alci,...,c5(4,B), @1, .-, @,_p(a,B) and the blade B
as B =sgn(B)|B|cy,...,c34,B), b1, ..., b,_p(4,B)- O

Remark 2.7. An alternative proof can be achieved from looking at the geo-
metric product AB as detailed in [19] equation (45) and more generally in
[20] equation (17). There the lowest order term is a product of all the cosines
of the principal angles and the lowest +2 order term is a sum of summands
each with the product of one sine of one principal angle times the cosines
of all other principal angels. The transition from AB to B A then does not
change the sign of the lowest order term, but changes the signs of all sum-
mands in the lowest +2 order grade part. Coorthogonality is therefore only
possible if for every principal angle either the cosine is zero (the 2 associated
principal vectors are perpendicular), or if the sine is zero (the 2 associated
principal vectors are parallel). Hence all principal angles are in {0, 7 }.

Lemma 2.8. Let B = {Bs,...,Ba},d € N be non-zero mutually coorthogo-
nal blades. Then there is an orthonormal basis vy, ..., v () of span(B) such
that every B,k = 1,...,d can be written as a real multiple of a basis blade,
that means Bj = sgn(Bk)|Bk|'uj(k) with Vik) = Vjy(k),..ju(k)s b = wu(k) =
dim(By),|Bk| € R.

Proof. Algorithm 1 constructs this basis.

The set D is the set of intersections of the subspaces spanned by all
possible combinations of elements of C. The elements Dy, of D with minimal
dimension satisfy VD; € D : DN D; € {0, Dy}, because otherwise DN D;
would have lower dimension than D, which is a contradiction. In both cases
all generating vectors of Dy, can be added to the basis, compare the proof of
Lemma 2.6. So the choice of any vector ¢ € span(Dy,) will be successful.

Once a vector is chosen there are two more cases that already appeared
in the proof of Lemma 2.6. In the case of ¢ ¢ span(C},) follows, that ¢ is
orthogonal to C}, because of (2.4). In the case of ¢ € span(C},) the mul-
tiplication of ¢ to C in the algorithm always creates blades ¢C'; of lower
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Algorithm 1 Construction of the basis
Input: B,d
1: C =B, Basis=0,1=0,Vk=1,....,d: j(k) = (0),
2: while [ < o(C) do
3 D=Upcc(Neper span(Cr))
4:  choose Dy, of minimal dimension in D, choose ¢ € span(Dy),
5 Basis = BasisUe, l =141,
6: fork=1,...d do
7
8
9

if ¢ € span(C};) then
Crp=c ' Cy, J(k) = (3(k),0),
end if
10:  end for
11: end while
Output: Basis,j(k),Vk=1,...,d

dimension orthogonal to ¢, because of
¢ ' B=(c"'B)aim(B)-1- (2.5)

Therefore the application of this operation to all blades in C only leaves
blades that are orthogonal to ¢ but still coorthogonal amongst each other
because of

c_lec_le 21)

(0_22 €R

(-1)rCje e Cx
(=1 (e™H)*C;Cy
PETE (-)M(ehPere;

@D 4 (-nrtr-letoe oy
At the beginning C' spans the whole space span(C) = span(B) but as the
algorithm proceeds span(C') = span(B) \ span(Basis) such that span(C') and
span(Basis) are orthogonal. Because of that the set Basis is orthogonal at all
times. The algorithm stops when a(C') vectors are in Basis. So finally a(C)
orthogonal vectors will be in Basis, which therefore in deed is an orthogonal

basis of span(B), all elements of C' will have dimension zero and the algorithm
will end returning the basis and how the blades can be constructed. O

(2.6)

So trivially spoken, coorthogonality of blades can as well be interpreted
as coorthogonality of all their generating vectors, that means all their gener-
ating vectors are either orthogonal or colinear.

Theorem 2.9. A finite number of blades are coorthogonal if and only if they
are real multiples of basis blades of an orthonormal basis of RP1.

Proof. The assertion follows from Lemma 2.5 and 2.8 together with normal-
ization, the basis completion theorem and the Gram-Schmidt orthogonaliza-
tion process. O
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Notation 2.10. Throughout this paper we will only deal with geometric
Fourier transforms whose defining functions f1, ..., f,, compare (1.5), are mu-
tually coorthogonal blades, that means they satisfy the property Vi, k =
1,..,v,Vr,u e R™:

fi(z,u) fr(x,u) = £fi(z,u) fi(z,u). (2.7)
Theorem 2.9 allows us to write
fl(wa u) = sgn(fl(:c, u))lfl<w’ u)lejl(wyu)' (2'8)

for all I = 1,...,v with a real valued function |f;(x,u)|: R™ x R™ — R and
a function j;(xz,u) : R™ x R™ — P({1,...,n}) that maps to a multi-index
indicating a basis multivector of a certain basis. We will refer to a set of
functions with this property simply as a set of basis blade functions.

Ezxample. This constraint seems strong but all standard examples of geomet-
ric Fourier transforms from [16] fulfill it.

