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A Proofs

Proposition 1. Let P be a program. Then, NF(P) is in
normal form and is strongly equivalent to P.

Proof. (Berthold et al., 2019) proved that the first three steps
produce an equivalent program. (Pearce and Valverde, 2008)
proved that the fourth step produces an equivalent program.

Proposition 2. Let P be a program. Then, the normal form
NF(P) can be computed in PTIME.

Proof. The first three steps of the algorithm require linear
time, each rule must be passed once. The fourth step requires
comparisons between every pair of rules. Hence, the com-
plexity is quadratic. O

Proposition 3. Given a program P in normal form over %,
X cY ¢, and an atom q € 33, with q ¢ X, and occ(P, q) =
(R, Ry, R1, Ro, R3, R4). Then the following equivalencies
hold:
(X,Y)# P« Ire RUR UR : (X,Y)¢r (1)
(Xq,Yq)$ P 3Irc RURyURy : (Xq,Yq) 1 (2)
(X,)Yq)# P<=3Ire RUR,UR3URy: (X, Yq) 7

(3) by Prop. 3, (Y,Y") can only be contradicted by R, Ra, R3
and Ry, if it is not contradicted by R3 nor Ry, then it is
contradicted by a « D s.t. D € DI _(R3 U Ry).

O

Proposition 5. Given a rules r over 3, and X €Y € %, the
following statement holds:

YEer< (X,Y)Enotnotr
Proof.

(X,Y) Enotnotr
Y = notnotr

=
< YEr

Yer
Y E notnotr

X & {notnotr}¥

<~

< {notnotr}¥ =@
=

= (X,Y) = notnotr

(€)] O
Proof. .

Proposition 6. Let 1,712 be rules over ¥, and X €Y € %,
(1) holds, since Vr € RyU Ry UR3: (X, Y)E T YEeErmxreYErvYEr
(2) holds, since Vr e RyUR3UR,: (Xq,Yq) =7 Xe{rmxrm) o Xe{r})Y vXe{rn}¥
(3) holds, since Vr € RgUR; : (X,Yq)Er

Proof.

O

Proposition 4. Given a program P in normal form over X%,
Y ¢ %, and an atom q € X, with q ¢ Y, and occ(P,q) =
(R, Ry, Ry, Ro, R3, Ry). Then the following equivalencies
hold:

(Y,Y)E P=3DeDI (R URy): (Y,Y)# « D
ey
(Yq,Yq)e P=3DeDI (RyUR2):(Yq,Yq)# <« D
@)
(YYq)E P=3DeDI (R3URy):(Y,Yq)¥# <« D
3)

In the case that R = & the first and second implication hold
in both directions.

Proof.

(1) by Prop. 3, (Y,Y) can only be contradicted by R, R;
and Ry, if it is not contradicted by R; nor Ry, then it is
contradicted by a < D s.t. D € DI_(Ry U Ry).
(2) by Prop. 3, (Yq,Yq) can only be contradicted by R, R
and R, if it is not contradicted by Ry nor Rs, then it is
contradicted by a < D s.t. D e DI (R U R3).

YeErivY Er
< Y E H(ri)uH(rz) < B(r1) v B(r2)
< YEr xry

Then,
B (rixr)nY =g <« (B (r)uB (r))nY =@
B (rixr) Y < B 7 (r1)uB (ra) cY
If {r1}Y # @ and {ro}¥ # @, then
XE {Tl}y v X E {TQ}Y
< XEH(ri) <« BY(r)vXEH(ry) « B (12)
< XEH(r1)uH(ry) <« B*(r1)u B*(r2)
< XE {7’1 X T‘Q}Y

O

Proposition 7. Let Py, P, be programs over ¥, and X €Y ¢
Y., then

YeEPIxP<eYEeEPVYED
Xe(PxP)Y o« XeP ' vXEeP,
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Proof.

