
A Proofs
Proposition 1. Let P be a program. Then, NF (P ) is in
normal form and is strongly equivalent to P .

Proof. (Berthold et al., 2019) proved that the first three steps
produce an equivalent program. (Pearce and Valverde, 2008)
proved that the fourth step produces an equivalent program.

Proposition 2. Let P be a program. Then, the normal form
NF (P ) can be computed in PTIME.

Proof. The first three steps of the algorithm require linear
time, each rule must be passed once. The fourth step requires
comparisons between every pair of rules. Hence, the com-
plexity is quadratic.

Proposition 3. Given a program P in normal form over ⌃,
X ⊆ Y ⊆ ⌃, and an atom q ∈ ⌃, with q ∉X , and occ(P, q) =
�R,R0,R1,R2,R3,R4�. Then the following equivalencies
hold:

�X,Y � �� P ⇔ ∃r ∈ R ∪R1 ∪R4 ∶ �X,Y � �� r (1)
�Xq,Y q� �� P ⇔ ∃r ∈ R ∪R0 ∪R2 ∶ �Xq,Y q� �� r (2)
�X,Y q� �� P ⇔ ∃r ∈ R ∪R2 ∪R3 ∪R4 ∶ �X,Y q� �� r

(3)

Proof. .s

(1) holds, since ∀r ∈ R0 ∪R2 ∪R3 ∶ �X,Y � � r

(2) holds, since ∀r ∈ R1 ∪R3 ∪R4 ∶ �Xq,Y q� � r

(3) holds, since ∀r ∈ R0 ∪R1 ∶ �X,Y q� � r

Proposition 4. Given a program P in normal form over ⌃,
Y ⊆ ⌃, and an atom q ∈ ⌃, with q ∉ Y , and occ(P, q) =
�R,R0,R1,R2,R3,R4�. Then the following equivalencies
hold:

�Y,Y � � P ⇒ ∃D ∈ D
q
as(R1 ∪R4) ∶ �Y,Y � �� ←D

(1)
�Y q, Y q� � P ⇒ ∃D ∈ D

q
as(R0 ∪R2) ∶ �Y q, Y q� �� ←D

(2)
�Y,Y q� � P ⇒ ∃D ∈ D

q
as(R3 ∪R4) ∶ �Y,Y q� �� ←D

(3)

In the case that R = � the first and second implication hold
in both directions.

Proof. .

(1) by Prop. 3, �Y,Y � can only be contradicted by R, R1

and R4, if it is not contradicted by R1 nor R4, then it is
contradicted by a←D s.t. D ∈ Dq

as(R1 ∪R4).
(2) by Prop. 3, �Y q, Y q� can only be contradicted by R, R0

and R2, if it is not contradicted by R0 nor R2, then it is
contradicted by a←D s.t. D ∈ Dq

as(R0 ∪R2).

(3) by Prop. 3, �Y,Y � can only be contradicted by R, R2, R3

and R4, if it is not contradicted by R3 nor R4, then it is
contradicted by a←D s.t. D ∈ Dq

as(R3 ∪R4).

Proposition 5. Given a rules r over ⌃, and X ⊆ Y ⊆ ⌃, the
following statement holds:

Y � r⇔ �X,Y � � notnot r

Proof.

�X,Y � � notnot r

⇒ Y � notnot r

⇔ Y � r

Y � r

⇔ Y � notnot r

⇔ {notnot r}
Y
= �

⇒ X � {notnot r}
Y

⇒ �X,Y � � notnot r

Proposition 6. Let r1, r2 be rules over ⌃, and X ⊆ Y ⊆ ⌃,

Y � r1 × r2⇔ Y � r1 ∨ Y � r2

X � {r1 × r2}
Y
⇔X � {r1}

Y
∨X � {r2}

Y

Proof.