1. For A : R*" = R"0 — Gg"0n = 2 (mod 4) or n = 3 (mod 4), the
Clifford Fourier transform introduced by Jancewicz [4] for n = 3 and
expanded by Ebling and Scheuermann [5] for n = 2 and Hitzer and
Mawardi [6] for n =2 (mod 4) or n = 3 (mod 4) with

Py =0,

F,={f1}, (2.9)
fi(z,w) =27i,x - u,
clearly fulfills the restriction, since it has only one defining function and
i, is a basis blade.
2. The Sommen Biilow Clifford Fourier transform from [7, 8], defined by
Fl :®7

F2 :{fla"'afn}v (210)

fi(z,u) =2me;zu, Vi =1, ..., n,

for multivector fields R”* = R%" — GO fulfills it, because all basis
vectors e, are of course basis blades.
3. For A:R? =R?% — G%2 ~ H the quaternionic Fourier transform [9, 8]

is generated by
Fy :{fl}a

By ={fa},

2.11
fi(z,u) =2miz uy, ( )

fo(x,u) =2mjxous,
and satisfies the condition because ¢ and j are basis blades, too.

4. The defining functions of the spacetime Fourier transform for multivec-
tor fields A : R* = R3! — G31 by Hitzer [10]' with the pseudoscalar i4

1Please note that Hitzer uses a different notation in [10]. His @ = teg +z1e1 +z2e2 +x3€3
corresponds to our * = x1ej + roe2 +x3e3 + raeq, with epeg = €9 = —1 being equivalent
to our egeq = €4 = —1.
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and

Fl :{f1}7
Iy :{f2}7
fi(z, u) =eswquy,
fa(x, u) =eseqig(zrur + v2us + 23U3),
fulfill coorthogonality of blades, because of e4 || i4 = e4 L eyiy.
5. The Clifford Fourier transform for color images by Batard, Berthier and
Saint-Jean [11] for m = 2,n =4, A : R?> = R*? — G4 a fixed bivector
B, and the pseudoscalar i can be written as

(2.12)

Fl :{flan}a
F2 :{f37f4}a
fi(z,w) Z%(xﬂh + waug) B,
. (2.13)

fa(z,u) :§(x1u1 + zoug)iB,

f3(-’B»U) Z—fl(il?,u)a
fa(z,u) = — fo(x, u).

There are bivectors in G*Y that are not blades. But since Batard et al.
start from G0 we may assume B to be a blade. So the transform fulfills
condition (2.8), because B and iB commute. Let B consist of the two
orthogonal vectors vive, = B, then a basis as in Theorem 2.9 could
be constructed by orthogonal basis completion of v1vs to a basis B =
{v1,v2,v3,v4} and normalization. Because from vivavsvy = ci,c € R
follows that iB = —c~'wsv, is a basis blade, too.

6. For A:R* =R%"” — GO" 012 A : R"® = R%" — G%"®C the cylindrical
Fourier transform as introduced by Brackx, De Schepper and Sommen
in [12] with

By ={f},
F, =0, (2.14)
filz,u) =—x A u,
satisfies the restriction because it has only one defining function, too.
We will see that in contrast to the other transforms the basis guaranteed
by Theorem 2.9 depends locally on « and u here.

Remark 2.11. Theorem 2.9 guarantees, that there is an orthonormal basis
of RP9 such that VI = 1,...,v,Ve,u € R™ : the values of the functions
filz,u) = sgn(fi(x,u))|fi(x,u)|eg are real multiples of basis blades of
gP4. We assume that this basis is the one we use and we call the basis
vectors simply ey, ..., ;. Therefore we can use the terms coorthogonal blades
and basis blades as synonyms up to a real multiple, especially in terms of
commutativity properties they can be used equivalently.

2The authors specify both possibilities.
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3. Products with Basis Blades

From [16] we already know the following facts about products with invertible
multivectors. Please note that every square root of minus one i € #P9 is
invertible and that therefore the functions f; : R™ x R™ — #P4 from (1.5)
are pointwise invertible, too.

Definition 3.1. For an invertible multivector B € GP*¢ and an arbitrary mul-
tivector A € GP'? we define

1
ACO(B) =—(A+ B_lAB),

2 (3.1)
Aop) =5(A- B 'AB).

Definition 3.2. For d € N, A € GP?, the ordered set B = {By,..., By} of
invertible multivectors of GP¢ and any multi-index j € {0,1}% we define

ch(—g) =((Acir(By))ei2(Ba)+)eid (By)»
(3.2)
ch(ﬁ) ::((chd(Bd,))cjdfl (Bdfl)"')cjl (B1)

recursively with ¢, ¢! of Definition 3.1.

Lemma 3.3. Let d € N, B = {By, ..., B4} be invertible multivectors and for
3 € {0,134 let 5] := S¢_, jx, then VA € GPa

A= > ABy
je{0,1}4
_1)ldl
AB,..B,=B,;...B, Z (-D9A 5, (3.3)
je{o,1}4
B,..BsA= )  (-1)llA (5B1--Ba
je{0,1}4

Now we use the concept of coorthogonality to simplify and enhance the
preliminary findings. For d € N we take a closer look at sets of coorthogonal
blades B = {B4y, ..., B4}.