YeEPVYEDP
< VrieP:YEr, vVroePy:YEP
< VrePixPy:YEr
< YEP xP

XeP ' vXeP
= VrlePly:Xl:rl \Y Vr2€P2Y
= Vre(Pleg)Y:Xr:r
= X e (P xP)Y

:X|=7"2

O

Proposition 8. Given a program P in normal form over %,

X cY cX, and an atom q € 3, with q ¢ X, and occ(P,q) =
(R, Ry, R1, Ro, R3, Ry). Then the following equivalencies
hold:

(YY) P Ire RUR UR: (YY) #r\ (1)
(X,Y);P<e Ire RURURy: (X, Y ¥\ (2
(Yq,YqWPc»areRuRouRQ Y, Yy 3)
(YY) P (YqYq)# P

vV 3re R3U R, : (Y,Y) ¥ notnotr\? (4)
(YY) P=(Yq,Yq) P
AIDeDI (R3URy): (YY) <D
Q)
(Xq,Yq)# P<3Ire RURURy: (X,Y) ¢\ (6)
(X Yy P=(Yq,Yq)# P
V 3Ire RURyUR3URy: (X, Y) i1\
)
If additionally R = @, then
(Y,YYe P<3DeDI (R URy): (YY) <D
3
Y < D
)]

(Yq,Yq)E P« 3D eD! (RyURy): (Y,

Forall rg € Ry:
(Yq,Yq)# 1o <= (Y,Y) # notnot r\q. (10)
Forall r5 € Rs:

(Yq,Yq)#ro <= (Y,Yq) ¥ ro, and (11)
(Xq,Yq)#ro = (X, Yq) # 12 (12)

Forallry € Ry, if Y E ry:
(V,Yq) fra = (YY) bryand  (13)
(X,)Yq)#ry <= (XY )y, (14)

Forallr e R:

(Y, Y¢)er<= (Y, Yq)er < (Y,Y)E=r, and (15)
(X¢,Y)rr =« (X, Yq)er < (X,)Y)Er. (16)

Proof.

(1) holds, since Vr € RgU Ry UR3: (YY) Er

and V7 e RUR  URy: (YY)&zrc»(YY)n:r\q
(2) holds, since Vr € RgU Ry U R3: (X, Y ) E

and Vr e RURUR, : (X,Y) Er < (X, Y) o\
(3) holds, since Vr e RyUR4: (Yq,Yq)ET

andVr e RURyURy: (Yq,Yq) # 7 < (Y,Y) # 1\l

4) (Yq,Yq) # P = (Y,Yq) # P, now assuming that
(Yq,Yq) = P we prove:

(Y,Yq)# P < 3re R3URy: (Y,Y) # notnotr\

(Yq,Yq) = P
=VreRURy:(Yq,Yq)=r
D09 yp e RURy : (Y, Yq) 7 )
also, trivially: Vre RoURy :(Y,Yq)Er (ii)
(Y,Y)$ P

©-0) 5 3 e Ry U Ry (V,Y) i 7
PrOP-S o 31 e RgU Ry : (Y, Y) o notnot r

q has no effect < Jre R3 U R4 . <Y,Y> t;énotnotr\q

(5) This statement is the opposite of (4). Assuming that
(Yq,Yq) = P:
(Y,Y ¢) can only be contradicted by rules in R3U R4. Then
(Y,Yq) = R3URy < 3D e DY (R3 U Ry) : (Y, Yq) #
< D. D does not contain g, therefore, (Y,Y') # < D.