Y � r1 ∨ Y � r2

⇔ Y � H (r1) ∪H (r2)← B(r1) ∪B(r2)

⇔ Y � r1 × r2

Then,

B
−
(r1 × r2) ∩ Y = �⇔ �B

−
(r1) ∪B

−
(r2)� ∩ Y = �

B
−−
(r1 × r2) ⊆ Y ⇔ B

−−
(r1) ∪B

−−
(r2) ⊆ Y

If {r1}Y ≠ � and {r2}Y ≠ �, then

X � {r1}
Y
∨ X � {r2}

Y

⇔ X � H (r1)← B
+
(r1) ∨X � H (r2)← B

+
(r2)

⇔ X � H (r1) ∪H (r2)← B
+
(r1) ∪B

+
(r2)

⇔ X � {r1 × r2}
Y

Proposition 7. Let P1, P2 be programs over ⌃, and X ⊆ Y ⊆

⌃, then

Y � P1 × P2⇔ Y � P1 ∨ Y � P2

X � (P1 × P2)
Y
⇔X � P

Y
1 ∨X � P

Y
2
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Proof.

Y � P1 ∨ Y � P2

⇔ ∀r1 ∈ P1 ∶ Y � r1 ∨ ∀r2 ∈ P2 ∶ Y � r2

⇔ ∀r ∈ P1 × P2 ∶ Y � r

⇔ Y � P1 × P2

X � P
Y
1 ∨X � P

Y
2

⇔ ∀r1 ∈ P
Y
1 ∶X � r1 ∨ ∀r2 ∈ P

Y
2 ∶X � r2

⇔ ∀r ∈ (P1 × P2)
Y
∶X � r

⇔ X � (P1 × P2)
Y

Proposition 8. Given a program P in normal form over ⌃,
X ⊂ Y ⊆ ⌃, and an atom q ∈ ⌃, with q ∉X , and occ(P, q) =
�R,R0,R1,R2,R3,R4�. Then the following equivalencies
hold:

�Y,Y � �� P ⇔ ∃r ∈ R ∪R1 ∪R4 ∶ �Y,Y � �� r
\q (1)

�X,Y � �� P ⇔ ∃r ∈ R ∪R1 ∪R4 ∶ �X,Y � �� r
\q (2)

�Y q, Y q� �� P ⇔ ∃r ∈ R ∪R0 ∪R2 ∶ �Y,Y � �� r
\q (3)

�Y,Y q� �� P ⇔ �Y q, Y q� �� P

∨ ∃r ∈ R3 ∪R4 ∶ �Y,Y � �� notnot r
\q (4)

�Y,Y q� � P ⇔ �Y q, Y q� � P

∧ ∃D ∈ D
q
as(R3 ∪R4) ∶ �Y,Y � �� ←D

(5)

�Xq,Y q� �� P ⇔ ∃r ∈ R ∪R0 ∪R2 ∶ �X,Y � �� r
\q (6)

�X,Y q� �� P ⇔ �Y q, Y q� �� P

∨ ∃r ∈ R ∪R2 ∪R3 ∪R4 ∶ �X,Y � �� r
\q

(7)

If additionally R = �, then

�Y,Y � � P ⇔ ∃D ∈ D
q
as(R1 ∪R4) ∶ �Y,Y � �� ←D

(8)
�Y q, Y q� � P ⇔ ∃D ∈ D

q
as(R0 ∪R2) ∶ �Y,Y � �� ←D

(9)

For all r0 ∈ R0:

�Y q, Y q� �� r0⇔ �Y,Y � �� notnot r
\q
0 . (10)

For all r2 ∈ R2:

�Y q, Y q� �� r2⇔ �Y,Y q� �� r2, and (11)
�Xq,Y q� �� r2⇔ �X,Y q� �� r2. (12)

For all r4 ∈ R4, if Y � r4:

�Y,Y q� �� r4⇔ �Y,Y � �� r4, and (13)
�X,Y q� �� r4⇔ �X,Y � �� r4. (14)

For all r ∈ R:

