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Abstract

Thevisualizationof vectorfieldshasattractedmuch attentionover the last decadedueto the vast

varietyof applicationsin scienceandengineering. Topological methodshavebeenusedintensivelyfor

1



global structure extractionandanalysis.Recently, there hasbeena growinginterestin local structure

analysisdue to its connectionto automaticfeature extraction and speed. We presentan algorithm

that extracts local topological structure of arbitrary regions in a 2D vector field. It is basedon a

mathematicalanalysisof the topological vectorfield structure in theseregions. Thealgorithm deals

with piecewiselinear vectorfieldsand arbitrary polygonalregions. We havetestedthe algorithm for

well knownanalyticvectorfieldsanddatasetsresultingfromcomputationalfluid dynamics.

1. Intr oduction

Fluid mechanicsis a major applicationfor vectorfield visualization. A velocity field containsthe

answersto many of theimportantquestionsof phycisistsandengineersand,dueto rotation,thevelocity

canusuallynotbedescribedby agradientfield, soananalysisof asinglescalarfield doesnotcapturethe

wholestructure.Sincefluid mechanicsis anessentialpartof theaerospaceandautomotive industries,

thereis a strongneedfor betteranalysisandvisualizationmethods.Topologyhasbeenusedin fluid

mechanicsfor several yearsto interpreteexperimentsanddeducttheoreticalresults,see[4], [5], [19].

Theseideasprovidedthefoundationfor theuseof vectorfield topologyfor theanalysisandvisualization

by HelmanandHesselink[10] aswell asGlobuset al. [8].

Mathematically, vectorfieldsaregeometricrepresentationsof differentialequations,andthenumber

of experimentaland numericaldatasetsdefinedby discretizedvector field is growing rapidly. The

analysisandvisualizationof theresultingdatasetsstill posechallengesto thevisualizationcommunity.

Onestandardmethodis basedon topologicalanalysisof vectorfield data,see[10], [8], [28]. These

methodsrequirean analysisof the whole vectorfield to provide answerson the structure,andcertain

methodsmayalsomisscertainfeatures[14]. For thisreason,severallocalanalysisalgorithmshavebeen

developedthat arebasedon topologyor relatedconceptslike derivative andeigenvectoranalysis,see

[24], [13].

In this paper, we localizethe conceptof topologyanalysisby concentratingon an arbitrary region

insidea 2D vectorfield thatwe analyzewithout usinginformationoutsidetheregion. It turnsout thata
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substantialextensionof thestandardalgorithmfor topologyanalysisis necessaryto accomplishcorrect

local analysis.Besidesthe critical points,onehasto analyzethe boundaryof a local region basedon

inflow or outflow conditions.This analysisallows usto determineadditionalseparatricesthatmake, in

a topologicalsense,aseparationof thelocal region into areasof topologicallyuniformflow possible.

The mathematicalbackgroundis developedin Sections2 and 3. Somespecialcasesconcerning

piecewise linearvectorfieldsarediscussedin Section4. In Section5, we prove thecorrectnessof the

algorithmfor severalanalyticalexamples.Especially, we highlight theeffect of includingtheboundary

of a polygonalregion into the analysisof a field. Section6 shows resultsfor two computationalfluid

dynamics(CFD) datasets.In Section7, weprovideconclusionsandillude to furtherresearch.

2. Vector Field Topology

Thestudyof topologyof vectorfieldsis basedon severalbasictheoremsfrom thetheoryof ordinary

differentialequations,see[1], [9], [11], [16], [22], [23]. We survey theimportanttermsandresultsfor

planar, steadyvectorfields:

Definition 2.1 A planar vector field is a map

������� � ����	 (1)


 �� ���
���
Usually, oneis not somuchinterestedin thevectorfield persebut in its integral curves:

Definition 2.2 An integral curve through a point 
���� � of a vectorfield ����� � ��� � is a map

������������������	 (2)

where

� �!�#"!�%$ 
'& 	 (3)

(���)�+*,�%$ �-�#�.�+*,�,�/	 01*.���-� (4)
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Concerningthetheoremon existenceanduniquenessof integral curves,theLipschitzconditionhasto

besatisfied:

Definition 2.3 Let 2 3 � � be an opensubset. A continousvector field �4�1� � � � � satisfiesa

Lipschitz condition on 2 providedthereexistsa real number576 " such that

8:9 ���+
��<; 9 ��+=>� 8@? 5 8 
�;A= 8 (5)

holdsfor all 
 	B=�� 2 andall *.�DC where
9 � denotesthedifferentialof thevectorfield � . Theconstant

5 is calledLipschitz constant.

Onecannow formulatetheexistenceanduniquenesstheorem:

Theorem 2.4(Existenceand uniquenessof integral curves) Let �E�F� � � � � bea vectorfield satis-

fyingtheLipschitzconditiononanyopenneighborhoodaroundpoint 
��E� � . Thenthereexistsoneand

onlyoneintegral curvethroughany 
'&@�E� � .
Proof: See[16, pp. 66–68].

If a vector field satisfiesthe Lipschitz condition for an openneighborhoodof every point, then the

integralcurvesaredefinedover thewholetime line.

Lemma 2.5 If ���G� � ��� � is Lipschitz-continousaroundeach point H ��� � , theneveryintegral curve

is definedover thewholetimeline � .

Proof: See[16, pp. 90].

This leadsto ananalysisof theasymptoticbehavior of integralcurves.Thefollowing termsareusedto

studyasymptoticbehavior:

Definition 2.6 Let ���I� � ��� � bea Lipschitz-continousvectorfieldand �J�I�K��� � anintegral curve.