Lemma 3.4. Let B = {By,..., B4},d € N be a set of mutually coorthogonal
blades with the unique inverse B; ' = BB ?, B} € R\{0}. Further let A €
GP and j € {0,1}? be arbitrary, then ch(—B>) and ch(g) are independent
from the order of B.



General GFT Convolution Theorem 9

Proof. For two blades By, B; we have
A B8, —(Acin(By))ei (B

1 N
:§(A + (~1*B, ' ABy) i ()

1.1 .
—_ (= _1\Vikrp-1
S G(A+ (-0 B ABY -
+(=1)"B; (A + (-1)’*B; ' ABy)B))
1 ) )
:1(A+(—1)JkB,;1ABk+(—1)J’B[1ABZ
+ (=) BB P ABB)).
From the prerequisites follows
B.B;AB,B
B;'B;'AB,B; ==t~k
B B;
::tBlBkA(:t)BkBl (35)
B;B]

=B;'B;'AB;B,,

which inserted into (3.4) leads to

1 Co N
chk,n(ﬁ) :Z(A +(-1)*B,'ABy + (-1 B, 'AB,
+(=1)"*" B B[ ' AB, By,) (3.6)
:((chl(Bl))Cjk(Bk)
Y

Since ((Aei(B,))eiz(By)+)eir(B,) 15 @ multivector, the application of (3.6)
leads to

ch(g) =((Aein (Bl))0j2 (32)"')0j’“ (Bk))cj"’*'l (Bk+1))"')cjd(Bd)

=((Acit(B1))ei2(Ba) ) eibs1 (By oy et (Bi) )+ )eia (Ba) (3.7)
—A

¢i(B1,...,By11,By,...,Ba)’

that means no transposition of two neighboring multivectors changes the
value of A ; By The assertion follows because every permutation can be

constructed from the composition of these swaps. O

Corollary 3.5. For d € N, A € GP1, the ordered set B = {By,..., B4} of
mutually coorthogonal blades and any multi-indez j € {0,1}¢ we have

AuB) = Aus) (3.8)

Notation 3.6. Because of Corollary 3.5 we will not distinguish between ch(E))
and A . but just refer to the expression as A.;i(p)-
cJ(E) (B)



10 Bujack, Scheuermann and Hitzer

Ezxample. There are simple partitions of a multivector into commutative and
anticommutative parts, like for example for A = ageqg+aie1+ases+aiseis €
G%0 we get

1
Aco(el) :§(A + eflAel)

1
=§(A +ap + are; — ases — ajzers) (3.9)

=ap + a1ey

and therefore A = Aco(el) + Acl(el) = agep + a1e1 + ases + ajse1o. But a
decompositions can not always be achieved by just splitting up the multivec-
tor into its blades with respect to a given basis. Sometimes the expressions of
these parts are even longer than the multivector itself, for example A = e;
satisfies

1
(€1)c0(es+es) 25(61 + (e1+e2) lei(er + €2))

1 1
25(61 + 5(61 + 62)61(61 + 62))
. h (3.10)
15(61 + 5(61 + ey —ejeqse; — 616262))
*l(e + es)
*2 1 2

and gets decomposed into e; = (€1)co(e; +e5) + (€1)cl(e14es) = %(el +e2) +
3(e1 —ez).

We will show that the decomposition of a multivector into commutative
and anticommutative parts with respect to basis blades always is a decompo-
sition into its blades along this basis. First consider one basis blade ey, here
c’(ex) can be interpreted as a mapping ¢’ : GP? — P({j C {1,...,n},1 <
J1,< .., < J. < n}) of the multivector argument into the power set of all
multi-indices j as in (1.4) which indicate the basis blades of GP*%. The map-
ping ¢ returns the blades of any multivector that commute with its argument
ex and its counterpart ¢! : GP? — P({j C {1,...,n},1 < j1,< ..., < 4, < n})
returns the blades that anticommute. The next Lemma will justify this inter-
pretation, but for better understanding we start with a motivational example.

Ezample. In the previous example the value of c°(e;) would be {{0}, {1}}
and c!(e;) = {{2}, {12}}, so we could write

Apen= Y ajej= Y ajej =aeo +arer,

j 0 1 j ’

JjE€c’(er) je{{o},{1}} (311)
Act(e) = Z aje; = Z ajej = azes + ajzeis.

j€ct(er) gef{2}{12}}

Lemma 3.7. We denote the length of the multi-indices 3,k by v and k. For a
basis blade ey, and an arbitrary element A =3 aje; of GP? the multivectors
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Aco(e,) and Aci(e,) are a decomposition of A along the basis blades, that

means
Aoy = Y ajej,
jec(ex)
Acl(ek): Z aj€ej
jecl(ex)

with c®(ex)Uct(ex) = {j C {1,....,n},1 < j1,< ..., < j, <n} asin (1.4) and
c(ex) Nct(ex) =0 and the index sets c®(ex), c' (ex) take the forms

(3.12)

ALler) ={j c{l,..n},1<j,<...,<j <n,ik— B(ej,ex) even},
cl(ek) :{] - {17 "'7”}’ 1 < jla <., < j/, < n,lk — 5(ej7 ek) Odd}