�Y q, Y q� � r⇔ �Y,Y q� � r⇔ �Y,Y � � r, and (15)
�Xq,Y q� � r⇔ �X,Y q� � r⇔ �X,Y � � r. (16)

Proof. asd

(1) holds, since ∀r ∈ R0 ∪R2 ∪R3 ∶ �Y,Y � � r

and ∀r ∈ R ∪R1 ∪R4 ∶ �Y,Y � � r⇔ �Y,Y � � r
\q

(2) holds, since ∀r ∈ R0 ∪R2 ∪R3 ∶ �X,Y � � r

and ∀r ∈ R ∪R1 ∪R4 ∶ �X,Y � � r⇔ �X,Y � � r
\q

(3) holds, since ∀r ∈ R1 ∪R4 ∶ �Y q, Y q� � r

and ∀r ∈ R ∪R0 ∪R2 ∶ �Y q, Y q� �� r⇔ �Y,Y � �� r
\q

(4) �Y q, Y q� �� P ⇒ �Y,Y q� �� P , now assuming that
�Y q, Y q� � P we prove:

�Y,Y q� �� P ⇔ ∃r ∈ R3 ∪R4 ∶ �Y,Y � �� notnot r
\q

�Y q, Y q� � P

⇒ ∀r ∈ R ∪R2 ∶ �Y q, Y q� � r

(11), (15)
⇒ ∀r ∈ R ∪R2 ∶ �Y,Y q� � r (i)

also, trivially: ∀r ∈ R0 ∪R1 ∶ �Y,Y q� � r (ii)

�Y,Y � �� P

(i), (ii)
⇔ ∃r ∈ R3 ∪R4 ∶ �Y,Y � �� r

Prop. 5
⇔ ∃r ∈ R3 ∪R4 ∶ �Y,Y � �� notnot r

q has no effect
⇔ ∃r ∈ R3 ∪R4 ∶ �Y,Y � �� notnot r

\q

(5) This statement is the opposite of (4). Assuming that
�Y q, Y q� � P :
�Y,Y q� can only be contradicted by rules in R3∪R4. Then
�Y,Y q� � R3 ∪R4 ⇔ ∃D ∈ D

q
as(R3 ∪R4) ∶ �Y,Y q� ��

←D. D does not contain q, therefore, �Y,Y � �� ←D.
(6) holds, since ∀r ∈ R1 ∪R3 ∪R4 ∶ �Xq,Y q� � r

and ∀r ∈ R ∪R0 ∪R2 ∶ �Xq,Y q� � r⇔ �X,Y � � r
\q

(7) �Y q, Y q� �� P ⇒ �Xq,Y q� �� P , now assuming that
�Y q, Y q� � P we prove:

�Xq,Y q� �� P ⇔ ∃r ∈ R ∪R0 ∪R2 ∶ �X,Y � �� r
\q

�Y q, Y q� � P

⇒ ∀r ∈ R0 ∶ �Y q, Y q� � r

⇒ ∀r ∈ R0 ∶ �X,Y q� � r (i)

also, trivially: ∀r ∈ R1 ∶ �X,Y q� � r (ii)

�X,Y q� �� P

(i), (ii)
⇔ ∃r ∈ R ∪R2 ∪R3 ∪R4 ∶ �X,Y q� �� r

⇔ ∃r ∈ R ∪R2 ∪R3 ∪R4 ∶ �X,Y � �� r
\q

(8) �Y,Y � can only be contradicted by rules in R ∪R1 ∪R4,
since R = �, �Y,Y � � P ⇔ �Y,Y � � R1 ∪R4 ⇔ ∃D ∈

D
q
as(R1 ∪R4) ∶ Y,Y �� ←D

(9) �Y q, Y q� can only be contradicted by rules in R∪R0∪R2,
since R = �, �Y q, Y q� � P ⇔ �Y q, Y q� � R0 ∪R2 ⇔

∃D ∈ D
q
as(R0 ∪R2) ∶ Y q, Y q �� ←D. D does not contain

q, therefore, ∃D ∈ Dq
as(R0 ∪R2) ∶ �Y,Y � �� ←D



(10) holds by Prop. 5 and since �Y q, Y q� � notnot r0 ⇔

�Y,Y � � notnot r
\q
0 .