Theset L
H ���M�ONQP���*SR!�UTRWV>& 3 �@	B*SR�� XY	[Z]\_^Ra` T �.�+*SRI�b� H>c (6)
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is called d -limit setof � . ThesetL
H �E� � NQP���*SR!� TRWV>& 3 �e	,*SR�� ;-XY	<Z]\_^RW` T �f��*SR!�M� HOc (7)

is called � -limit setof � .

Standardalgorithmslimit topologicalanalysisto � - and d -limit setsconsistingof critical points.

Definition 2.7 A critical point of ���I� � ��� � is a point g �h� � with ��� g �b$K" .
Two casesareof interest:(1) sinksand(2) sources.

Definition 2.8 Let �i�I� � � � � bea Lipschitz-continousvectorfield, j �E� � a critical point. If there is

a neighborhood2k3 � � of j such that all integral curvesin 2 havea � -limit setconsistingonly of j ,
then j is calleda source. If there is a neighborhood2 �h� � of j such thatall integral curvesin 2 have

a d -limit setconsistingonlyof j , then j is calleda sink.

Figure1 showsasourcein theupperpart.All integralcurvesaroundthecritical pointstartat thiscritical

point. In thelowerpart,a sink is shown. Every integral curve in theneighborhoodendsat thesink. We

restrictour considerationfurther to simplecritical points. For theanalysisof a vectorfield, onehasto

determinetheasymptoticbehavior of all its integral curves. This is doneby analyzingtheunionof all

integralcurvesstartingor endingat thesamecritical point,calledbasin.

Definition 2.9 Let �E�>� � � � � bea Lipschitz-continousvectorfield and H �l� � a critical point. The

unionof all integral curvesof � thatconvergeto H for *M� ;1X is called � -basinof H , denotedby m-n � H � .
Theunionof all integral curvesof � that converge to H for *o� X is called d -basin of H , denotedby

mqp � H � .
For sinksandsources,onecanprove thefollowing lemma:

Lemma 2.10 Let � and H beasdefinedin 2.9. If H is a sourcethen m-n � H � is an opensubsetof � � . If H
is a sinkthen m@p � H � is an opensubsetof � � .
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Proof: See[11, pp. 181-182].

Figure2 showsa typical � -basinof asource.

Definition 2.11 If a subsetrs3 � � allows a descriptionasa pure n-dimensionalmanifold,wedefine

thedimensionof Sas t .

Remark 2.12 We needthetermdimensiononly for basins.Thepreviousdefinitionmeansthat an open

basinin � � is a 2-manifold,a basinconsistingof a finite numberof streamlines is a 1-manifoldanda

basinconsistingof a finitenumberof pointsis a 0-manifold.

If all limit setsarecritical pointsandoneregardsinfinity asanadditionalcritical point, thenthewhole

planeis separatedinto basinsof sources,sinksandinfinity. Theboundariesof openbasinscannotbelong

to the basinsthemselves. Sincethereareno otherpossibilities,the boundariesstartat the remaining

critical points or at infinity. With the assumptionthat all critical points are simple, theseremaining

critical pointsaresaddlepoints.

Theorem 2.13 Let �u�v� � � � � be a Lipschitz-continousvectorfield. Let all � - and d -limit setsbe

simplecritical pointsand X . Let HFw 	a�a�a�x	 Hzy bethesources,{|w 	}�a�a�}	 {W~ bethesaddles,and j|w 	}�a�a�}	 j}� be

thesinks.Then� � canbedividedinto disjoint � -basins,

���/$ y�
� V w m-n � H � ���

~�
� V w m-n � { � ��� ��� V w

L
j � c � m-n ��X��� (8)

It canalsobedividedinto disjoint d -basins,

���/$ ��� V w mqp � j � ���
~�
� V w mqp � { � ���

y�
� V w
L
H � c � m@p ��X��� (9)

Proof: Every point belongsto exactly onestreamline. By theassumption,thestreamline hasto start

at oneof thecritical pointsor at theboundary, soit is in oneof thebasins.This givesthefirst partition.

Thesecondpartitionis givenby a look at theendof astreamline. �
Thetopologicalstructureis givenby all intersectionsbetween� - andd -basins.Thedescriptionof these

intersectionsusesthe dimensionof the differentbasins.The � -basinsof the sourcesandthe d -basins
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of thesinksalonecancontainopensubsetsbesidesthebasinsof infinity. It follows from Lemma2.10

that their intersectionsform 2D (open)“f aces”of thestructure.Theboundariesdo not belongto these

basinsandconsistof curvesandpoints. A curve canonly bepart of a basinof a saddle.The method

by Helmanet al. [10] usesthis fact to determinethe structureby finding all critical pointsandthen

drawing all basinsof thesaddles.Apart from thecritical points,theresultingplaneconsistsof facesof

theresultinggraph,sometimescalled“topologicalskeleton.” Thesefacesaretheintersectionsbetween

the � -basinsof the sourcesandthe d -basinsof the sinks. It canbe shown that they canbe deformed

into a topologicallyuniform flow. Thisprovidesthemathematicalexplanationfor thedescriptionof the

wholeprocessasseparatingthevectorfield into domainsof topologically uniformflow.

3. Local vector field topology

In mostpracticalapplications,thedomainof avectorfield is finite. It is usuallyeithertheunionof all

thecellsof a finite-elementor finite-differencegrid or theconvex hull of scattereddatapointswithout

connectivity. Topologically, this meansthat a vectorfield is definedover a closedandbounded,i.e.,

compact,subsetof the realplane.Theanalysisof a vectorfield shouldreflectthis property. However,

currentvisualizationalgorithmsusedto datedo not do this. The main reasonfor this is the fact that

standardalgorithmsoperateon thewholedomainof a vectorfield, andtheflow is typically verysimple

ontheboundaries.Theboundaryis eitherasolidboundary, wheretheflow is setto tangentialflow (often

zero),or it is an openboundary, wherethe flow hasa simplestructure. In a wind tunnelexperiment,

for example,thereis one inflow region andoneoutflow region. We, by contrast,want to analyzean

arbitrarycompactregion insidethedomainof a vectorfield. We will show thatonehasto analyzethe

boundarycompletelyto obtaina correctanalysis.For this purpose,we generalizesomeof thetermsof

thelastsection.Thisexplainsalsosomepossiblestructuresat infinity, sinceinfinity playstheroleof the

boundary.