(6) holds, since Vr € RyUR3UR,: (Xq,Yq) =T
and Vr e RURyU Ry : (Xq,Yq)Er < (X, Y) 7\

(7 (Yq,Yq) # P = (Xq,Yq) # P, now assuming that
(Yq,Yq) & P we prove:

(Xq,YQ)# P 3Ire RURyURy: (X,Y) 1\

(Yqg.Yq) =P
=>VreRy:(Yq,Yq)E
:VreRo.(X,Yq)i:r ()
also, trivially: Vre Ry : (X,Yq) E (ii)
(X,Yq)¢# P

@0 5 3r e RURyUR3 U Ry : (X, Yq) ¥ 7
< 3Ire RURyUR3U Ry : (X, YH{:T\(I

(8) (Y,Y) can only be contradicted by rules in RU Ry U Ry,
since R=0, (Y, Y)EP < (Y,)Y)ERiURy < 3D ¢
DI (R{URy):Y,Y # < D

(9) (Yq,Y q) can only be contradicted by rules in RU RgU Ra,
since R=2,(Yq,Yq)E P < (Yq,Yq) E RyU Ry <
ID e DI (RyUR3):Yq,Yq# < D. D does not contain
g, therefore, 3D € DI (RoU Rs) : (YY) ¥ <« D



(10) holds by Prop. 5 and since (Y¢q,Yq) = notnotry <
(Y,Y) = notnot rsq.

(11) YE {rz}YU{q} = Yu{q e {TQ}YU{Q}’ since {rz}YU{q}
contains no appearance of q.

(12) X £ {r}"9 o X u{g} & {r}Y"9, since
{ry}Y19} contains no appearance of q.
(13) Yu{q} Eryand
Y E{ryY Ve {r) i
(14) Yu{q} Erysand
XE {7"4}Y < X E {7‘4}YU{(I}
(15) holds, since r contains no appearance of q.
(16) holds, since r contains no appearance of q.
O

Proposition 9. Given a program P over X, an atom q € %,
and sets X and Y, s.t. X ¢ Y ¢ X\{q}, then

(Y,Y) = f4(Pq) <= {q} € Rellp ()

Y
If{q} € Rel{p () then
(X,Y)=fh(Pq) < (Xq,Yq)=EPV(X,Yq)EP
Proof.

{a} ¢ Rel{p )
< (Yq,Yq) ¢ HT(P)
v (Y, Yq) e HT(P)

Prop-8 oy 3r e RURyU Ry s.t. (Y, V) # '\

v 3D e DI, (R3URy) st. (YY) # < D
o Ire RURy st (YY) i\

v drge Ry s.t. (YY) i < notnotr(\)q

v 3D e DI (RsURy) st (Y,Y)# < D
< Irefp(Pg) st (YY) #r
< (YY) ¢ HT(fr(P,q))

Def. 10

(Xq,Yq) ¢ HT(P)
A (X, Yq) ¢ HT(P)
Prop-8 s Jr e RURy st (X, V) # 1\
v (37“0 eRpst. (X,Y)# Téq A
Ir' e R3u Ry st (X,Y) # T,\q)
Prop-6 s Jr e RURy st (X, V) #1\
v 3ro € Ror' € UR3 U Ry st
(X,Y) i (rox ")\
Def-10 oy 3y e (P, q) sit. (X, Y)
o (X,Y) ¢ HT (F1(P,q))

Proposition 10. Given a program P over %, an atom q € %,
and sets X and Y, s.t. X ¢ Y € Y\{q}, then

(YY) e fr(P,q) < @ € Rel)p )

Ifoe Rel?}z{q})’ then

(X, Y)efr(Pq) < (X,)Y)=P

Proof.

(X,Y) ¢ HT(P)
Prop-6 oo 3r e RURIUR U R st (X,Y) # 7\
Dbl o I e (P ) st (X, Y ) i r
< (X,Y) ¢ HT (fR(P,q))

¢ Rellp g
<= (YY) ¢HT(P)
lkeabove (Y V) ¢ HT (F3(P,q))

Proposition 11. Given a program P over %, and sets X, Y,
AandV,st. AcV c Y and X cY c X\V, then

(YY) fp(P,V) < AcRel)py,
IfAe Rel?}yv), then
(X,Y)efa(P,V) < 3A"c A:(XA" YA e P

Proof. Proof by induction.
Base. Let V = &, then, A = @, and therefore

A€ Rellp
< (YA, YA) e HT(P)
AVA c A: (YA ,YA) ¢ HT (P)
= (YY) e HT (fa(P,V)) = HT(P)

Hypothesis. We assume that the statement holds for V' con-
taining n atoms.