(11) Y � {r2}
Y ∪{q}

⇔ Y ∪{q} � {r2}
Y ∪{q}, since {r2}Y ∪{q}

contains no appearance of q.
(12) X � {r2}

Y ∪{q}
⇔ X ∪ {q} � {r2}

Y ∪{q}, since
{r2}

Y ∪{q} contains no appearance of q.
(13) Y ∪ {q} � r4 and

Y � {r4}
Y
⇔ Y � {r4}

Y ∪{q}
(14) Y ∪ {q} � r4 and

X � {r4}
Y
⇔X � {r4}

Y ∪{q}
(15) holds, since r contains no appearance of q.
(16) holds, since r contains no appearance of q.

Proposition 9. Given a program P over ⌃, an atom q ∈ ⌃,
and sets X and Y , s.t. X ⊂ Y ⊆ ⌃\{q}, then

�Y,Y � � f+R(P, q)⇔ {q} ∈ Rel
Y�P,{q}�

If {q} ∈ Rel
Y�P,{q}�, then

�X,Y � � f+R(P, q)⇔ �Xq,Y q� � P ∨ �X,Y q� � P

Proof.

{q} ∉ Rel
Y�P,{q}�

⇔ �Y q, Y q� ∉HT (P )

∨ �Y,Y q� ∈HT (P )

Prop. 8
⇔ ∃r ∈ R ∪R0 ∪R2 s.t. �Y,Y � �� r\q

∨ ∃D ∈ D
q
as(R3 ∪R4) s.t. �Y,Y � �� ←D

⇔ ∃r ∈ R ∪R2 s.t. �Y,Y � �� r\q

∨ ∃r0 ∈ R0 s.t. �Y,Y � �� ← notnot r
\q
0

∨ ∃D ∈ D
q
as(R3 ∪R4) s.t. �Y,Y � �� ←D

Def. 10
⇔ ∃r ∈ f+R(P, q) s.t. �Y,Y � �� r
⇔ �Y,Y � ∉HT (f+R(P, q))

�Xq,Y q� ∉HT (P )

∧ �X,Y q� ∉HT (P )

Prop. 8
⇔ ∃r ∈ R ∪R2 s.t. �X,Y � �� r

\q

∨ �∃r0 ∈ R0 s.t. �X,Y � �� r
\q
0 ∧

∃r
′
∈ R3 ∪R4 s.t. �X,Y � �� r

′\q
�

Prop. 6
⇔ ∃r ∈ R ∪R2 s.t. �X,Y � �� r

\q

∨ ∃r0 ∈ R0∃r
′
∈ ∪R3 ∪R4 s.t.

�X,Y � �� (r0 × r
′
)
\q

Def. 10
⇔ ∃r ∈ f+R(P, q) s.t. �X,Y � �� r

⇔ �X,Y � ∉HT (f+R(P, q))

Proposition 10. Given a program P over ⌃, an atom q ∈ ⌃,
and sets X and Y , s.t. X ⊂ Y ⊆ ⌃\{q}, then

�Y,Y � � f−R(P, q)⇔ � ∈ Rel
Y�P,{q}�

If � ∈ Rel
Y�P,{q}�, then

�X,Y � � f−R(P, q)⇔ �X,Y � � P

Proof.