Thefirst changeconcernsLemma2.5. Sincewe mustconsidera boundarynow, anintegral curve in

a Lipschitz-continuous,steadyvectorfield might startor endon the boundary. Onemight imaginea

vectorfield over thewholeplanewith a compactregion cut out of it resultingin thegivenvectorfield.
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Theintegral curvesarealsocut; they still canbecontinuedinsidethelocal region,but they mayendor

starton theboundary.

Lemma 3.1 Let
9 3 � � bea compactsubsetand �D� 9 � � � bea Lipschitz-continousvectorfield.

Then,for an arbitrary integral curve �K�v� H 	��x�e� 9
of maximallength, H will befinite only if �f� H �/�� 9

, where
� 9

denotestheboundaryof D. Analogously, � will befinite only if �f�#�:�f� � 9 .

Sincewewantto establishatheoremsimilar to Theorem2.13,wedistinguishthreesubsetsof thebound-

arywith respectto thevectorfield. Thesethreesubsetsarethesetsof inflow, outflow, andboundaryflow

points.Theconnectedcomponentsof theinflow andoutflow regionsplay therole of additionalsources

andsinksin the topologicalanalysis.The endpointsleadto the additionalseparatricesthatwould be

missedwhenusingthestandardapproach.

Definition 3.2 Let
9 3 � � bea compactdomainof a Lipschitz-continousvectorfield ��� 9 � � � . Let� � � 9 bea point on theboundary. Wedefinethefollowing threeentities:

(1) Thepoint
�

is calledan outflow point if everyintegral curvethrough
�

endsat
�

andthereexists

anintegral curvethrough
�

thatdoesnotcontainanotherpointof
� 9

. Thesetof all outflowpoints

is calledoutflow set.

(2) Thepoint
�

is calleda inflow point if every integral curvethrough
�

startsat
�

and there exists

an integral curvethrough
�

thatdoesnotcontainanotherpointof
� 9

. Thesetof all inflowpoints

is called inflow set.

(3) Thepoint
�

is calleda boundary flow point if thereexistsanintegral curve � �-����;-�}	����M� 9
, � 6

" , through
�

lying completelyinside
� 9

. Thesetof all boundaryflow pointsis calledboundary

flow set.

The topologicalsituationsaroundan outflow point, an inflow point and a boundaryflow point are

sketchedin Figure 3. In most practicalapplications,the vector field hasa piecewise linear bound-

ary. This casewill behandledexplicitly in Section4. The inflow andoutflow regionsplay therole of

sinksandsources.
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Lemma 3.3 Let � � bea connectedcomponentof theinflowset � . The � -basin m-n ��� � � is theunionof all

integral curvesstartinginside � � . Thisbasinis open.Let � � bea connectedcomponentof theinflow set

��3 � 9
. The d -basin m@p � � � � is theunionof all integral curvesendinginside � � . Thisbasinis also

open.

Proof: Thesetsareopendueto thecontinuityof thesolutionof theinitial valueproblemwith respect

to parameterslike thestartingpoint. If apoint is in asmallneighborhoodof acurve in thebasin,thenits

correspondingintegralcurve is closeto thiscurveatanotherpoint. Sinceourbasinsarecreatedby open

subsetsof theboundary, they arethemselvesopenin
9

. �
A boundaryof an openbasincannotbelongto the basin; thus, it must startat the boundarypoints

betweenthe inflow and outflow sets. We call thesestartingpoints boundary saddlesto reflect the

similarity to thesaddlepointsinsidethedomain.

Definition 3.4 Let
9 3 � � be a compactsubsetwith a smoothboundary. Let �s� 9 � � � be a

Lipschitz-continousvectorfield. A point
� � � 9

that is no inflow, outflow, or boundaryflow point is

calledboundary saddle.

It is now possibleto describe
9

asaunionof disjoint topologicallyuniformflow regions:

Theorem 3.5 Let
9 3 � � be a compactsubsetwith a smoothboundary. Let �4� 9 � � � be a

Lipschitz-continousvectorfield. Let HFw 	a�}�a�}	 Hzy be the sources, {|w 	}�a�a�}	 {W~ be the saddles,� w 	}�a�a�:	��S� be

theboundarysaddles,and j|w 	a�a�a�x	 j � bethesinks.Furthermore, let � w 	}�a�a�}	B� � betheinflowcomponents,

and ��w 	a�a�a�x	 � R be the outflowcomponents.If we assumethat there are no other � - and d -limit sets,

then
9

canbedividedinto � -basins,

9 $ y�
� V w m-n � H � ���

��
� V w m-n ��� � ��� ��� V w m-n � { � ���

��
� V w m-n ��� � ���

R�
� V w � � �

~�
� V w
L
j � c � (10)

Theregion
9

canalsobedividedinto d -basins,

9 $ ~�
� V w m@p � j � ���

R�
� V w m@p � � � ��� ��� V w m@p � { � ���

��
� V w m@p �#� � ���

��
� V w � � �

y�
� V w
L
H � c � (11)
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Proof: Every point belongsto exactly onestreamline. This streamline hasto startat a critical point,

i.e. a source,sink or saddle,or at theboundary, i.e., an inflow region, anoutflow region or a boundary

saddle,sincewe excludedother � -limit sets.This shows thefirst partition. Thesameargumentfor the

endingof streamlinesshows thesecondpartition. �
Bothpartsof thetheoremareillustratedin Figure4. In theupperpart,thefigureshowsadecomposition

of a vectorfield into � -basins.In the center, it shows the decompositionof the samevectorfield into

d -basins.We areinterestedin theconnectedcomponentsof theintersectionsbetween� - and d -basins.