Step. Let V = {q1, ..., qns+1} (Recall, that A\ = A\{q;}.)



e If ¢ € A, then

A€ Rel)p
Def- oo (YA, Y A) e HT(P)
AVA c A: (YA YA) ¢ HT(P)
< (YA q YA ) e HT(P)
AMY A\D YA\ gy) ¢ HT(P)

AVA ¢ AN (YA q YA\ q1) ¢ HT(P)

AVA c AN (YA YA\ qy) ¢ HT(P)
Prop-9 o (Y AN Y AN € HT (FH(P,q1))

AVA c AT (Y ALY AN ¢ HT (Fr(Pq1))

Pl=fp(Pa1) o (YA\QI7YA\QI) eHT(P')
AVA c A\ . (YA’,YA\‘h) ¢HT(P)

Def. o A\a1 ¢ Relz;»/,v\{qm

Hypothesis <K Y> € ’HT(fé\‘h ([”7 V\{Q1})
PEfaPa) o (v, Y) e HT(F2 ™ (F(P, 1), V\{@1})
Def. 12 - <Y’7 Y) c HT(fg(P7 V))

e If ¢ ¢ A, then

Ace Rel<YP,V)
Pl o (YA, YA) e HT(P)
AVA c A: (YA YA) ¢ HT(P)
Pop-10 o (YA, Y A) e HT (fr(Poq1))
AVA c A (YA Y A) ¢ HT (Fr(P,q1))
Pi=f(Pa) o (YA Y A) e HT(P')
AVA ' c A (YA YA ¢ HT(P)
Def. o A e R€l<YP',V\{q1}>

Hypothesis <Y7Y> c HT(fé(P,7V\{q1})

P=fr(Pa) o (YY) e HT(FA(FR(Pq1), V\{a1})
DeL12 s (V,Y) e HT (FA(P,V))

The second statement can be proven analogously. O

Theorem 1.

fREFR

Proof. We have to show that for all Pand V ¢ X

HT(FR(P,V)={(X,Y)|Y < S(P)\V A X e UR[p 1)}

Given Y ¢ S(P)\V

(X,Y) e HT (fr(P,V))

Def. 13 (X,Y)e HT(NF( X ff%(P,V)))
AcV

< (X,Y) e HT( X fR(P,V))
AcV

Prop.7 oy JACV - (X,Y) e HT(fﬁ(RV))
Prop. 11 < JAe€ Relzg(,y) S.t.

JA" Cc A: (X A", Y A) e HT(P)
0

Proposition 12. Given a program P over %, an atom q € %,
and sets X and Y, s.t. X €Y € Y\{q}, then

{q} € Relip () M X, Y ) PA(X,Yq) # P
< (X,Y) ¢ (Pq)

Proof.

(Yq.Yq) e HT(P)
< 3D e DI (RyUR2) st. (YY)« D
< 31D € DZS(RO @] Rg) S.t. <X7Y> F# ~D

(Yq.Yq) e HT(P) A(Y.Yq) ¢ HT (P)
< dre R3u Ry s.t. <Y7Y> I}é r
< 3reRyURy st (X,Y)# notnotr\?

(Xq,Yq) ¢ HT (P) A (X, Yq) ¢ HT(P)
<avVv
where

o =3rg € Ry s.t. (Xq,Yq) ¥ ro
AT’ e RgU Ry st (X, Yq) i o'
B=Fre RURyst. (X, Y) Hr

Then equivalently

(X,Y)# r(\)q x 7\ x notnotr\1x < D,or ()
(X,Y) &\ x notnot"\Ix < D )

which are derived by fJj,. O

Proposition 13. Given a program P over %, an atom q € %,
and sets X and Y, s.t. X €Y € ¥\{q}, then

@€ Rellp () MX, Y ) # P
< (X,Y) i fy (Pg)



Proof.