�X,Y � ∉HT (P )

Prop. 6
⇔ ∃r ∈ R ∪R1 ∪R4 ∪R s.t. �X,Y � �� r

\q

Def. 11
⇔ ∃r ∈ f−R(P, q) s.t. �X,Y � �� r

⇔ �X,Y � ∉HT (f−R(P, q))

� ∉ Rel
Y�P,{q}�

⇔ �Y,Y � ∉HT (P )

like above
⇔ �Y,Y � ∉HT (f−R(P, q))

Proposition 11. Given a program P over ⌃, and sets X , Y ,
A and V , s.t. A ⊆ V ⊆ ⌃, and X ⊆ Y ⊆ ⌃\V , then

�Y,Y � � fAR(P,V )⇔ A ∈ Rel
Y�P,V �

If A ∈ Rel
Y�P,V �, then

�X,Y � � fAR(P,V )⇔ ∃A
′′
⊆ A ∶ �XA

′′
, Y A� � P

Proof. Proof by induction.
Base. Let V = �, then, A = �, and therefore

A ∈ Rel
Y�P,V �

⇔ �Y A,Y A� ∈HT (P )

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P )

⇔ �Y,Y � ∈HT (fAR(P,V )) =HT (P )

Hypothesis. We assume that the statement holds for V con-
taining n atoms.
Step. Let V = {q1, . . . , qn+1} (Recall, that A\q1 = A\{q1}.)



• If q1 ∈ A, then

A ∈ Rel
Y�P,V �

Def.
⇔ �Y A,Y A� ∈HT (P )

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P )

⇔ �Y A
\q1q1, Y A

\q1q1� ∈HT (P )

∧ �Y A
\q1 , Y A

\q1q1� ∉HT (P )

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
q1, Y A

\q1q1� ∉HT (P )

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1q1� ∉HT (P )

Prop. 9
⇔ �Y A

\q1 , Y A
\q1� ∈HT (f+R(P, q1))

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1� ∉HT (f+R(P, q1))
P ′∶= f+R(P,q1)⇔ �Y A

\q1 , Y A
\q1� ∈HT (P ′)

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1� ∉HT (P ′)
Def.
⇔ A

\q1 ∈ Rel
Y�P ′,V \{q1}�

Hypothesis
⇔ �Y,Y � ∈HT (fA

\q1
R (P

′
, V \{q1})

P ′= f+R(P,q1)⇔ �Y,Y � ∈HT (fA
\q1

R (f+R(P, q1), V \{q1})
Def. 12

⇔ �Y,Y � ∈HT (fAR(P,V ))

• If q1 ∉ A, then

A ∈ Rel
Y�P,V �

Def.
⇔ �Y A,Y A� ∈HT (P )

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P )

Prop. 10
⇔ �Y A,Y A� ∈HT (f−R(P, q1))
∧ ∀A

′
⊂ A ∶ �Y A

′
, Y A� ∉HT (f−R(P, q1))

P ′∶= f−R(P,q1)⇔ �Y A,Y A� ∈HT (P
′
)

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P

′
)

Def.
⇔ A ∈ Rel

Y�P ′,V \{q1}�
Hypothesis

⇔ �Y,Y � ∈HT (fAR(P
′
, V \{q1})

P ′= f−R(P,q1)⇔ �Y,Y � ∈HT (fAR(f
−
R(P, q1), V \{q1})

Def. 12
⇔ �Y,Y � ∈HT (fAR(P,V ))

The second statement can be proven analogously.

Theorem 1.
fR ∈ FR

Proof. We have to show that for all P and V ⊆ ⌃

HT (fR(P,V ))={�X,Y � � Y ⊆ ⌃(P )\V ∧X ∈�RY�P,V �}.

Given Y ⊆ ⌃(P )\V

�X,Y � ∈HT (fR(P,V ))
Def. 13

⇔ �X,Y � ∈HT (NF ( �
A⊆V fAR(P,V )))

⇔ �X,Y � ∈HT ( �
A⊆V fAR(P,V ))

Prop. 7
⇔ ∃A ⊆ V ∶ �X,Y � ∈HT (fAR(P,V ))

Prop. 11
⇔ ∃A ∈ Rel

Y�X,Y � s.t.