Sincethesecomponentsconsistof integral curvesstartingat a connectedpart of the boundary(or a

critical point insidethe domain)andendingat a specificconnectedpart of the boundary(or a critical

point insidethedomain),onecantransformthewholeregion into topologicallyuniformflow. Thus,one

canseparatethevectorfield into regionsof topologicallyuniformflow. The2D intersectionsarebuilt by

intersectionsof � -basinsof sourcesor � -basinsof inflow regionswith d -basinsof sinksor d -basinsof

outflow regions.Theboundariesof theseregionsconsistof thecritical points,theboundarysaddles,the

basinsof thesaddles,andconnectedsubsetsof boundaryflow points.Thelowerpartof Figure4 shows

thedecompositioninto theseintersectionsfor thesimplevectorfield usedabove. Onecandescribethe

topologicalstructureof thevectorfield by drawing thecritical points,boundarysaddlesandtheintegral

curvesstartingor endingat thesaddlesandboundarysaddles.In thefigure, the informationaboutthe

vectorfield structurecanbegivenby thered,blueandgreenelements.

4. Linear local vector field topology

This sectiondealswith thespecificcasesto beconsideredfor a piecewise linearvectorfield defined

overa triangulationin theplane.Thiscasewill occurin all theexamplesshown in Sections5 and6. The

changesandadditionsto theprevioussectiondealwith thesituationon theboundary. Onehasto deal

with theverticesof a polygon,i.e., theboundaryis not a smoothcurve. We usescalarproductsof the

vectorfield at certainpositionsandoutwardnormalsof theboundaryedgesto analyzethevectorfield.

Togetherwith theprocedurefrom [10], onecanconstructanalgorithmextractingthelocal topology.

We assumethat thedomain
9

is triangulatedandthat thevectorfield is definedby piecewise linear
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interpolationof vectorsattheverticesof thetriangulation.Theanalysisof thelocalvectorfield topology

is simplifiedon theboundaryby performinglinear interpolationalongtheedges.For interior pointsof

theedges,weuseLemma4.1:

Lemma 4.1 Let
9 3 � � bea triangulated2D-domainand

� 9
beits polygonalboundaryconsistingof

oneor more polygons.Let ��� 9 � � � bea piecewiselinear vectorfield definedover thetriangulation

of
9

. Let
� � � 9

bean interior point on a boundaryedge � and t �l� � betheoutward normalof the

edge. There are four possibilities:

(1) If �� � �<� t�6 " holds,
�

is an outflowpoint.

(2) If �� � �<� t�� " holds,
�

is an inflowpoint.

(3) If ��� � �.� t $�" holdsand
�

is the only point for which this conditionholdson the edge,
�

is a

boundarysaddle. (The integral curve through
�

is a separatrix, and onehas to integrate it in

negativeandpositivetemporal directions.)

(4) If �� � �<� t $Y" holdsfor all pointson theedge, then
�

is a boundaryflowpoint.

Proof: Let 
�� 9
beany point. Theabove four statementsaretruebecause���+
���� t $k" is a linear

conditionalongtheedge,since

���
��b$4�U�q;D*,���|&<�u*�� w 	 (12)

where


�$4�U�q;D*,� g &<�u* gw 	 (13)

whereg & and gw denotetheendpointsof theedgeand ��& and � w thevectorvaluesat thesepositions.It

follows that

���+
��<� t $4�U�q;D*,���|&�� t �u*�� w � t 	 (14)

which is asimplelinearequationthatcanbeeitherzeroatonepointor atall points.If ���
���� t is zeroat

all points,thentheflow stayson theedge,proving (4). If ���+
��[� t is zeroat only onepoint, then ���+
�� � t
is positive on onesideandnegative on the othersideof

�
, which implies that

�
is a boundarysaddle
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sincetheintegral curve “touches”theedgeat thatpoint (or containsjust thatpoint). Thefirst two cases

imply that the integral curve endsor startsat
�
, and,dueto continuity, the integral curve leadsinto the

interiorof
9

or originatesfrom there. �
For theanalysisof anendpointg on a boundaryedge,onehasto checkthevectorfield valuewith the

normals � and t of the two adjacentboundaryedges. Onehasto distinguishthe convex, collinear,

andconcave cases.Theanalysisis alwaysbasedon thebehavior of thevectorfield on two consecutive

boundaryedges.If thevectorat thevertex underconsiderationis not tangentialto oneof theedges,one

candeterminethetypeof thevertex by calculatingthescalarproducts� ����� g � and t ����� g � of thevector

at the vertex with the two outward normalsof the edges.This definesthe topologicalbehavior of the

vectorfield in a neighborhoodof thevertex on the boundary. If the field is tangentialto oneedge(or

both,in thecollinearcase),onehasto analyzethevectorat theotherendof theedge(s)to determinethe

topologicaltypeof thevertex with respectto thevectorfield. We formulatethreeLemmatato describe

all possiblecasesandillustratethesituationsin Figures5-7. Thealgorithmusesthesepropertiesto find

theboundarysaddlesandtheseparatricesstartingfrom there. The first Lemmadealswith the convex

case:

Lemma 4.2 Let g bea convex boundaryvertex of
9

, andlet � and t bethenormalsof thetwoadjacent

boundaryedges. Furthermore, let � and � betheendpointsof thetwo boundaryedges. We distinguish

fivecases:

(A1) If ����� g �<� � ���+��� g �v� t � � " holds,thentheintegral curvethroughg in
9

containsonly g .