D€ Relz;y)
< (YY)e HT(P)
< 3D eDI (RiURy)st. (YY) < D
< 3D eDI (RiURy)st. (X, Y)# <D

(X,Y)¢HT(P)
< Ire RURTUR st (X, Y)Hr

< Ire RURUR st (X,Y) i\

Then equivalently
(X,Y)#r\Ix <D

which is derived by fy;,. O

Proposition 14. Given a program P over %, and sets X, Y,
AandV,st. AcV ey XcY cX\V, and
R={reP|VnX(r)=02}=0, then

A€ Relpyy AVA"C A: (XA" Y A) # P
= (X,Y) ¢ (PV)

Proof. Proof by induction.

Base.

Let V = {q,}, then f{}.(P, V) = f};,(P,V), or f3.(P,V) =
fir (P, V). Respectively, the statement follows from Prop. 12
or Prop. 13.

Hypothesis. We assume that the statement holds for V' con-
taining n atoms.

Step. Let V = {q1,..-,qn+1}
If g1 € A, then
A€ Rellp

AVA" S A: (XA" YA) ¢ HT(P)
Del. oo (YA, YA) e HT(P)

AVA c A: (YA YA ¢HT(P)
AYA" S A: (XA YA)¢HT(P)

o (YA g YA\ ) e HT(P)
AMY ANE Y AN g ¢ HT(P)
AVA ¢ AT (Y A'q, YA\ 1) ¢ HT(P)
AYA € AT (YA Y AN ) ¢ HT (P)
AVA" AT (XA, YA\ q1) ¢ HT(P)
AVA"C AT (XA Y AN ) ¢ HT (P)

Prop- 12 o (y AN Y AN e HT(F5(P, 1))

AVA ¢ AN (YA Y AN ¢ HT (] (Pogr))
A VA" c A\ql : <XA",YA\q1> ¢HT(f€/—V(P7 QI))

Pli=fiy (Pa1) o (YA\‘h 7 YA\(h) c HT(P’)
AVA c AAD (YA YA ¢ HT(P)
AVA" c AT (XA Y ANDY ¢ HT(P)

Def. . A\a1 ¢ RCZXP”V\{QI})

AVA" Cc AT (XA YA\ ¢ HT(P')
Hypothesis (¥} ¢7—[T(fﬁm (P, V\{q1})
P'= 5 (Pa1) (X,Y) M-[T(fﬁ\q1 (fiv (P.qr), V\{a1})
Dl 16 o (XY ¢ HT (5 (P,V))
If ¢ ¢ A, then
A€ Rellp
AVA" A (XA"YA) ¢ HT(P)
Dl oy (YA, Y A) e HT(P)
AVA' c A: (YA Y A) ¢ HT(P)
AVA" c A (XA"YA) ¢ HT(P)
Pop.13 o (YA Y A) e HT (5 (P 1))
AVA c A: (YA YA) ¢ HT (f (P, q1))
AVA" C A(XA" YA ¢ HT (fr (P, 1))
Pli=fi(Pa) oo (YA YA)e HT(P)
AVA c A: (YA, YA) ¢ HT(P')
AVA" C A (XA YA) ¢ HT(P')
Pt = Ae Relip i\ ()
AVA" c A: (XA",YA) ¢ HT(P')

Hypothesis (X,Y) ¢7—[T(fg(P',V\{Q1})

Pfw(Pa) o (X)Y) ¢ HT(FA(F (Poar), V@1 })
P16 o (X,Y) ¢ HT (F (P, V)
O

Proposition 15. Given a program P over Y in normal form,
three sets of atoms X, Y andV,st. X Y c X, V c ¥, and
R={reP|VnX(r)=2} =0, then

JA € Relipyy s.t. VA" € A(X A" Y A) # P
< (X,Y) ¢ fw(P,V)
Proof.
(X,Y) ¢ HT (fw (P, V)

PV o (XYY ¢ HT (U fiy (P V))
AcV



= JACV st (X,Y) ¢ HT (fi (P,V))
Prop.14 o 34 ¢ Rel?}yv) s.t.