(3.13)

Proof. For Aqo(eg) we get

1
Aco(er) :5(,4 + e, ' Aeg)
1 _
:5 Z(ajej + €L lajejek)
i
(2.3)1 i—B(es,
) Z(ajej + (1) nPleere teaje;) (3.14)
J

1
=5 D ajej(1+ (~1)nFleren))
i

= E ajej.

jecl(ex)

The proof for A.:(ex) works analogously. O

Remark 3.8. An alternative way of describing the decomposition would be
Awo(er) = 2z a0i€j and Agie,) = 3 ; aij€; with

Goj — aj for vk — (4, k) even, (3.15)
0 else.
The proof works analogously for Aci(ex) = >_; aij€; with
S { — B4, k) odd
ayj = ag or LK /B(Jv ) o ’ (316)
0 else.

and A = Zj(aoj—i—alj)ej with V] : (aoj = aj,0a15 = O) or (aoj = O7a1j = aj).

Lemma 3.9. For basis blades B = {ey(1),...,exy} and multi-indices | €

{0,1}4 the Aci(py form a decomposition of the multivector A along the basis
blades, that means

Aapy= D 0 (3.17)

jeci(B)
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with Uyeqo,1y dB)={jc{l,..,n},1<j1,<..,<j <n}asin (1.4) and
VI £ €{0,1}%: HB)N ' (B) =0 and the index set ¢*(B) takes the form

d
Cl(ek(1)7 ceny ek(d)) = n Cl" (ek(u)) (318)

v=1
Proof. The assertion follows from multiple application of Lemma 3.7 and the

fact, that every part of A again is a multivector.

def. 3.2
Aap =7((A

ch (ek(l)))cl2 (€k<2))"')cld (er(a))?

Lem. 3.7 2 :
- ( ajej)clz (Ek(g))"')cld(ek(d))

jech (ep())
Lem. 3.7
= ( Z a‘jej)cl3(ek(3))"')cld (ek(d))
jecti (eg(1)) and jEc'2(eg(2))
:( Z a’jej)cl3(ek(3))"')cld(ek(d)) (3'19)

jecli(ep(1))Nct2 (ep(z))

Lem. 3.7
= § , a;je€;

JeN?_, v (erw)))
= D age
ject(B)
O

Remark 3.10. Now for d € N basis blades we can use the mapping ¢! :
(GP N — P({j c{l,...,n},1<j1,<..,<j, <n}) to express the decompo-
sition of a multivector. Compared to Definition 3.2 it can be computed much
faster using the formula (3.18), which by the way again shows very clearly
that the partition does not depend on the order of the blades.

Ezample. Like in the two preceding examples we look at A € G0 but this
time we use (3.18). From

(e, e2) = c"(e1) Nc(e2) = {{0}, {1} N {0}, {2}} = {0}  (3.20)
follows
Aco,0(617e2) = Z aje; = aop (3.21)

j€CY0(e1,e2)
and computing the other parts analogously we get
A :Acovo(el,ez) + Aclvo(ehez) + ACO’1(€1,€2) + ACl‘1(€1>e2)

=ag + ai1e; + azez + aiz€12

= E CLj@j.
J

(3.22)
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Remark 3.11. The decomposition with respect to basis blades is independent
from the multivector A and the total amount of parts that occur is limited
by min{2¢,2"}, where d is the number of blades in B and n = p + ¢ the
dimension of the underlying vector space. In the case of the previous example
this means that a higher d would not result in a finer segmentation of A.
Certain combinations of commutation properties will just remain empty, for
instance

01’1’1<61,€2,612) = @ (323)

Now we take a look at the decomposition of exponentials of functions
as they appear in (1.5) that satisfy condition (2.8) and show that they take
a very simple form.

Lemma 3.12. Let the value of f(x,u) : R™ x R™ — #P4 be a real multiple
of a basis blade Vx,u € R™, f(x,u) = sgn(f(x,u))|f(T, u)|ekm,u) like in
(2.8). The decompositions e;)JE g),u)’ ;)E(:),u) of the exponential with respect

to any basis blade ey € GP? can only take two different shapes:

—flxu) e f(@u) if k(x,u) € c(e),
e T\ cos(|f(zw)) if k(z,u) ¢ ler),

~fl@w) _ — s sin(| f(a,w)|) if k(@,u) € cl(er),
etler) 0 if k(x,u) ¢ c'(er).

Proof. The exponential can be expressed as its sine and its cosine part. So
the decomposition into basis blades

J

= cos(| fi(x, u)|)eo — sgn(f(z, u)) sin(|fi(x, u)|)ex(z,u)
has only two coefficients ag and a(z ) different from zero. Lemma 3.7 showed
that the blades e; of (3.25) are sorted either into ¢ or into ¢! during the
decomposition. Because e is real, it commutes with anything and therefore
the cosine always belongs to c’(e;) and never to ¢! (e;). For the appearance of
the sine we have to distinguish whether or not k(x,u) € c’(e;) or k(x,u) €
c'(e;), which leads to the assertion. O

(3.24)

(3.25)

Lemma 3.13. Let f(x,u) : R™ x R™ — #P9 satisfy property (2.8) Ve, u €
R™, 1 € {0,1}¢ a multi-index and B = {er), .- er@} be a set of basis
blades. The decompositions of the exponential with respect to B can only take
four different shapes:

e~ f(@w) if 1 =0 and k(z,u) € ¢(B),
—flzu) cos(| f(x,u)|) if l =0 and k(z,u) ¢ c(B),
Cet(m) T —% sin(|fi(z,w)|) if 1 #0 and k(z,u) € (B),
0 if 1 # 0 and k(z,u) ¢ (B).