(A2) If �+�� g �v� � ���+�� g �<� t � 6 " holds,then g is an outflowor inflow point,dependingon thecommon

signof theproducts.

(A3) If �� g �<� � $ " and ��� � �<� �¡6 " holds,theng is a outflowpoint.

(A4) If �� g �<� � $ " and ��� � �<� � $ " holds,theng is a boundarysaddle. (Theintegral curvethrough

g stayson thefirstedgeandleaves
9

at g , soonedoesnothavea separatrix enteringtheinterior

of
9

at g .)
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(A5) If �� g ��� � $ " and �+��� � �<� � � � " hold, theng is a boundarysaddle. (Theintegral curvethrough

g consistsonlyof g , soonehasnoseparatrix enteringtheinterior of
9

at g .)

Ananalysisof thecaseswith ��� g �<� t $Y" yieldsthesameresults.

Proof: The typical situation ����� g �[� � ������� g �<� t � � " is shown in the upper-left cornerof Figure5.

Thevectorandits inverseleadoutof
9

suchthattheintegral curveconsistsonly of g . Concerningcase

(A2), thevectorfield pointseitheroutwardat g (andin a neighborhoodon bothedges)or inwardon a

completeboundaryneighborhood,asshown in theupper-right cornerof Figure5. Then,g is anordinary

outflow or inflow point. Case(A3) is shown in theleft-middle imageof Figure5. Thepoint g is in the

middleof anoutflow region; therefore,it is anoutflow point. In case(A4), theintegral curve throughg
stayson theedgefrom � to g andleaves

9
there,ascanbeseenin theright-middleimageof Figure5.

Finally, case(A5) is shown in thelower-left cornerof Figure5. All integralcurvesin aneighborhoodof

g enter
9

on oneedgeandleave it on theother. Thus,sothattheintegral curve throughg consistsonly

of g itself. �
Thisprovesthatonedoesnotneedto calculateany separatricesin thiscase.Thecollinearcaseis treated

in thenext lemma:

Lemma 4.3 Let g bea sharedboundaryvertex of two collinear edges,andlet ��� g �£¢$�" . Furthermore,

let t ��� � betheoutward normalof bothedgesand � 	 � theothertwo endpointsof theedges.Onecan

distinguisheightcases:

(B1) If �� g �<� t�6 " holds,theng is an outflowpoint.

(B2) If �� g �<� t�� " holds,theng is an inflowpoint.

(B3) If ��� g �b� t $¤" , �� � �b� t $4" , and ��� � �b� t¥� " holds,then g is a boundarysaddle. (Theintegral

curvethroughg is a separatrix, andoneneedsto calculatethepart enteringtheinterior of
9

.)

(B4) If �� g ��� t $Y" , ��� � � � t $K" , and �� � ��� t $ " holds,thentheintegral curvethroughg stayson the

boundaryaroundg .
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(B5) If ��� g �)� t $ " holds,then ��� � �)� t $Y" and �� � �G� t¦6 " holds,g is a boundarysaddle. (Theintegral

curvethroughg staysononeedgeandendsat g . Onedoesnot haveto calculatea separatrix.)

(B6) If ��� g ��� t $K" and �O����� � �v� t ���+��� � �v� t �O� 6 " holds,g is anoutflowor inflowpoint,dependingon

thecommonsignof thescalarproducts.

(B7) If ��� g �M� t $§" and �O����� � �v� t ������� � �v� t �O� � " holdsand ���+
��¨� t changesfromoutflowto inflow

in thedirectionof thetangentialcomponentfor points 
 onthetwoedges,g is a boundarysaddle.

(The integral curve through g is a separatrix touching the boundary. One has to integrate it

backward andforward in time.)

(B8) If ��� g �M� t $§" and �O����� � �v� t ������� � �v� t �O� � " holdsand ���+
��¨� t changesfrominflow to outflow

in thedirectionof the tangential componentfor points 
 on the two edges,the integration curve

throughg consistsonlyof g .

Theremainingcases,where ��� � �<� t $Y" , areequivalentto cases(B3)and(B5).

Proof: We usefiguresto explain thearguments.Theupper-left cornerof Figure6 shows thesituation

in case(B1) and the upper-right cornerthe situationin case(B2). Thesecasesareequivalent to the

standardcaseinsideanedgein Lemma4.1. In left of thesecondrow of Figure6, it canbeseenthat in

case(B3) the integral curvesleadinto the innerpart of
9

at g , whereasethe obviousCase(B4) is on

theright of thesecondrow. Case(B5) is shown in left of thethird row in Figure6. Theintegral curve

throughg endsat g , sincethereis anoutflow region insidethesecondedge.Theright of thethird row in

Figure6 shows theintegral curvesaroundg in case(B6) with outflow. Onecanseethattheflow canbe

transformedinto topologicallyuniform outflow. Reversingall vectorsyieldstheinflow case.Case(B7)

is shown in the lower-left cornerof Figure6. Oneintegral curve touchesg . Thus,threedifferentparts

of the flow arevisible: Onepart leaves
9

, onepart enters
9

, andonepart staysinside
9

. Thereare

two separatricesstartingat g , similar to thestandardcaseof aboundarysaddlelying in theinteriorof an

edge.Finally, thelower-right cornerof Figure6 shows case(B8). Theflow enterson onesideof g and
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leaveson theotherside.Thus,theintegral curve throughg consistsonly of g , andthereis no separatrix

to becalculated.�
Theremainingcasedealswith aconcavevertex. Lemma4.4summarizesthepossiblepatterns:

Lemma 4.4 Let g be a concaveboundaryvertex and let � and t be the outward normalsof the two

edges.Furthermore, let � bethesecondendpointof oneof theedgewith normal � . Therearefivecases

onecanconsider.