VA" c A(XA",YA) ¢ HT(P)

Theorem 2.
fgp € Fsp

Proof. Given a program P over ¥ and X cY c ¥
Def. 18 = <X, Y) € HT(fR(P, V) (U] fw(P, V))
AMXY) e HT (fw (P.V))
Thm. 1, Prop. 15 < JAe Rel&y) st
JA"c A (XA")YA) ¢ HT(P)
AYAe Relz)’v) s.t.
JA" c A(XA")YA) ¢ HT(P)
< JA € Relly y)
AVYAe Rel<YP,V> s.t.
JA" c A(XA" ) YA)¢HT(P)

with other words, for all programs P and V' € X,

HT(F5p(P,V))={(X.Y) | Y € S(P)\V A Xe Ry}

Hence 5, € Fsp holds. O
Proposition 16. Let P, P, and R be a programs over %,
(PLUR)x (P,UR)= (P, xP)UR.
Proof.
HT((PLUR) x (P,uR)) CHT(((P1 x P,) UR))
is easily witnessed by the fact that
(PLUR)x (Pb,uR)2(PixP)UR

HT((PLuR)x (PUR)) 2HT(((P x P) UR))

on the other hand holds, since (P; U R) x (P, U R) contains
all R and any rule that is created by conjoining an r € R with
anry € P; or ry € Ps is subsumed by 7. O

We recall the distance measure between two rules (resp.
programs) from (Berthold et al., 2019).

Definition 20. Let r and 1’ be two rules over X. The distance
between v and v’ is d(r,r") = |H(r) e H(r")| +|B(r) ©
B(r")| where AeB = (A\B)U(B\A) is the usual symmetric
difference. The size of a rule r is defined as |r| = |H (r)| +
|B(r)l-

Definition 21. Letr P
over Y. The distance between P, and P,
is d’iSt(Pl,PQ) = Mm{dzstm(Pl,Pg)

m is a mapping between Py and Py}, where a map-
ping between P, and P, is a partial injective function
m : Pi — Py and disty,(P1,P2) = Sum{d(r,m(r)) :
m(r) € Po} + Sum{|r| : 7 € (P\\m [ P])} + Sum{|r| :
re(P\m[P1])}.

The findings about the distance between fgp(P,q) and
£33 (P,{q¢}) in (Berthold et al., 2019) directly translate to
fr and f5p.

and P, be programs

Proposition 17. Let P be a program over % and q € 3. Then,
for each r € £357™ UTES", we have that |r| > |X].

Proposition 18. Let P be a program over % and q € 3. Then,
o dist(P,f5p(P,{q})) < (53" (P, {q})| +|P[) x 2|
o dist(P,f5p" (P {q})) 2 (If§%" (P, {q})| - |P]) x [=
o dist(P,fr(P.{q})) < (IfF™ (P, {q})| +|P) x 2[Z];
o dist(P,fg™ (P, {q})) 2 (Ifg"™ (P, {q}) - [P[) x 2.
Proposition 19. Let P be a program over % and q € Y.

>

5

e Foreach rule r € fsp(P,{q}) there are at least 2P rules
in 52" (P, {q}, with D = Min([H (r)|,|Z\X(r)]).

e Foreach rule r € fr(P,{q}) there are at least 2% rules in
™ (P, {q}, with D = Min(|H ()], Z\E(r)))-

The three propositions above are proved, by substitut-
ing fgp with fg, resp. f¢p, in the corresponding proofs in
(Berthold et al., 2019)