∃A
′′
⊆ A ∶ �XA

′′
, Y A� ∈HT (P )

Proposition 12. Given a program P over ⌃, an atom q ∈ ⌃,
and sets X and Y , s.t. X ⊆ Y ⊆ ⌃\{q}, then

{q} ∈ Rel
Y�P,{q}� ∧ �Xq,Y q� �� P ∧ �X,Y q� �� P

⇔ �X,Y � �� f+W (P, q)
Proof.

�Y q, Y q� ∈HT (P )

⇔ ∃D ∈ D
q
as(R0 ∪R2) s.t. �Y,Y � �� ←D

⇔ ∃D ∈ D
q
as(R0 ∪R2) s.t. �X,Y � �� ←D

�Y q, Y q� ∈HT (P ) ∧ �Y,Y q� ∉HT (P )

⇔ ∃r ∈ R3 ∪R4 s.t. �Y,Y � �� r

⇔ ∃r ∈ R3 ∪R4 s.t. �X,Y � �� notnot r
\q

�Xq,Y q� ∉HT (P ) ∧ �X,Y q� ∉HT (P )

⇔ ↵ ∨ �

where

↵ = ∃r0 ∈ R0 s.t. �Xq,Y q� �� r0

∧ ∃r
′
∈ R3 ∪R4 s.t. �X,Y q� �� r

′
� = ∃r ∈ R ∪R2 s.t. �X,Y � �� r

Then equivalently

�X,Y � �� r
\q
0 × r

′\q
× notnot r

\q
×←D, or (↵)

�X,Y � �� r
\q
× notnot r

′\q
×←D (�)

which are derived by f+W .

Proposition 13. Given a program P over ⌃, an atom q ∈ ⌃,
and sets X and Y , s.t. X ⊆ Y ⊆ ⌃\{q}, then

� ∈ Rel
Y�P,{q}� ∧ �X,Y � �� P

⇔ �X,Y � �� f−W (P, q)



Proof.

� ∈ Rel
Y�P,V �

⇔ �Y,Y � ∈HT (P )

⇔ ∃D ∈ D
q
as(R1 ∪R4) s.t. �Y,Y � �� ←D

⇔ ∃D ∈ D
q
as(R1 ∪R4) s.t. �X,Y � �� ←D

�X,Y � ∉HT (P )

⇔ ∃r ∈ R ∪R1 ∪R4 s.t. �X,Y � �� r

⇔ ∃r ∈ R ∪R1 ∪R4 s.t. �X,Y � �� r
\q

Then equivalently

�X,Y � �� r
\q
×←D

which is derived by f−W .

Proposition 14. Given a program P over ⌃, and sets X , Y ,
A and V , s.t. A ⊆ V ⊆ ⌃, X ⊆ Y ⊆ ⌃\V , and
R = {r ∈ P � V ∩⌃(r) = �} = �, then

A ∈ Rel
Y�P,V � ∧ ∀A′′ ⊆ A ∶ �XA

′′
, Y A� �� P

⇔ �X,Y � �� fAW (P,V )

Proof. Proof by induction.
Base.
Let V = {q1}, then fAW (P,V ) = f

+
W (P,V ), or fAW (P,V ) =

f−W (P,V ). Respectively, the statement follows from Prop. 12
or Prop. 13.
Hypothesis. We assume that the statement holds for V con-
taining n atoms.
Step. Let V = {q1, . . . , qn+1}
If q1 ∈ A, then

A ∈ Rel
Y�P,V �

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P )

Def.
⇔ �Y A,Y A� ∈HT (P )

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P )

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P )

⇔ �Y A
\q1q1, Y A

\q1q1� ∈HT (P )

∧ �Y A
\q1 , Y A

\q1q1� ∉HT (P )

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
q1, Y A

\q1q1� ∉HT (P )

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1q1� ∉HT (P )

∧ ∀A
′′
⊆ A

\q1 ∶ �XA
′′
q1, Y A

\q1q1� ∉HT (P )