(C1) If �>�+�� g �<� � ������� g �v� t �O� 6 " holds,then g is eitheran outflowor an inflow point, dependingon

thecommonsignof theproducts.

(C2) If �O����� g �v� � ������� g �<� t �>� � " holds,theng is a boundarysaddle. (Theintegral curvethroughg is

a separatrix thathasto beintegratedbackward andforward in time.)

(C3) If ��� g �¨� � $©" and ��� � �¨� �%6 " holds,thentheintegral curvethroughg is a separatrix that has

to beintegratedbackward andforward in time.

(C4) If �� g �<� � $ " and ��� � �<� �¡� " holds,theng is an inflowpoint.

(C5) If ��� g �b� � $¤" and ��� � �M� � $s" holds,thentheintegral curvethroughg stayson oneedge and

enters theinterior of
9

at g , soonehasto calculateonepart of thecurve. (Theorientationof the

curveis positive, providedthetangentialpart of ��� g � with respectto � is directedinto theinterior

of
9

. Otherwise, onehasto integratebackwardsin time.)

Ananalysisof thecaseswhere ��� g �<� t $ " holdsyieldsthesameresults.

Proof: Theupper-left cornerof Figure7 shows a typical situationfor case(C1), with outflow around

g . By reversingall vectorsandcurve orientations,oneobtainsthe inflow for negative scalarproducts.

Case(C2) is describedin theupper-right cornerof Figure7. Onecanseetheintegralcurvetouchingthe

boundaryat g . This is thesituationontheothersideof theboundaryof case(A1). Theflow is separated

at g into anoutflow region alongon edge,an inflow region alongtheotheredge,anda region of flow

stayinginside
9

below theintegralcurve throughg . Thecase(C3) is shown in theleft-middleimageof
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Figure7. The topologicalsituationequals(C2), sooneobtainsthesameresult. Case(C4) is shown in

theright-middleimageof Figure7. The integral curvesstartingat theboundaryaroundg all enterthe

interiorof
9

, soonehasaninflow point. Finally, in case(C5), theintegralcurve throughg staysonone

edgeandentersthe interior of
9

at g , soonehasto calculatethe partof this integral curve insidethe

interiorof
9

. This is shown in thelower left cornerof Figure7. �
Thesevariouscasedistinctionsallow us to establishan algorithmto extract local topology: We de-

terminefor all critical points in the domainandclassify theminto sources,sinks,andsaddles;then,

we analyzeall the edgesandverticeson all boundariesidentifying boundarysaddlesandseparatrices

startingthere.Thenext sectionprovidesexamples.

5. Examples

The theoreticalconsiderationsfrom the last sectionsaim at an analysisof vectorfield topologyin-

cludingtheboundary. Thefirst examplesprovidedin this sectionshow theeffect of this analysison the

understandingof topologicalvectorfield structure.They arebasedon thestudyof vectorfieldsgiven

by polynomialequations.Theconstructionof thesefields is basedon considerationsbasedon Clifford

algebra, see[27], [26]. We briefly review themaintopologicalpropertiesdiscussedin [27], [26]. Fig-

ures8-13 show unit vectorsto indicatethe orientationof separatricesandintegrationcurves. Critical

pointsarered,greenor blue. Redcolor indicatesa saddlepoint; greencolor a source;andbluecolor a

sink. Theseparatricesaredrawn in blue; integral curvesareviolett; andtheboundariesof regionsand

domainsarewhite..

We startwith a vectorfield containingtwo sinksandtwo sourcesin a rectangulararea.Theconven-

tional analysis,basedon theseparatricesstartingat saddlepointsalone,will find no separatingcurves

at all, sotheuseris left with thequestionof how thetwo sourcesandsinksinteract.Thiscanbeseenin

Figure8. Sincethereexist integral curvesfrom onesourceto bothsinksandalsoto theboundary, not

all integrationcurvesbelongto thesameopenbasin.We know that,asa resultof thepiecewise linear

interpolationandtheanalyticstructureof theoriginal field, therearenoaddionalcritical pointsor more

complicatedstructuresinvolved in this example. The solutionfollows asa resultof Sections3 and4.
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Therearetenboundarysaddleswheretheflow turnsfrom inflow to outflow. By startingseparatricesat

thesepositionsit is possibleto determinethestructureof theflow. Theresultis shown in Figure9. The

wholerectangleis now dividedinto openbasinswith thesame� - and d -basin.Every integral curve in

oneof thesebasinsstartsandendsat thesamecritical pointor connectedcomponentof theboundary. It

is now easyto understandtheinteractionof thesinksandsources.

As mentionedbefore,this examplewasconstructedusingananalyticfield description.Thestructure

of theentirefield is shown in Figure10. Thesmallwhite box marksthedomainof our example.There

are threesaddlepoints where12 separatricesstart. The importanceof the saddlesfor the standard

analysisis seenby comparingtheresultinsidetherectanglewith theresultshown in Figure8.

Our next exampleinvolvestwo sourcesanda saddlepoint on a planesegment.Thesimplestructure

is shown togetherwith someintegral curvesin Figure11. If onecutsout a rectangularareacontaining

thesaddlepoint,onewill missall theseparatricesstartingat thesaddlepoint. Performinglocal topology

analysis,however, it is possibleto analyzethefield, correctly, seeFigure12. Therearethreeboundary

saddles:Oneis insideanedge,andtheothertwo areonconcavecorners,seeSection4. Theseseparatri-

cesreplacetheseparatricesstartingat thesaddlepoint in theglobaltopologyshown in Figure11. They

assuretheseparationof thebasinsof thetwo sourcesandthebasinsof theinflow regionson thebound-

ary. Thereareobvious differencesbetweenthe global andlocal topology. For comparison,we show

all separatricesandintegral curvestogetherin Figure13. It canbeseenthattheseparatricesstartingon

theboundaryarestronglyinfluencedby theplacementof theboundarybut alsoby theexistenceof the

saddlepoint in theoverallvectorfield.