(3.26)
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Proof. In Lemma 3.12 we saw that for a fixed A € {0,...,d} the c'(eg))
always removes the cosine part, so it will only remain for [y = ... = g =
0. Analogously that the sine part is removed when k(z,u) ¢ c™*(ek(y)).

Because of cl(ek(l), . @) = ﬂ/\ L (eg, (\)), compare Lemma 3.9, one
appearance of such a case 1s sufficient to eliminate each part from the whole
exponential. O

Remark 3.14. The shift theorem introduced in [16] takes a simpler form for
GFTs satisfying property (2.8), that means for all transforms in the first
example. The simplification results from the predictable shape of the decom-
position of exponentials with respect to basis blades from Lemma 3.13.

4. Geometric Convolution Theorem

We have seen that coorthogonal blade functions can be expressed as real mul-
tiples of basis blades f(x,u) = sgn(f(z,w))|f(z, u)€ju) : R™ x R" —
P4 in Notation 2.10. Lemma 3.9 guarantees for basis blade functions, that
during the decomposition into commutative and anticommutative parts of a
multivector no additional terms appear in the sum over the basis blades (1.4).
Each part is a real fragment of the multivector along the basis blades of the
orthogonal basis from Theorem 2.9. Because of that an exponential can only
become decomposed into four different shapes: itself, a cosine, a basis blade
multiplied with a sine or zero, compare Lemma 3.13. This motivates the gen-
eralization of geometric Fourier transforms (1.5) to trigonometric transforms.
We will just use it as an auxiliary construction here and analyze its properties
and applications in a future paper.

Definition 4.1 (Geometric Trigonometric Transform). Let A : R™ — GP7 be
a multivector field and x,u € R™ vectors, Fi, F> two ordered finite sets of
L, respectively v — p, mappings R™ x R™ — P9 (G, Gy two ordered finite
sets of u, respectively v — u, mappings (R™ x R™ — #P-9) — GP'9 with each
g1(— fi(x,uw))Vi = 1,...,v having one of the shapes from (3.26):

e—fil@u)

cos(| fi(e, u)])

gl(_fl(mau)) = filzu) .
~ Tty S(fi(x, w))),
0.

(4.1)

The Geometric Trigonometric Transform (GTT) Zq, (r),q,m)(A) is de-
fined by

Foumar@w = [ [lal-fi@u)A@ ] o).
=1

l=p+1
(4.2)

Notation 4.2. We have seen in Lemma 3.13 that the decomposition of an ex-
ponential with respect to basis blades takes the same shape like the functions
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G1,Gy of a GTT (4.1). Therefore for a geometric Fourier transform with ba-
sis blade functions Fi, Iy, two sets of basis blades B1 = {eg(1), ..., €k}
By = {ek(nﬂ), ...,ek(g,n)} and strictly lower and upper triangular matri-
ces® J € {0,117 K € {0,1}(*=1*? whose rows are p and v — pu multi-
indices (J); € {0,1}" respectively (K); € {0,1}%, we can construct a geo-
metric trigonometric transform .Z g, (r,),G, (7)) (A) by setting g;(— fi(x,u)) =
e;"’;’)gw’u) forl=1,...,p and g;(—fi(x,u)) = e_(i’)(]w ) for | = w41, ...,v. We
refer to it shortly as

e 4 T ~h@w  m
y(Fl)cJ(Bl)v(FQ)CK(BZ) / Hec(Jl)z ) H ec(lé)zfu(Bz)d .

l=p+1
(4.3)

In the case of y(pl)c',(F (F) we will only write y(Fl)c,],(FQ)CK

K (Fy)

The geometric trigonometric transform is a generalization of the geo-
metric Fourier transform from (1.5). We will use it to prove the convolution
theorem of the GFT. To accomplish this we additionally need the following
facts shown in [16]. Please note that for the proofs of all Lemmata from [16]
the claim for the set of functions to be basis blades functions is not necessary.

Definition 4.3. We call a GFT left (right) separable, if

= [filz, w)lir(w), (4.4)

Vi=1,.,u, (I =p+1,..,v), where |fi(z,u)] : R™ x R™ — R is a real
function and 4; : R™ — #P¢ a function that does not depend on x.