∧ ∀A
′′
⊆ A

\q1 ∶ �XA
′′
, Y A

\q1q1� ∉HT (P )

Prop. 12
⇔ �Y A

\q1 , Y A
\q1� ∈HT (f+W (P, q1))

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1� ∉HT (f+W (P, q1))
∧ ∀A

′′
⊆ A

\q1 ∶ �XA
′′
, Y A

\q1� ∉HT (f+W (P, q1))
P ′∶= f+W (P,q1)⇔ �Y A

\q1 , Y A
\q1� ∈HT (P ′)

∧ ∀A
′
⊂ A

\q1 ∶ �Y A
′
, Y A

\q1� ∉HT (P ′)
∧ ∀A

′′
⊆ A

\q1 ∶ �XA
′′
, Y A

\q1� ∉HT (P ′)
Def.
⇔ A

\q1 ∈ Rel
Y�P ′,V \{q1}�

∧ ∀A
′′
⊆ A

\q1 ∶ �XA
′′
, Y A

\q1� ∉HT (P ′)
Hypothesis

⇔ �X,Y � ∉HT (fA
\q1

R (P
′
, V \{q1})

P ′= f+W (P,q1)⇔ �X,Y � ∉HT (fA
\q1

R (f+W (P, q1), V \{q1})
Def. 16

⇔ �X,Y � ∉HT (fAW (P,V ))

If q1 ∉ A, then

A ∈ Rel
Y�P,V �

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P )

Def.
⇔ �Y A,Y A� ∈HT (P )

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P )

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P )

Prop. 13
⇔ �Y A,Y A� ∈HT (f−W (P, q1))
∧ ∀A

′
⊂ A ∶ �Y A

′
, Y A� ∉HT (f−W (P, q1))

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (f−W (P, q1))

P ′∶= f−W (P,q1)⇔ �Y A,Y A� ∈HT (P
′
)

∧ ∀A
′
⊂ A ∶ �Y A

′
, Y A� ∉HT (P

′
)

∧ ∀A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P

′
)

Def.
⇔ A ∈ Rel

Y�P ′,V \{q1}�
∧ ∀A

′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P

′
)

Hypothesis
⇔ �X,Y � ∉HT (fAR(P

′
, V \{q1})

P ′= f−W (P,q1)⇔ �X,Y � ∉HT (fAR(f
−
W (P, q1), V \{q1})

Def. 16
⇔ �X,Y � ∉HT (fAW (P,V ))

Proposition 15. Given a program P over ⌃ in normal form,
three sets of atoms X , Y and V , s.t. X ⊆ Y ⊆ ⌃, V ⊆ ⌃, and
R = {r ∈ P � V ∩⌃(r) = �} = �, then

∃A ∈ Rel
Y�P,V � s.t. ∀A′′ ⊆ A.�XA

′′
, Y A� �� P

⇔ �X,Y � �� fW (P,V )

Proof.

�X,Y � ∉HT (fW (P,V ))
Def. 17

⇔ �X,Y � ∉HT ( �
A⊆V fAW (P,V ))



⇔ ∃A ⊆ V s.t. �X,Y � ∉HT (fAW (P,V ))
Prop. 14

⇔ ∃A ∈ Rel
Y�P,V � s.t.

∀A
′′
⊆ A.�XA

′′
, Y A� ∉HT (P )

Theorem 2.
f∗SP ∈ FSP

Proof. Given a program P over ⌃ and X ⊆ Y ⊆ ⌃.

�X,Y � ∈HT (f∗SP (P,V ))

Def. 18
⇔ �X,Y � ∈HT (fR(P,V ) ∪ fW (P,V ))

⇔ �X,Y � ∈HT (fR(P,V ))

∧ �X,Y � ∈HT (fW (P,V ))
Thm. 1, Prop. 15

⇔ ∃A ∈ Rel
Y�X,Y � s.t.