6. Application

We have appliedthe local topologyextractionto a vortex breakdown simulation.Vortex breakdown

is aphenomenonobservedin avarietyof flowsrangingfrom tornadoesto wing tip vortices(Lambourne

and Bryer [15]), pipe flows (Sarpkaya[25],Faler and Leibovich[7], Leibovich[17], Lopez[20], [21])

and swirling jets (Billant et al.[2]). The latter flow are importantto combustion applicationswhere

they areableto createrecirculationzoneswith sufficient residencetime for the reactionsto approach

17



completion.Thenumericalsimulationof thistypeof flow requiresanaccuratemethodfor thesolutionof

the initial/boundaryvalueproblemof theNavier-Stokesequations.The incompressibleNavier-Stokes

equationsare set up for this purposein cylindrical domains,which may be boundedor unbounded.

Analytic mappingsareappliedto the radial andaxial directionsto mapthe physicaldomainonto the

unit cylinder andto control the distribution of grid points. Cylindrical coordinatesarewell suitedfor

thisgeometrysincethey allow Fourierdecompositionwith respectto theazimuthaldirection.However,

the metric coefficients producesingularitiesat the coordinateaxis which must be carefully analyzed

(Eisenetal.[6]) to ensurestabilityandaccuracy for thesimulationof 3D flows. It canbeshown thatthe

azimuthalFouriermodesof scalar, vectorandtensorvariablespossesswell definedsymmetryproperties

with respectto the radial coordinateand satisfy radial growth laws near the axis dependingon the

wavenumber. A hybrid spectralfinite-differencemethod(Canutoet al.[3]) basedon streamfunctions

for the azimuthalFourier modesis usedfor the simulations. The solver allows the choiceof second

to eighthorder for first andsecondderivativesas explicit centraldifferenceoperators(Kennedyand

Carpenter[12]) or third to ninth orderupwind-biaseddifferences(Li [18]). High orderfilters areused

to provide thenumericaldissipationto stabilizethesystemif centraldifferenceoperatorsareappliedto

the convective terms(KennedyandCarpenter[12]). Runge-Kutta-typetime integrationmethodswith

minimal storagerequirements(Williamson [29], KennedyandCarpenter[12]) wereimplementedand

the third and fourth order versionare currently available in the solver. The Navier-Stokes solver is

appliedto thevortex breakdown in incompressiblejet flows with supercriticalswirl numbers(Billant et

al. [2]), andtheresultsareusedfor thetopologicalanalysispresentedin theprevioussections.

Theboundaryconditionsatthenozzleentrancesectionweredeterminedin accordancewith theexper-

imentsof Billant et al. [2]. They measuredtheaxial andazimuthalvelocitiesat j &:ª 9 $«"F�¬ (
9 $©®�¯ ),

which show a distinctdependenceon theswirl numberr . Thesimulationswereperformedfor various

valuesof the Reynoldsandswirl numbersandthe experimentalprofilesat j ª 9 $°"F�¬ wereusedas

boundaryconditions. The imagedomainwasdiscretizedwith t�±£²¥t�³ $°´!µ ² ®Iµ)� grid points,and

thethird-orderaccurateminimal storageRunge-Kuttascheme(9) of Williamson[29] wasusedfor time

integration. TheReynoldsnumberwas ¯ � $·¶I"�"I" andtheswirl numberr $¸���¹®Iµ . The initial condi-
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tionsweregeneratedby extendingtheentranceprofilesthroughouttheflow field. Disturbancesfor the

axial velocity andazimuthalvorticity of theorderof "F�º� percentwereaddedat theentranceto trigger

theKelvin-Helmholtzinstability of the shearlayer. The resultsusedfor the topologicalanalysiswere

takenat the dimensionlesstime *»$½¼I"F�¾´�¿I´ . The vectorfield is shown in Figure14. Thereare39909

datapointsand79000trianglesin this dataset. Thepiecewiselinear interpolationcontains703simple

critical points,creatinga complex global topology. Thejet entersthedomainin themiddleof theright

boundary.

First,weusedarectangle,shown in Figure15. Thedatain thisrectanglewasusedto analyzethelocal

topology. We extractall thecritical pointsandfind all theboundarysaddlesby analyzingtheboundary

of therectangle.This resultedin thetopologicalstructureshown in Figure16. Onecanseesomeof the

additionalseparatricesstartingat theboundarysaddles.They separateregionsof flow stayinginsidethe

boundaryfrom outflow andinflow parts.No analysisof dataoutsidetherectanglehasbeenused.The

requiredcomputingtime doesonly dependon thesizeof the region andis (nearly)independentof the

sizeof theoverall dataset.

It is possibleto usemultipleregionsof interestin thesamedatasetthatcanbeanalyzedindependently.

Onemayalsousearbitrarypolygonsasboundaries.This is demonstratedin our secondanalysisof the

samejet datasetfor which we chosethreeregions,asshown in Figure17. Oneregion coversa partof

the backstreambesidesthe main inflow jet. The secondregion shows a part of the rectanglewe used

before.Neitherof thesetwo regionscontainscritical points,whichdocumentsthenecessityof boundary

analysis.Thethird regionshowsthemixing processof thejet andthefluid downstream.Figure18shows

thefirst two regionsin moredetail. Onecanseeclearly forward-andbackward-facingflow. Without

ananalysisof theboundary, oneobtainsno separatricesdueto thelack of critical pointsinsidethetwo

regions. Thethird region is shown in moredetail in Figure19. Sincetheanalysisis limited to a rather

smallarea,it canbeanalyzedquickly. In thefigure,onecanspotseveralseparatricesspiralingaround

critical points.Thecritical pointsinsidetheseareashaveJacobianswith complex conjugateeigenvalues,

thustherearespirals;therealpartsof theeigenvaluesmayhavesmallabsolutevalues,andastreamline

in the neighborhoodof the critical pointsapproachesthemvery slowly. Closedstreamlines might be
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present.