Lemma 4.4. Let F = {fi(x,u), ..., fa(x,u)} be a set of pointwise invert-
ible functions then the ordered product of their exponentials and an arbitrary
multivector A € GP? satisfies

d

d
H —filzu) 4 _ Z A, $) T, u He DA @) (4.5)
=1

1=1 jef0.1}d

where ch(F)(m,u) = is a multivector valued function R™ x

R™ — GPd,

ch(F(%u))

Lemma 4.5. Let F = {fi(x,u), ..., fa(x,u)} be a set of separable functions
that are linear with respect to x. Further let J € {0,1}4%% be a strictly lower
triangular matriz, that is associated column by column with a multi-index

j€{0,1}¢ byVk =1,....d : (Z;l:l Jik) mod 2 = ji, with (J); being its I-th

3These matrices were introduced originally in Lemma 6.8 in [16]. It is repeated in this
work as Lemma 4.7. The proof can be found in [16].
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row, then

d
H e~ filz+y.u)
=1

i (4.6)
_ —fi(z,u) —(=1)7t fi(y,u)
- Z Z H C(J)z(fl ,,,,,,,,,, O)He l
je{0,1} Je{o,1}dxd,
Zl 1(J); mod 2=j
or alternatively with strictly upper triangular matrices J
d
H e i(@ty,u)
1=1
(4.7)

d
SRR I | ) | G

je{0,1}¢ Je{0,13dxd,
L1 () mod 2=j

Definition 4.6. For a set of functions F = {f1(x,u), ..., fa(x,v)} and a multi-
index j € {0,1}¢, we define the set of functions F(j) by

(.7) = {(_ )]lfl(w7u)7“‘> (_ )ded(w7u)}' (4'8)

We also need a generalization of Lemma 4.4 that allows us to swap the
order of partial exponentials and multivectors.

Lemma 4.7. For sets of functions F = {f1(x,u), ..., fa(z,uw)},G ={q1, ..., 94}
like in (4.1) we get analogously to Lemma 4.4

d
[[or@uya= > AcJ(F)Hgl D7 fi(x, w)). (4.9)
=1

je{0,1}4

Proof. First we analyze the interaction of A with one partial exponential
g1(—fi(x,u)). It can take three different shapes

e—fil@u)

_Jcos(|fi(z, u)])
g(=filw,u))=4q |§§§§Z§| sin(|fi(a, w)]), (4.10)

0.

In the first case lemma 4.4 proves the assertion and the last one is trivial.
Assume the second case and note that then ¢;(—fi(x,u)) equals g;(fi(x,u))
because of the symmetry of the cosine.

gi(—fi(x,u))A =cos(| fi(z,u)]) A
=% A cos(|fi(x, u)))

Lem. 3.3

=""Aco(s,) cos(|fi(m, u)]) + Aer(g,) cos(| fi(z, u)|)
=Acog(=filz,u)) + Aci (59 (fi(z,w))

(4.11)
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In the third case we have

(il u) A = - HE E : §|sm(|fz(w7U)l)A
Lem. 33 4 fl)|f"”’“|) sin(|fi(z, w)))

(4.12)
+ Ao ) P o sin )
=Aco fz)gl(*fl(l'a u)) + Acl(fl)gl(fl(mvu))-

So in all cases we have
gi(—film,w))A =Ac g fil, U)) + Aci () ai(fi(z, )

= D A ng D7 ful,w)). (4.13)

j€{0,1}t

Applying it repeatedly to the whole product like in the proof of Lemma 4.4
in [16] leads to the assertion. O

Definition 4.8. Let A(x), B(x) : R™ — GP? be two multivector fields. Their
convolution (A * B)(x) is defined as

(A« B)(x) := - A(y)B(x —y)d™y. (4.14)
Theorem 4.9 (convolution). Let A,B,C : R™ — GP'? be multivector fields
with A(x) = (C * B)(x) and Fy, Fy be coorthogonal, separable and linear
with respect to the first argument, 3,3 € {0,1}*, k, k' € {0,1}*=#) and J €
{0, 1}#%¢ and K € {0, 1}=m*¥=1) qre the strictly lower, respectively upper,
triangular matrices with rows (J), (K)—, summing up to (3>_1—,(J);) mod
2 = j respectively (ZZVZH_H(K)l_N) mod 2 = k as in Lemma 4.5, then the
geometric Fourier transform of A satisfies the convolution property

yF17F2 (A) (u)
Z Z(ﬁFl(j),Fz(kJrk')(C)(U))cj’(Fl)ﬁ(Fl(j’))ch(Fz)cK(Bc’“’(Fz))(")'

4.3 k.k JK
(4.15)
Proof.
Trr, 1 (A)(u) :/ [T e/@“(C*B)x) [] e /@ dma
R™ fEFl f€F2
:/ H e*f(:c,u) C( ) My H e (z,u) d™x
R™ ferm R™ e
/ / H e z+yu (y)B(z) H e—f(z—i—y,u) dmy dmz
R JR™ ey fer

(4.16)
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We separate the products into parts that only depend on y and ones that
only depend on z.