∃A
′′
⊆ A ∶ �XA

′′
, Y A� ∉HT (P )

∧ ∀A ∈ Rel
Y�P,V � s.t.

∃A
′′
⊆ A.�XA

′′
, Y A� ∉HT (P )

⇔ ∃A ∈ Rel
Y�X,Y �

∧ ∀A ∈ Rel
Y�P,V � s.t.

∃A
′′
⊆ A.�XA

′′
, Y A� ∉HT (P )

with other words, for all programs P and V ⊆ ⌃,

HT (f∗SP (P,V ))={�X,Y � � Y ⊆ ⌃(P )\V ∧X ∈�RY�P,V �}.
Hence f∗SP ∈ FSP holds.

Proposition 16. Let P1, P2 and R be a programs over ⌃,

(P1 ∪R) × (P2 ∪R) ≡ (P1 × P2) ∪R.

Proof.

HT ((P1 ∪R) × (P2 ∪R)) ⊆HT (�(P1 × P2) ∪R�)

is easily witnessed by the fact that

(P1 ∪R) × (P2 ∪R) ⊇ (P1 × P2) ∪R

HT ((P1 ∪R) × (P2 ∪R)) ⊇HT (�(P1 × P2) ∪R�)

on the other hand holds, since (P1 ∪R) × (P2 ∪R) contains
all R and any rule that is created by conjoining an r ∈ R with
an r1 ∈ P1 or r2 ∈ P2 is subsumed by r.

We recall the distance measure between two rules (resp.
programs) from (Berthold et al., 2019).
Definition 20. Let r and r

′ be two rules over ⌃. The distance
between r and r

′ is d(r, r
′
) = �H (r) ⊖ H (r

′
)� + �B(r) ⊖

B(r
′
)�where A⊖B = (A\B)∪(B\A) is the usual symmetric

difference. The size of a rule r is defined as �r� = �H (r)� +
�B(r)�.
Definition 21. Let P1 and P2 be programs
over ⌃. The distance between P1 and P2

is dist(P1, P2) = Min{distm(P1, P2) ∶

m is a mapping between P1 and P2}, where a map-
ping between P1 and P2 is a partial injective function
m ∶ P1 → P2 and distm(P1, P2) = Sum{d(r,m(r)) ∶

m(r) ∈ P2} + Sum{�r� ∶ r ∈ (P1\m−1[P2])} + Sum{�r� ∶

r ∈ (P2\m[P1])}.
The findings about the distance between fSP (P, q) and

fsemSP (P,{q}) in (Berthold et al., 2019) directly translate to
fR and f∗SP .
Proposition 17. Let P be a program over ⌃ and q ∈ ⌃. Then,
for each r ∈ fsemR ∪ fsemSP , we have that �r� ≥ �⌃�.
Proposition 18. Let P be a program over ⌃ and q ∈ ⌃. Then,
● dist(P, f∗SP (P,{q})) ≤ (�f

sem
SP (P,{q})� + �P �) × 2�⌃�;

● dist(P, fsemSP (P,{q})) ≥ (�f
sem
SP (P,{q})� − �P �) × �⌃�;

● dist(P, fR(P,{q})) ≤ (�fsemR (P,{q})� + �P �) × 2�⌃�;
● dist(P, fsemR (P,{q})) ≥ (�fsemR (P,{q})� − �P �) × �⌃�.
Proposition 19. Let P be a program over ⌃ and q ∈ ⌃.
● For each rule r ∈ fSP (P,{q}) there are at least 2D rules

in fsemSP (P,{q}, with D =Min(�H(r)�, �⌃\⌃(r)�).
● For each rule r ∈ fR(P,{q}) there are at least 2D rules in
fsemR (P,{q}, with D =Min(�H(r)�, �⌃\⌃(r)�).
The three propositions above are proved, by substitut-

ing fSP with fR, resp. f∗SP , in the corresponding proofs in
(Berthold et al., 2019)