7. Conclusionsand Futur e Work

We have presenteda methodto analyzethe local topologyof arbitraryregionsin 2D vectorfields.

Our ideais basedonanextractionof thecritical pointsin thedomainandanexaminationof theregion’s

boundary. By determiningtheinflow, outflow, andboundaryflow segmentsonecanseparatethedomain

into regionsof topologicallyuniformflow. A detailedanalysisof thepossiblecasesin apiecewiselinear

flow allows local structureextractionfor analyticalandgriddeddatasets.We have outlinedthediffer-

encesto the global topologyalgorithmin theoryandapplications,demonstratingthe relevanceof our

localizedapproachwhenappliedto regionswith complicatedflow patternson theboundary. This case

is typical for mostinterestingregionsinsidea largerdataset.Anotherimportantsituationthatwe stud-

ied is theabsenceof critical pointsin a region thatprovidesinterestingstructure,like backward facing

flow. Our algorithmdetectstheseareasandseparatesthemfrom otherpartsof theflow leadingto better

visualizationsof local flow structure.Sincethe local topologyanalysisdoesnot useany information

outsidea regionof interest,it is veryattractivewhenanalyzinglargedatasetslocally andthusreducing

computingtimesignificantly.

Weplanto extendourideasto vectorfieldsdefinedover3D domains.Wewill alsoapplyouralgorithm

to other datasetsto gain a deeperunderstandingof the relation betweenlocal and global topology.

Besides3D domains,ananalysisof time-dependentsimulationsis onefinal goal. The analysisin this

paperis linited sofar to steadyflow, sincepathlineswill crosseachother, especiallyin a turbulentflow

like our application. New ideasareneededto accomplishan analysisover time, but we believe that

topologyprovidesa framework to find new waysfor analysisandvisualization.
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[27] G.Scheuermann,H. Hagen,andH. Krüger. An InterestingClassof PolynomialVectorFields.In M. Dæhlen,

T. Lyche,andL. L. Schumaker, editors,MathematicalMethodsfor CurvesandSurfacesII , pages429–436,
Nashville,1998.
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Figure 1. Around a sour ce, every integral cur ve star ts at the sour ce; around a sink, every integral
cur ve ends at the sink.
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Figure 2. A typical � -basin of a sour ce. The green basin consists of all integral cur ves star ting at the
sour ce.
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Figure 3. Around an outflo w point (blue), every integral cur ve enter s the boundar y from the inside
of the domain. Around a inflo w point (green), every integral cur ve enter s the inside of the domain
from the boundar y. At a boundar y flo w point (red), there exists an integral cur ve that stays on the
boundar y.
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Figure 4. A simple vector field is fir st par tioned into � -basins and then into d -basins. The resulting
diff erent inter sections of � - and d -basins are sho wn in the bottom image. All � -limit sets and � -
basins are colored green, all d -limit sets and d -basins are colored blue and the separatrices and
saddles are colored red. The inter sections are sho wn in diff erent black patterns.
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Figure 5. Convex ver tex. Case (A1): inflo w and outflo w edges; case (A2): outflo w on both edges;
case (A3): flo w at ver tex being parallel to one edge — outflo w inside both edges; case (A4): boundar y
flo w on one edge — outflo w on the other edge; case (A5): flo w at ver tex being parallel to one edge,
inflo w inside one edge, and outflo w on the other edge. Inflo w edges are marked green, outflo w
edges are marked blue , and boundar y flo w is marked red.
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Figure 6. Collinear ver tex. Case (B1): outflo w at g ; case (B2): inflo w at g ; case (B3): boundar y flo w
on one edge and inflo w on the other edge; case (B4): boundar y flo w on both edges; case (B5):
boundar y flo w on one edge and outflo w on the other edge; case (B6): flo w parallel to the edges atg and outflo w inside both edges; case (B7): flo w parallel to the edges at g , inflo w in the direction
of the vector , and outflo w on the other edge; case (B8): flo w parallel to the edges at g , outflo w in
the direction of the vector , and inflo w on the other edge. All inflo w edges are colored green, outflo w
edges are colored blue , and boundar y flo w and separatrices are colored red.
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Figure 7. Conca ve ver tex. Case (C1): outflo w on both edges; case (C2): outflo w on one edge and
inflo w on the other edge; case (C3): flo w parallel to one edge at ver tex é , outflo w inside one edge,
and inflo w inside the other edge; case (C4): flo w parallel to one edge at ver tex é and inflo w on
both edges; case (C5): boundar y flo w on one edge and inflo w on the other edge. Inflo w edges
and ê -basins are colored green, outflo w edges and ë -basins are colored blue , and separatrices and
boundar y flo w are sho wn in red color .

29



Figure 8. Vector field containing two sour ces and two sinks.
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Figure 9. Local topology sho wing interaction of sour ces and sinks.
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Figure 10. Global topology derived by considering entire field.
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Figure 11. Anal ytic vector field with two sour ces and one saddle .
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Figure 12. Local topology analysis — a rectangle containing the saddle was cut out.
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Figure 13. Comparison of results obtained with local and global topology analysis.
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Figure 14. Turb ulent jet data set.
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Figure 15. Rectangular region in jet data set and result of local topology analysis.
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Figure 16. Magnification of result of local topology analysis sho wn in Figure 15.
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Figure 17. Three regions in jet data set and respective results of local topology analysis.
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Figure 18. Local topology analysis inside two regions without critical point (jet data set).

40



Figure 19. Local topology analysis result of highl y complicated region (jet data set).
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