Lem 4. o/m /m Z Z He*(JJcl)EzF’Li)

Fe{0,1}#  se{o,1}uxn
>2(J)i mod 2=j5

67(71)jlfz(y,u)C(y)B(Z) Z Z

1 ke{0,1}¥~H Kec{o,1}v—HXv—p
>2(K), mod 2=j

=

~

- 1) Fi—p —fi(z,u) m m (417)
e~ (= fzyu)H (KZ)ZHF)d yd"z
l=p+1 I=p+1
/ / He;%z s _(_1)]lfl(y’u)c(y)
.7 JK VR
H e_( k- £, (y,u) H (Q)(zz :') drn dmz
l=p+1 l=p+1
Next step is to collect all parts that depend on y.
Lem 4.4 fi(z,u) __1 3 f (g
ZZ//H C(ﬂ)l(F) UMW O (y)
ik JK =1
_(— kzﬂﬁrki,“ w
Z H e~ (-1 fily, )Bck’(Fz)(z)
k’'€{0,1}v—r l=p+1
- —fi(z,u) m m
H ec(;&w(&)d yd™z
l=p+1
—fi(z,u _ J
-y Z/ H cw'n(pl)/ He (D i) O ()
Jkk’JK (4.18)
H e—(—l)kz—u+ki—ufl(y,u) dmyBCk’(FQ)(Z)
l=p+1
T ~hizw
H ec(lé)l*“(Fz) dmz
l=p+1

Z Z/,L ;(il)l?;:)yFl Fz(k+k/)(C)(U)BCkI(Fz)(z)
i.kk JK

v

—fi(z,u) m
H ec(K)l*“ (Fz) d z
l=p+1
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Finally we gather the parts depending on z.

Lem. 4.7
oL Z/R Y. (FrG)per) (C) W) g

j.k.k" J,K J'e{o,1}#
H . v
— (=171 f,(z,u) —fi(zu) m
Hec(J)L(Fl)l(z v B (1,)(2) H ec(l(l)f—Z(Fz) d"z
=1 I=p+1
= D D (TR mamn) (C) (W) (s
Py (4.19)

v

1 .
(=Dt fu(z,u) —fi(z,u) m
/ Hec(J)l(Fl)l = Bck'(Fz)(z) H ec(Kl)lz_r(FQ) d"z
R™ l=p+1
= > D (TG paerrn (C) (W) g (1)

J.3"k.k JK

F(FL(§)) o1 (F2) i (Bew () (1)
O

Remark 4.10. The formula in the convolution theorem can take various other
shapes depending on the way Lemma 4.5 is applied. In Theorem 4.9 we used
Lemma 4.5 in its first version (4.6) on F; and in its second version (4.7) on
F5. This has the advantage that the GTT is needed only on one side. We get
the same effect with its second version (4.7) on Fj and its first version (4.7)
on Fy by

ng.F17F2 (A) (u)

= > Y (Fr) s (a)  (CVW)) et (1) T (537 Fa () (B (1)) ().
7.3 k,k" JK

(4.20)
Using the first version twice leads to

yFl;F2 (A)(’U,)

= D D (TR (C) W) (5 F(#u7) r Fae) (Bew (1)) (W),
G, ke, JK
(4.21)
and using the second twice to

ﬁFlyFZ (A) (u)

= D DTtk (CVW)or (1) T 4).(52) e (Bow (1) (1)-
3.3’ k. JK

(4.22)

These versions have the advantage of being a bit more symmetric. During the

proof of Theorem 4.9 we started recomposing the transform around C. Each

of the four formulae has a counterpart that is constructed by restructuring
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around B first. Listed in the analog order they take the shapes
thFz (A) (u)

= > D Frmmte) (Cor (1) W (Fr () 1B e (B) (W) et (1),
7.3 k,k JK

thFz (A) (u)

= Z Zy(Fl)ch(FQ(k/))cK (chl(Fl))(u)(yFl(j+j/)7F2(k)(B)(u))CkI(F2)7
7.3 k,k JK

thFz (A) (u)

= Y D TR Em) x (Co (1) W (T 7)) 0 Fate) (B) (W) et (1)
7.3, k,k JK

thFQ (A) (u)

= Y > F e meik) (Cor (1) (W (FE (G457).(5) o (B) (W) (1,
3.3’ kK JK
(4.23)
Depending on the application one or some of these might be preferred com-
pared to the others, because of savings in memory or runtime.

Corollary 4.11 (convolution). Let A, B,C : R™ — GP1 be multivector fields
with A(x) = (C * B)(x) and Fy, Fy each consist of mutually commutative
functions®, being separable and linear with respect to the first argument and
3 € {0,1}*, k" € {0,1}=1) multi-indices, then the geometric Fourier trans-
forms satisfy the convolution property

T, 5 (A) (W) =Y (Fr, 1) (C) W) e (1) T (57). 5 (B (1)) (W)

j/7kl
(4.24)
or
Ty 1 (A) (W) =D T, mw) (Cor (1)) (W) (Fry (51,5 (B) (W) vt (-
j/7k/
(4.25)

If the values of the functions in Fy and Fs are in the center of GP9 it even
satisfies the simple product formula

T, 5 (A)(w) =Fp, 1, (C)(w) Fpy k, (B) (). (4.26)
Ezample. We summarize the exact shape of the convolution of multivector
fields under the transforms from the first Example using the same order.
1. The Clifford Fourier transform from [4, 5, 6] takes the form

yfl (A) = gfl (Cco(i))yfl (B) + tgfffl (Ccl(i))gfl (B) (427)
for n =2 (mod 4) and for n = 3 (mod 4) the even simpler one
T (A) = F5(C)Fp (B) (4.28)

because in this case the pseudoscalar is in the center of G™°.

4Cross commutativity is not necessary.
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2. The transform by Sommen [7, 8] is the only one of our examples not
satisfying the constraints of Corollary 4.11 but the ones of Theorem 4.9

9f1;~~7fn (A) = Z Z J )k1+k’1f 77777 (—1)kntky £, (C)
kk'c{0,1}» K (4.29)
F(frresta) e Ber (f,....1.)
with strictly upper triangular matrices in {0,1}"*™ with rows (K);_,
summing up to (37—, (K);—,) mod 2 = k.
3. The quaternionic Fourier transform [9, 8] has the shape
T 1.1 (A) =(F 11, 1(C))eo (1) F 1112 (Beo (1))
T (Zh.5(C)er (1) T =112 (Beo (1)
H(Fh-1(C)eo(5) T 11,12 (Bet (1))
+ (Fn-p(C)er (1) 1.5 (Be (1))

4. And the spacetime Fourier transform [10] has exactly the same shape

T 11,02 (A) =(F 11,1 (C))eo (1) F 1,12 (Beo 1))
T (Z1.1(C)er (1) T~ 1.5 (Beo(1))
T (T 11— (C))eo (1) F 112 (Ber (1))
T (Fh-£(C)er (1) F 1.2 (Ber (1))

5. The Clifford Fourier transform for color images [11] takes the rather
long form

(4.30)

(4.31)

Ft1 fofafa(A) =(Fpy fo 3. £2(C))eo0 (1, £2)F f1 foo £ f2 (Beoo (£, £4))
H(Fh1 fofs 11 (C)e (11, £2) F 1~ faufsnfa (Beoo (f5,12))
T t1 828581 (C )0 (11 1) T — fr farfs i fa (B eoo (£, 12))
(©))

+ (
+ (T 1fofnfa (C) et (51, 12) F — 1= oo fa (B0 (5, 14))
(Tt 1, 83— 11 (C))eo0 (11 £2) F f1, 12 o2 (Beot (£, 1))
T (T b= 13 (C))eor (41, 2) T 1= forfs 5 (Beor (13, £4))
+ (Fhifafar= 11 (C))er0 (11, 12) F = 1 fo fanfs (Bt (5, 14))
+ (Zt oo t5— £ (C)err (f1,£2) T = f1,= Farfon fa (Beor (f5,£4))
T (Fhifo= 158 (C)) o0 (1, 1) F 1 o fnfs (Beo (g, 42))
T (Fhpo= 13,53 (C))eor (1, 12) F 1= for b fa (B0 (o, 1))
+ (Fhifo= £ fa (C))er0 (11, 12) F = 1 S fanfs (Bero gy, 14))
+ (Zt 2= 3.5 (C)err (f1, 1) F = f1,— Fa foo fa (Bero (s, £4))
T (T fo= £~ £ (C))eo0 (41, £2) T 1 o fofs (Bert (£, £4))
T (Fhto 3= 13 (C))eor (1, 12) T o~ foo 8. £ (Bt (1. 10))
+ (Fhifom o= 12 (C))er0 (11, 1) F— 1 fou o fs (Bert (5, 14))
+ (Tt o= f5— 14(C)) et (f1,12) F — fr— fo, .14 (B c11<f3,f4>)

4.32)
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6. The cylindrical Fourier transform [12] is not separable except for the
case n = 2. Here the convolution corollary holds

yfl(A) = yfl(cco(ﬁ))yfl(B) + yfﬁ(ccl(fl))yfl(B)’ (433)

but for all other no closed formula can be constructed in a similar way.

5. Conclusions and Outlook

In this paper we introduced the concept of coorthogonality as the property of
commutation or anticommutation of blades. We proved that it is equivalent
to the claim for blades to be real multiples of basis blades for an orthonormal
basis and presented an algorithm to compute this basis.

The Lemmata 3.3, 4.4 and 4.5, that were primarily stated and proved
in [16] about multiplication with invertible factors, become simplified for
coorthogonal blades. We saw that in this case the partition of the multivector
A takes place along the basis blades and that it is independent from the
relative order of the factors it is exchanged with. A consequence of this is,
that every exponential can only have four simple predictable shapes after
decomposition: itself, a sine, a cosine or zero. That fact inspired the definition
of the geometric trigonometric transform, whose properties will be studied in
a future paper.

By means of the GTT we were able to prove a convolution theorem
(Theorem 4.9) for the general geometric Fourier transform introduced in
[16]. It highlights the rich consequences of the geometric structure created
by utilizing general geometric square roots of minus one in sets Fi, Fy. The
information contained in the multivector fields, appears now finely segmented
and related term by term. The choice of F, F5 determines this segmentation.
Because convolution appears in wavelet theory and is closely related to cor-
relation, the GTF convolution theorem may have interesting consequences
for multidimensional geometric pattern matching and neural network type
learning algorithms as well as for geometric algebra wavelet theory.
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